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The solution of fractional partial differential equations (PDEs) is an important topic in scientific computing. How-
ever, the traditional physics-informed neural networks (PINNs) have problems of memory overflow and low computational
efficiency when the derivative is discretized for a long time. Therefore in this paper we innovatively propose a framework
of Laplace transform physics-informed neural networks (LT-PINNs), which is dedicated to solving the forward and inverse
problems of Caputo-type fractional PDEs. The core of this method is to use the Laplace transform to construct the loss func-
tion, which skillfully avoids the dilemma that the fractional derivative operator in traditional PINNs is difficult to operate
effectively. By studying the benchmark problem of parameter α in a series of different scenarios we verify that LT-PINNs
can predict the solution of Caputo-type fractional PDEs more accurately than fractional PINNs. The excellent performance
of LT-PINNs in identifying inverse problems involving fractional order, convection and diffusion coefficients is further
explored. At the same time, the effects of network structure, the number of sampling points and noise on the LT-PINNs
method are analyzed in detail. The results show that the method can predict the solution of the equation satisfactorily even
under severe noise interference. The proposed LT-PINNs framework opens up a new path for efficiently solving fractional
PDEs. It shows significant advantages in improving computational efficiency, reducing memory usage and dealing with
complex noise environments. It is expected to promote the further development of fractional PDEs in many fields.
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1. Introduction

In traditional physical modeling, the system dynamics
described by integer-order differential equations implies the
“Markov” assumption that the future state of the system de-
pends only on the current state and is independent of the
historical path. However, observations of modern science in
complex media and multi-scale processes show that a large
number of physical phenomena are strongly non-Markovian,
and their evolution has a significant memory effect and path
dependence. In such systems, the current state is cumula-
tively affected by the entire historical evolution trajectory,
and the weight of historical contributions often appears in
the form of power-law decay. The classical integer-order
derivative cannot describe this long-range time correlation be-
cause of its locality. The introduction of a Caputo-type frac-
tional derivative provides a unified physical and mathematical
framework to solve this problem. Many real-life phenomena
have been modeled as fractional partial differential equations
(PDEs), such as porous media,[1,2] electrochemistry,[3] acous-

tic wave propagation[4,5] and viscoelastic constitutive law,[6–8]

and have attracted considerable research interest. In particular,
in stress relaxation experiments with polymers, biological soft
tissues and other materials,[9–12] the stress decay curve shows
a power-law form (σ(t)∼ t−α ) rather than exponential decay.
This is due to the historical cumulative effect of the multi-
scale entanglement and recombination process of molecular
segments. The Caputo derivative replaces the Newton viscos-
ity term and establishes a fractional-order constitutive equa-
tion (such as σ(t) =Eτα Dα

t ε(t)) to accurately describe the in-
tegral dependence of stress on the historical strain rate. When
particles move in fractal porous media (such as rocks or bones)
or intracellular crowded environments,[13,14] the mean squared
displacement satisfies 〈x2(t)〉 ∼ tα(α < 1) (sub-diffusion).
Particles “remember” their past positions due to frequent col-
lisions, adsorption or space constraints. In the time fractional
diffusion equation ∂ α

t u = Kα ∇2u, the Caputo operator quanti-
fies the probability that the particle is trapped in the historical
position through the (t− τ)−α kernel. The volatility of asset
prices shows clustering (high volatility follows high volatil-
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ity), reflecting the persistence of market panic, and its auto-
correlation function decays slowly with a power-law form. In
the fractional Black–Scholes equation ∂ α

t V = LV , the Caputo
derivative of α < 1 encodes the continuous influence of the
historical price path on option pricing.[15–18] However, it is
very difficult to obtain the analytical solutions of fractional
PDEs. Therefore, more and more researchers are focusing on
studying numerical solutions. In a direct discrete fractional-
order derivative, the Grünwald–Letnikov formula[19] and the
L1 formula[20,21] are considered as the two major numerical
schemes. In particular, for the fractional-order derivative α

(0 < α < 1), the L1 formula can improve the accuracy of order
2−α .[22–24] Gao et al.[25] obtained a new numerical formula
(called the L1− 2 formula) by using the quadratic interpola-
tion approximation for fractional-order derivatives of order α

(0 < α < 1), which achieved 3−α-order accuracy. Recently,
Yang et al.[26] proposed an improved spectral deferred cor-
rection method for solving nonlinear fractional PDEs which
can be easily constructed with high accuracy from low-order
methods. Xu[27] developed a method based on generalized ho-
motopy to give highly accurate solutions of fractional PDEs.
For PDEs with a Caputo-type fractional-order derivative, the
numerical scheme may require using the values of all previous
time steps when computing the time derivative term, which
will increase the cost of memory to store the necessary data
during long computations, especially for multi-dimensional
fractional PDEs.

With the explosive growth of data volume and rapid
development of computer hardware, deep neural networks
(DNNs) have been widely used in computer vision,[28] fea-
ture selection,[29] natural language processing,[30] classifica-
tion tasks,[31] reinforcement learning,[32] data mining[33] and
so on. In recent years, some researchers have also tried to
apply DNNs to solve such problems of PDEs as high dimen-
sion and nonlinearity which do not require grid generation
of the solution region compared with conventional numeri-
cal methods.[34–38] However, the main problems with pure
data-driven methods are a lack of physical interpretability and
flexibility, as well as an inability to ensure the convergence
of the algorithm. For this reason, Raissi et al.[39–41] devel-
oped a new DNN framework called physics-informed neural
networks (PINNs), which successfully embeded the underly-
ing physical information into neural networks. In the PINN
framework, DNNs are employed as the core of the surrogate
model to predict the solution of PDEs, and the automatic dif-
ferentiation (AD)[42] of neural networks is used to calculate
the differential operator in PDEs. Compared with traditional
numerical methods, the AD technique does not involve dis-
crete computation, which can effectively reduce the compu-
tation cost and avoid the error propagation problem. Due to
the significant advantage of PINNs in describing complex re-

lationships between inputs and outputs, they provide a new
paradigm for solving forward and inverse problems in non-
linear PDEs. PINNs have been successfully applied to com-
plex problems in computational science and engineering, such
as nonlinear optics,[43,44] materials science,[45–47] finance[48]

and fluid mechanics.[49–51] However, PINNs cannot be directly
applied to fractional PDEs because the AD technique is not
valid in fractional calculus. For this reason, Pang et al.[52]

proposed fractional PINNs (fPINNs), which used numerical
discretization to numerically approximate the fractional-order
derivative. However, in order to achieve satisfactory accuracy,
high-order discretization is usually required. With increase
in discrete points and discrete times, the computational cost
of each iteration increases significantly, which will reduce the
training efficiency of PINNs. Although MC-fPINN[53] solved
this problem using the Monte Carlo method, use of the Monte
Carlo method to calculate the singular integral of fractional
derivatives may lead to significant variance and error, which
hinders the convergence of the PINN. In addition, Zhang et
al.[54] proposed a fractional PINN framework based on spec-
tral methods, which is based on a more efficient global dis-
cretization method of Jacobi polynomials, thereby reducing
the need for auxiliary points. There are a lot of researches
on fractional PDEs, but they all focus on the discretization and
sampling of fractional derivatives in the training process rather
than the offline process.

In this paper, inspired by the traditional numerical meth-
ods of PDEs,[55] we propose a Laplace transform physics-
informed neural network (LT-PINN) framework to solve the
forward and inverse problems of Caputo-type fractional PDEs.
An LT-PINN is a kind of DNN with the same intended target
as a PINN, and will be trained as a surrogate model to ap-
proximate the exact solutions of Caputo-type fractional PDEs.
Here, we would like to emphasize that in the LT-PINN frame-
work, based on the Laplace transform, Caputo-type fractional
PDEs can be used for traditional PINNs and then the model
can be trained by using the general approximation ability of
neural networks[56] and the AD technique. The LT-PINN
framework has several appealing features. (i) By using the
Laplace transform, LT-PINNs can easily solve Caputo-type
fractional PDEs because the fractional order derivative avoids
discretization. (ii) LT-PINNs just need to transform fractional
PDEs into integer-order PDEs in an offline form and then use
traditional PINNs for training. (iii) When we rewrite the code
for the inverse problem, LT-PINNs require only the addition
of identified parameters to the list of optimized parameters in
the forward problem; nothing else needs to change. (iv) LT-
PINNs are very noise tolerant and a satisfactory result can be
obtained even with very noisy data.

This paper is organized as follows. In Section 2, we de-
scribe the general form of the forward and inverse problems of
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Caputo-type fractional PDEs. In Section 3, we first briefly in-
troduce standard PINNs, and subsequently derive the Laplace
transform of Caputo-type fractional PDEs for the cases 0 <

α < 1 and 1 < α < 2, and propose LT-PINNs. In Section 4,
we demonstrate, with a large number of examples, the ef-
fectiveness of the LT-PINN framework for solving the for-
ward and inverse problems of various Caputo-type fractional
PDEs. Specifically, we first address the benchmark problem of
Caputo-type fractional PDEs in the case of 0<α < 1. Further-
more, we study the forward problem of Caputo-type fractional
PDEs for the case 1 < α < 2. In order to verify the ability of
LT-PINNs to solve the inverse problem of Caputo-type frac-
tional PDEs, the fractional order, convection and diffusion co-
efficients are identified. Finally, we discuss the performance of
LT-PINNs with different noisy data, and explore the influence
of the number of sampling points and the network structure
on the accuracy of the solution. The conclusion is given in
Section 5.

2. Problem statement

For PDEs with a Caputo-type fractional derivative such
as

C
0 Dα

t u(x, t) = β∆u(x, t)− γ∇u(x, t)+h(x, t), (1)

where u(x, t) is the solution of the equation, h(x, t) is the
source term and β and γ are the diffusion and convection coef-
ficients, respectively. The left-hand side of the above equation
is a time-fractional derivative of order α , which is defined in
the Caputo sense:[57]

C
0 Dα

t u(x, t) =
1

Γ(n−α)

∫ t

0

ut(x,τ)
(t− τ)α+1−n dτ,

n−1≤ α < n, (2)

where Γ(·) is the gamma function. In order to compute the
term C

0 Dα
t u(x, t), the numerical scheme needs to use the val-

ues of all previous time steps. However, this requires a large
amount of memory to store the data in long computations,
especially when solving multi-dimensional fractional PDEs,
which can lead to a memory overflow problem.

In this paper, we consider both forward and inverse prob-
lems of Caputo-type fractional PDEs in the cases 0 < α < 1
and 1 < α < 2. In the forward problem, given the time-
fractional derivative order α , the diffusion coefficient β , the
convection coefficient γ , the source term h(x, t), as well as the
initial and boundary conditions, we solve Eq. (1). On the other
hand, in the inverse problem, the parameters α , β and γ in
Eq. (1) are unknown. We will use some measurement data to
identify the unknown parameters α , β and γ .

3. Method
In this section, we propose LT-PINNs for solving the for-

ward and inverse problems of Caputo-type fractional PDEs.
Firstly, we introduce the original PINNs and the Laplace trans-
form. Then, by using the Laplace transform, integer-order
PDEs are introduced into the PINN framework. Finally, the
LT-PINN framework is given in detail.

3.1. Physics-informed neural networks

PINNs are a machine learning framework based on DNNs
that successfully solve forward and inverse problems of non-
linear PDEs. To introduce the idea behind PINNs we consider
the forward problem of a one-dimensional integer-order diffu-
sion equation with Dirichlet boundary conditions, given by

∂u(x, t)
∂ t

= λ
∂ 2u(x, t)

∂x2 +h(x, t), (x, t) ∈ (0,1)× (0,1),

u(x,0) = g(x,0), x ∈ (0,1),

u(0, t) = ϕ(0, t), t ∈ (0,1),

u(1, t) = ϕ(1, t), t ∈ (0,1), (3)

where g(x,0) is the initial condition at t = 0 and ϕ(0, t) and
ϕ(1, t) are the Dirichlet boundary conditions at x = 0 and
x = 1, respectively. A parameter λ is known in the for-
ward problem. In PINNs, the training points (x, t) are the in-
puts of the DNNs, and (x, t) consists of three parts: the col-
location points (x f , t f ) in the solution region, the sampling
points (xi,0) on the initial condition and the sampling points
(xb, tb) on the boundary condition. A DNN is used to calculate
the predicted solution upred(x, t;θ) corresponding to the input
point (x, t), where θ represents the parameters of the DNN. By
using the AD technique, we expect to optimize the parameters
of the DNN so that the resulting predicted solution will satisfy
both the equation and the initial boundary conditions. Now,
we can give the loss function Loss for solving Eq. (3) using a
PINN, as follows:

Loss = Lossi +Lossb +Loss f , (4)

where

Lossi =
1
Ni

Ni

∑
i=1

∣∣upred(xi,0;θ)−g(xi,0)
∣∣2 , (5)

Lossb =
1

Nb

Nb

∑
i=1

(∣∣∣upred(0, tb;θ)−ϕ(0, tb)
∣∣∣2

+
∣∣∣upred(1, tb;θ)−ϕ(1, tb)

∣∣∣2), (6)

Loss f =
1

N f

N f

∑
i=1

∣∣∣∣∂upred(x f , t f ;θ)

∂ t

−λ
∂ 2upred(x f , t f ;θ)

∂x2 −h(x f , t f )

∣∣∣∣2, (7)
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in which Ni, Nb and N f are the numbers of sampling points on
the initial condition, boundary condition and solution region,
respectively. ϕ(0, tb) and ϕ(1, tb) are the exact values of the
sampling points (xi,0), (0, tb) and (1, tb), respectively. Lossi,
Lossb and Loss f are the mean squared errors of the initial con-
dition, boundary condition and equation, respectively.

In solving the inverse problem of a PDE (i.e., discovering
the unknown parameter λ in PDEs using measured data), we
usually only know the general form of the equation and the
measured data. Therefore, the loss function includes the resid-
uals of the equation and measured data. The loss function Loss
can be expressed as

Loss = Lossd +Loss f , (8)

where

Lossd =
1

Nd

Nd

∑
i=1

∣∣∣upred(xd , td ;θ ,λ )−ud(xd , td)
∣∣∣2 , (9)

Loss f =
1

N f

N f

∑
i=1

∣∣∣∣∂upred(x f , t f ;θ ,λ )

∂ t

−λ
∂ 2upred(x f , t f ;θ ,λ )

∂x2 −h(x f , t f )

∣∣∣∣2, (10)

in which (xd , td) is the measured data, Nd is the number of
measured data, and ud(xd , td) is the exact value of the mea-
sured data (xd , td). Lossd and Loss f are the mean squared er-
rors of the measured data and equation, respectively.

3.2. Laplace transform PINNs

In this section, we can derive approximate integer-order
PDEs of the original fractional differential equation by using
the Laplace transform. The obtained PDEs can be solved by
the traditional PINN method, which greatly reduces the com-
putational cost. Consider PDEs with a Caputo-type fractional
derivative and the initial boundary conditions as follows:

C
0 Dα

t u(x, t) = β
∂ 2u(x, t)

∂x2 − γ
∂u(x, t)

∂x
+h(x, t),

0 < x < L, t > 0, 0 < α < 2,

u(x,0) = f (x), ut(x,0) = g(x), 0 < x < L,

u(0, t) = φ(t), u(L, t) = ψ(t), t > 0, (11)

where f (x) and g(x) are the initial conditions and φ(t) and
ψ(t) are the boundary conditions. In order to compute
C
0 Dα

t u(x, t) in fPINNs, the fractional order derivative is ap-
proximated using a finite difference scheme, which requires
storing the values of all previous time steps. To avoid this
trouble, we approximate the Caputo-type fractional derivative
by using the Laplace transform method. Here, we consider the
Laplace transform of C

0 Dα
t u(x, t) in two different cases, that is,

0 < α < 1 and 1 < α < 2. In the case of 0 < α < 1, we ignore
ut(x,0) = g(x).

Case 1 0 < α < 1
When 0 < α < 1, the Caputo-type fractional derivative is

approximated using the Laplace transform as follows:

L
{C

0 Dα
t u(x, t)

}
= sα û(x,s)− sα−1u(x,0)

= sα [û(x,s)− s−1u(x,0)], (12)

where û(x,s) is the Laplace transform of u(x,s). Since 0 <

α < 1, we linearize the term sα as

sα ≈ αs1 +(1−α)s0 = αs+(1−α), (13)

and then substitute in into Eq. (12). This gives

L
{C

0 Dα
t u(x, t)

}
≈ [αs+(1−α)][û(x,s)− s−1u(x,0)]

= αs[û(x,s)− s−1u(x,0)]

+(1−α)[û(x,s)− s−1u(x,0)]. (14)

Thus, the inverse Laplace transform gives

C
0 Dα

t u(x, t)≈ α
∂u(x, t)

∂ t
+(1−α)[u(x, t)−u(x,0)]. (15)

Substituting Eq. (15) into Eq. (11), we can obtain the
equation of integer order as follows:

α
∂u(x, t)

∂ t
+(1−α)[u(x, t)− f (x)]

= β
∂ 2u(x, t)

∂x2 − γ
∂u(x, t)

∂x
+h(x, t),

0 < x < L, t > 0,

u(x,0) = f (x), 0 < x < L,

u(0, t) = φ(t), u(L, t) = ψ(t), t > 0. (16)

In the following, we prove that the above simplified initial
and boundary value problem is reasonable. In fact, by multi-
plying Eq. (16) by u(x, t) and then integrating the resulting
equation with respect to x over the interval [0,L], we can ob-
tain

α

∫ L

0

∂u
∂ t

udx+(1−α)
∫ L

0
u2 dx

= β

∫ L

0

∂ 2u
∂x2 udx− γ

∫ L

0

∂u
∂x

udx

+(1−α)
∫ L

0
f udx+

∫ L

0
hudx. (17)

Using the homogeneous Dirichlet boundary condition,
integration by parts and the Cauchy–Schwarz inequality,
Eq. (17) can be simplified to

α

2
d
dt

∫ L

0
u2(x, t)dx+(1−α)

∫ L

0
u2(x, t)dx

−β

∫ L

0

(
∂u(x, t)

∂x

)2

dx+ γ

∫ L

0

∂u(x, t)
∂x

dx

= (1−α)
∫ L

0
f (x)u(x, t)dx+

∫ L

0
h(x, t)u(x, t)dx

≤ 1−α

2

[∫ L

0
u2(x, t)dx+

∫ L

0
f 2(x)dx

]
030201-4
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+
1−α

2

∫ L

0
u2(x, t)dx+

1
2(1−α)

∫ L

0
h2(x, t)dx, (18)

implying that

α

2
d
dt

∫ L

0
u2(x, t)dx−β

∫ L

0

(
∂u(x, t)

∂x

)2

dx

+γ

∫ L

0

∂u(x, t)
∂x

dx

≤ 1−α

2

∫ L

0
f 2(x)dx+

1
2(1−α)

∫ L

0
h2(x, t)dx. (19)

Thus, integrating both sides of Eq. (19) with respect to t
we can obtain

α

2

∫ L

0
u2(x, t)dx−β

∫ t

0

∫ L

0

(
∂u(x,τ)

∂x

)2

dxdτ

+γ

∫ t

0

∫ L

0

∂u(x,τ)
∂x

dxdτ

≤
(

α

2
+

1−α

2
t
)∫ L

0
f 2(x)dx

+
1

2(1−α)

∫ t

0

∫ L

0
h2(x,τ)dxdτ. (20)

This indicates that the solution is controlled by the initial
condition f (x) and the source term h(x, t). Therefore, the sim-
plified initial and boundary value problem is reasonable. In
addition, the simplified problem can be easily solved using a
finite different scheme such as the conventional two-level in
time Crank–Nicolson scheme as follows:

α
un+1

j −un
j

∆t
+(1−α)

[
un+1

j +un
j

2
− f j

]

= βδ
2
x

un+1
j +un

j

2
− γδx

un+1
j +un

j

2
+h

n+ 1
2

j ,

1≤ j ≤M−1, n≥ 0,

u0
j = f (x j) , 1≤ j ≤M−1,

un
0 = φ (tn) , un

M = ψ (tn) , for any n, (21)

where a uniform grid is designed on [0,L], the grid points are
x j = j∆x, j = 0,1, . . . ,M, ∆x = L/M is the grid size, tn = n∆t
is the time step and n is the time level. Here, δ 2

x is a second-

order finite difference operator such that δ 2
x un

j =
un

j−1−2un
j+un

j+1
(∆x)2 ,

and so on. Obviously, the truncation error at the location
(x j+1/2, tn+1/2) is O[(∆t)2 + (∆x)2]. Furthermore, it can be
proved that the finite difference scheme in Eq. (21) is uncondi-
tionally stable, and the order of convergence in time and space
is 2 in the sense of the maximum norm.

Case 2 1 < α < 2
(1) Linear interpolation
Similarly, we can simplify the Caputo-type fractional

derivative at 1 < α < 2. Using the Laplace transform, we can
obtain

L
{C

0 Dα
t u(x, t)

}
= sα û(x,s)− sα−1u(x,0)− sα−2ut(x,0)

= sα [û(x,s)− s−1u(x,0)− s−2ut(x,0)].(22)

Here, using a linear interpolation of the power function of
sα at interpolation points 1 and 2, we have

sα ≈ (α−1)s2 +(2−α)s1. (23)

Then substitution into Eq. (22) gives

L
{C

0 Dα
t u(x, t)

}
≈ [(α−1)s2 +(2−α)s1][û(x,s)− s−1u(x,0)− s−2ut(x,0)]

= (α−1)s2[û(x,s)− s−1u(x,0)− s−2ut(x,0)]

+(2−α)s[û(x,s)− s−1u(x,0)]− (2−α)s−1ut(x,0). (24)

Thus, the inverse Laplace transform gives

C
0 Dα

t u(x, t) ≈ (α−1)
∂ 2u(x, t)

∂ t2

+(2−α)

[
∂u(x, t)

∂ t
−ut(x,0)

]
. (25)

Therefore, the original PDE with Caputo-type fractional
derivative can be transformed into an equation of integer order
as follows:

(α−1)
∂ 2u(x, t)

∂ t2 +(2−α)

[
∂u(x, t)

∂ t
−g(x)

]
= β

∂ 2u(x, t)
∂x2 − γ

∂u(x, t)
∂x

+h(x, t),

0 < x < L, t > 0,

u(x,0) = f (x), ut(x,0) = g(x), 0 < x < L,

u(0, t) = φ(t), u(L, t) = ψ(t), t > 0. (26)

(2) Quadratic interpolation
If the quadratic interpolation of sα at the interpolation

points 0, 1 and 2 is used, we can obtain

sα ≈ α(α−1)
2

s2 +α(2−α)s1 +
(α−1)(α−2)

2
s0. (27)

Next, Eq. (22) can be expressed as

L
{C

0 Dα
t u(x, t)

}
≈
[

α(α−1)
2

s2 +α(2−α)s+
(α−1)(α−2)

2

]
×
[
û(x,s)− s−1u(x,0)− s−2ut(x,0)

]
=

α(α−1)
2

s2 [û(x,s)− s−1u(x,0)− s−2ut(x,0)
]

+α(2−α)s
[
û(x,s)− s−1u(x,0)− s−2ut(x,0)

]
+

(α−1)(α−2)
2

[
û(x,s)− s−1u(x,0)− s−2ut(x,0)

]
.(28)

Thus, the inverse Laplace transform gives

C
0 Dα

t u(x, t)

≈ α(α−1)
2

∂ 2u(x, t)
∂ t2 +α(2−α)

[
∂u(x, t)

∂ t
−ut(x,0)

]
+

(α−1)(α−2)
2

[u(x, t)−u(x,0)− tut(x,0)] , (29)
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hence we obtain another approximation for Caputo-type frac-
tional derivatives as follows:

α(α−1)
2

∂ 2u(x, t)
∂ t2 +α(2−α)

[
∂u(x, t)

∂ t
−g(x)

]
+

(α−1)(α−2)
2

[u(x, t)− f (x)− tg(x)]

= β
∂ 2u(x, t)

∂x2 − γ
∂u(x, t)

∂x
+h(x, t), 0 < x < L, t > 0,

u(x,0) = f (x), ut(x,0) = g(x), 0 < x < L,

u(0, t) = φ(t), u(L, t) = ψ(t), t > 0. (30)

Now, Eq. (11) has been transformed into integer-order
Eqs. (16), (26) and (30). Taking Eq. (16) as an example, we
describe the process of solving LT-PINNs in detail. We define
the LT-PINN N(x, t), which can be expressed as

N : = α
∂u(x, t)

∂ t
+(1−α)[u(x, t)− f (x)]

−β
∂ 2u(x, t)

∂x2 + γ
∂u(x, t)

∂x
−h(x, t), (31)

and proceed by approximating u(x, t) by a DNN upred(x, t;θ).
Thus, we can give the loss function for solving Eq. (16) using
a LT-PINN specifically as follows:

Loss = Lossi +Lossb +Loss f , (32)

where

Lossi =
1
Ni

Ni

∑
i=1

∣∣upred(xi,0;θ)− f (xi,0)
∣∣2 , (33)

Lossb =
1

Nb

Nb

∑
i=1

(∣∣∣upred(0, tb;θ)−φ(0, tb)
∣∣∣2

+
∣∣∣upred(L, tb;θ)−ψ(L, tb)

∣∣∣2), (34)

Loss f =
1

N f

N f

∑
i=1

∣∣∣∣α ∂upred
(
x f , t f ;θ

)
∂ t

+(1−α)[upred(x f , t f ;θ)− f (x f ,0)]

−β
∂ 2upred(x f , t f ;θ)

∂x2

+γ
∂upred(x f , t f ;θ)

∂x
−h(x f , t f )

∣∣∣∣2. (35)

Unlike the fPINNs that adopt derivative discretization,

LT-PINNs do not require grid generation. As pointed out

above, the derivative discretization brings about extra calcu-

lation costs. Finally, we give the network structure diagram

for solving PDEs with a Caputo-type fractional derivative us-

ing LT-PINNs (Fig. 1). Specifically, the solution process

can be divided into four parts: (i) approximation of a frac-

tional order derivative to an integer-order derivative using the

Laplace transform; (ii) input x and t and utilize a DNN to

solve u; (iii) using the AD technique, the equation and initial-

boundary conditions are embedded into the loss function of the

DNNs; (iv) optimize the parameters of the DNN by employing

Adam[58] and L-BFGS[59] techniques.

…

Laplace transform

x

t

…

…

…

…

…

u

Neural networks

1

AD

Integer-order PDEs

Initial condition

Boundary condition

Loss

Lossf

Lossi

Lossb

Physics information

Loss<εOptimization

Done

No

Yes

Update

Integer-order 

PDE

σ σ

σ σ

σ σ

σ σ
∂x2

∂

∂x

∂

∂t

∂

Fig. 1. The framework for solving PDEs with a Caputo-type fractional derivative using LT-PINNs.
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4. Numerical experiments
In this section, we demonstrate the performance of LT-

PINNs in solving various Caputo-type fractional PDEs. The
five forward problems of α in two different cases will be dis-
cussed in detail in Section 4.1. In Section 4.2, the solutions
to inverse problems with measurement data are given. The
effects of network structure, the number of sampling points
and noisy data for the LT-PINN method are discussed in Sec-
tion 4.3. To evaluate the accuracy of the solution, we calculate
the relative L2 error between the solution by LT-PINNs and the
exact solution. The relative L2 error is obtained by

L2 =

√
∑i

∣∣∣ui
pred −ui

exact

∣∣∣2√
∑i
∣∣ui

exact
∣∣2 , (36)

where upred and uexact are approximate and exact solutions, re-
spectively. i denotes the ith test point.

In addition, for all numerical simulations we chose a neu-
ral network with four hidden layers and 40 neurons in each
layer. The network weights are initialized using the Xavier
algorithm. The loss function is simply optimized using the
Adam and L-BFGS algorithms. The activation function is a
hyperbolic tangent. In the forward and inverse problems, α is
set to 0.1 and 1.1 in the cases 0 < α < 1 and 1 < α < 2, re-
spectively. All code in this paper is based on Python 3.7, Ten-
sorFlow 1.15.0 CPU and all numerical experiments are run on
a computer with an Intel(R) Core(TM) i7-14650HX 2.20 GHz
processor and 32 GB memory.

4.1. Forward problems

Case 1 0 < α < 1
Example 1 Consider

C
0 Dα

t u(x, t) = uxx(x, t)+
(

6
Γ(6−α)

t3−α + t3 +1
)

sinx,

0 < x < π, t > 0,

u(x,0) = sinx, 0 < x < π,

u(0, t) = 0, u(π, t) = 0, t > 0, (37)

where the analytical solution is u(x, t) = (t3 + 1)sin(x). Re-
placing the time fractional order derivative C

0 Dα
t u(x, t) with

Eq. (15), Eq. (37) can be re-expressed as

α
∂u(x, t)

∂ t
+(1−α)[u(x, t)− sinx]

= uxx(x, t)+
(

6
Γ(6−α)

t3−α + t3 +1
)

sinx,

0 < x < π, t > 0,

u(x,0) = sinx, 0 < x < π,

u(0, t) = 0, u(π, t) = 0, t > 0. (38)

We obtain the training data from the analytical solution.
Specifically, dividing space (0,π) into 512 points and time
(0,5) into 512 points, u(x, t) is discretized into 512 snapshots
accordingly. First, we randomly sample 100 points from the
initial and boundary conditions, that is Ni = 100 and Nb = 100,
respectively. Then, the Latin hypercube sampling (LHS)[60]

strategy is used to select N f = 5000 points from the spatio-
temporal region. We minimize the loss function (32) by us-
ing a 20000-step Adam and L-BFGS. After giving the training
dataset, u(x, t) is successfully learned by optimizing the pa-
rameters of the neural networks.

In Figs. 2(a)–2(c), the three-dimensional motion and den-
sity diagrams of u(x, t) are plotted for the exact solution,
fPINN and LT-PINN methods, respectively. We find that the
LT-PINN method can accurately and quickly predict the solu-
tion u(x, t), while the fPINN method cannot. The relative L2

error of u(x, t) in the LT-PINN method is 4.857×10−3, which
is two orders of magnitude lower than the prediction error of
the fPINN method. A comparison of the accuracy and speed of
predicting u(x, t) for all examples under fPINN and LT-PINN
methods is given in Table 1, and the experimental results con-
sistently show the advantages of the LT-PINN method. Fig-
ure 2(d) compares the exact solution and the predicted solution
obtained using the fPINN and LT-PINN methods at different
times t = 1.96, 3.91 and 4.89. The results show that the pre-
dictions of the LT-PINN method match well with the evolution
described by the exact solution.

Table 1. Comparison of the error and speed of the fPINN and LT-PINN methods for predicting the solution u(x, t) for all examples in
the forward problem.

Example Method Error of u(x, t) Speed (s)
1 fPINNs 7.330×10−1 324.083

LT-PINNs 4.857×10−3 289.837
2 fPINNs 8.052×10−2 286.342

LT-PINNs 1.222×10−2 273.442
3 fPINNs 9.016×10−2 318.234

LT-PINNs 3.375×10−3 292.541
4 fPINNs 5.939×10−1 389.335

LT-PINNs (linear interpolation) 7.785×10−2 315.801
LT-PINNs (quadratic interpolation) 1.717×10−3 347.634

5 fPINNs 5.969×10−2 348.892
LT-PINNs (linear interpolation) 4.755×10−3 263.703

LT-PINNs (quadratic interpolation) 2.525×10−3 269.505
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Example 2 Consider

C
0 Dα

t u(x, t) = uxx(x, t)+
(

6
Γ(4−α)

t3−α − t3−1
)

ex,

0 < x < 1, t > 0,

u(x,0) = ex, 0 < x < 1,

u(0, t) = t3 +1, u(1, t) = (t3 +1)e, t > 0, (39)

where the analytical solution is u(x, t) = (t3 + 1)ex. Us-
ing Eq. (15) instead of the time fractional order derivative
C
0 Dα

t u(x, t), Eq. (39) can be re-expressed as

α
∂u(x, t)

∂ t
+(1−α)[u(x, t)− ex]

= uxx(x, t)+
(

6
Γ(4−α)

t3−α − t3−1
)

ex,

0 < x < 1, t > 0,

u(x,0) = ex, 0 < x < 1,

u(0, t) = t3 +1, u(1, t) = (t3 +1)e, t > 0. (40)

Next, we divide time (0,5) into 512 points and space
(0,1) into 512 points. The analytical solution u(x, t) is dis-
cretized into 512 snapshots accordingly. The sampling num-
ber of the initial boundary conditions and solution region, and
the training number, is the same as in Example 1. Based on
the above selection, we use the fPINN and LT-PINN methods
to numerically simulate the solution of Eq. (39). Figures 3(a)–
3(c) show a comparison of the predicted solution obtained us-
ing the fPINN and LT-PINN methods with the exact solution,
and we find that the LT-PINN method can accurately simulate
the evolution of the solution u(x, t) with a relative L2 error of
1.222×10−2 and a training time of 273.442 s. In Fig. 3(d), we
show a comparison between the exact and predicted solutions
of the solution u(x, t) at different times t = 1.96, 3.91 and 4.89.
Obviously, the predicted solution with the LT-PINN method is
very close to the exact solution.

Example 3 Consider

C
0 Dα

t u(x, t) = uxx(x, t)−2ux(x, t)

+
sin(πx)

Γ(4−α)

(
3

3−α
− 6

2−α
+

3
1−α

)
t3−α

+2π(1+ t3)cos(πx)+π
2(1+ t3)sin(πx),

0 < x < 1, t > 0,

u(x,0) = sin(πx), 0 < x < 1,

u(0, t) = 0, u(1, t) = 0, t > 0, (41)

where the analytical solution is u(x, t) = (t3 +1)sin(πx). Us-
ing Eq. (15) to replace the time fractional order derivative
C
0 Dα

t u(x, t), Eq. (41) can be re-expressed as

α
∂u(x, t)

∂ t
+(1−α)[u(x, t)− sin(πx)]

= uxx(x, t)−2ux(x, t)

+
sin(πx)

Γ(4−α)

(
3

3−α
− 6

2−α
+

3
1−α

)
t3−α

+2π(1+ t3)cos(πx)+π
2(1+ t3)sin(πx),

0 < x < 1, 0 < t < 1,

u(x,0) = sin(πx), 0 < x < 1,

u(0, t) = 0, u(1, t) = 0, 0 < t < 1. (42)

In this example, we have selected 512 points in the time
domain (0,5) and space domain (0,1), respectively. Similarly,
the solution u(x, t) is discretized into 512 snapshots. Ni, Nb

and N f are the same as in Example 1. We predict the solution
u(x, t) using the fPINN and LT-PINN methods. In Figs. 4(a)–
4(c) we show the ability to predict the solution u(x, t) using
the two methods. The results show that the LT-PINN method
can accurately predict the solution of Eq. (41) and the relative
L2 error is 3.375×10−3. In addition, we find that fPINNs have
difficulty in predicting the maximum value when the diffusion
is long. In Fig. 4(d), we compare the exact and predicted so-
lution for the two methods at different times t = 1.96, 3.91
and 4.89. It is clear that the predicted solution of the LT-PINN
method is very close to the exact solution.

Case 2 1 < α < 2
Example 4 Consider

C
0 Dα

t u(x, t) = uxx(x, t)+
(

6
Γ(4−α)

t3−α + t3 +1
)

sinx,

0 < x < π, t > 0,

u(x,0) = sinx, ut(x,0) = 0, 0 < x < π,

u(0, t) = 0, u(π, t) = 0, t > 0, (43)

where the analytical solution is u(x, t) = (t3 + 1)sin(x). We
replace the time fractional order derivative C

0 Dα
t u(x, t) with

Eq. (25) or Eq. (29).
Next, we obtain the training data from the analytical so-

lution. Specifically, we have selected 512 points in the spatio-
temporal region (0,π)× (0,5). The solution u(x, t) is dis-
cretized into 512 snapshots. Ni, Nb and N f are the same as
in Example 1. Given the training dataset, we optimize the
parameters of the neural network by three methods: fPINNs,
linear interpolation LT-PINNs and quadratic interpolation LT-
PINNs, respectively. In Figs. 5(a)–5(d), we show the ability
to predict the solution u(x, t) using the three methods. The re-
sults show that the quadratic interpolation LT-PINNs method
can accurately predict the solution of Eq. (43). In addition,
the numerical results show that the quadratic interpolation LT-
PINNs method is one and two orders of magnitude lower than
the fPINNs and linear interpolation LT-PINNs methods, and
the time of the LT-PINN method is overall shorter than that
of the fPINN method. However, the quadratic interpolation
LT-PINN method is slower than the linear interpolation LT-
PINN method due to the fact that the values of the three nodes
need to be computed when calculating the quadratic interpo-
lation. Figure 5(e) compares the exact and predicted solutions
at different times t = 1.96, 3.91 and 4.89. It is clear that the
predicted solution of the LT-PINN method is very close to the
exact solution, especially during the later stages of diffusion,
which are more accurately predicted by the quadratic interpo-
lation LT-PINN method.
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Fig. 5. Comparison between the exact solution, the fPINN approximate solution and the LT-PINN approximate solution of Eq. (43). The top panel shows
the exact solution, the fPINN approximate solution, the LT-PINN (linear interpolation) approximate solution and the LT-PINN (quadratic interpolation)
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Example 5 Consider

C
0 Dα

t u(x, t) = uxx(x, t)+
(

6
Γ(4−α)

t3−α + t3
)

cosx− ex,

0 < x < 1, t > 0,

u(x,0) = ex, ut(x,0) = 0, 0 < x < 1,

u(0, t) = t3 +1, u(1, t) = t3 cos1+ e, t > 0, (44)

where the analytical solution is u(x, t) = t3 cos(x)+ ex. Us-
ing Eq. (25) or Eq. (29) instead of the time fractional order
derivative C

0 Dα
t u(x, t).

In this example, we have selected 512 points in the spatio-
temporal region (0,1)× (0,5). The solution u(x, t) is dis-

cretized into 512 snapshots. Ni, Nb and N f are the same as
Example 1. Based on the above selection, we use fPINN
and LT-PINN methods to numerically simulate the solution of
Eq. (44). Figures 6(a)–6(d) show a comparison between the
predicted solution and the exact solution with the help of the
fPINN and LT-PINN methods, and we find that the quadratic
interpolation LT-PINN method can simulate the evolution of
solution u(x, t); the relative L2 error is 2.525×10−3. Fig-
ure 6(e) compares the exact and predicted solutions of the so-
lution u(x, t) at different times t = 1.96, 3.91 and 4.89; the pre-
dicted solution of the quadratic interpolation LT-PINN method
is very close to the exact solution.
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Fig. 6. Comparison between the exact solution, the fPINN approximate solution and the LT-PINN approximate solution of Eq. (44). The top
panel shows the exact solution, the fPINN approximate solution, the LT-PINN (linear interpolation) approximate solution and the LT-PINN
(quadratic interpolation) approximate solution, respectively. The bottom panel compares the fPINN and LT-PINN approximate solutions with
the exact solution at different times.

4.2. Inverse problems

In this section we will show the capability of the LT-PINN
framework to pursue the inverse problem of Caputo-type frac-
tional PDEs. In an inverse problem, usually all we know is
the control equation and discrete measured data. By using LT-
PINNs we can solve the inverse problem with almost the same
coding as the forward problem. When writing the code for the
inverse problem, only the code for the forward problem needs
to be fine-tuned. Specifically, we just need to add the parame-
ters to be identified in the inverse problem to the list of param-
eters to be optimized in the forward problem without chang-
ing anything else. Here, we illustrate with three examples the

ability of the LT-PINN method to identify the fractional order,
convection and diffusion coefficients of Eq. (1).

To begin with, we use the fPINN and LT-PINN methods
to identify the diffusion coefficient of Caputo-type fractional
PDEs, writing Example 1 as a parametric equation, as follows:

C
0 Dα

t u(x, t) = βuxx(x, t)

+

(
6

Γ(6−α)
t3−α + t3 +1

)
sinx, (45)

where β is the diffusion coefficient and is set to 1. The LHS
strategy is used to randomly select 2000 data points from the
spatio-temporal region (x, t) ∈ (0,π)× (0,5) for parameter
discovery. The rest of the settings are the same as in Example
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1. Table 2 shows the details of the identifying diffusion coef-
ficient β in Eq. (45) using the fPINN and LT-PINN methods.
The results show that the final identified diffusion coefficient
β for the LT-PINN method is 1.0090 and the relative L2 er-
ror for u(x, t) is 1.227×10−3, while the fPINN method clearly
gives wrong results. Compared with the fPINN method, the
LT-PINN method has a smaller error, showing that it is closer
to the exact solution in estimating the parameters and results.

Table 2. Parameter discovery and error comparison of β by fPINN and
LT-PINN methods.

Solution β Error of β Error of u
Exact 1 0 0
fPINN 1.9662 9.662×10−1 3.009×10−3

LT-PINN 1.0090 9.041×10−3 1.227×10−3

Next, we consider the identifying diffusion and convec-
tion coefficients for the Caputo-type fractional PDEs, and
write Example 3 as a parametric equation as follows:

C
0 Dα

t u(x, t) = βuxx(x, t)− γux(x, t)+
sin(πx)

Γ(4−α)

×
(

3
3−α

− 6
2−α

+
3

1−α

)
t3−α , (46)

where β is the diffusion coefficient and γ is the convection co-
efficient. We assume β = 1 and γ = 2. At the same time, the
LHS strategy is used to randomly select 2000 data points from
the spatio-temporal region (x, t) ∈ (0,1)× (0,5) for parameter
discovery, and all the experimental settings are the same as in
Example 1. Table 3 illustrates the details of the identifying
diffusion coefficient β and convection coefficient γ in Eq. (46)
using the fPINN and LT-PINN methods. We find that the dif-
ference between the two methods is insignificant in identifying
the convection coefficient γ , while in identifying the diffusion
coefficient β the LT-PINN method is 1.0016 and the relative
L2 error of u(x, t) is 3.561×10−3, which is two orders of mag-
nitude lower than that of the fPINN method.

Table 3. Parameter discovery and error comparison of β and γ by the
fPINN and LT-PINN methods.

Method β Error of β γ Error of γ Error of u
Exact 1 0 2 0 0
fPINN 1.1000 1.000×10−1 2.0142 7.109×10−3 3.879×10−3

LT-PINN 1.0016 1.659×10−3 1.9903 4.808×10−3 3.561×10−3

Finally, we identify a critical parameter that is of frac-
tional order α . Consider

C
0 Dα

t u(x, t) = uxx(x, t)−ux(x, t)+
Γ(4+α)t3

6
sin(πx)

+π
2t3+α sin(πx)+πt3+α cos(πx),

0 < x < 1, t > 0,

u(x,0) = 0, 0 < x < 1,

u(0, t) = 0, u(1, t) = 0, t > 0, (47)

where the analytical solution is u(x, t) = t3+α sin(πx). At this
point, we set the parameter α to take on different values, i.e.,

0.1, 0.3, 0.5, 0.7 and 0.9. Next, we use the LHS method to
randomly select 2000 data points from the spatio-temporal re-
gion defined between 0 and 1 for the x-axis and 0 and 5 for the
t-axis for parameter estimation. In addition, all other exper-
imental conditions are consistent with Example 1. We sum-
marize the results of predicting different fractional orders α

using the fPINN and LT-PINN methods in Table 4. We can
observe that both the fractional order α and the concentration
field u(x, t) are well recovered under the LT-PINN method, and
are two orders of magnitude lower than the fPINN method.

Table 4. Comparison of the identification ability of the fPINN and LT-
PINN methods at different fractional orders α .

Method αtrue αprediction Error of α Error of u
fPINN 0.1 0.0356 6.437×10−1 5.781×10−3

LT-PINN 0.1 0.0988 1.127×10−2 2.902×10−3

fPINN 0.3 0.2373 2.089×10−1 8.014×10−3

LT-PINN 0.3 0.2983 5.572×10−3 2.829×10−3

fPINN 0.5 0.4396 1.207×10−1 7.851×10−3

LT-PINN 0.5 0.4978 4.338×10−3 2.959×10−3

fPINN 0.7 0.6414 8.361×10−2 1.082×10−2

LT-PINN 0.7 0.6965 4.908×10−3 9.621×10−3

fPINN 0.9 0.8412 6.529×10−2 1.247×10−2

LT-PINN 0.9 0.8995 4.865×10−4 8.141×10−3

4.3. The stability of LT-PINNs

In this section, taking Eq. (44) as an example we discuss
the effects of network structure, the number of sampling points
and noise data on the LT-PINN method. To evaluate the perfor-
mance of the proposed LT-PINN we study its prediction accu-
racy under different numbers of sampling points and different
network structures. We assume that Nib = 200 and N f = 2000
remain constants.

Table 5 shows the effect of the number of network layers
and neurons on the performance of the LT-PINN method. The
results show that the influences of the number of network lay-
ers and neurons on the relative L2 error are not obvious. Sim-
ilarly, in Table 6 we give the effects of the number of initial
boundary condition sampling points Nib and spatio-temporal
region sampling points N f for the LT-PINN method in the case
of a four-layer neural network and 40 neurons. The results
show that, overall, when N f is fixed the larger the number of
Nib the smaller the relative L2 error. When Nib is fixed, the er-
ror does not decrease with increase in N f . To sum up, we can
conclude that the relative L2 error is mainly determined by the
initial condition sampling points Nib.

Table 5. The solution of Eq. (44) using the LT-PINN method: relative
L2 error of u(x, t) for different numbers of hidden layers and neurons in
each layer.

XXXXXXXLayers
Neurons 10 20 30 40

4 2.930×10−3 2.966×10−3 2.939×10−3 2.947×10−3

5 3.091×10−3 2.934×10−3 2.946×10−3 2.912×10−3

6 2.937×10−3 2.929×10−3 2.928×10−3 2.949×10−3

7 2.964×10−3 2.928×10−3 2.917×10−3 2.927×10−3
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Table 6. The solution of Eq. (44) using the LT-PINN method: relative
L2 error of u(x, t) for different numbers of Nib and N f .

HHHHNib

N f 500 1000 1500 2000

50 2.941×10−3 2.955×10−3 2.948×10−3 2.963×10−3

100 2.948×10−3 2.954×10−3 2.994×10−3 2.947×10−3

150 2.940×10−3 2.936×10−3 2.946×10−3 2.930×10−3

200 2.932×10−3 2.927×10−3 2.940×10−3 2.935×10−3

In practical engineering applications, the data obtained
by sampling are inevitably noisy, so we add various degrees

of noise (5%, 10% Gaussian noise) to the training data to

verify the robustness of the LT-PINN method. Based on the

different noisy data, we simulate the solution of Eq. (44) us-

ing the LT-PINN method. In Figs. 7 and 8, we show a se-

ries of experimental results for solving Eq. (44) using the LT-

PINN method under various noises. We find that the LT-PINN

method can predict the solution accurately. Therefore, the LT-

PINN method has better robustness for noisy data.
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5. Conclusion

In the field of scientific computing, the problem of solv-
ing fractional PDEs has always been challenging, especially
the forward and inverse problems of Caputo-type fractional
PDEs. Traditional numerical methods face many difficulties
in dealing with this problem, such as the complex discretiza-
tion of fractional derivatives, the strong dependence on grids,
and a limited ability to deal with noisy data problems. It is
difficult to achieve an ideal balance between calculation accu-
racy and efficiency. To this end, we innovatively propose the
LT-PINN framework, which opens up a new path for the so-
lution of Caputo-type fractional PDEs. This method skillfully
uses the Laplace transform to transform the original fractional
PDEs into integer-order PDEs so as to make full use of the au-
tomatic differentiation advantages of neural networks. In this
transformation process, the original complex fractional deriva-
tive is skillfully integrated into the transformed loss function
so that the neural network can learn and approximate the solu-
tion of the equation more efficiently.

Another significant advantage of the LT-PINN framework

is its meshless nature. Unlike traditional methods that rely on
fixed grids or nodes, LT-PINNs are highly flexible and can di-
rectly output solutions at any point in the solution area without
the need for interpolation. This not only improves the accu-
racy of the solution but also greatly expands the application
potential of the method in complex geometry and irregular re-
gion problems. In addition, LT-PINNs perform well in terms
of computational efficiency. Since the conversion process be-
tween Caputo-type fractional PDEs and integer-order PDEs is
scheduled to be completed in the offline phase, the online so-
lution phase is extremely fast, which is of great value for real-
time simulation scenarios that require a timely response.

Through experimental verification of Caputo-type frac-
tional PDEs in two different cases of 0<α < 1 and 1<α < 2,
LT-PINNs show excellent performance. The obtained nu-
merical solution is highly consistent with the analytical solu-
tion, and is significantly better in comparison with the fPINN
method. LT-PINNs also show a strong ability to solve inverse
problems, and can accurately identify key parameters such as
fractional order, convection coefficient and diffusion coeffi-
cient. We also deeply analyze the influence of network struc-
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ture and the number of sampling points on the performance of
the method, which provides an important reference for opti-
mizing the LT-PINN method.

However, LT-PINNs also have limitations. At present, the
framework mainly focuses on Caputo-type fractional PDEs
in a specific fractional range, and it still faces challenges in
the extended application of more complex fractional derivative
types or coupled multi-physics fractional problems. In future
research work, we will explore a hybrid method combining
LT-PINNs with other numerical methods, which is expected
to further improve the efficiency and accuracy of solving com-
plex fractional PDE systems. In addition, we will strive to ex-
tend the LT-PINN method to a wider range of fractional PDE
types and continuously expand its application boundaries.
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