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For a multi-frequency non-reciprocal optical device, we first realize multi-frequency optical non-reciprocal trans-
mission using a non-Hermitian multi-mode resonator array. Practically, multi-frequency operation can add channels to
the non-reciprocal optical device and the non-reciprocity can route optical signals and prevent the reverse flow of noise.
Using the Scully–Lamb model and gain saturation effect, we accomplish dual-frequency non-reciprocal transmission by
introducing nonlinearity into a linear array of four-mode resonators. The accomplishment is directly demonstrated by the
non-reciprocal transmission phenomena present in the non-divergent peaks. For example, a directional cyclic amplifier is
constructed with non-reciprocal units. Regarding potential applications, non-reciprocal optical systems can be employed in
dual-frequency control, parallel information processing, photonic integrated circuits, optical devices and so on.

Keywords: non-Hermitian systems, 𝒫𝒯 -symmetry, multi-frequency of non-reciprocity, optical directional
amplifier
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1. Introduction
For a long time, optical devices have been widely stud-

ied in optical communication, optical imaging, optical sens-
ing and so on.[1,2] Recently, the non-reciprocal optical phe-
nomenon was investigated for the unidirectional flow of light,
which is essential for preventing backscattering and enhanc-
ing signal integrity. The realization of unidirectional am-
plifiers and circulators has made it possible to construct ad-
vanced photonic systems that can efficiently manage optical
signals.[3] Although previous studies, such as those referenced
in Ref. [4], have successfully demonstrated optical unidirec-
tional amplifiers and circulators, these implementations often
rely on magnetic fields, which complicates integration into
compact photonic circuits. To address this limitation, the
phenomena of non-reciprocity in optical cavities discussed in
Refs. [5,6] offer a promising route. In this work, we first ex-
tend the single-frequency non-reciprocal system discussed in
Ref. [5] to a multi-frequency system, enhancing its capability
for parallel information processing. We then propose an initial
design for a unidirectional amplifier utilizing non-reciprocal
optical cavities for more complex and integrated photonic de-
vices.

The reciprocity of an optical system means that the re-
sponse of the system does not change when a light wave
is back-propagated along the direction of propagation.[7]

This feature is valuable in many optical systems and de-
vices. However, non-reciprocity plays a more important role
in optical devices; this occurs when the intensity of prop-
agating light waves is considerably differently in the for-
ward and backward directions.[8–10] Non-reciprocity is impor-
tant in photonic information processing to route optical sig-
nals or prevent the reverse flow of noise. Non-reciprocity
is employed in optical devices[11–14] in which the inter-
ference effect would be effectively reduced to protect the
signal source from noise interference. As a result, non-
reciprocal optical devices are more accurate and reliable,
which is of great significance for research into communi-
cation technology,[15,16] information processing,[13,17] preci-
sion measurement[12,18] and topological photonics.[19,20] Var-
ious non-reciprocal devices have been realized for single-
frequency applications,[3,21–23] but these is still a need to im-
prove the multi-channel information processing capability of
non-reciprocal optical devices, especially those that can be
easily integrated into optical chips.[24] Non-reciprocity can be
generated through various methods,[25–29] including the appli-
cation of a magnetic field,[30,31] dynamic modulation of the
dielectric constant,[30,32,33] optical nonlinearity,[17,34–36] and
so on. In terms of dynamic modulation permittivity and op-
tical nonlinearity, non-reciprocal mechanisms were applied to
superconducting microwave circuits.[21,37–41] For potential ap-
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plications, the first considerations should be integration, stabil-
ity and controllability. In the absence of a magnetic field these
aspects become more difficult. However, high integration,
strong stability and good controllability can be easily achieved
in optical devices by using the optical nonlinear effect.[18]

For a parity–time symmetric photonic device consisting of
two resonators,[5] light propagation was analyzed by the non-
Lindbladian master equation of the Scully–Lamb laser model.
By semi-classical approximation, two nonlinear coupled dif-
ferential equations were obtained for the field evolution in a
cavity, which explained the non-reciprocity[42] and demon-
strated that the gain saturation effect is the key mechanism
of non-reciprocity.[5] It is worth noting that the known non-
reciprocity phenomenon mostly appears at the non-divergent
peak of a single frequency. In our previous work,[43] a se-
ries of 𝒫𝒯 -symmetric one-dimensional multimode resonator
arrays were built and the transmission spectra discussed. In
that system, non-reciprocity could be achieved by the gain sat-
uration effect. We have replaced the transition point of the
𝒫𝒯 unbroken phase by that of broken phase in the parame-
ter space, and have realized multiple non-divergent peaks in
the transmission spectrum. Our results may provide a way to
design multi-frequency non-reciprocal devices.

In the present paper, we aim to construct a dual-frequency
non-reciprocal optical system with a non-Hermitian multi-
mode resonator array. In terms of the Scully–Lamb model,
we will give a nonlinear equation by introducing a nonlinear
term into the original linear equation. With the gain satura-
tion effect[5] and the non-Hermitian resonator array model, the
known two-mode resonator system can be extended to a four-
mode one. Then optical non-reciprocity of two frequencies
can be achieved. This phenomenon can be applied to photodi-
odes, but also the dual-frequency non-reciprocity phenomenon
and the parallel processing of multiple information. The sys-
tem can be used to construct a multi-mode optical directional
amplifier and isolators.[41,44–46] The amplifier with four ports
is cascaded by the structure shown in Fig. 1, which consists
of two optical fibers coupled to a series of silicon dioxide mi-
croring resonators. The signal can be input from one port,
the output signal can be detected from the others, and the sig-
nal will be amplified with different times for different output
ports. If only two ports are taken, the function of the isolator
can be realized. The function of a directional amplifier can be
realized by controlling the frequency mismatch between the
input light and the cavity resonance. Compared with other di-
rectional amplifiers, this system has several advantages, such
as dual-frequency control, circulability and easy integration.

The paper is organized as follows. In Section 2, the ba-
sic model and the linear dynamics equations are briefly intro-
duced. In Section 3, the theoretical basis of the system is given
and dual-frequency non-reciprocal transmission is achieved by

a four-mode resonator system due to the presence of nonlin-
ear gain saturation. In Section 4, a non-reciprocal double-
frequency system is constructed and investigated. In Section 5,
conclusions and discussions are given.

2. Basic model and linear dynamic equation
In this section a ring resonator array will be considered

as the basic model and its linear dynamic equations will be
discussed. With the linear equations, the positions and types
of resonance peaks can be determined. For the Scully–Lamb
model, by introducing nonlinear terms the nonlinear model
can give rise to non-reciprocal transmission phenomena. The
result plays an important role in the present paper. Specifically,
the nonlinear terms introduced into the model can be taken as
fundamental elements for constructing complex multi-mode
non-reciprocal transmission systems and subsequent multi-
mode unidirectional amplifiers.

WG2

WG1

3

4

1

2

κκκ

γc

γc

1.5γ
0.5γ

−0.5γ
−1.5γ

Fig. 1. A four-mode resonator array with balanced gain and loss. The
resonators are coupled adjacent to each other with coupling strength
κ . The coupling loss between waveguide WG1 (WG2) and resonator
R1 (R4) is γc.

The considered system is a linear array of four coupled
resonators depicted in Fig. 1. The non-reciprocal phenomenon
in ring resonator arrays has been experimentally demonstrated
in Ref. [42]. In terms of experimental preparation, the pas-
sive resonators, which are lossy, can be crafted from silica,
while the active resonators, which provide gain, can be made
from a silica film doped with erbium ions. This film is fab-
ricated by the sol–gel technique, where the solution is pre-
pared by blending tetraethoxysilane with isopropyl alcohol,
water and hydrochloric acid. A reasonable theoretical exten-
sion was proposed on the basis of the above-mentioned ex-
perimental scheme. Compared with the work in Ref. [42], it
is significant that there is an extension from a two-mode to a
multi-mode configuration. The resonators have the same res-
onating frequency ω0, and their couplings just occur between
adjacent resonators with the same coupling strength that can
be described by the real-valued parameter κ . The net gain
or loss for the ith resonator can be encapsulated in a single
parameter γi, where gain is indicated by γi > 0 and loss by
γi < 0. Theoretically, we can adjust the above parameters to
make the net gain or loss coefficient γi take any value. In the
model discussed in this article, we let the gain–loss coefficient
be arranged in an arithmetic sequence, as shown in Fig. 1. The
probe signal is introduced through port 1 and the resulting sig-
nal can be monitored at port 4. The coupling strength between
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the first resonator and the input signal’s driving field, charac-
terized by power P and frequency ωin, is represented by ε,
with the relationship defined as ε≡

√
γcP/h̄ωin.

When the input power P does not surpass the threshold for
gain saturation effects,[47] and as long as the resonator peaks
remain bounded, the gain within the active cavity behaves lin-
early. As a consequence, the dynamics of the optical field can
be expressed as a set of linear equations[5,6,42]

d
dt

a1 =−iω0a1 +1.5γa1 − iκa2 −εexp(−iωint),

d
dt

a2 =−iω0a2 +0.5γa2 − iκa1 − iκa3,

d
dt

a3 =−iω0a3 −0.5γa3 − iκa2 − iκa4,

d
dt

a4 =−iω0a4 −1.5γa4 − iκa3. (1)

By substituting an = An exp(−iωint) into Eq. (1), the dynami-
cal equations for the field amplitude can be obtained as

d
dt

A1 = i∆inA1 +1.5γA1 − iκA2 − ε,

d
dt

A2 = i∆inA2 +0.5γA2 − iκA1 − iκA3,

d
dt

A3 = i∆inA3 −0.5γA3 − iκA2 − iκA4,

d
dt

A4 = i∆inA4 −1.5γA4 − iκA3, (2)

where ∆in = ωin −ω0 is the frequency-detuning parameter. In
the steady state dAn/dt = 0, one can obtain from Eq. (2) a
series of linear equations as below:

i∆inA1 +1.5γA1 − iκA2 = ε,

i∆inA2 +0.5γA2 − iκA1 − iκA3 = 0,

i∆inA3 −0.5γA3 − iκA2 − iκA4 = 0,

i∆inA4 −1.5γA4 − iκA3 = 0.

(3)

It is apparent that A4 can be finally given by solving
Eq. (3). In the semiclassical approximation, the coupling con-
stant ε can be expressed via the amplitude Ain of the input
driving field as ε≡√

γcAin.[5] Then the transmission spectrum
can be calculated by

T (∆in) =

∣∣∣∣Aout

Ain

∣∣∣∣2 , (4)

where Aout =
√

γcA4 and Ain = ε/
√

γc. It is easy to check that
when the parameter settings of γ and κ change, the distribution
of resonant peaks on the graph of T (∆in) will become differ-
ent. To study how non-reciprocity occurs on these peaks, one
can rewrite Eqs. (2) and (3) in matrix form.

By defining a vector 𝛼= (A1,A2,A3,A4)
T with elements

being the field amplitudes, and by introducing 𝛽= (ε,0,0,0)T

describing the input condition, we can rewrite Eq. (2) in the
form i dAn/dt = 𝐻̂4𝛼−𝛽, where the coefficient matrix 𝐻̂4

reads

𝐻̂4=

∆in + i1.5γ κ 0 0
κ ∆in + i0.5γ κ 0
0 κ ∆in − i0.5γ κ

0 0 κ ∆in − i1.5γ

 , (5)

which is known as the Hamiltonian or evolution matrix.[5,6,42]

With 𝛼, 𝛽 and 𝐻̂4, Eq. (3) can be simplified as 𝐻̂4𝛼 = 𝛽,
and then the steady-state solution of 𝛼 can be given by 𝛼 =

𝐻̂4
−1
𝛽. For a particular set of γ and κ , the frequencies are

indicative of the divergent peaks in the transmission spectrum,
which are termed supermodes. The supermodes of the pho-
ton frequencies might be complex due to solutions involving
imaginary parts. In what follows, for the sake of reality the
series of non-divergent peaks will correspond to the real parts
of these supermodes. Thus, the issue of resonant peaks is re-
duced to an eigenvalue problem.

In practice, the light intensity cannot be infinitely ampli-
fied. Actually, the divergent peaks should be replaced by a
series of sharp but finite peaks. Intriguingly, non-reciprocal
transmission phenomena emerge at non-divergent peaks.[42]

This discovery has inspired physicists to investigate the un-
derlying mechanisms. A plausible theory, the gain saturation
theory, was put forward by Arkhipov’s group.[5] In that the-
ory, the nonlinear equations are derived from the Scully–Lamb
laser model. It is worth noting that the nonlinear equations
combine the simplicity of the linear model with the accuracy
of the nonlinear model.

According to Ref. [5], the modification of the Scully–
Lamb model to linear equations can be accomplished by
adding a nonlinear term to each gain term. Upon examin-
ing the numerical outcomes of the dual-mode 𝒫𝒯 system (see
Appendix A), two key insights emerge: one is the prediction
of non-reciprocal peaks by the nonlinear equations; the other
is the manifestation of non-reciprocal peaks within the non-
divergent peaks region of 𝒫𝒯 symmetry breaking. Like the
conclusion obtained in Ref. [43], the location of non-divergent
peaks aligns with the projection of supermodes onto the real
axis in the complex plane. This also means that by skillfully
adjusting the parameters of the multi-mode system we can ob-
tain multiple non-reciprocal peaks at different frequencies in
the 𝒫𝒯 symmetry breaking region. This is the basis for the pa-
rameter settings when constructing the system shown in Fig. 1.

By numerically solving the secular equation, the super-
modes ∆r of H are obtained; the real and imaginary parts of ∆r

are described in Figs. 2(a) and 2(b). In region I (III), where γ is
small (large), the supermodes ∆r are purely real (imaginary),
while in region II, the real parts and imaginary parts of ∆r are
all non-zero. In other words, the parameter space is divided
into three regions: in region I, with 𝒫𝒯 unbroken, ∆r is real;
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in region II, being the transition region, ∆r is complex; and
in region III, with 𝒫𝒯 broken, ∆r is imaginary. In different
regions the transmission spectrum has different behaviors, as
shown in Fig. 2(c). In region I, the number of divergent peaks
equals that of the supermodes, and in region III there is a single
non-divergent peak on ∆in = 0. However, in region II, there is
more than one non-divergent peak in the spectrum. Comparing
Figs. 2(a) and 2(b), we find that the locations of non-divergent
peaks coincide with the projections of supermodes onto the
real axis. Based on the previous speculation, the multiple non-
divergent peaks may successfully appear in region II.
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Fig. 2. (a) The real and (b) the imaginary parts of supermodes of Ĥ4 as
functions of γ/κ . (c) Variation of the transmission spectrum as a func-
tion of γ/κ and ∆in, where the logarithm of T (ωl) is shown as the the
perpendicular axis value. The insets show the transmission spectrum
against ∆in of broken 𝒫𝒯 symmetry for two typical parameter values
in region II (γ = 0.8 MHz) and region III (γ = 1.8 MHz).

3. Gain saturation effect and multi-mode non-
reciprocal transmission

The active resonator essentially functions as a laser sys-
tem incorporating a laser gain medium. To elucidate the dy-
namics of the electromagnetic field within the active laser res-
onator it is imperative to invoke the principles of quantum
laser theory, specifically the master equation. In line with the
analysis presented in Ref. [47], we shall regard our system
as an ideal laser system within the Scully–Lamb laser model
framework. This model is characterized by a non-Lindbladian
master equation, which is particularly noteworthy due to its
deviation from the conventional Lindbladian form. The non-
Lindbladian nature of the master equation implies that the sys-
tem’s evolution may not strictly adhere to the standard dis-
sipative processes typically described by Lindblad operators,
thus potentially allowing for unique dynamical behaviors and
quantum effects that merit further investigation. The non-
Lindbladian master equation for the density operator ρ̂ of the

optical fields can be formulated as follows:

d
dt

ρ̂ =
1
ih̄
[Ĥ, ρ̂]+

[
A
2

(
â†

1ρ̂ â1 − â1â†
1ρ̂ + â†

2ρ̂ â2 − â2â†
2ρ̂

)
+

B
8
(
ρ̂
(
â1â†

1

)2
+3â1â†

1ρ̂ â1â†
1 −4â†

1ρ̂ â1â†
1â1

+ ρ̂
(
â2â†

2

)2
+3â2â†

2ρ̂ â2â†
2 −4â†

2ρ̂ â2â†
2â2
)

+
4

∑
i=1

Γi

2
(
âiρ̂ â†

i − â†
i âiρ̂

)
+ H.c.

]
, (6)

with Ĥ being the Hamiltonian of the coupled ring resonators
with one driving coherent field

Ĥ =
4

∑
k=1

h̄ωkâ†
k âk + ih̄

[
κ â1â†

2 +κ â2â†
3

+κ â3â†
4 +εâ1 e iωt −H.c.

]
, (7)

and the gain coefficient A and gain saturation coefficient B for
the optical field within the active cavity being given by

A =
2g2r
Y 2 , B =

4g2

Y 2 A. (8)

Here, g represents the coupling strength between the atoms in
the gain medium and the optical field inside the active cavity,
γ denotes the decay rate of the atoms and r is the pump rate
of the gain medium. In the context of these expressions, it is
important to note that the gain coefficient A quantifies the am-
plification of the optical field due to the interaction with the
gain medium, while the gain saturation coefficient B describes
how this amplification is affected by the intensity of the field
itself. In subsequent equations, the decay rates for the cavities
are specified as

Γ1 =C1 + γ1, Γ2 =C2, Γ3 =C3, Γ4 =C4 + γ2, (9)

where Ck = ωk/Qk (k = 1,2,3,4) represents the intrinsic loss
rate of the ith cavity and γ1, γ2 account for the additional loss
rates due to the coupling of the cavities to the waveguides.
These decay rates are crucial for understanding the overall loss
mechanisms in the system, which can significantly influence
the performance and stability of the laser system.

The master equation for the field operators, given in
Eq. (6), and the Hamiltonian in Eq. (7) yield the rate equa-
tions for the averaged boson operators. Namely, by using the
formula

d
dt

⟨âk⟩= Tr
[

âk
d
dt

ρ̂

]
, k = 1,2,3,4, (10)

and utilizing the cyclic property of the trace operation, after
substituting Eq. (6) into Eq. (10), we obtain

d
dt

⟨â1⟩ = −iω1 ⟨â1⟩+
G1

2
⟨â1⟩−κ ⟨â2⟩

− B
2

〈
â†

1â1â1

〉
−εexp(−iω1t) ,
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d
dt

⟨â2⟩ = −iω2 ⟨â2⟩+
G2

2
⟨â2⟩−κ ⟨â1⟩

−κ ⟨â3⟩−
B
2

〈
â†

2â2â2

〉
,

d
dt

⟨â3⟩ = −iω3 ⟨â3⟩−
Γ3

2
⟨â3⟩−κ ⟨â2⟩−κ ⟨â4⟩ ,

d
dt

⟨â4⟩ = −iω4 ⟨â4⟩−
Γ4

2
⟨â4⟩+κ ⟨â3⟩ , (11)

where Gi = A − Γi − 7
4 B, (i = 1,2). As one can see, the

rate equations, given in Eq. (11) for the averaged quantum
amplitudes, are nonlinear due to the presence of gain satu-
ration in the active cavity. In the classical limit, i.e., in the
case of large field intensities, the quantum field operators can
be represented by c-number amplitudes as âk → ⟨âk⟩ ≡ ak

(k = 1,2,3,4). Then the rate equations in Eq. (11) can be
rewritten in the classical limit as

d
dt

a1 = −iω1a1 +
G1

2
a1 −κa2

− B
2
|a1|2 a1 −εexp(−iωlt) ,

d
dt

a2 = −iω2a2 +
G2

2
a2 −κa1 −κa3 −

B
2
|a2|2 a2,

d
dt

a3 = −iω3a3 −
Γ3

2
a3 −κa2 −κa4,

d
dt

a4 = −iω4a4 −
Γ4

2
a4 −κa3. (12)

By substituting ak = Ak(t)exp(−iωt) into Eq. (12), and ad-
justing the parameters according to Eq. (3), one arrives at

d
dt

A1 = i∆A1 +1.5γA1 − iκA2 − ε −B |A1|2 A1,

d
dt

A2 = i∆A2 +0.5γA2 − iκA1 − iκA3 −B |A2|2 A2,

d
dt

A3 = i∆A3 −0.5γA3 − iκA2 − iκA4,

d
dt

A4 = i∆A4 −1.5γA4 − iκA3. (13)

In the nonlinear scenario, the presence of multiple non-
linear terms in Eq. (13) presents a significant challenge for
deriving the transmission spectrum analytically. To overcome
this challenge, we have employed a numerical approach using
MATLAB to solve Eq. (13) and obtain the transmission spec-
trum. We have set the parameters to ε = 2 GHz,γ = 1 MHz
and B = 0.01 Hz, and considered various coupling strengths
κ = 20 MHz, 1.1 MHz and 0.1 MHz. With these settings,
we were able to simulate the steady-state behavior of the sys-
tem effectively. The transmission spectrum was calculated
based on the ratio of the output signal to the input signal,
T (∆in) = |Aout/Ain|2, where the initial values for our numeri-
cal calculations were set to 1× e−3 × rand(4,1). This choice
of initial values, which provides a small random perturbation
to the system, is crucial for the convergence of the numerical
solver. We have ensured that these initial values are reason-
able and consistent with the physical context of our problem.
Our numerical findings indicate that the divergent peaks char-
acteristic of the linear case transform into sharp, finite non-
divergent peaks under certain parameter settings, as depicted
in Figs. 3(a) and 3(d). Notably, these peaks do not exhibit non-
reciprocal phenomena. In contrast, non-reciprocal transmis-
sion phenomena emerge under different parameter configura-
tions, as shown in Figs. 3(b) and 3(e). These observations sub-
stantiate the achievement of multi-frequency non-reciprocal
transmission and align with our theoretical expectations within
the 𝒫𝒯 -symmetry-breaking domain illustrated in Figs. 2(a)
and 2(b). It is important to note that the parameter ε, repre-
senting the driving field amplitude, plays a pivotal role in the
nonlinear regime. The value of ε has a significant influence
on the strength of the nonlinear effects, and thus the emer-
gence of non-reciprocal transmission phenomena. Our choice
of ε = 2 GHz was based on a balance between achieving no-
ticeable nonlinear effects and maintaining the stability of the
numerical simulations.
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Fig. 3. Transmission spectra T14 and T41 against ∆in with ε= 2 GHz,γ = 1 MHz,B = 0.01 Hz: (a), (d) at κ = 20 MHz; (b), (e) at κ = 1.1 MHz;
(c), (f) at κ = 0.1 MHz.
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4. Construction of a dual-frequency circulator
In this section, we will introduce a nonlinear term into

the original linear equation and extend a two-mode cavity sys-
tem to a four-mode cavity system, in which a two-frequency
non-reciprocity phenomenon can be achieved. Interestingly,
the non-reciprocity of the nonlinear model can be employed to
construct an optical directional amplifier simultaneously pro-
viding multi-mode optical channels with different magnifica-
tions. In other words, the non-reciprocity can provide an ac-
cess to simultaneously manipulating multi-mode optical chan-
nels, which could be used in optical chip integration.

As an example, a dual-frequency non-reciprocal optical
directional amplifier can be constructed by using four basic
units as described in Fig. 4. Each unit consists of four ring
echo wall resonators as in Fig. 1. The non-reciprocal ampli-
fier has four ports, and any two of them can be used as signal
input and output, respectively. When the signal enters the op-
tical fiber from one of the ports it will be propagated along two
routes (clockwise and counterclockwise) at the same time, as
sketched in Fig. 5. Specifically, in the amplifier any port can
be taken as an output to detect signals, and can be taken as
an input to continue the signal execution into the next unit.
The particular construction can simultaneously provide many
channels for signal transmission.

1 4

32

-1.5γ -0.5γ 0.5γ 1.5γ

-1.5γ

-0.5γ

0.5γ

1.5γ

-0.5γ

0.5γ

1.5γ

-1.5γ

-1.5γ-0.5γ0.5γ1.5γ

Fig. 4. Schematic diagram of multi-mode optical directional amplifier
(the blue cavities are loss cavities and the red cavities are gain cavities).
The device has four ports, of which any two ports can be used as signal
input and output.

As can be seen from Figs. 3(b) and 3(e), when ∆in ≈
±1 MHz the basic unit exhibits extremely strong non-
reciprocal behavior. This indicates that the basic unit has
two non-reciprocal transmission channels with independent
frequencies. Therefore, an amplifier constructed by cascad-
ing four basic units will also incorporate two parallel trans-
mission channels with independent frequency characteristics.
Moreover, signal transmission in the clockwise and counter-
clockwise directions demonstrates significant non-reciprocity.
For the sake of simplicity, we assume that the optical signal
propagates a single cycle, and we introduce a metric 𝑀 to
describe the transmission between the ports for the double-
mode non-reciprocal amplifier. The element of metric Mi j

(i, j = 1,2,3,4) describes the transmission between the ith
port and the jth port, where the ith port is input and the jth
port is output. When i = j, the optical signal directly exits
after incidence from the external fiber at the i ( j) port and
does not experience the amplification response of the system,
so the optical signal will maintain its original state, that is,
Mi j = 1 (i = j). According to the non-reciprocal phenomenon
of the transmission spectrum described in Figs. 3(b) and 3(e),
combined with Figs. 5 and 4, it can be inferred that the op-
tical signal incident from the ith port and the effect of four
cascade structures will be superimposed, and the maximum
output signal will be detected at the j = i+ 1-th port (specif-
ically, when i = 4, j = 1). For example, we can describe
the transmission from port 1 to port 2 as M12 = T 3

41 + T14,
where T14 and T41 represent the transmission of the basic
unit as shown in Figs. 3(b) and 3(e). By calculation, we ob-
tain that M12 is about 254. In the same way, we can obtain
M23 = M34 = M41 = T 3

41 +T14 = 254.

1 4

32

Fig. 5. Schematic diagram of an optical nonreciprocal directional am-
plifier. When the signal light is routed in a clockwise direction, as
shown by the blue arrow, there is a large amplification factor between
ports. When the signal light is routed in a counterclockwise direction,
as shown by the red arrow, there is a small amplification factor between
ports. The green arrow represents our ideal signal routing direction.

In order to better characterize the performance of the op-
tical non-reciprocal directional amplifier, the amplification co-
efficient matrix in the ideal case is given as shown in Fig. 6(a),
where Mi j (i = 1,2,3,4, j = i+1) is so much larger than Mi j

(i = 1,2,3,4, j ̸= i+1) that the latter is negligible. In fact,
we calculate M13 = T 2

41+T 2
14, M14 = T41+T 3

14 and other ports.
The amplification factor of the amplifier mentioned above is
dependent on frequency. To characterize this frequency de-
pendence, three-dimensional views of the amplification co-
efficient matrices are presented in Figs. 6(b), 6(c) and 6(d)
for frequency detunings ∆in = ±1.04 MHz, ∆in = ±0.9 MHz
and ∆in = ±1.12 MHz, respectively. From these visualiza-
tions, it is evident that within at least the range of ±0.9 MHz
to ±1.12 MHz, the directional amplifier system exhibits pro-
nounced non-reciprocal behavior, enabling multistage ampli-
fication. The results may provide a way for the non-reciprocal
amplifier to be included in complex opto-mechanical struc-
tures and implemented in integrated photonic circuits.
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∆in=+0.9 MHz

Fig. 6. Amplification coefficient matrix of the multi-mode optical di-
rectional amplifier for a single cycle. (a) The ideal magnification ma-
trix. M12 = M23 = M34 = M41 = 254. (b)–(d) The numerically simu-
lated magnification matrix for frequency detunings ∆in = ±1.04 MHz,
∆in = ±0.9 MHz and ∆in = ±1.12 MHz, respectively. i and j are, re-
spectively, input ports and output ports, and the optical signal will be
continuously amplified in the clockwise direction. The special case is
Mi j = 1 (i = j).

5. Conclusion

In summary, based on the Scully–Lamb model and
photomechanical interaction, we have constructed a non-
reciprocal unit that is a system coupled by four resonators
and two optical fibers. In the constructed system the trans-
mission rate has different values in a particular direction
and its opposite one. Due to the presence of many ports
and simultaneously distinguishable transmission rates in the
non-reciprocal unit, the dual-frequency non-reciprocity phe-
nomenon can realize parallel transmission and processing of
information. Further, it can be integrated into photonic cir-
cuits or optical devices.[37,38,48] As communication applica-
tions, one can construct optical isolators, circulators and di-
rectional amplifiers[41,44–46] that can be used to control optical
signals in a particular direction at specific frequencies. For
magneto-optical storage, one can design magneto-optical ma-
terials and devices[49] with the non-reciprocal units.

For an example, a multi-mode optical directional ampli-
fier with four ports was archived using the basic units. For a
particular input port the other three output ports can have dis-
tinguishable amplification times of optical signals, resulting
from their non-reciprocity. These results may provide a solu-
tion for the more and more complex requirements for the sig-
nals in communication and optical integrated circuits. More-
over, our example can be arbitrarily extended to more ports
that can be integrated on a chip with other circuit components
in barrier-free combination.

Appendix A: Derivation of non-linear coupled
differential equations

The gain saturation effect is a pivotal phenomenon in
laser physics in which the intensity of the intracavity field
becomes significant enough to reduce the net gain of the ac-
tive medium. As the Scully–Lamb quantum laser model is
applied to parity–time symmetric whispering-gallery micro-
cavities, the gain saturation effect plays an important role in
explaining non-reciprocity in light propagation. When the in-
tensity of the input driving field increases, the gain ability of
medium will diminish due to saturation, which equivalently
decreases the amplification of the signal field. This nonlinear
mechanism results in a direction-dependent transmission be-
havior which is essential for non-reciprocal light transmission
in the broken 𝒫𝒯 -symmetric phase. The model demonstrates
that gain saturation modifies the eigenmodes and exceptional
points of the system by introducing an additional loss mecha-
nism that depends on the field intensity and direction of prop-
agation. In Ref. [5], the authors employ the Scully–Lamb
quantum laser model to derive a set of rate equations that de-
scribe the dynamics of light propagation in parity–time sym-
metric whispering-gallery microcavities. Starting from a non-
Lindbladian master equation that accounts for gain, loss and
gain saturation, they apply the semiclassical approximation
to transform quantum operators into classical amplitudes. By
calculating the time derivatives of these amplitudes and incor-
porating the effects of gain saturation, at a set of nonlinear
coupled differential equations are obtained that can elucidate
the interplay between the intracavity fields and the response of
the photonic system and reveal the nonreciprocal transmission
of light. This theoretical framework bridges the quantum and
classical descriptions and provides a way to learn about the
action of gain saturation on non-reciprocal behavior.

One of the simplest examples is a two-mode array with
balanced gain and loss, as shown in Fig. A1(a). This sys-
tem can be easily built from the general structure as shown
in Fig. 1 and Eq. (1) by setting N = 2,γ1 = γ,γ2 = −γ and
κ1,2 = κ2,1 = κ , where we have assumed γ,κ > 0. Repeating
the progress of Eqs. (1)–(5), we can get the evolution matrix
of the two-mode array:

𝐻̂2 =

(
∆in + iγ κ

κ ∆in − iγ

)
. (A1)

According to Eq. (4), the transmission spectrum can be given
by

T (∆in) =

∣∣∣∣Aout

Ain

∣∣∣∣2 = ∣∣∣∣A2

ε

∣∣∣∣2 γ
2
c , (A2)

where A2 can be solved by 𝛼 = 𝛽𝐻̂−1
2 , wherein 𝛼 =

(A1,A2)
T, 𝛽 = (ε,0)T. In the complex plane, the distribu-

tion of supermodes as γ/κ vary across the EP as shown in
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Fig. A1(d). When γ/κ < 1 , the supermodes ∆± lie on
the real axis denoted by blue rhomboid. In this region, the
transmission spectrum diverges at these points described in
Fig. A1(e). When γ/κ > 1, the values of ∆± become purely
imaginary as the red cross in Fig. A1(d). Since the input
detuning ∆in is always a real number, the divergent peaks
vanish in the transmission spectrum, and are replaced by a

broad finite peak at ∆in = 0 which is the projection of ∆±

on the real axis, as shown in Fig. A1(f). In fact, according

to T (∆in) = |κγc/(∆
2
in + γ2 − κ2)|2, it is easy to check that

the spectrum can fits the square of a Breit–Wigner distribu-

tion around ∆in = 0 when γ2 −κ2 > 0. The peaks are called

Breit–Wigner peaks.[50]
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Fig. A1. (a) The sketch of the two-mode 𝒫𝒯 symmetric system, wherein balanced gain (loss) is labeled by γ (−γ), coupling between the two
resonators is κ , and γc denotes the couplings between the resonator (R1 and R2) and the waveguide (WG1 and WG2). (b) The real part of
supermodes ∆± of Ĥ2 as a function of γ/κ with κ > 0. (c) The imaginary part of ∆± of Ĥ2 as a function of γ/κ with κ > 0. (d) The distribution
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√
3/2 MHz). Red cross

corresponds to 𝒫𝒯 broken region (γ =
√

5/2 MHz). (e), (f) Transmission spectrum against input frequency ∆in in the 𝒫𝒯 unbroken ((e),
γ =

√
3/2 MHz) and broken ((f), γ =

√
5/2 MHz) regions, wherein κ = γc = 1 MHz, ε= 0.1 MHz.
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By considering the gain saturation effect, the linear equa-
tion can be reformulated into the following nonlinear form:

d
dt

A1 = i∆A1 + γA1 −κA2 −
B
2
|A1|2 A1 −ε,

d
dt

A2 = i∆A2 − γA2 +κA1. (A3)

Comparing Eqs. (13) and (A3), it can be seen that the nonlin-

ear equation includes an additional cubic term. When the op-

tical field inside the resonator is weak, that is A1 being small,

this term can be negligible due to the coefficient B being very

small. However, when the optical field increases, that is A1 be-

coming larger, the cubic term increases dramatically, causing

a substantial suppression of the field intensity, thus the field

intensity cannot be linearly enhanced without limit.

Then we can calculate the transparency spectrum using

this model, as shown in Fig. A2. When γ is small, which

corresponds to the 𝒫𝒯 -symmetric unbroken phase depicted

in Fig. A1(e), the original divergent peaks are constrained and

transforms into non-divergent peaks, and exhibit reciprocity as

shown in Figs. A2(a) and A2(c). Conversely, when γ is large,

corresponding to the 𝒫𝒯 -symmetric broken phase shown in

Fig. A1(f), the position of the original divergent peak remains

unchanged, but the peak value of T41 is significantly larger

than that of T14, demonstrating non-reciprocity, as shown in

Figs. A2(b) and A2(d). This agrees with the experimental re-

sults reported in Ref. [6].
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[26] Caloz C and Deck-Léger Z L 2019 T-AP 68 1569
[27] Sounas D L and Alù A 2017 Nat. Photonics 11 774
[28] Fan S, Shi Y and Lin Q 2018 AWP Letters 17 1948
[29] Estep N A, Sounas D L, Soric J and Alù A 2014 Nat. Phys. 10 923
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