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In a dissipative Rydberg vapor, the interplay of many-body effects and non-Hermiticity gives rise to a Liouvillian
exceptional structure, where exceptional arcs merge at a higher-order exceptional point of the Liouvillian superoperator.
Spectral features of the exceptional structure naturally give rise to critical dynamics, which have interesting implications
for experiments. In this work, we study the response of the system to perturbations near the Liouvillian exceptional struc-
ture, and evaluate the critical exponents. The results are consistent with those in linear non-Hermitian Hamiltonians, thus
confirming the exceptional nature of the structures herein. We also discuss how these exponents can be measured experi-
mentally.
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1. Introduction

The exceptional points (EPs) are the branch-point singu-
larities in non-Hermitian systems, which have attracted ex-
tensive interest in recent years.[1–5] At an n-th-order EP, a
number of n eigenvalues and eigenvectors of the underly-
ing non-Hermitian Hamiltonian coalesce, and the Hamiltonian
becomes non-diagonalizable.[6–10] The singularity is charac-
terized by a topological invariant,[11–16] and hosts critical
and topological behaviors, such as the emergence of critical
exponents,[17–28] and the chiral model switching.[29–41] Be-
sides non-Hermitian Hamiltonians, which are often imple-
mented experimentally in the conditional quantum dynamics
of open systems, these singularities also arise in the uncon-
ditional dynamics of open systems, wherein the time evolu-
tion of the density matrix is driven by the Liouvillian super-
operator. Therein, exceptional structure have been identified
in the Liouvillian eigenspectrum.[42–45] An outstanding man-
ifestation is the internal-state dynamics of a dissipative Ry-
dberg vapor, where the presence of an exceptional structure
can be identified in the Liouvillian spectrum.[46,47] Therein,
two second-order exceptional arcs merge into a third-order
EP. Crucially, the Liouvillian of the system features a non-
linear coherent Hamiltonian, which originates from the many-
body effects under the mean-field approximation.[48–54] Un-
der the double-space formalism with a vectorized density ma-
trix, the Liouvillian is mapped to a non-linear non-Hermitian

Hamiltonian, giving rise to the non-linear exceptional struc-
tures. While signatures of the exceptional dynamics and chi-
ral state transfer have been experimentally observed in such a
system,[46] the critical behavior of the non-linear Liouvillian
ES remains unclarified.

In this work, we analytically derive the critical exponents
of the Liouvillian ES in dissipative Rydberg gases. This en-
tails the study of the response of the system to small pertur-
bations along different directions across the exceptional struc-
tures. While the ES herein is composed to two second-order
exceptional arcs merging at a third-order EP, we find that the
critical exponent is 1/2 near the second-order exceptional arc.
By contrast, the exponent is 1/3 when crossing the third-order
EP, except when the perturbation is performed along a special
symmetry line. These findings agree with a previous study
on the critical behaviors of bistability transition in Rydberg
gases, and are consistent with existing studies of exceptional
structures in linear non-Hermitian systems. Finally, we dis-
cuss potential experimental signals for the critical exponents,
taking into account the finite resolution of the imposed pertur-
bations.

The work is organized as follows. In Section 2, we re-
view the setup and modeling of the dissipative Rydberg gas, as
well as the Liouvillian ES therein. We then study the critical
exponents near the exceptional structure in Section 3, both an-
alytically and numerically. In Section 4, we discuss potential
experimental signals of the critical exponents. We summarize

†Corresponding author. E-mail: sunkh@iphy.ac.cn
© 2026 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, AI training, and similar technologies, are reserved.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

030302-1

https://doi.org/10.1088/1674-1056/adfb57
https://cstr.cn/32038.14.CPB.adfb57
mailto:sunkh@iphy.ac.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 35, 030302 (2026)

in Section 5.

2. Rydberg vapor and Liouvillian EP
We consider a dissipative Rydberg vapor at room temper-

ature. As illustrated in Fig. 1, the electronic ground state of the
atom, denoted as |1⟩, is off-resonantly coupled to the Rydberg
state |2⟩ by lasers (in a typical two-photon process, but sim-
plified to a single effective Rydberg excitation field with Rabi
frequency Ω here). The Rydberg state features a decay rate Γ

to the ground state, which can be tuned by coupling the state
|2⟩ to other excited states which eventually decay to the ground
state |1⟩. For simplicity, we neglect the dephasing between the
ground and Rydberg state here (which does not qualitatively
change our conclusions). Atoms in the Rydberg state interact
with each other through the long-range Rydberg interaction,
which is approximated by a constant all-to-all coupling rate V .
This approximation is widely adopted for the description of
Rydberg vapors.[48–54]

Ω

∆

>

>

Γ

V

Fig. 1. Schematics of the system. The states |1⟩ and |2⟩ represent the
ground and Rydberg states, respectively. The parameter Ω denotes the
effective coupling strength between the ground state and the Rydberg
state, while ∆ represents the detuning. The decay rate of the Rydberg
state is denoted by Γ , and V signifies the interaction strength between
Rydberg atoms.

The coherent Hamiltonian of the system is given by

H = Ω ∑
k

σ̂
x
k +
(

∆ −V ∑
p

n̂p

)
∑
k

n̂k, (1)

where σ̂ x
k = |1⟩⟨2⟩+ |2⟩⟨1⟩ of the k-th atom, and n̂k is the

Rydberg-state occupation of the k-th atom. The quantum jump
operator associated with the decay process is

Lk =
√

Γ
σ̂ x

k − iσ̂ y
k

2
, (2)

where the Pauli operator σ̂
y
k is defined in the two-dimensional

state space {|1⟩, |2⟩} of the kth atom. Under the mean-field ap-
proximation, each individual atom is decoupled from the en-
semble except for a nonlinear detuning term, the density ma-
trix can be written as ρ =

⊗
k ρ̄ , and the optical Bloch equa-

tions can be re-arranged into the equations of motion of the
average spin and Rydberg-state occupation

Ṡx =−Γ

2
Sx − (∆+nV )Sy, (3)

Ṡy = (∆+nV )Sx − Γ

2
Sy −4Ωn+2Ω , (4)

ṅ = ΩSy −Γ n, (5)

where S j = Tr(ρ̄σ̂
j

k ) ( j = x,y,z) and n = Tr(ρ̄ n̂k). Note that
the optical Bloch equation and the equations of motion of the
spin operators, are equivalent to the master equation ρ̇ =ℒ[ρ],
where ℒ is the Liouvillian superoperator associated with co-
herent Hamiltonian (1) and jump operators (2).

We are interested in the steady state, which is solved by
setting the time derivatives on the left-hand side of the equa-
tions above to zero. This leads to the equation

V 2n3 +2∆V n2 +

(
2Ω

2 +
Γ 2

4
+∆

2
)

n−Ω
2 = 0, (6)

Since the steady states can also be solved by requiring ℒ[ρ] =
0, the solutions of Eq. (6) reflect the steady-state sector (with
zero Liouvillian eigenvalue) of the Liouvillian spectrum.
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Fig. 2. The Rydberg-state occupation in the steady states. (a) Rydberg-state
occupation n as a function of Ω and ∆ . The stable steady-state solutions are
represented by the red region, while unstable steady-state solutions are indi-
cated by the blue region. The second-order exceptional arcs are marked by
green curves, with their intersection marked by a yellow triangle, denoting
the third-order EP. (b)–(c) Rydberg-state occupation as a function of ∆ , with
Ω/2π fixed at 10 MHz and 30 MHz, respectively. Other parameters are:
Γ /2π = 10 MHz, V/2π = 100 MHz.

In Fig. 2(a), we show a typical steady-state solution of
the system, with the Rydberg-state occupation as a function of
∆ and Ω . While the red-shaded region corresponds to stable
steady-state solutions, the blue-shaded region corresponds to
unstable solutions. From the cross-section view in Fig. 2(b),
we see that a bistable region exists where two stable solution
coexist with an unstable solution. This structure gives rise
to the well-studied bistable transitions and hysteresis behav-
iors of the Rydberg gas. However, from the perspective of the
Liouvillian superoperator, the structure also corresponds to a
non-linear ES. Explicitly, along the green curve in Fig. 2(a),
one of the two stable steady states and the unstable steady
state coalesce. This is the second-order exceptional arc. At
the point marked by the yellow triangle in Fig. 2(a), all three
steady states coalesce, which is identified as the third-order
EP. The overall ES in Fig. 2(a) can thus be understood as two
exceptional arcs (the upper and lower branch green curves)
merging at the EP. Note that such a structure is also present in
non-linear non-Hermitian systems, which have attracted much
interest of late.[55–57] Furthermore, in a previous study, chi-
ral steady-state transfer is experimentally demonstrated using
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Rydberg vapors,[46] based on the non-Hermitian perspective
of the system reviewed above.

3. Critical exponents
An outstanding feature of the EPs is their sensitivity to

external perturbations. At the n-th-order EP for instance, a
small perturbation of the order ε can lead to a change in the
eigenspectrum, which is of the order ε1/n. Here the fractional
exponent 1/n is referred to as the critical exponent. Since
the nonlinear exceptional structure observed above is defined
based on the eigenspectrum degeneracy, a natural question is
whether similar critical exponents can be observed.

To study the critical exponent, we follow the practice in
Ref. [49], and define the dimensionless variables

a = 2+
1
4

Γ 2

Ω 2 , (7)

b =
V 2

Ω 2 , (8)

c =
∆

V
, (9)

so that equation (6) becomes

n[a+b(c+n)2] = 1, (10)

with a ≥ 2, b ≥ 0, and c < 0. We focus on the nontrivial case
with b > 0.

More relevantly, the discriminant of Eq. (10) is

D =

(
a

3b
− c2

9

)3

+

(
1

2b
+

ac
3b

+
c3

27

)2

. (11)

Hence, the equation hosts three real roots (three steady-state
solutions) when D ≤ 0. When D = 0, two of the three roots
are equal, corresponding to solutions on the exceptional arc.
Otherwise, when D = 0 and

a
3b

− c2

9
=

1
2b

+
ac
3b

+
c3

27
= 0,

all three solutions are equal, corresponding to the third-order
EP.

In Fig. 3(a), we show the exceptional structure in the pa-
rameter space of (a,b), with a fixed parameter c. The green
curves are the exceptional arcs, satisfying D = 0. And the
third-order EP, or the critical point, is given by (ac,bc) =

(−9/(8c),−27/(8c3)). Furthermore, a symmetry line exists
at the critical point, which is tangential to either of the excep-
tional arcs. It is straightforward to show that the slope of the
symmetry line is kc =−9/c2.
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Fig. 3. Exceptional structure and scaling behavior. (a) Exceptional structure in the dimensionless parameter space of a and b. The green
curves are the exceptional arcs, the yellow triangle denotes the third-order EP, and the black line denotes the symmetry line (see main text).
(b)–(e) Scaling behavior of the Rydberg-state occupation in the vicinity of the ES along the paths labeled in panel (a). Here we fix c =−0.3.

We now investigate the critical exponent along the excep-
tional arc. Assuming (a0,b0,n0) satisfy Eq. (10), we fix the
parameter c, and perturb the system along the line k = δb/δa,
with (a0 + δa,b0 + δb,n0 + δn) still satisfying Eq. (10). We
then have

Pδn+Mδn2 +b0δn3

+δa(Y +Qδn+Nδn2 + kδn3) = 0, (12)

where

P = a0 +b0c2 +4b0n0c+3b0n2
0, (13)

M = 2b0c+3b0n0, (14)

Y = n0 +n0(c+n0)
2k, (15)

Q = 1+ kc2 +4kn0c+3kn2
0, (16)

N = 2kc+3kn0. (17)

Invoking the condition δa, δb, δn ≪ 1, from Eq. (12), we de-
rive the relation |δn| ∼ |δa|β , where β is the critical exponent.
We list the results as follows:

P = 0, M = 0, Y ̸= 0 : β =
1
3
, (18)

P = 0, M = 0, Y = 0 : β =
1
2

or +∞, (19)

P = 0, M ̸= 0, Y ̸= 0 : β =
1
2
, (20)

P = 0, M ̸= 0, Y = 0 : β = 1 or +∞, (21)

P ̸= 0, Y ̸= 0 : β = 1, (22)
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P ̸= 0, Y = 0 : β =+∞. (23)

These analytic expressions are the main results of this
work. Here P and M determine the position of (a0,b0), while
Y determines k, the direction of perturbation. Specifically, the
condition P= 0 means (a0,b0) is on the exceptional arc; P= 0,
M = 0 means it is at the third-order EP; P= 0, Y = 0 means the
direction of perturbation is tangential to the exceptional arc.
When Y = 0, equation (12) clearly shows that δn= 0 is always
a solution for this particular perturbation direction, and this so-
lution is independent of δa. Consequently, for this branch of
solution, the critical exponent is β =+∞ [see Eqs. (19), (21),
and (23)]. With these in mind, the analytical results above can
be interpreted as follows. At the critical point (third-order EP),
the critical exponent is β = 1/2 when the system is perturbed
along the symmetry line [see Eq. (19)], the critical exponent
is β = 1/3 otherwise [see Eq. (18)]. Along the exceptional
arc (but not the critical point), the critical exponent is β = 1/2
[see Eq. (20)], so long as the system is not perturbed along the
line tangential to the exceptional arc. Moreover, in the general
case where P ̸= 0, (a0,b0) is not an EP, and the exponent β = 1
[see Eq. (22)].

In Fig. 3(b), we perturb the system at different (a0,b0)

along the red dashed lines in Fig. 3(a). The critical exponents
are extracted by numerically fitting the response of the system
ln |δn| to the perturbation ln |δa|. Our numerical results are
consist with the analytic derivations above.

The critical exponents we obtained are based on the
mean-field approximation. However, it is known that in a real-
istic Rydberg atomic ensemble, the mean-field approximation
is valid in parameter regimes far from the critical point but
may fail to accurately describe the system’s behavior near the
critical point itself.[52] Therefore, we expect that the second-
order exceptional arc defined by the phase boundary and its
corresponding critical exponent β = 1/2 should still exist even
when beyond-mean-field effects are considered. In contrast,
the scaling behaviour at the critical point is more subtle, and
whether its critical exponent agrees with the mean-field pre-
diction is not straightforward that warrants further investiga-
tion.

4. Probing the critical point
Summarizing the results in the previous section, the criti-

cal exponent β = 1/3 is a unique feature of the critical point,
but its emergence is strictly conditional on the proximity of
the perturbed system to the critical point, and on the direction
of the perturbation. Experimentally, this becomes demanding
with the initial state preparation, and the limited resolution of
the perturbation δa.

We consider two scenarios. First, one can prepare the
system at the critical point and change the direction of pertur-
bation. As shown in Fig. 4(a), a sharp jump from β = 1/2

to β = 1/3 occurs when the direction of perturbation aligns
with that of the symmetry line. Importantly, the sharpness of
the cusp at k = kc increases as the resolution of perturbation δa
improves. Second, one can always perturb the system in the di-
rection of the symmetry line, but varying the initial parameter
{a0,b0} along the exceptional arc. As illustrated in Fig. 4(b),
the critical exponent dips sharply and approaches 1/3 near the
critical point ∆ac = 0. Here ∆ac = a0 − ac is the distance be-
tween the critical point and initial point of perturbation. Again,
the sharpness of the dip increases as the resolution of pertur-
bation is improved. In either scenario, the critical exponent is
numerically extracted by fitting the system response to pertur-
bations in a. The latter, in discrete steps of δa, represents the
achievable resolution. Hence, signals of the critical exponent
and its variations can be extracted from measurements with
finite-resolution perturbations.

-110 -105 -100 -95 -90 -5 -4 -3 -2 -1 0

0.33

0.50

-11~-9
-9~-7
-7~-5-11~-9

-9~-7
-7~-5

β β

k

(a) (b)

Dac ↼10-3)

0.33

0.50

Fig. 4. Variation of the critical exponent. (a) Critical exponent as a func-
tion of k in the vicinity of the third-order EP. The curves, distinguished by
their colors, represent various ranges of ln |δa| used for numerical evaluation
(see legends). (b) Critical exponent as a function of ∆ac in the vicinity of the
third-order EP. Here we take c =−0.3.

Figure 4(b) shows that under a finite-step perturbation,
the fitted critical exponent decreases as the system approaches
its critical point. This suggests an possible experimental
method for locating the critical point: one could identify the
parameter set that yields a minimum fitted exponent while
keeping the perturbation step size fixed. In a typical three-
level atom experiment,[48] this can be achieved by first obtain-
ing the probe light’s transmittance spectrum through a scan of
a system parameter (e.g., probe detuning). Subsequently, one
would calculate the critical exponent by fitting the transmit-
tance data across a fixed perturbation step for various param-
eter settings. The primary limitation of this method is exper-
imental noise, which restricts how small the perturbation step
can be, thereby limiting the precision of locating the critical
point.

Furthermore, based on a realistic experimental setup,[46]

we can give the key parameters needed to test the theory.
Specifically, for an Rb vapor cell with dimensions of 8 mm×
8 mm × 8 mm at T = 70 ∘C, the atomic density is na =

6.3×105 m−3. The probe light couples the |5S1/2⟩ and |5P3/2⟩
levels of 87Rb, while the coupling light, with a power of Pc =

127.3 MW, resonantly couples the |5P3/2⟩ and |50D5/2⟩ levels
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(corresponding to a Rabi frequency of Ωc/2π = 12.21 MHz).
Under these conditions, in the parameter space defined by Rabi
frequency of the probe light Ωp and the coupling light detun-
ing ∆c, the critical point is located near ∆c/2π =−4.77 MHz
and Ωp/2π = 7.32 MHz.

5. Summary
To summarize, we analytically derive the critical expo-

nents for the Liouvillian ES in Rydberg vapors. Though non-
linear in nature, these critical exponents are qualitatively simi-
lar to their counterparts in linear non-Hermitian Hamiltonians.
While our results offer further insight into the Liouvillian ES,
they can also be useful for developing sensing schemes based
on these ES in dissipative Rydberg gases. For future studies, it
is desirable to explore the topological nature of the Liouvillian
ES, and to look for ES containing higher-order EPs and more
complex structures.
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[2] Miri M A and Alù A 2019 Science 363 42
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