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Standard perturbation theory is employed to calculate the mass shifts of the 2 15)-23S; and 23S,-23P; transitions for
46.8He. High-precision results are obtained for the mass shifts in the isotope pairs °He—*He and 3He—*He, with uncer-
tainties below 1 part per million (ppm). Our analysis provides a complete set of isotope-shift results and systematically
examines their sensitivity to nuclear charge-radius differences. Once experimental measurements reach a precision com-
parable to that of the calculated mass shifts, the squared differences of nuclear charge radii can be determined with an
accuracy of approximately 0.4%—0.6%, representing an order-of-magnitude improvement over current values.
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1. Introduction

The accuracy of atomic spectroscopy has improved dra-
matically over the past few decades, driven by advances in
experimental techniques. As a result, it has become a power-
ful tool for probing nuclear properties and searching for new
physics beyond the Standard Model.!'=7] Its applications span
a wide range of areas, including the precise determination
of nuclear charge radii in helium isotopes,*8! the observa-
tion of atomic parity violation in '33Cs,[! the investigation
of possible variations in fundamental constants using atomic
clocks,[1%111 and tests of the weak equivalence principle via

(121 Moreover, recent studies suggest that

atom interferometry.
linearity in King plots can serve as a sensitive probe of higher-
order isotope shifts and constrain the coupling strength of hy-
pothetical new bosonic fields to electrons and neutrons.!13-16]

Helium and helium-like ions represent the most funda-
mental few-electron atomic systems, enabling the application
of well-established theoretical methods to perform highly ac-
curate calculations of their electronic structures.!'7-2) Of par-
ticular significance is the precise determination of nuclear
charge-radius differences between helium isotopes through
isotope-shift measurements, which has emerged as a major fo-
cus of contemporary research. This field has advanced rapidly,
driven by a combination of high-precision experimental tech-

niques and state-of-the-art theoretical calculations.!!7-18:23.24]
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Recently, Rengelink et al.!*>! and Werf et al.*®! mea-
sured the 2!S-23S transition in both “He and *He, yielding
a refined value for the nuclear charge-radius difference of
1.0757(15) fm?. Meanwhile, Schuhmann ez al.'*”) determined
the nuclear charge-radius difference between *He and “He
by measuring the 2S-2P transitions in muonic helium ions,
w3Het and p*He', obtaining a value of 1.0636(31) fm?.
This result revealed a 3.60 discrepancy when compared with
the atomic transition data, prompting Schuhmann et al.'*’! to
speculate that the anomaly could hint at new physics beyond
the Standard Model.

In response, Muli et al. (28] carried out refined calculations
of nuclear-structure corrections in an attempt to resolve the in-
consistency, but the discrepancy persisted. Our recent work
addressed this issue by incorporating the previously neglected
hyperfine-mixing effect in *He,>”! which was subsequently
validated and improved upon by Pachucki et al. 3% This led to
an updated value of 1.0678(7) fm? derived from the 2'S-27S
transition, bringing it into agreement with the muonic helium
result within 1.30.

More recently, Wen ez al.3'! revisited their analysis of
the 235—-23P transition in “He, accounting for post-selection
shifts, and updated the nuclear charge-radius difference to
1.0733(21) fm?. This revision has reintroduced a 2.6 dis-
crepancy relative to the muonic helium determination, under-
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scoring the ongoing challenges and complexity involved in re-
solving this fundamental problem.

As an isotope of “He, the ®He nucleus is formed by
adding two neutrons to a “*He core. It is stable under the
strong interaction and has a relatively long half-life of approx-
imately 0.8 s. Due to the inherent stability and strong binding
of the #He core, the ®He nucleus can be modeled as a three-
body system consisting of an alpha particle and two neutrons.
Remarkably, the removal of any one of the three components
leads to an unbound system, a feature that characterizes %He as
a “Borromean nucleus”.3?! Another intriguing isotope, $He,
is a neutron-rich nucleus with the highest known neutron-to-
proton ratio of 3 among bound light nuclei. Its structure con-
sists of a “He core surrounded by four valence neutrons and
has a half-life of about 0.1 s. In 3He, the four neutrons are
loosely bound and spatially extended, forming a diffuse neu-
tron halo.

In 2013, Lu et al.!*3! determined the nuclear charge radii
of °He and 3He to be 2.059(8) fm and 1.958(16) fm, respec-
tively, by measuring isotope shifts in the 23S;—37Py transi-
tions. Owing to their exotic structures and rich dynamics, ®He
and ®He serve as valuable systems for probing fundamental
nuclear forces. Detailed studies of their nuclear structures pro-
vide important benchmarks for developing effective nuclear-
interaction models capable of accurately describing both bind-
ing mechanisms and internal correlations. 3+3>]

In the present work, we calculate the isotope shifts of
the 21So—23S; and 23S,-23Py transitions for the °He—*He and
8He—*He pairs, including recoil corrections up to order ma®.
The theoretical framework is presented in Section 2, where all
relevant corrections — nonrelativistic recoil, relativistic recoil,
quantum electrodynamic (QED) recoil, and nuclear polariz-
ability — are discussed in detail. The numerical results and
their analysis are provided in Section 3, followed by a sum-
mary in Section 4. Atomic units (a.u.) are used throughout
unless otherwise specified.

2. Theoretical method

The isotope shift Ejs consists of two components, the
mass shift Fys and the field shift Egg,

Eis = Evis + EFs, (D

where Efg is obtained from experimental measurements, while
Envs must be calculated with high theoretical precision. The
field shift Ers contains information about the nuclear charge-
radius difference AR”. Neglecting nuclear-polarization effects,
it can be expressed as

Eps = CAR?, )

where C = Cx — Cy, and Cy is the field-shift coefficient for
state X, given to lowest order by

2
Cx = 2”32"’ <26(n>> . 3)
i X

The nonrelativistic quantum electrodynamics (NRQED)

framework is employed to compute the mass shift Eyg. Within
NRQED, atomic energy levels are expanded in powers of the
fine-structure constant o as

E(OC) :E<2)+E(4)+E(5)+E(6)+E(7)+... , 4)
where each term is defined as E(") = ma"s(”>, and

e =g e e 4o 5)

(n) (n)

i (n)
with &5, €,

,and &, ’ denoting the zeroth-, first-, and second-
order recoil corrections in the electron-to-nucleus mass ratio
m/M, respectively. Here, m and M are the masses of the elec-
tron and the nucleus.

In this work, we employ the Hylleraas variational method
to determine high-precision wave functions corresponding to
the nonrelativistic Hamiltonian in the infinite-nuclear-mass

limit
H=l+2-2-24- (©)

where » = r| — 1, and Z is the nuclear charge. The Hylleraas
basis set*®! employed in the variational expansion is given by

| J ok —ar—Bra—yryLM 5
Wij(r1,m) = rirsrt e Py i Gy ) (7

where Yﬁ’g (71,72) denotes the vector-coupled product of
spherical harmonics associated with the angular momenta of
the two electrons. Based on this wave function, higher-order
corrections arising from relativistic and QED effects — specif-
ically those associated with the finite nuclear mass — are sub-
sequently evaluated order by order. The explicit expressions
for the correction operators included at each order of the cal-
culation are provided as follows.

2.1. Nonrelativistic recoil

The nonrelativistic Hamiltonian HIE,?)

for two-electron
atomic (ionic) systems is represented as a sum of two terms

2

2 2
Hyp = uH® + S, @®)
where HY) = H) is the nonrelativistic Hamiltonian of the sys-
tem in the center-of-mass frame, y = % is the reduced
mass, and
2 m
HE = "pipa ©)

M

is the mass-polarization term. Since the nuclear mass M is
much larger than the electron mass m, the effect of this recoil
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Hamiltonian Hr(ezc> is treated perturbatively. The normal mass

2

shift arises from pH.", which has the following form:
2
Egpo = (y— 1)(H2), (10)

where ¥ = pt/m. The second recoil correction is induced by
Hr(ezc) , which is known as the specific mass shift or mass po-
larization. In principle, all orders of the m/M corrections
in the nonrelativistic case can be obtained by computing the
eigenvalue difference of the nonrelativistic Hamiltonian with

and without the recoil term Hr(ezc)

However, this approach
does not allow for a clear separation of contributions from
individual orders in m/M. Therefore, we evaluate the mass-
polarization corrections using standard perturbation theory, in-

cluding terms up to third order. These perturbation corrections

Eyy = (& HE ) — (HR) (HE B ), (13)
where we define
1
AB =(A——_B), 14
“.B) < (Eo — Hy)' > (19
1
(A,B)y = <A(E0—HO)QB>7 (15)

_ 1 1
(A,B,C) = <A @ _HO),B(E0 _HO),C>7 (16)

with Ey denoting the eigenvalue of the nonrelativistic Hamil-

tonian in the nonrecoil limit.

2.2. Relativistic recoil

are The expectation value of the Breit—Pauli Hamiltonian
E(z) - }’2 <H(2)> (a1 H® represents the relativistic correction of order ma® to the
M1 = rec /s nonrelativistic energy. The Breit—Pauli Hamiltonian including
E 1&42 )2 = )/3 <Hr(ezc) 7Hr(ezc) ) (12)  the full reduced-mass dependence is[>3)
|
) P?Jrl’z 3 3 1 AW 3
HO = | PP 2R (8 ) 4 8 (m) 3 (S 4 T8 ) b (82— 83 T8 0)
I o 8yl 3.7
—n&? ~(S's/ —Si, S —3— | +>8. = lg
. <r>+4< D(5 =35 ) 438 S m-p)+ 150 S xor )
V4 ] )
+t7 Zs. ><P1+ ><p2 +8a | s xPi—35XP2 ||, 17
4 r r
r 1 2
\
where S = (o1 +02)/2 and Sp = (0] — 02)/2 denote the ~ where

total and antisymmetric spin operators corresponding to the
triplet and singlet states, respectively.
The recoil correction arising from the reduced-mass de-
pendence in Eq. (17) is
4 4 4
ity = (HY) — (). (18)
The first-order recoil correction, eﬁ)l, consists of two parts:
(i) the recoil contribution to the Breit Hamiltonian and (ii) the
second-order perturbative correction involving the nonrecoil
Breit Hamiltonian and the mass-polarization operator. It can

be expressed as
ety = v (He) +2y(HE
(4)

where Hy¢ is the recoil correction to H ) defined by

Z
Hr(é?— m r1+ xP-S+ 2 X P-Sa
M r2 r1 r2

ij iJ ) . ij .
p1<6 Jrrlr{)Pjpt <5+’"2r2)p/}7 (20)
r

rl r r

HE, (19)

where P = p| + p; is the total electron momentum operator.
The second-order recoil correction can be decomposed
into two contributions

Eurh = Epphg + Ex1 hp 1)

el = 21D, 12 1) + HE 1Y 1Y)

—(HOYHZ HD), —2(HE) (HD H),, (22)
4) 2)

8;;’)2;5 = 2<Hr(ec 7Hr(ec > (23)

The first part, 815/‘1*‘)211’ represents the third-order perturbation of

H™ with two mass-polarization operators Hr(ezc) , Whereas the

4)

second part, € 20 corresponds to the second-order perturba-
tion involving Hr(fc) and Hr(ezc) .

Higher-order relativistic effects mainly originate from the
second-order perturbation of H*) and the first-order perturba-
tion of the effective Hamiltonian of order ma®. The calcula-
tion of these contributions, with the relevant formulas provided
in Refs. [17,18,37], is highly challenging. Nevertheless, their
overall impact is small, and their effects are estimated and in-
cluded as part of the final uncertainty.

2.3. QED recoil

In the nonrecoil limit, the leading QED correction HY is

given by
47 19 ko
HY) = = (]n(Zoc) +35 —lnzz> (83(r1) +8°(r2))

113101-3
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+ (134111(2 n 11654> 5(r)

14 1

—— (== +8&()nz 24

where Inkg is the Bethe logarithm, as defined in Ref. [23].

The expectation value of the singular operator 1/7° is obtained

through a renormalization procedure, as described in Ref. [38].
The recoil correction consists of three parts

2 62 8
eyh =22 ( —3InZa)+ 5~ 3lnk0> (8%(r1) +8(r2))
7z2 1
n < E +r§>’ (27)

(5) 5) gy 42 (k) o3 3
€y 3 = (HS Hree) — 31 - (83(r)+8%(r)).  (28)

The Ink;, term represents the first-order perturbation of the
Bethe logarithm due to the mass-polarization operator Hr(é)
The higher-order QED recoil correction is of order

(5) _mr.6 (5) ©)
EM.QED = 3y (SMJ + ngZ) R VAL (25) m? a8 /M and can be expressed as
where 815/1 )QED = 81&4 )1 + 815/?.)2 + 815?3 + 81521) (29)
47 14
&) = —3(HD) + (8 () +8°()) = (8 (), (26)  where
|
6 _ (3 2 (427 3 3 6 697 1099 3
elth = (= 1) |22 ( G~ 22 ) 8 ) + 80 + 7 5300) - o N @] o

2179 10 3

elth = (= 1)z -

63

15
&z =2 M<36_27 5 —2In2+ 2C (6°(

These four terms originate from three distinct sources: the
reduced-mass scaling of the one-loop QED contribution, the
radiative recoil contribution, and the pure recoil contribution.

2.4. Nuclear polarizability

The nuclear polarizability correction to the energy levels
can be expressed as

el = —Tpol* (8°(r1) + 8(r2)), (34)

where the coefficient 0 has been evaluated as %01(4He) =
2.07(20) fm® and Gl (*He) = 24.7(5.0) fm?.1333 Slightly
smaller values for *He were reported in Ref. [40], but the dif-
ferences are not significant at the level of accuracy relevant to
the present work. The correction is negligibly small for $He.

3. Results and discussion

The main objective of this section is to numerically an-
alyze the mass shifts, field shifts, and isotope shifts of the
218-233 and 23S-27P transitions for the *He—*He and ®He-
“He isotope pairs. Here, the Bethe logarithms In(ko/Z?)
are adopted from Ref. [37], with values of 2.9801183651(1)
for the 2'Sy state, 2.97774245929(2) for the 23S, state, and

= Y2
64872 27+2n 47:2(:()

3 ><63<r1>+53<r2>>

} (€29

}’1 +53 r2)> (32)

(33)

\
2.9836910033(2) for the 2Py states. The first-order perturba-

tive corrections to the Bethe logarithm arising from the mass
polarization operator, denoted as X In(k)y, are 0.141875(1)
for 218y, 0.0382843(1) for 23Sy, and 0.069676(1) for 2°P;.

Table 1. Numerical results for the DK operators of the 2°P; states, in
atomic units.

Operator 4He °He 8He

—0.36626544 —0.36622131 —0.36619933
—0.01004596 —0.01004858 —0.01004989
0.00227147  0.00227483  0.00227650
—0.08464419 —0.08464545 —0.08464608
—0.03629056 —0.03629187 —0.03629252
—0.18242308 —0.18241730 —0.18241444

Hpy : Vi(r1xp1)/ri
Hig: (ri xv)(r-p2)/rr
Hig o r r{/r r

Hpy @ (rxp2)/r*

HSK i r0

HBK:V2 rxp)/r

i (
Hb : V3 (r xp2)/ 0.27952588  0.27955530  0.27956998
H3 : V(D1 x p2)/r 0.00111834  0.00110617  0.00110011
HYy :V3(r-po)(rxp1)/r* —0.01050638 —0.01051852 —0.01052453
HY : [rx (r-p2)p1]/7° —0.02831713 —0.02831831 —0.02831891
Hbk o {rx (rxp1)'p2}//r 0.00531108 0.00531253  0.00531326
HE - pipl /) —0.03694155 —0.03694152 —0.03694152
HEY V3 0.28701288  0.28704167  0.28705603
HYy :V3ripl ) 0.12135504  0.12136460  0.12136940
HY - V3ripl /3 0.04763768  0.04764227  0.04764452
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The numerical results for the various operators presented
above are taken from Ref. [29] and its supplementary material.
Tables 1 and 2 list the numerical values of the Douglas—Kroll
(DK) operators and their recoil corrections, with uncertainties
smaller than one unit in the last significant digit.

Table 2. Numerical results for the recoil corrections to the DK operators
of the 23P] states, in atomic units.

Operator He

Vi:pi(p1 xp2)/r —0.918584
Vaipiep[(ri xp1)i(pr+p2)l/r; 0316347

Vi:pir x (pi+p2)/ri —0.704255
Viirx (p1+p2)/rr —0.061736
Vs:irxri[r-(p1+p2)l/rir —0.020237
Vo : 11 X 1o (1) ~p1)/rfr% 0.056545
Vo ir x (pr+p2)/rf —0.225347
Ve :rirl /3R 0.061829

Table 3 presents the isotope shifts for the 2'S-23S and
235-273P transitions in the ®He—*He and 3He—*He isotope
pairs. The first four rows list the nonrelativistic nuclear re-
coil corrections of order moi2, as given by Eqgs. (10)—(13). The
following three rows contain the relativistic recoil corrections
of order mo.*, computed using Eqgs. (18), (19), and (21). The
eighth row provides the QED recoil correction of order ma?,
derived from Eq. (25). The subsequent row includes higher-
order relativistic and QED contributions of order mo®, which
are estimated using the approximation in Eq. (29) due to the
complexity of a full calculation. The dominant source of un-
certainty in the results arises from the omission of terms of
order ma® and higher. These uncertainties constitute a major
contribution to the total error in the computed mass shifts. The
row labeled “NPol” represents the nuclear polarization correc-
tion, as given by Eq. (34). The final row reports the total mass

shifts obtained by summing all the above contributions. These
values are determined with high precision, and the associated
uncertainties are estimated to be below 1 ppm.

Also in the table, for the field shift, the following coeffi-
cients C in Eq. (2) are used:

C(2'8-23S) = —214.45 kHz/fm>, (35

C(235-2°P) = 1210.5 kHz/fm”. (36)
These values can be compared with previously re-
ported results??  C(215-23S) = —214.66(2) kHz/fm?,
C(2's-23S) = —214.40 KkHz/fm?,  C(235-2%P) =
1212.2(1) kHz/fm?, and C(235-2°P) = 1209.8 kHz/fm’.
The differences in squared nuclear charge radii are A(r?) =
1.415(7) fm? for the *He—*He pair, and 1.009(42) fm? for the
$He—*He pair. [

Table 3 indicates that the dominant source of uncertainty
in the field shifts arises from the error in the differences of
nuclear charge radii, which also constrains the overall preci-
sion of the isotope shift measurements. By referencing Eq. (1),
the relationship between the uncertainty in the squared nuclear
charge radii difference and the errors in the isotope and mass
shifts can be expressed as

SEX+ 8E}

SAR? =
C

If the precision of the experimentally measured isotope shift
is comparable to that of the mass shift, i.e., |6 Eis| ~ |0 Ewms|
(since Ejs = Ens), the relative uncertainty in AR? can be esti-
mated by

| 8AR?
=2

¢

EFs

— V3|7,

Table 3. Spin-independent contributions to the mass shifts, in kHz. When not explicitly stated, the numerical uncertainty is estimated

to be less than 1 in the last significant digit.

SHe—*He 8He—*He

215233 235-23p 215233 235-2%p
po? 8839787.30 —12710411.5 13240877.87 —19038580.9
po?(u/M) —622831.01 —21754942.5 —932943.02 —32586884.0
po®(u/M)>? 5363.03 —10165.5 7228.47 —13701.5
po?(u/M)>3 —0.16 —2.4 —-0.20 -3.0
pot 9170.52 —18305.1 13736.78 —27420.0
pat(u/M) —6614.77 20568.3 —9908.65 30810.1
pot(p/M)? -1.93 5.5 —~2.60 7.4
ma (m/M) —57.94 62.1 —86.79 93.0
ma®(m/M) —2.38(60) 13.5(3.4) —3.57(94) 20.2(5.1)
NPol 3.00(60) —16.9(3.4) —0.27(3) 1.5(2)
Ewms 8224815.66(85) —34473194.7(4.8) 12318898.01(94) —51635657.2(5.1)
Ers —303.5(1.5) 1713.2(8.4) —216.4(8.9) 1222(50)
Eis 8224512.2(1.7) —34471481.5(9.7) 12318681.6(9.0) —51634436(51)
|EFs /Eis| 36.9 ppm 49.7 ppm 17.6 ppm 23.7 ppm
¢ 0.4 % 0.4 % 0.6 % 0.6 %
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Table 4. Spin-dependent contributions to the mass shifts of the 2Py states for the 3 He—*He isotope pairs, in kHz. When not explicitly
stated, the numerical uncertainty is estimated to be less than 1 in the last significant digit.

OHe—*He 8He—*He
23p, 23p, 23p, 23p, 23p, 23p,

uot —3797.0232 275.1460 594.3170 —5687.5883 412.1432 890.2317
wot (/M) 4110.1506 315.6675 —1011.4306 6156.5499 472.8631 —1515.0278
wot(u/M)>? 2.0970 0.0927 —0.4750 2.8263 0.1250 —0.6402
wod (/M) —4.0486 1.0063 0.2059 —6.0642 1.5073 0.3084
wob (/M) 0.057(57) —0.085(85) 0.039(39) 0.088(88) —0.127(127) 0.059(59)
Sum 311.23(6) 591.83(9) —417.34(4) 465.81(9) 886.51(13) —625.07(6)

Table 5. Spin-dependent contributions to the mass shifts of the 2 3Py fine-
structure splittings between ®3He and *He, i.e., the splitting isotope shifts
(SIS), in kHz.

Isotope pair 23p,-23p, 23p,-23p,
SHe-*He 280.24(11) —1008.81(10)
8He—He 420.16(16) —1511.04(14)

Table 3 presents further details on the ratios |Ers /Ejs| and
the corresponding values of {. When the experimental uncer-
tainties in isotope shifts and mass shifts are comparable, the
accuracy in determining the squared nuclear charge radii dif-
ferences can be significantly enhanced, reaching a relative un-
certainty level of approximately 0.4%—-0.6%.

The spin-dependent contributions to the 2°3P; states are
summarized in Table 4, where the m”a®/M-order correction
is presented as an approximate value derived solely from the
DK operators and their associated recoil corrections. A con-
servative uncertainty estimate of 100% has been assigned to
this correction, as it constitutes the principal source of error
in the overall calculation. A detailed numerical breakdown
of the DK contributions and recoil terms is provided in Ta-
bles 1 and 2. Moreover, the effect of singlet-triplet mixing
in the 23P; state is considerably more significant than in the
23P0 and 23P2 states, resulting in shifts of the values in Ta-
ble 4 from 591.83(9) kHz and 886.51(13) kHz to 591.47(9)
kHz and 885.97(13) kHz. Considering this effect and the data
in Table 4, we evaluate the isotope shifts of the fine-structure
splittings, referred to as the splitting isotope shifts (SIS), #1421
which are presented in Table 5. These SIS values play a crucial
role in testing the internal consistency of experimental results.

4. Summary

In this work, we have calculated the nuclear mass correc-
tions for the 21S, 23S, and 23P states of +#*8He using perturba-
tion theory. The mass shifts for the 2 'S—23S and 23S-2 P tran-
sitions were computed with uncertainties below 1 ppm. The
contributions and uncertainties of the field shifts were eval-
uated based on the currently available differences in nuclear
charge radii. We find that the dominant source of error in the
isotope shifts arises from the uncertainty in the field shifts,
which amounts to approximately 15 ppm—50 ppm. Our cal-
culations demonstrate that once experimental measurements

achieve precision comparable to that of the theoretical mass
shifts, the determination of nuclear charge radius differences
can be improved to an accuracy of 0.4%-0.6%, thereby en-
abling stringent tests of nuclear structure models for neutron-
rich helium isotopes.
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