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SPECIAL TOPIC — Advanced magnonics

Multipartite entanglement and one-way steering in magnon
frequency comb
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We theoretically demonstrate that multipartite entanglement and one-way Einstein–Podolsky–Rosen (EPR) steering
in a magnon frequency comb (MFC) can be generated in a hybrid magnon–skyrmion system. When the system is driven
by two microwave fields at the magnonic whispering gallery mode (mWGM) and the skyrmion, the skyrmion can be
simultaneously entangled with three magnon modes of the MFC and the entanglement of the first-order magnon pair in the
MFC also appears. The results show that the perfect one-way steering between the skyrmion and the three magnons can be
obtained. Interestingly, the steering direction can be manipulated by controlling the amplitudes of two drive fields, which
provides flexibility in controlling the asymmetry of the EPR steering and may well have practical applications. Moreover,
the genuine tripartite entanglement among the skyrmion and the first-order magnon pair can be achieved with appropriate
parameters in the steady state. Our work exhibits that the MFC has great potential in preparing multi-mode entanglement
resources, with promising applications in quantum communication.
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1. Introduction
Quantum entanglement is a key resource to operate quan-

tum computers and ensure the security of quantum communi-
cation in quantum information science.[1–4] For two entangled
particles, no matter how far apart they are, the state change
of any particle will affect the state of the other particle by ap-
plying measurements, in which the status of both parties are
equal. Different from that, Einstein–Podolsky–Rosen (EPR)
steering,[5,6] as a strict subset of entanglement, exhibits an
intrinsic property of the unequal status of two particles con-
trolling the state of another particle, referred to as asymme-
try. More attractive is one-way steering, where one party
can steer the other by performing suitable measurements, but
not vice versa. This property has been applied in one-sided
device-independent quantum key distribution[7–9] and quan-
tum networks.[10,11] Especially, multipartite entanglement and
steering, with more complex characteristics than bipartite cor-
relation, have significant potential for applications in con-
structing multi-node quantum communication networks and
processing multi-party quantum information tasks.[12–16] In
this context, the preparation and manipulation of multipartite
entanglement is an important issue.

The optical frequency comb (OFC) consisting of a se-
ries of discrete and equally spaced frequency spectral lines
has become an advantageous platform for studying multipar-

tite quantum correlation, as a single fixed resource can pro-
duce multiple optical modes with different frequencies.[17] In
2011, Pysher et al.[18] simultaneously generated 15 quadri-
partite entangled cluster states in the OFC of a single op-
tical parametric oscillator. In 2014, Chen et al.[19] experi-
mentally realized the multipartite entanglement of 60 adjacent
modes, which could be synchronously available and address-
able in the OFC. In 2016, Reimer et al.[20] utilized an in-
tegrated Kerr OFC to achieve multiphoton entangled states,
significantly advancing the practical application of OFC in
quantum technology. Recently, the concept of the magnon
frequency comb (MFC), analogous to the OFC, was pro-
posed and has been observed in experiments.[21–25] Due to
various nonlinear effects and the wide working frequency
range of magnons, MFCs spanning from gigahertz (GHz) to
terahertz (THz) and featuring hundreds of comb teeth have
been theoretically suggested.[26–31] Wang et al.[21] were the
first to theoretically predict the MFC through micromag-
netic simulation based on the three-magnon scattering. As
the primary nonlinear effect in magnetic systems, the three-
magnon parametric interaction involves confluence and split-
ting processes,[31,32] essentially representing three-wave mix-
ing. This physical mechanism for the generation of MFCs
has been studied in various magnetic structures.[21,25–29] Hula
et al.[22] experimentally observed the MFC generated by a
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cascade four-magnon scattering process induced by two res-
onantly driven microwave fields. In this nonlinear parametric
process, two excited magnons with different frequencies can
simultaneously produce a high-frequency magnon and a low-
frequency magnon,[33] which corresponds to four-wave mix-
ing, with the comb spacing of the MFC determined by the
frequency difference between the two driving fields. More-
over, the well-known nonlinear effect in cavity magnonic sys-
tems, the magnon Kerr effect, has been extensively studied in
experiments.[34–37] This effect shares many similarities with
the optical Kerr effect, as it is fundamentally four-wave mix-
ing, one of which is that it can be used to generate MFCs.
Wang et al.[38] demonstrated the controllable nonreciprocal
MFC in a dual-cavity magnonic system, exploiting the asym-
metric response of the magnon-Kerr nonlinearity to a mi-
crowave input from two different directions. Consequently,
the MFC holds great promise as a candidate for preparing mul-
tipartite quantum entanglement resources in solid-state sys-
tems, offering strong potential for large-capacity and scalable
quantum information storage and processing.

It is noteworthy that, very recently, multipartite entan-
glement involving up to 64 correlated modes in a microwave
frequency comb has been generated through the three-wave
mixing of a Josephson parametric amplifier.[39] Inspired by
this, we have theoretically demonstrated that a topologi-
cally protected skyrmion with large dissipation can induce
strong entanglement and asymmetric steering between the
first-order magnon comb teeth in an MFC based on the non-
linear magnon–skyrmion interaction.[40] However, previous
studies primarily focused on bipartite correlations between
magnons with different frequencies, where the magnon driven
by a microwave field was treated as a classical mode, and
multimagnon entanglement was not taken into account. In
this work, we try to reveal the multipartite correlation char-
acteristics of an MFC by studying the quantum entanglement
and steering among the skyrmion and the three magnon comb
lines in the MFC, including the driven magnon and its nearest
neighbor sum- and difference-frequency magnons. The theo-
retical model of our previous work[40] is still utilized, but the
key difference is that the hybrid magnon–skyrmion system is
driven by two microwave fields at the magnonic whispering
gallery mode (mWGM) and the skyrmion. In this case, both
the mWGM and the skyrmion will be excited and macroscop-
ically occupied. The generation of the MFC does not require
the driving field to exceed a threshold, and a similar mecha-
nism has been investigated in antiferromagnets.[26]

When only the mWGM is resonantly driven by a mi-
crowave field, the difference-frequency magnon can be entan-
gled with the skyrmion and the sum-frequency magnon, which
is consistent with our previous work in the weak-coupling

regime.[40] If the skyrmion is also driven and the quantum na-
ture of the mWGM is considered, the entanglement between
the skyrmion and the mWGM and the sum-frequency magnon
arises. By controlling the amplitudes of the two driving fields,
the skyrmion can be simultaneously entangled with the three
magnons of the MFC and the entanglement between the first-
order magnon comb teeth in the MFC can also exist. With the
help of the effective Hamiltonian of the system, we analyze
the underlying physical mechanism of multi-mode entangle-
ment in detail from the perspective of entanglement transfer.
The perfect one-way steering between the skyrmion and the
three magnons is generated and the steering direction between
the skyrmion and the sum- and difference-frequency magnons
can be flexibly manipulated by changing the two driving am-
plitudes. Furthermore, a genuinely tripartite entangled state of
the skyrmion, the sum-frequency magnon and the difference-
frequency magnon can be prepared with appropriate driving
amplitudes, which is robust against the environment thermal
noises.

2. Theoretical model and system dynamics
We consider a hybrid magnon–skyrmion system con-

sisting of a magnon waveguide and a skyrmion-microring
resonator,[40] in which the incident mWGM ak and the
skyrmion breathing mode ar are driven by two microwave
fields with different frequencies ω1,ω2 and amplitude ε1,ε2,
respectively. Without loss of generality, we investigate the
multipartite quantum correlation among the skyrmion (ωr) and
represented by the three MFC teeth (ωk,ωp,ωq), as shown in
Fig. 1(a). The Hamiltonian describing the nonlinear magnon–
skyrmion interaction in the system is written as (h̄ = 1)

H = H0 +Hint +Hdr,

H0 = ωka†
kak +ωra†

r ar +ωpa†
pap +ωqa†

qaq,

Hint = igp(akara†
p−a†

ka†
r ap)+ igq(aka†

r a†
q−a†

karaq),

Hdr = iε1(a
†
k e−iω1t −ak e iω1t)+ iε2(a†

r e−iω2t −ar e iω2t), (1)

where ak,r,p,q are the annihilation operators of the mWGM,
the skyrmion, the sum-frequency and difference-frequency
magnons. ωk,r,p,q are the resonant frequencies of the corre-
sponding magnon modes, which satisfy ωp = ωk + ωr and
ωq = ωk−ωr. gp and gq are the magnon–skyrmion coupling
strengths, respectively.

In the rotating frame at the frequency ω1, the system
Hamiltonian is simplified as

H = ∆ ja
†
ja j +ωra†

r ar + igp(akara†
p−a†

ka†
r ap)

+igq(aka†
r a†

q−a†
karaq)

+iε1(a
†
k−ak)+ iε2(a†

r e−iδ t −ar e iδ t), (2)
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where ∆ j = ω j−ω1 ( j = k,p,q) and δ = ω2−ω1. In accor-
dance with the magnon dissipation and environment noise, we
can derive the quantum Langevin equations (QLEs) describing
the system as follows:

ȧk =−(i∆k +κk)ak−gpa†
r ap−gqaraq + ε1 +

√
2κkain

k ,

ȧr =−(iωr +κr)ar−gpa†
kap +gqaka†

q + ε2 e−iδ t +
√

2κrain
r ,

ȧp =−(i∆p +κp)ap +gpakar +
√

2κpain
p ,

ȧq =−(i∆q +κq)aq +gqaka†
r +
√

2κqain
q , (3)

where κ j ( j = k, r,p,q) is the magnon dissipation coeffi-
cient, and ain

j is the corresponding input noise operator, un-
der the Markovian reservoir assumption, which are character-
ized by the zero-mean correlation functions: 〈ain

j (t)a
in†
j (t ′)〉=

[n̄ j(ω j) + 1]δ (t − t ′), and 〈ain†
j (t)ain

j (t
′)〉 = n̄ j(ω j)δ (t − t ′).

The equilibrium mean thermal number of each mode n̄ j(ω j) =

[exp(h̄ω j/κBT )− 1]−1, where T is the environment tempera-
ture and κB is the Boltzmann constant.

ωr ωq ωk ωp ω

(a) (b)

ωr ωr

Gk

Gp Gr

Gr
Gk

r k p

q

Fig. 1. (a) Schematic illustration of the multipartite entanglement among
the skyrmion and different comb teeth in the MFC. (b) The effective in-
teractions between different magnons.

When the system is in a steady state, the dynamics can be
linearized around the steady-state values by writing the oper-
ators a j =

〈
a j
〉
+δa j and neglecting the higher-order fluctua-

tion terms. We can obtain the semi-classical equations for the
magnon mean values

〈ȧk〉=−(i∆k +κk)〈ak〉−gp〈a†
r 〉〈ap〉−gq〈ar〉〈aq〉+ ε1,

〈ȧr〉=−(iωr +κr)〈ar〉−gp〈a†
k〉〈ap〉+gq〈ak〉〈a†

q〉+ ε2 e−iδ t ,

〈ȧp〉=−(i∆p +κp)〈ap〉+gp〈ak〉〈ar〉,

〈ȧq〉=−(i∆q +κq)〈aq〉+gq〈ak〉〈a†
r 〉. (4)

For simplicity, we replace 〈ak〉, 〈ar〉, 〈ap〉, 〈aq〉 with Ak,
Ar e−iδ t , Ap e−iδ t , Aq e iδ t so as to move into another inter-
action picture. The semi-class average equations are written
by

Ȧk =−(iω̃k +κk)Ak−gpA∗r Ap−gqArAq + ε1,

Ȧr =−(iω̃r +κr)Ar−gpA∗kAp +gqAkA∗q + ε2,

Ȧp =−(iω̃p +κp)Ap +gpAkAr,

Ȧq =−(iω̃q +κq)Aq +gqAkA∗r , (5)

where ω̃k =∆k, ω̃r =ωr−δ , ω̃p =∆p−δ , ω̃q =∆q+δ . Corre-
spondingly, the linearized QLEs for quantum fluctuations are
as follows:

ȧk =−(iω̃k +κk)ak−gpA∗r ap−gpApa†
r −gqAraq

−gqAqar +
√

2κkain
k ,

ȧr =−(iω̃r +κr)ar−gpA∗kap−gpApa†
k

+gqAka†
q +gqA∗qak +

√
2κrain

r ,

ȧp =−(iω̃p +κp)ap +gpAkar +gpArak +
√

2κpain
p ,

ȧq =−(iω̃q +κq)aq− igqAka†
r − igqA∗r ak +

√
2κqain

q . (6)

If the driving frequencies satisfy ωk = ω1 (ω̃k = ∆k = 0) and
δ = ω2−ω1 = ωr, then one can obtain ω̃p = ω̃r = ω̃q = 0. The
steady-state mean value solutions could be obtained from a set
of semi-classical differential equations under the steady-state
condition Ȧ j = 0. The equations are simplified as

ε1−κkAk−gpA∗r Ap−gqArAq = 0,

ε2−κrAr−gpA∗kAp +gqAkA∗q = 0,

κpAp−gpAkAr = 0,

κqAq−gqAkA∗r = 0. (7)

The average values of magnons can all be real numbers by ad-
justing the two driving fields. By replacing δak,δar,δap,δaq

with ak,ar e−iδ t ,ap e−iδ t ,aq e iδ t , the QLEs of the fluctuations
are

ȧk =−κkak−gpArap−gpApa†
r −gqAraq

−gqAqar +
√

2κkain
k ,

ȧr =−κrar−gpAkap−gpApa†
k +gqAka†

q

+gqAqak +
√

2κrain
r ,

ȧp =−κpap +gpAkar +gpArak +
√

2κpain
p ,

ȧq =−κqaq− igqAka†
r − igqArak +

√
2κqain

q . (8)

By introducing the magnon position and momentum quadra-
ture fluctuation operators X j = (δa j +δa†

j)/
√

2, Yj = i(δa†
j−

δa j)/
√

2, and the input noise quadrature operators X in
j =

(δain
j + δain†

j )/
√

2, Y in
j = i(δain†

j − δain
j )/
√

2, the linearized
QLEs describing the quantum fluctuations can be rewritten as

𝑢̇(t) =𝑀𝑢(t)+𝑛(t), (9)

where the vector of the quadrature operators 𝑢(t) =

[Xk(t),Yk(t),Xr(t),Yr(t),Xp(t),Yp(t),Xq(t),Yq(t)]T, the noise
vector 𝑛(t) = [

√
2κkX in

k ,
√

2κkY in
k ,
√

2κrX in
r ,
√

2κrY in
r ,√

2κpX in
p ,
√

2κpY in
p ,
√

2κqX in
q ,
√

2κqY in
q ]T, and 𝑀 is the drift

matrix
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𝑀 =



−κk 0 −(gpAp +gqAq) 0 −gpAr 0 −gqAr 0
0 −κk 0 gpAp−gqAq 0 −gpAr 0 −gqAr

gqAq−gpAp 0 −κr 0 −gpAk 0 gqAk 0
0 gpAp +gqAq 0 −κr 0 −gpAk 0 −gqAk

gpAr 0 gpAk 0 −κp 0 0 0
0 gpAr 0 gpAk 0 −κp 0 0

gqAr 0 gqAk 0 0 0 −κq 0
0 gqAr 0 −gqAk 0 0 0 −κq


. (10)

If the real parts of all eigenvalues of 𝑀 are negative, the
system is stable and reaches a steady state, which can be de-
rived by applying the Routh–Hurwitz criterion.[41] Because
the dynamics of quadrature components fluctuations are lin-
earized and the input noises are Gaussian, the system finally
evolves into a zero-mean continuous variable (CV) Gaussian
state that can be characterized by a 8× 8 covariance matrix
(CM) 𝑉 , where the matrix elements are defined as 𝑉kl =

〈𝑢k(∞)𝑢l(∞)+𝑢l(∞)𝑢k(∞)〉/2 (k, l = 1,2, . . . ,8). When the
system stability conditions are fulfilled, the steady-state CM
𝑉 can be obtained by solving the Lyapunov equation[42]

𝑀𝑉 +𝑉 𝑀T =−D. (11)

𝐷 = diag[κk(2n̄k + 1),κk(2n̄k + 1),κr(2n̄a + 1),κr(2n̄a +

1),κp(2n̄p + 1),κp(2n̄p + 1),κq(2n̄q + 1),κq(2n̄q + 1)] is the
diffusion matrix.

To quantitatively study the quantum correlation of the
MFC in the multipartite CV system, we adopt the logarith-
mic negativity EN

[43] and the Gaussian quantum steering[44]

S12 > 0 (S12 > 0) denotes that the bipartite Gaussian state is
steerable from mode 1 (2) to mode 2 (1) by applying Gaus-
sian measurements on mode 1 (2), and the larger of its value
denotes the stronger Gaussian steerability. The minimal resid-
ual contangle Rmin

τ
[45] is used to quantify the genuine tripartite

entanglement among any three modes, which is given by

Rmin
τ ≡min[Ri| jl

τ ,R j|il
τ ,Rk|il

τ ], (12)

where the residual contangle Ri| jl
τ ≡ Ci| jl −Ci| j −Ci|l ≥ 0

(i, j, l ∈ k, r,p,q) is a CV analogue of tangle for discrete-
variable tripartite entanglement with Cu|v = E2

u|v. When v con-
tains two modes, Ci| jl is calculated by extending the logarith-
mic negativity to three modes Ei| jl . The residual contangle

satisfies the monogamy of quantum entanglement and Ri| jl
τ is a

proper entanglement monotone; therefore, in terms of the case
with Rmin

τ > 0, genuine tripartite entanglement is generated.

3. Results and discussion

In this section, we shall analyze the quantum correlation
characteristics among the skyrmion, the mWGM, and the sum-

and difference-frequency magnons through numerical simula-
tion results. Firstly, we analyze the generation of bipartite en-
tanglement of four magnon modes, then discuss the controlled
EPR steering between the skyrmion and three magnon teeth in
the MFC, and finally show the genuine tripartite entanglement
among the skyrmion and the sum- and difference-frequency
magnons. Here we assume gp = gq = g, κp = κq = κpq for
simplicity, and the averages are

Ak =
ε1

κk +2g2/κpq
, Ar =

ε2

κr
, Ap = Aq =

gAkAr

κpq
. (13)

Then the effective Hamiltonian for the quantum fluctuations
can be obtained as

Heff = Gk(a†
r a†

q +a†
r ap +H.c.)+Gr(a

†
kap +aka†

q +H.c.)

+Gp(a
†
ka†

r +a†
kar +H.c.), (14)

where Gk = gAk, Gr = gAr, Gp = gAp are effective coupling
strengths, which can be significantly enhanced by the two driv-
ing fields. The effective interactions between different magnon
modes in the system are shown in Fig. 1(b).

In Fig. 2, we plot the logarithmic negativity related to bi-
partite entanglements of four magnons Ekr, Erp, Erq, Epq as
functions of two driving amplitudes ε1 and ε2. We take the
parameters ωk/2π = 80 GHz, ωp/2π = 88 GHz, ωq/2π =

72 GHz, ωr/2π = 8 GHz, g/2π = 2 MHz, κk/2π = 4 MHz,
κpq/2π = 1 MHz, κr/2π = 2 MHz, T = 20 mK.[21,40] It
can be found that the skyrmion can be entangled with three
magnon teeth of the MFC and the entanglement between the
sum- and difference-frequency magnons can also be gener-
ated. From Fig. 2(a), we can see that the amplitude of two
driving fields ε1 ≈ 0.4× 108 Hz and ε2 ≈ 0.12× 108 Hz are
optimal for the mWGM-skyrmion entanglement Ekr where
the maximum value of the entanglement is about 0.31. The
entanglement between the skyrmion and the sum-frequency
magnon Erp is generated with the parameter interval of the
driving ε1 < 0.5×108 Hz, and it gradually increases with the
enhancement of the driving ε2, as shown in Fig. 2(b). From
Figs. 2(c) and 2(d), it is found that the entanglement Erq and
Epq exists when there is no driving ε2 but only ε1 (ε1 6= 0,
ε2 = 0). In this case, the corresponding effective Hamiltonian
of the system is H ′eff = Gk(a†

r a†
q +a†

r ap +H.c.). The first para-
metric down-conversion interaction induces the entanglement
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between the skyrmion and the difference-frequency magnon
and it partially transfers to the other subsystem via the sec-
ond beam–splitter interaction, resulting in the entanglement
of the sum- and difference-frequency magnons. The entan-
glement mechanism is consistent with our previous work in
the weak-coupling regime.[40] When the driving ε2 is added
in the system, these entanglements are evidently affected. In
Fig. 2(c), the skyrmion and the difference-frequency magnon
are hardly entangled with the parameters ε1 > 0.2× 108 Hz,
ε2 > 0.1×108 Hz. No matter how strong the driving ε1 is, the
entanglement Epq almost disappears for ε2 = 0.1×108 Hz, as
shown in Fig. 2(d). However, when the system has no driv-
ing ε1, although the driving ε2 exists, there is no entanglement
at the stable state. From the corresponding effective Hamilto-
nian H ′′eff = Gr(a

†
kap +aka†

q +H.c.), we can find that the linear
interactions between the skyrmion and the sum (difference)-
frequency magnon cannot generate any entanglement. It can
be observed from Fig. 2 that entanglement transfer occurs in
this system, in which the entanglement is distributed in dif-
ferent subsystems with the change of two driving amplitudes.
That is to say, the driving ε2 on the skyrmion not only reduces
the experimental difficulty of generating an MFC,[26] but also
becomes a method to manipulate the entanglement of different
comb teeth in an MFC.
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Fig. 2. Density plot of bipartite entanglements (a) Ekr, (b) Erp, (c) Erq,
and (d) Epq versus the amplitudes of two driving fields ε1 and ε2.

In order to further analyze how the entanglement is trans-
ferred among different subsystems, we investigate the station-
ary four entanglements versus ε1 with a fixed ε2 = 0.14×
108 Hz and ε2 with a fixed ε1 = 0.15× 108 Hz, which are
shown in Figs. 3(a) and 3(c), respectively. In Fig. 3(a), it is
evident that all entanglements appear when ε1 > 0. As the
driving ε1 increases, the entanglements Ekr, Erp, Erq begin to
increase and then decrease in different degrees, yet the en-
tanglement between the sum- and difference-magnons Epq al-
ways maintains a rising trend. In Fig. 3(b), we show the ef-

fective coupling strengths Gk,Gr,Gp as the function of ε1 to
analyze the entanglement distribution in Fig. 3(a). It can be
seen that Gk and Gp increase with the enhancement of ε1, so
the skyrmion is entangled with the mWGM and the difference-
frequency magnon due to their parametric down-conversion
couplings (Ekr,Erq > 0). In the initial stage of ε1 increas-
ing, Gr > Gp > Gk, thus the entanglement Ekr can be partially
transferred to the subsystem of the skyrmion and the p-mode
magnon via the state-swap interaction between the k-mode
and p-mode magnons [the coupling channel Gr in Fig. 1(b)],
leading to the entanglement Erp. Similarly, Erq can be dis-
tributed to the p- and q-mode (r- and p-mode) magnon subsys-
tem through the state-exchange coupling channel Gk of the r-
and p-mode magnons (Gr of the p- and q-mode magnons me-
diated by the k-mode magnon). So we can see that the four en-
tanglements gradually increase. As ε1 continues to strengthen,
the entanglement Erp(q) will be transferred to Epq via the cou-
pling channel of the r- and q(p)-mode magnons mediated by
the k-mode magnon, which corresponds to the decrease of Erp,
Erq and the increase of Epq. When the driving ε1 is stronger,
Gp > Gr > Gk, the state-exchange interactions between the r-
mode and the p-modes and q-mode magnons mediated by the
k-mode magnon are enhanced and the entanglement Ekr as an
entanglement source is transferred to the sum- and difference-
frequency magnon subsystem, which corresponds to the de-
crease of Erp and the increase of Epq. We then analyze the
change of the four entanglements versus ε2 in the same way.
From Fig. 3(c), it can be found that Erq,Epq > 0 for the driv-
ing ε2 = 0, which is consistent with Figs. 2(c) and 2(d). When
ε2 starts to increase, Gr,Gp are enhanced, thus entanglement
between the mWGM and the skyrmion Ekr is generated due
to their parametric down-conversion coupling, and meanwhile
Erq is distributed to Ekr through the state-swap interaction be-
tween the k- and q-modes. In addition, Erq is also transferred
to Erp via the coupling channel of the p-mode and q-mode
magnons connected by the k-mode magnon. As shown in
Fig. 3(c), with the enhancement of ε2, the entanglement Erq

decreases and Ekr,Erp increase. As ε2 continues to increase,
Gr > Gp > Gk and the interactions between the k-mode and
p(q)-mode magnons are strengthened. Consequently, Ekr can
be partially transferred to the subsystem of the skyrmion and
the sum- or difference-frequency magnons, which is character-
ized by the decrease of Ekr and the increase of Erp,Erq, and the
four magnon modes are simultaneously entangled with each
other. From the above qualitative analysis, it can be seen that,
in such a complex multipartite system, the entanglement of
magnons with different frequencies depends on the different
effective interaction strengths among four modes, which can
be directly controlled by changing the amplitudes of two driv-
ing field.
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Then we discuss the influence of some system parameters
on the stationary bipartite entanglement and steering between
the skyrmion and three magnon comb teeth. The quantum cor-
relation Ekr,Skr,Srk between the skyrmion and the mWGM as
functions of the ratio of two driving amplitudes ε1/ε2 with the
fixed ε2 = 0.15× 108 Hz are illustrated in Fig. 4(a). From
Fig. 4(a), it can be found that the mWGM-skyrmion entangle-
ment first increases and then decreases with the increase of ε1,
and disappears when ε1 > 6.85ε2. Interestingly, the one-way
steering from the skyrmion to the mWGM can be generated
with the parameter regime 0< ε1/ε2 < 3, which is numerically
proved as Srk > 0,Skr = 0 (blue region). It indicates that the
skyrmion can unidirectionally control the state of the mWGM
by applying suitable measurement but not vice versa. The en-
tanglement Ekr and steering Skr,Srk versus dissipation of the

skyrmion γr and the mWGM γk with ε1 = 2ε2 are displayed
in Figs. 4(b)–4(d), respectively. We can see that the one-way
steering from the mWGM to the skyrmion Skr can be prepared
under the condition of small γk (γk < 0.28κk ), as shown in
Fig. 4(c). In contrast, one-way steering Srk appears with large
mWGM dissipation γk > 0.7κk in Fig. 4(d). It is obvious that
Ekr,Skr,Srk decrease with the addition of dissipation, which
implies that magnon damping is harmful to entanglement and
steering. However, the steering direction can be controlled by
changing the magnon dissipation, as illustrated in Fig. 4(e).
We can see that as the mWGM dissipation γk increases grad-
ually, the one-way steering from k-mode to r-mode (red re-
gion), two-way unsteerable, and the one-way steering from
r-mode to k-mode (blue region) correlations can be achieved
in the system. In order to analyze how the directionality of
quantum steering is affected by the asymmetric dissipation of
two magnon modes, the effective magnon number can be in-
troduced, which has been addressed in our previous work.[40]

The smaller the dissipation of the magnon means the less it
leaks from the system to the environment, so one mode with
a larger number of magnons has more advantages in steering
the other magnon mode. Therefore, when the dissipation of
the mWGM is small, the steering is from the mWGM to the
skyrmion [see Fig. 4(c)]; yet with the increase of the dissipa-
tion, the steering directionality is reversed from the skyrmion
to the mWGM [see Figs. 4(d)]. Figure 4(f) shows the that
mWGM-skyrmion entanglement is robust against the thermal
fluctuation, surviving up to 0.64 K. The steerability is more
sensitive to environmental temperature than to the entangle-
ment, where one-way steering Srk can exist when T < 0.26 K
(blue region).
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Figure 5(a) exhibits the entanglement Erp and steering
Srp,Spr versus ε1/ε2 with ε2 = 0.5 × 108 Hz. When the
driving ε1 < 1.08ε2, the stationary entanglement between the
skyrmion and the sum-frequency magnon can be obtained and
the one-way steering from the skyrmion to the sum-frequency
magnon appears with the parameter regime ε1/ε2 < 0.43
(Srp > 0,Spr = 0, red region). Figures 5(b)–5(d) show the in-
fluence of the skyrmion dissipation on the entanglement and
steering. It can be seen that the ability of the skyrmion to
steer the p-mode magnon can be enhanced by increasing the
sum(difference)-frequency magnon dissipation γpq. The p-

mode magnon can steer the skyrmion with its smaller dissi-
pation, specifically, γpq < 0.7κpq, which is demonstrated in
Fig. 5(d). In other words, the magnon mode with larger damp-
ing is more difficult to steer the other one. It can be observed
that the correlation degree of the entanglement is greater than
the quantum steering for the same parameters regime (Erp >

Srp,Spr) and both Srp,Spr disappear completely, but the entan-
glement still exists, which is the consequence of the stricter
quantum correlation of steering than of entanglement. The
bipartite steering Srp,Spr versus ε1/ε2 with γpq = 0.35κpq is
depicted in Fig. 5(e). When the driving satisfies ε1 < 0.46ε2,
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asymmetric steering can be obtained (yellow region), in which
the steerable ability of the skyrmion to control the p-mode
magnon is stronger than that of the p-mode magnon to the
skyrmion (Srp > Spr). As ε1 continues to increase, only the
skyrmion can control the state of p-mode magnon, but the
latter will not affect the skyrmion. From Fig. 5(f), it can be
seen that the asymmetric steering is generated for the tempera-
ture below 0.1 K, the one-way steering Srp still survives when
T = 0.29 K, and the entanglement shows strong robustness
against the temperature (T < 0.76 K).

Figure 6(a) shows the quantum correlation Erq,Srq,Sqr as
functions of ε1/ε2 with ε2 = 0.01× 108 Hz. In Fig. 6(a), the
entanglement is generated in the range of ε1/ε2 < 93 and the
one-way steering from the difference-frequency magnon to the
skyrmion can stably exist for ε1/ε2 < 76 (Sqr > 0,Srq = 0,
blue region). From Fig. 6(b), it can be found that Erq can
be strengthened by increasing the driving ε1 with large sum
(difference)-frequency magnon dissipation. Notably, steering
from the skyrmion to the q-mode magnon is generated for
high damping when γpq > 2.3κpq (Srq > 0), and similarly it
can be enhanced by changing the dissipation γpq and the driv-
ing amplitude ε1, which is shown in Fig. 6(c). Different from
that, Sqr will decrease with the addition of γpq, which means
the magnon dissipation plays a destructive role in the steering
Sqr in Fig. 6(d). Moreover, steering direction can be flexibly
manipulated by the driving amplitude ε1, which is shown in
Fig. 6(e). When 0 < ε1/ε2 < 51, there is the one-way steering
Srq (red region), in which the state of the q-mode magnon can
be unidirectionally controlled by applying measurements on
the skyrmion. As the driving ε1 increases, two-way steering
can be obtained with 51 < ε1/ε2 < 61 (yellow region). Al-
though two magnons can affect the state of the other side, Srq

is larger than Sqr, which indicates a stronger steerable ability
from the skyrmion to the q-mode magnon with the parameter
regime 51 < ε1/ε2 < 58.7, but when the driving satisfies the
condition 58.7 < ε1/ε2 < 61, the steering direction is reversed
and the steering from the q-mode magnon to the skyrmion is
dominant (Sqr > Srq). When ε1 continues to increase and is less
than 106ε2, the system only has one-way steering from the q-
mode magnon to the skyrmion (blue region). In Fig. 6(f), the
survival temperatures of the steering Srq,Sqr are 0.15 K and
0.13 K, respectively. The ability of the skyrmion to steer the
q-mode magnon is more robust against thermal noise. The en-
tanglement does not disappear until the temperature is greater
than 0.78 K.

Furthermore, the genuine tripartite entanglement among
the skyrmion, the sum- and difference-magnons can be
achieved at the steady state, which is numerically demon-
strated in Fig. 7(a) (Rmin

τ > 0). It can be seen that the tripartite
entanglement appears when the driving ε2 > 0.24×108 Hz and

the entanglement can be significantly enhanced by increasing
the driving amplitude ε2. In the case of the low driving ampli-
tude ε2 ((0.05–0.15)×108 Hz), a genuine tripartite entangled
state also can be generated in the system by controlling the
driving ε1 where the three magnons are entangled with each
other [Erp, Erq, Epq > 0, see Figs. 2(b)–2(d)]. Moreover, as
shown in Fig. 3, the mWGM, the skyrmion, the sum-frequency
and the difference-frequency magnons can be simultaneously
entangled with each other in some parameter intervals, which
indicates the potential existence of quadripartite entanglement
in the system. Figure 7(b) depicts the influence of the magnon
dissipation and environment temperature on the tripartite en-
tanglement for ε1(2) = 0.3(0.5)× 108 Hz. It is clear that the
magnon damping and the thermal noise are destructive to the
tripartite entanglement, yet it can exist when the temperature
is less than 0.42 K and γp(q) < 2κp(q). Since quantum effects
such as entanglement and steering in the system need to be
prepared under the condition of small enough thermomagnon
numbers, the survival temperature of entanglement is depen-
dent on the magnon working frequency, as indicated by the
formula of the equilibrium average thermal magnon number
in Section 2. Theoretically, the tripartite entanglement could
be prepared in the temperature of several tens of Kelvin for
THz MFC in antiferromagnets.[26,27]
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4. Conclusion
In conclusion, we have investigated how to create and

control the multipartite entanglement and one-way steering
in an MFC based on nonlinear magnon–skyrmion scattering.
When the mWGM and the skyrmion are driven by two mi-
crowave fields, respectively, the skyrmion can be entangled
with three magnon teeth of the MFC and the entanglement be-
tween the sum- and difference-frequency magnons exists si-
multaneously. It is found that the entanglements of different
subsystems are strongly dependent on the amplitudes of two
driving fields, which is triggered by the fact that the ampli-
tudes will affect the effective coupling strength among differ-
ent magnon modes. The perfect one-way steering from the
skyrmion to the mWGM and the sum-frequency magnon and
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from the difference-frequency magnon to the skyrmion can be
obtained in the system. Intriguingly, the asymmetric steering
of the three bipartitions occurs with appropriate magnon dis-
sipations, in which the steerable direction of the skyrmion and
the first-order two magnons could be performed in a control-
lable manner by changing two driving amplitudes not requir-
ing added noise. Additionally, genuine tripartite entanglement
among the skyrmion and the first-order magnon pair in the
MFC can be realized and it could be significantly strengthened
by enhancing the driving on the skyrmion. The steady-state bi-
partite and tripartite entanglements are robust against external
thermal fluctuations.

Considering more higher-order magnons in the MFC,
multi-mode entanglement among different magnon combs
could be anticipated. Our work enriches the research of mul-
tipartite quantum correlations in MFCs, which may be sig-
nificant for the application in quantum communication and
computation networks. On the other hand, because the work-
ing frequencies of magnons and microwave photons are both
in the microwave frequency band, they can couple with each
other when they satisfy the matching conditions of momentum
and energy. This coupling can be further extended to cavity
magnonics systems. By utilizing the virtual photon excita-
tion in the microwave field, the coupling with superconduct-
ing qubits could be realized. In addition, optical photons can
couple with the mWGM via Brillouin scattering. This opens
up exciting prospects for the development of hybrid magnon-
based systems, potentially creating new platforms for explor-
ing novel magnon phenomena.
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