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Quantum coherence, as one of the most fundamental non-classical features in quantum mechanics, plays a pivotal role
in various quantum information processing tasks, including quantum computing and quantum metrology. The robustness
of quantum coherence (RoC) offers an operational interpretation by quantifying the advantage provided by a quantum
state in phase discrimination tasks. To achieve verification RoC with high precision via semidefinite programming (SDP),
complete knowledge of quantum states is typically required. Relying solely on expectation values of observables may
introduce significant errors in SDP-based estimations. To estimate RoC with high precision using limited data extracted
from quantum states, firstly, we propose a semi-supervised K-nearest neighbor (KNN) algorithm (semi-KNN) and a semi-
supervised method that combines the KNN and random forest (RF) models with a dynamical threshold (semi-KNN-RF).
Then we implement the semi-KNN and semi-KNN-RF models to efficiently estimate quantum coherence by analyzing
statistical data obtained from randomly generated local projective measurements performed on unknown quantum states.
The semi-KNN-RF model performs better than the semi-KNN model. This innovative methodology allows for accurate
coherence estimation, even for high-dimensional quantum systems.

Keywords: robustness of quantum coherence, semi-K-nearest neighbors model, semi-K-nearest neighbors and
random forest model
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1. Introduction
Emerging from the fundamental principle of quan-

tum superposition, quantum coherence represents an es-
sential nonclassical phenomenon that distinguishes quan-
tum systems from classical ones.[1] This indispensable re-
source underpins critical quantum technologies spanning from
quantum computation and quantum metrology to quantum
communication.[2–6] Various measures, including coherence
distillation and cost, Fisher information-based measures, and
relative entropy of coherence, have been proposed to charac-
terize quantum coherence.[8–14] Although theoretically com-
prehensive, these methods often require complex quantum
state tomography in experiments, making them impractical
for large-scale systems. While its theoretical foundations are
firmly established, significant challenges persist in develop-
ing reliable methods for both precise quantification and prac-
tical manipulation of coherence, which are limitations that cur-
rently hinder its full exploitation in quantum information pro-
cessing.

Among these measures, the robustness of quantum co-
herence (RoC) serves as an operational measure of quantum
coherence, its lower bound is not only experimentally acces-
sible but also numerically computed through semidefinite pro-
gramming (SDP).[2] SDP can also be used to estimate other

coherence measures, such as the geometric measure of quan-
tum coherence.[15] However, due to its reliance on convex op-
timization techniques, the computational complexity increases
significantly with the system dimension, posing a major chal-
lenge. In addition, lower and upper bounds of quantum coher-
ence can be estimated by the spectrum estimation method with
a small number of measurements or the traces and the entries
of the density matrix.[16,17] A novel methodology has been
proposed for estimating quantum coherence using limited ex-
perimental datasets.[18] Furthermore, a protocol has been de-
veloped for the direct measurement of quantum coherence in
unknown quantum states through a two-copy collective mea-
surement approach.[19] Recent advances have demonstrated
the simultaneous estimation of quantum entanglement and co-
herence via purity detection techniques.[20] Recently, machine
learning methods have been introduced to the field of quantum
physics and quantum information to tackle various problems
such as quantum state tomography and estimation, quantum
error correction, and wave function reconstruction. Notably,
machine learning has proven effective in entanglement detec-
tion and quantification.[21–29]

Machine learning has also been proposed to estimate the
RoC, but all the entries of the density matrices were used
as features for the machine learning models, which requires
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quantum tomography and is quite resource-consuming.[30]

Motivated by recent research progress, we integrate machine
learning techniques with the quantification of quantum coher-
ence based on the RoC. Firstly, we derive the SDP method to
compute RoC values directly, and then we construct a labeled
dataset using SDP. Lastly, we apply two semi-supervised re-
gression models to estimate coherence values across different
quantum states. We use the probabilities obtained by perform-
ing a small number of measurements as the features of two
models. This method allows us to effectively determine the
range of robustness while requiring a relatively small sam-
ple size. Our results demonstrate that a high coefficient of
determination (R2) can be achieved, indicating the potential
of machine learning for efficient and scalable quantum coher-
ence quantification. Furthermore, the algorithm we proposed
can be used to estimate other resources, such as quantum en-
tanglement measures, provided that the measures can be cal-
culated or approximated using numerical algorithms, such as
semi-definite programming or the descent gradient method.
This framework is highly scalable and can be extended to
higher-dimensional quantum systems, offering new directions
for estimating quantum correlations in quantum information
science.

2. SDP for calculating the RoC and the semi-
supervised regression model
Let D(𝒞d) be the convex set of density operators act-

ing on a d-dimensional Hilbert space, and let I ⊂ D(𝒞d) be
the subset of incoherent states, then the RoC, introduced in
Ref. [2], is defined as the minimum weight of another state τ

such that its convex mixture with ρ yields an incoherent state
δ , namely

CR(ρ) = min
τ∈D(𝒞d)

{
s ≥ 0 | ρ + sτ

1+ s
=: δ ∈ I

}
. (1)

Then the minimum s satisfies the following equality:

τs
1+ s

=− ρ

1+ s
+δ . (2)

The left-hand side of Eq. (2) is positive semidefinite, then
the right-hand side is also positive semidefinite. Let p = 1

1+s ,
then calculating the RoC is transformed to the following SDP
problem:

max p

s.t (− pρ +δ )≥ 0, (3)

Tr(δ ) = 1,

δ ≥ 0, δ ∈ I.

The solution of the above equation coincides with that ob-
tained via SDP in Ref. [2]. While the SDP approach in Ref. [2]

enables high-precision calculation of the RoC when exact
density matrices from quantum state tomography are avail-
able, such tomographic reconstruction is notoriously resource-
intensive in terms of both time and experimental requirements.
Alternatively, one may estimate the RoC using only the expec-
tation values of certain observables, but this approximation
can introduce significant errors when using SDP in Ref. [2].
For instance, in the case of two-qutrit quantum states, the rela-
tive error in RoC estimation based on just six observable mea-
surements may reach approximately 50%. To tackle this prob-
lem, we propose a semi-supervised machine learning method
to estimate the quantum coherence with high precision using
the limited data extracted from quantum states.

While artificial neural networks (ANNs) could theoreti-
cally serve as a method to approximate the coherence mea-
sures, they are more computationally expensive than the K-
nearest neighbor (KNN) algorithm due to complex training,
hyperparameter tuning, and hardware needs. The KNN algo-
rithm is a simple, instance-based supervised machine learn-
ing algorithm used for classification and regression, and it re-
mains a lightweight alternative for low-resource settings. Our
initial experimental results demonstrate that the KNN algo-
rithm outperforms ANNs in the task of estimating the RoC.
The KNN algorithm operates on the principle that similar data
points (neighbors) tend to have similar outcomes. It predicts a
sample’s value by averaging (for regression) or taking a major-
ity vote (for classification) from its k closest neighbors, where
proximity is determined using distance metrics such as Eu-
clidean distance.

The optimal k is typically selected through cross-
validation to balance bias and variance. Since the KNN
method relies on distance calculations, feature scaling is es-
sential to ensure that all features contribute equally to the
nearest-neighbor determination.

In this article, the Euclidean distance is chosen. For
two n-dimensional vectors x = (x1,x2, . . . ,xn) and y =

(y1,y2, . . . ,yn), where x and y are two sample points and n is
the number of features, xi and yi represent the i-th feature of
samples x and y, respectively. The Euclidean distance is

d(x,y) =

√
n

∑
i=1

(xi − yi)2. (4)

Based on the distances, the k nearest neighbors to the test
sample are selected. Using the output values of these k neigh-
bors, the output of the test sample is calculated by using the
average values as

z̃ =
1
k

k

∑
i=1

zi, (5)

where zi is the output value of the i-th neighbor. If weighted
averaging is used, the predicted value is the weighted average
of the k neighbors’ outputs, where the weights are usually the
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reciprocals of the distances between the neighbors and the test
sample:

z̃ =
∑

k
i=1 ωizi

∑
k
i=1 ωi

, (6)

where ωi =
1

d(x,xi)
is the reverse of the distance between the

test sample and the i-th neighbor. Select an appropriate value
of k and predict the value of the next point using weighted
averaging.

KNN regression (k=3)
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Fig. 1. The illustration depicts the scenario when k = 3, indicating that three
nearest “neighbors” are selected to calculate the weighted average value based
on Euclidean distance. The blue dots represent the sample points, the green
circles denote the chosen “neighbors,” and the red lines represent the Eu-
clidean distances.

Semi-supervised learning methods leverage a small
amount of labeled data and a large amount of unlabeled data to
enhance the model’s learning capabilities. Utilizing informa-
tion from unlabeled data, semi-supervised learning methods
can make full use of the information from a large number of
unlabeled samples. Compared to supervised learning, which
only uses labeled samples, it provides more data for model
training, thereby improving the model’s performance and gen-
eralization ability. Compared to supervised learning, it can
reduce labeling costs, and achieve good performance by label-
ing only a small number of samples, thus reducing the cost and
workload of labeling samples.

Semi-supervised K-nearest neighbors (semi-KNN) is an
extension of the traditional KNN algorithm that incorporates
both labeled and unlabeled data to improve classification or
regression performance. This method leverages the strengths
of supervised learning with labeled data and the unsupervised
learning potential of unlabeled data, creating a more compre-
hensive model. In the semi-KNN approach, the algorithm
initially uses the available labeled data to find the k-nearest
neighbors for a given query instance. However, unlike the su-
pervised KNN which relies solely on labeled data, semi-KNN
also takes into account the unlabeled data points to refine the
classification. This is achieved by considering the structure
and patterns within the entire dataset, including both labeled
and unlabeled examples, to make more informed predictions.

One of the key advantages of semi-KNN is its ability to handle
non-linear relationships and high-dimensional data without the
need for explicit feature mapping, as seen in methods such as
support vector machines.

Besides the semi-KNN model, we utilize another semi-
supervised model, namely, a random forest (RF) model. This
algorithm demonstrates distinct advantages in handling high-
dimensional data, owing to its inherent feature selection ca-
pabilities and robustness against overfitting. The RF model
performs random sampling on the original dataset to construct
distinct n sample datasets. Based on these datasets, n differ-
ent decision tree models are built, and the final regression re-
sult is obtained by averaging the predictions from these de-
cision tree models. Decision trees are tree-structured algo-
rithms widely used in both classification and regression tasks.
They recursively partition the dataset into smaller subsets, ulti-
mately forming a tree-like model to predict the output of new
data points. Figure 2 illustrates the decision-making process
of an RF.

Original

dataset

Sample
dataset

1

Sample
dataset

2

Sample
dataset

3

Sample
dataset

n

Decision
tree 1

Decision
tree 2

Decision
tree 3

Decision
tree n

Average

Random sampling

Fig. 2. The RF model splits the data, constructs n decision tree models, and
outputs the average prediction of these trees as the final regression result.

We propose a semi-supervised regression model which
combines the KNN and RF models with a dynamical thresh-
old (semi-KNN-RF). We continuously use both RF and KNN
models to predict unlabeled data. When the difference of their
predictions is lower than some threshold, we use the average of
their predictions as a pseudo-label to enrich the training data.
The dynamic threshold function is used to adjust the threshold
for pseudo-label generation during each iteration based on the
current training epoch

thr = t0 +(T − t0)
(

1− e(−α· epoch
epochm

)
)
, (7)

Specifically, t0 is the initial threshold, T is the maximum
threshold, epoch is the current training epoch, epochm is the
total number of epochs, and α is a parameter that controls the
growth rate; the larger the value of α , the faster the thresh-
old increases. The purpose of this function is to gradually
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raise the threshold as training progresses. At early stages, a
lower threshold allows the model to generate pseudo-labels
more flexibly. As training continues, the threshold increases,
making the consistency requirement between model predic-
tions stricter and thereby improving the quality of the pseudo-
labels.

3. Training semi-supervised regression models
3.1. Preparation of the training dataset

Initially, we just generate quantum states randomly. How-
ever, numerical experiments reveal that the coherence mea-
sures RoC derived from these states exhibit a concentrated
distribution, failing to cover the full range of possible values.
This indicates that the generated states are not sufficiently di-
verse to meet our experimental requirements. To prepare the
training dataset and the testing dataset, firstly we generate the
quantum states as the convex mixture of randomly generated
quantum states, incoherent states, and the maximal coherent
states in d- dimensional Hilbert space, namely

ρ = pρ
′+qδ

′+(1− p−q)ω, (8)

where ρ ′ is a random state, δ ′ is the random incoherent state

and ω = 1√
d

d
∑

i=1
|ii⟩ with p ≥ 0, q ≤ 0 and p+q ≤ 1. Secondly,

for a d-dimensional quantum state ρd , random d-dimensional
local unitary matrices U j ( j = 1, . . . ,M) are generated to act on
the d-dimensional measurement basis and obtain {U j|i⟩}d−1

i=0 ;
here, i = 0,1, . . . ,d − 1 and |i⟩ is the measurement basis with
the i-th entry being 1 and other entries 0, U j is the tensor prod-
uct of two, three (or four) lower dimensional unitary matrices
for 4, 6, 9, 18 (or 36) dimensional quantum states. Tensor
products of low-dimensional unitaries are significantly more
accessible to realize experimentally compared with arbitrary
nonlocal unitaries, as they can be decomposed into sequences
of fundamental gates in most quantum hardware architectures.
This approach substantially reduces the demand for physical
resources (e.g., fewer entangling gates are required). Perform-
ing the measurements {U j|i⟩}d−1

i=0 on the quantum state ρd for
j = 1, . . . ,M, we can get the features of semi-KNN and semi-
KNN-RF as {tr[ρdU j|i⟩⟨i|U+

j ]}i, j. To improve generality of
the model, we adopt the strategy of increasing the number of
feature vectors. In the numerical experiment, we let M = 3
for three-dimensional (3D) and six-dimensional (6D) quantum
states, and M = 4 for four-dimensional (4D), nine-dimensional
(9D), eighteen-dimensional (18D) and thirty-six-dimensional
(36D) quantum states. The labels are obtained by performing
SDP process in Eq. (3).

3.2. The training process of the semi-supervised regression
model

Following the preparation of the dataset, the training pro-
cess begins with splitting the training set into labeled data and
unlabeled data. The labeled subset is used to train a KNN

regression model or an RF, while the unlabeled portion is re-
served for subsequent testing. During the process of KNN,
cross-validation is employed to determine the optimal k-value
(number of neighbors) to ensure model robustness. Once
trained, the model predicts labels for the unlabeled data. High-
confidence samples, which are those exhibiting the smallest
distances to their nearest neighbors, are identified and incorpo-
rated back into the labeled training set. This iterative process
continues, retraining the model with the augmented dataset in
each cycle, until no further high-confidence samples can be
reliably selected or a predefined maximum iteration count is
reached. Upon completion of training, the remaining unla-
beled data points form the test set, which is used to evaluate the
model’s final performance. The left figure in Fig. 3 provides
a flowchart illustrating this semi-supervised training process.
The right figure in Fig. 3 presents a flowchart of the semi-
KNN-RF model. After splitting the data, both KNN and RF
regression models are trained on the labeled data. The absolute
difference between the predictions of the two models is used
to determine their consistency. If the difference is smaller than
a dynamic threshold, the prediction is considered consistent,
and the average of the two predictions is used as a pseudo-
label. If the difference exceeds the threshold, the sample is
excluded. This process continues until the maximum number
of iterations is reached, completing the training of the entire
model.

The mean squared error (MSE), the mean absolute per-
centage error (MAPE) and the coefficient of determination
(R2) are employed to evaluate the model’s performances. The
MSE quantifies the average squared discrepancy between the
predicted values and their corresponding true values. Mathe-
matically, it is defined as

MSE =
1
n

n

∑
i=1

(yi − ŷi)
2, (9)

where n is the total number of the samples, yi is the i-th true
value, and ŷi is the i-th predicted value. MAPE represents the
average of the absolute percentage errors of the predictions
from the true values, which is defined as

MAPE =
1
n

n

∑
i=1

|yi − ŷi|/yi. (10)

The coefficient of determination (R2) serves as a key metric
for evaluating regression model performance. It measures the
proportion of variance in the dependent variable that is pre-
dictable from the independent variables. Its values range from
0 to 1, where R2 = 1 indicates a perfect fit where the model
explains all the variability of the response data, and R2 = 0
suggests the model fails to capture any linear relationship. R2

is computed as

R2 = 1− ∑
n
i=1(yi − ŷi)

2

∑
n
i=1(yi − y)2 , (11)

where y represents the mean of the observed data.
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Fig. 3. The left diagram illustrates the workflow of the semi-KNN model. A maximum number of iterations is set (6 in the semi-KNN model). The
KNN model is then trained using the training set, and cross-validation is used to determine the optimal value of k. Data points with high confidence
(distance less than 0.1) are selected, labeled accordingly, and added to the labeled dataset for further training. The right diagram introduces a
semi-KNN-RF model after the labeled and unlabeled data have been split. The RF and KNN are trained, and the absolute difference between the
predictions of the KNN and RFs is computed. A dynamic threshold function is defined to generate a new threshold in each iteration using Eq. (7).
Data points with a prediction difference smaller than the current threshold are selected, added to the labeled dataset, and used for further training.

4. Results
In the experiments, for different dimensional quantum

states, different numbers of data are generated. For 3D ran-
dom quantum states, a total of 30000 data points are gener-
ated. 80% of these data are randomly selected as the train-
ing data, which includes 21600 data points as original labeled
dataset, and the remaining 2400 data points as unlabeled data.
The experimental results consistently demonstrate R2 > 0.95.
For 4D,6D, 9D, 18D and 36D random quantum states, 35000
data points were prepared, with 22400 data points assigned
as the original labeled dataset and 5600 data points as unla-
beled data, yielding R2 exceeding 0.95. These experimental
results are summarized in Table 1, we present the numerical
experimental results for quantum states of varying dimensions:
3D, 4D, 6D, 9D, 18D and 36D. The first row for each cor-
responding dimension shows the average results of four runs
using the semi-KNN model, while the second row shows the
average results of four runs using the semi-KNN-RF model
based on a dynamic threshold. The parameters for the dy-
namic threshold can be set as t0 = 0.015, T = 0.085, α = 3
and epchm = 6 for all states. To ensure proper alignment
with semi-supervised learning principles, we implemented the
semi-KNN-RF model using a small labeled dataset (5,600
or fewer quantum states) combined with a large unlabeled
dataset (22,400 or more quantum states) for RoC estimation.
The dynamic threshold mechanism was carefully configured
with dimension-specific parameters: For 3D, 4D, 6D and 9D
quantum states, we set the initial threshold t0 = 0.15, max-
imum threshold T = 0.16, growth rate α = 3 and the num-
ber of the training epochs epchm = 6. For higher-dimensional

18D and 36D systems, we use t0 = 0.10, T = 0.15, α = 2
while maintaining epchm = 6. These parameter choices enable
the model to begin with more flexible pseudo-labeling during
early training stages before gradually enforcing stricter pre-
diction consistency. Through proper hyperparameter tuning,
this approach maintains high precision while adhering to the
fundamental semi-supervised learning paradigm of leveraging
minimal labeled data alongside abundant unlabeled data.

Numerical experimental results show that our method
performs well when dealing with different dimensional quan-
tum states, achieving a high R2 with relatively small sample
sizes. Beyond random unitary matrices, we investigate the re-
lationship between the given unitary matrices and accuracy of
estimating the RoC. When we replace one of the unitary ma-
trices generated randomly with the identity matrix (i.e., us-
ing the original basis), the R2 decreases significantly. For
example, we conducted experiments with one unitary matrix
replaced by the identity matrix for the four-dimensional and
six-dimensional quantum states, R2 becomes 0.556 and 0.882,
respectively. However, replacing the unitary matrix with a
fixed nonsparce matrix as Eq. (12) significantly improves the
R2 back to its original performance. These examples demon-
strate that the performance tends to be better when the unitary
matrices are less sparse.

U1 =

( 1√
2

j√
2

j√
2

1√
2

)
,

F3 =
1√
3

1 1 1

1 − 1
2 +

√
3

2 − 1
2 −

√
3

2

1 − 1
2 −

√
3

2 − 1
2 +

√
3

2

 . (12)
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Table 1. The R2, MSE, MAPE and the number of labeled, unlabeled and test data for predicting the RoC of different quantum states.

Dimension R2 MSE MAPE Labeled data Unlabeled data Test data Range of RoC

3 0.9525 0.0196 0.0408 21600 2400 6000 0.0422–1.9900

0.9544 0.0053 0.0416 21600 2400 6000

0.9503 0.0086 0.0503 5600 22400 6000

4 0.9643 0.0648 0.0448 22400 5600 7000 0.0305–2.9808

0.9646 0.0092 0.0336 22400 5600 7000

0.9566 0.0163 0.0500 5600 22400 7000

6 0.9662 0.0248 0.0643 22400 5600 7000 0.0253–4.9439

0.9542 0.0463 0.0541 22400 5600 7000

0.9421 0.0584 0.0667 5600 22400 7000

9 0.9430 0.0413 0.0572 22400 5600 7000 0.0167–7.9410

0.9609 0.0413 0.0425 22400 5600 7000

0.9423 0.1427 0.0555 5600 22400 7000

18 0.9575 0.3427 0.0480 22400 5600 7000 0.1337–16.9645

0.9635 0.1940 0.0322 22400 5600 7000

0.9731 0.3083 0.0427 5600 22400 7000

0.9507 0.5653 0.0615 840 27160 7000

36 0.9379 2.9452 0.0541 22400 5600 7000 0.3046–34.9594

0.9876 0.5270 0.0235 22400 5600 7000

0.9810 0.9030 0.0304 5600 22400 7000

0.9588 1.9527 0.0441 1120 26880 7000

For 18D quantum states, we perform experiments by
replacing the first two random local unitary matrices with
U1 = U1

3 (
π

4 )⊗U1
3 (

π

4 )⊗ X and U2 = U1
3 (

π

3 )⊗U1
3 (

π

3 )⊗ X ,
where U1

3 (t1) is defined in Eq. (13). Under this configu-
ration, the semi-KNN model achieved R2 = 0.8656, while
the semi-KNN-RF model yielded R2 = 0.9175. Next, we
further replace the third random local unitary matrix with
U3 = U2

3 (
π

4 )⊗U2
3 (

π

4 )⊗X , where U2
3 (t2) is given in Eq. (13),

then we have R2 = 0.8123, MSE = 2.1512 and MAPE =

0.1124 for semi-KNN and R2 = 0.8456, MSE = 1.7703 and
MAPE = 0.1035 for the semi-KNN-RF model. Besides U j

( j = 1,2,3), we finally substitute the fourth random matrix
with U2

3 (
π

3 )⊗U2
3 (

π

3 )⊗X , then R2 = 0.7972, MSE is 2.3245
and MAPE is 0.1129 for semi-KNN and R2 = 0.8255, MSE is
2.0006 and MAPE is 0.1078 for the semi-KNN-RF model.

U1
3 (t1) =

 cos(t1) 0 i sin(t1)
0 1 0

i sin(t1) 0 cos(t1)

 ,

U2
3 (t2) =

1 0 0
0 cos(t2) sin(t2)
0 −sin(t2) cos(t2)

 . (13)

5. Conclusion
By leveraging the probabilities derived from three or four

sets of projective measurements on unknown quantum states
as input features for a semi-supervised KNN model and a
semi-supervised hybrid KNN and RF model, we demonstrate
that the robustness of quantum coherence can be estimated
with high precision, even when using limited training data.
Our results indicate that the semi-KNN-RF model generally

outperforms the semi-KNN approach, achieving higher accu-
racy and reliability in coherence estimation. This suggests
that a hybrid model combining the KNN and RF algorithms
can enhance the predictive power of quantum machine learn-
ing models, particularly in scenarios where data availability is
constrained. This work highlights the potential of integrating
classical machine learning models for efficient quantum prop-
erty estimation, especially in data-scarce scenarios.
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