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Small-angle neutron scattering (SANS) is a powerful technique for microstructural characterization with several ad-
vantages, such as unique isotopic sensitivity, deep penetration capability, in situ characterization potential, and minimal
radiation damage to samples. However, the intrinsically low neutron flux unavoidably necessitates certain compromises
during measurements. These include a finite spread in wavelength, beam divergence, and the large footprint of the incident
neutron beam, all of which lead to the so-called smearing effect. Consequently, the measured SANS spectra not only encode
the microstructural information of the samples but are also influenced by the experimental conditions, thereby complicating
the interpretation of the data. To facilitate the development of a machine learning-based approach for de-smearing mea-
sured SANS spectra, this study aims to establish a theoretical framework for synthesizing spectra both with and without the
smearing effect. We focus on hard-sphere colloidal systems and consider system parameters such as the colloidal particle
size, polydispersity, and volume fraction, and measurement conditions such as the neutron wavelength and its spread and
beam divergence. The exemplary spectra presented herein also highlight the impact of the smearing effect under typical
experimental conditions.
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1. Introduction
The SANS technique is a powerful tool for characterizing

the microstructure of materials. In contrast to x-rays, neutrons
interact with atomic nuclei rather than electrons; therefore, the
scattering length does not vary systematically with the atomic
number; in particular, wide variation in SANS contrast can
be readily achieved through isotopic substitution without con-
siderably altering the physicochemical properties of the sys-
tem being characterized.[1–3] Furthermore, neutrons exhibit
strong penetrating power, allowing for in situ measurement
in complex sample environments.[4,5] Additionally, neutrons
with wavelengths suitable for the scattering technique carry
relatively low energies, promising minimal radiation damage
to samples.[6,7] These advantages render the SANS technique
beneficial in the study of soft matter, including colloids,[8–10]

polymers,[11–14] latexes,[15,16] and surfactants.[17–19] Never-
theless, the fluxes of neutron sources are typically 5–6 orders
of magnitude lower than those of x-ray sources. For exam-
ple, the photon flux at the BioSAXS beamline (BL19U2) of
the Shanghai Synchrotron Radiation Facility (SSRF) reaches
the order of 1012 photons per second,[20] whereas the neutron

flux at the SANS instrument of the China Spallation Neutron
Source (CSNS) is approximately 107 neutrons per second.[21]

As such, to complete measurements within a reasonable time,
certain compromises are inevitable. For example, the footprint
of the incident neutron beam (on the order of centimeters) is
much larger than that of the incident x-ray beam (on the order
of micrometers), and the wavelength spread of the incident
neutron beam is significantly broader than that of its x-ray
counterpart. These compromises increase the uncertainty in
determining the momentum transfer of the scattered neutrons
and introduce discernible smearing effects.[22–25] In qualita-
tive terms, the experimentally collected SANS spectrum not
only contains the diffraction pattern that reflects the sample’s
microstructure but also includes an additional resolution func-
tion that is relevant to the measurement setup;[25,26] this com-
plication makes SANS data analysis difficult.

There have been tremendous efforts devoted to removing
the resolution function from experimentally obtained SANS
spectra. Herein, we highlight three major approaches. First,
the Fourier transform method converts the convolution rela-
tionship between the diffraction pattern and resolution func-
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tion in reciprocal space into a product relationship in real
space. This transformation facilitates decoupling, leading to
the so-called pair distance distribution function (PDDF). Note
that PDDF is not to be confused with pair distribution func-
tion (PDF). However, direct transformation inevitably suf-
fers from truncation errors due to the limited q-range ac-
cessible from experiments, where q (a quantity in reciprocal
space) represents the momentum transfer of the scattered neu-
trons and is converted to distance r in real space via Fourier
transform. To overcome this limitation, Glatter et al. de-
vised an indirect Fourier transform method in which a set of
basis functions[27–29] is employed to reconstruct the PDDF.
Nonetheless, in dilute solutions, the derived PDDF provides
statistical information about internal distance distributions
within an individual particle (e.g., protein) rather than a direct
structural representation, making it challenging to understand
the structural characteristics. In high-concentration solutions,
the PDDF additionally incorporates interparticle correlations,
further complicating its interpretation. Second, the model fit-
ting method involves constructing a model of the sample’s mi-
crostructure, calculating the corresponding theoretical diffrac-
tion curve on the basis of assumed parameters, and then con-
volving it with the instrumental resolution function. The re-
sulting smeared curve is then compared to the actual exper-
imental spectrum. This process is repeated to optimize the
model parameters until the best agreement is achieved be-
tween the theoretically synthesized and experimentally mea-
sured spectra.[26,29,30] While effective in some cases, this ap-
proach is difficult to apply to systems involving particles with
irregular shapes or complicated interparticle interactions be-
cause of challenges in accurately modeling both intra- and in-
terparticle correlations. Third, iterative methods, such as the
Lake and Van Cittert algorithms, are also widely used.[31,32]

However, these algorithms lack well-defined stopping criteria
and tend to perform poorly in the presence of large statistical
errors.[33] In addition to the three aforementioned approaches,
other approaches are being actively explored.[34]

Recently, machine learning (ML) techniques have
demonstrated powerful capabilities in analyzing and process-
ing complex data. In particular, researchers have started ap-
plying ML techniques to the analysis of SANS spectra. For
example, Tung et al. integrated convolutional neural networks
(CNNs) with variational autoencoders (VAEs) to recognize
structural characteristics in distorted lamellar phases;[35] Song
et al. employed CNNs to classify two-dimensional (2D) scat-
tering patterns, facilitating the identification of material struc-
tures in the early stages of the experiment.[36] In another study,
Chang et al. applied ML techniques to establish a mapping
relationship between low-resolution, short-time measurement
spectra and high-resolution, long-time measurement spectra,
with the aim of reducing the experimental time.[37] These pio-

neering efforts naturally motivated the development of an ML-
based de-smearing protocol for SANS analysis.

Notably, the performance of ML models depends
highly on the availability of large-scale, high-quality train-
ing datasets. Such datasets should include paired informa-
tion consisting of the diffraction curve, resolution function,
and smeared SANS spectrum and should encompass a broad
range of measurement conditions across various representa-
tive sample systems. In this work, the term diffraction curve
refers to the ideal SANS spectrum unaffected by the smearing
effect, whereas the terms smeared SANS spectrum (also re-
ferred to as the measured SANS spectrum) refer to the SANS
spectrum that includes the smearing effect. To generate the
required training datasets, theoretical synthesis represents the
most practical and reliable approach. As our first effort in this
direction, we focus on monodisperse and polydisperse hard-
sphere colloidal solutions and outline the theoretical frame-
work necessary for dataset generation.

The rest of this paper is organized as follows. In the
second part, we provide a concise overview of the theoreti-
cal framework and list the associated parameters; in the third
part, by systematically adjusting parameters such as the par-
ticle diameter, volume fraction, and wavelength of the inci-
dent neutron beam, we generate a series of exemplary diffrac-
tion curves, resolution functions, and smeared SANS spectra.
Our work should facilitate the application of ML techniques in
SANS data analysis.

2. Theoretical background
In SANS, the diffraction curves are composed of coherent

and incoherent scattering contributions. Because the incoher-
ent contributions are generally considered q-independent and
thus do not carry structural information, they are neglected in
the following derivations.

2.1. Colloids of spherically identical particles

The following derivation can also be referred from the re-
view paper by Chen.[38] By assuming that the interaction of
an incident neutron with a given nucleus is independent of its
interactions with other nuclei, the normalized coherent neu-
tron scattering intensity Icoh(𝑞) from a colloidal solution can
be expressed as follows:

Icoh (𝑞) =
1
V

〈∣∣∣∣ N

∑
k=1

bk e i𝑞·𝑟k

∣∣∣∣2〉, (1)

where V is the illuminated volume of the sample exposed to
the incident neutrons, bk represents the coherent bound scat-
tering length for the k-th nucleus, 𝑟k denotes the position vec-
tor, 𝑞 represents the momentum transfer, and i represents the
imaginary number. The summation runs over all the nuclei
within V, totaling N. The angular bracket 〈·〉 denotes ensem-
ble averaging.
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Since a colloidal system typically consists of two dis-
tinct phases, colloidal particles and the surrounding solvent,
the summation inside the angular bracket of Eq. (1) can be
accordingly divided into two corresponding components, as
shown below:

Icoh (𝑞) =
1
V

〈∣∣∣∣ NC

∑
k=1

bk e i𝑞·𝑟k +
NS

∑
k=1

bk e i𝑞·𝑟k

∣∣∣∣〉, (2)

where NC and NS are the numbers of nuclei that belong to the
colloidal particles and solvents, respectively, within the illu-
minated volume V .

Next, we proceed to model the first term, which repre-
sents the contribution from the colloidal particles. Based on
the idea of vector decomposition, the position of an arbitrary
k-th nucleus within a given J-th colloidal particle can be ex-
pressed as follows:

𝑟k = 𝑟k
J +𝑅J , (3)

where 𝑅J denotes the position vector of the center of the J-th
colloidal particle and 𝑟k

J represents the vector pointing from
the center of that particle to the position of its k-th nucleus.
Hence, the summation over all the nuclei belonging to the col-
loidal particles can be reformulated as a nested summation, as
shown below:

NC

∑
k=1

bk e i𝑞·𝑟k =
Np

∑
J=1

Nn

∑
k=1

bk e i𝑞·𝑟k
J e i𝑞·𝑅J , (4)

where the outer summation runs over the total number of col-
loidal particles, denoted Np, while the inner summation runs

over the number of nuclei within a single colloidal particle,
denoted Nn. The total number of nuclei associated with the
colloidal particles is given by NC = Np×Nn. Note that Nn is
independent on Np, because colloidal particles are assumed to
be identical. Therefore, the two summations can be carried out
separately and one obtains the following expression:

NC

∑
k=1

bk e i𝑞·𝑟k =
Nn

∑
k=1

bk e i𝑞·𝑟k
J ×

NP

∑
J=1

e i𝑞·𝑅J . (5)

Next, we introduce the continuum approximation, wherein the
distribution of the bound scattering lengths within a colloidal
particle is treated as continuous. This yields the concept of the
scattering length density, denoted ρP (𝑟), which represents the
accumulated bound scattering length per unit volume at po-
sition 𝑟 inside the volume occupied by the colloidal particle,
denoted Vp. Hence, equation (5) can be reformatted as follows:

NC

∑
k=1

bk e i𝑞·𝑟k =
∫

Vp
ρP (𝑟) e i𝑞·𝑟 d𝑟×

NP

∑
J=1

e i𝑞·𝑅J . (6)

The continuum approximation is also applicable to the sol-
vent. Moreover, since the solvent molecules are sufficiently
small such that either their internal structure or the correla-
tion among distinct solvent molecules is outside the accessible
range of SANS, the scattering length density of the solvent
can be effectively approximated as a constant. For example,
the scattering length density of H2O and D2O water can be
calculated as follows:

ρH2O =
2bH +bO

VH2O
=

2×(−3.741)×10−13 cm+5.803×10−13 cm
2.990×10−23 cm3

≈−5.615×109 cm−2, (7)

ρD2O =
2bD +bO

VD2O
=

2×6.671×10−13 cm+5.803×10−13 cm
2.990×10−23 cm3

≈ 6.403×1010 cm−2. (8)

Let the scattering length density of the solvent be denoted ρs.
Then, the second term of Eq. (2) can be further expressed as

NS

∑
k=1

bk e i𝑞·𝑟k =
∫

V
ρs e i𝑞·𝑟 d𝑟

−
∫

Vp
ρs e i𝑞·𝑟 d𝑟×

NP

∑
J=1

e i𝑞·𝑅J , (9)

because the volumetric space occupied by the solvents is the
total space V minus the volume occupied by the colloidal par-
ticles. The first term, being the Fourier transform of a constant,
yields a contribution proportional to ρsδ (q), where δ (·) is the
Dirac delta function and is appreciable only at q = 0. There-
fore, this first term is excluded from further derivation.

Now, we combine the contributions from colloidal parti-

cles and the solvent, which leads to the following expression:

Icoh (𝑞) =
1
V

〈∣∣∣∣∫Vp
ρP(𝑟)e i𝑞·𝑟 d𝑟×

NP

∑
J=1

e i𝑞·𝑅J

−
∫

Vp
ρS e i𝑞·𝑟 d𝑟×

NP

∑
J=1

e i𝑞·𝑅J

∣∣∣∣2〉
=

1
V

〈∣∣∣∣∫Vp
∆ρP(𝑟)e i𝑞·𝑟 d𝑟×

NP

∑
J=1

e i𝑞·𝑅J

∣∣∣∣2〉, (10)

where ∆ρP(𝑟) = ρP(𝑟)− ρs represents the excess scattering
length density of the colloidal particle with respect to the sol-
vent.

Next, we decompose the modulus as follows:

Icoh (𝑞) =
1
V

〈∫
Vp

∫
Vp

∆ρP(𝑟)∆ρP(𝑟
′)e i𝑞·(𝑟−𝑟′)d𝑟d𝑟′
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×
NP

∑
J=1

NP

∑
J′=1

e i𝑞·(𝑅J−𝑅J′ )
〉
. (11)

It is further assumed that the ensemble averages of the first and
second terms are statistically independent and can therefore be
evaluated separately, as shown below:

Icoh (𝑞) =
1
V

〈∫
Vp

∫
Vp

∆ρP(𝑟)∆ρP(𝑟
′)e i𝑞·(𝑟−𝑟′)d𝑟d𝑟′

〉
×
〈 NP

∑
J=1

NP

∑
J′=1

e i𝑞·(𝑅J−𝑅J′ )
〉
. (12)

This approximation relies on the assumption that neither the
shape nor the scattering length density profile of the colloidal
particle is correlated with the particle’s center, which should
be valid for spherically identical particles. Next, it can be de-
fined that

F (𝑞) =
∫

Vp
∆ρP (𝑟) e i𝑞·𝑟 d𝑟. (13)

Evidently,

F (0) =
∫

Vp
∆ρP (𝑟) d𝑟. (14)

Finally, with some straightforward reorganizations, the fol-
lowing expression is obtained:

Icoh (𝑞) = nPF (0)2
〈

1
F(0)2 F(𝑞)F∗(𝑞)

〉
×
〈

1
NP

NP

∑
J=1

NP

∑
J′=1

e i𝑞·(𝑅J−𝑅J′ )
〉
, (15)

where nP = NP/V is the number density of the colloidal parti-
cles. Furthermore, the terms enclosed by the angular brackets
are often defined as the form factor P(𝑞) and structure factor
S(𝑞), which characterize the shape of a colloidal particle and
positional correlations among particle centers, respectively. It
is customary to normalize the form factor such that it decays
from unity at q = 0, which explains the factor of F (0)2. Thus,
the coherent scattering intensity of spherically identical col-
loidal particles can be expressed as follows:

Icoh (𝑞) = nPF (0)2P(𝑞)S (𝑞) , (16)

where

P(𝑞) =

〈
1

F(0)2 F(𝑞)F∗(𝑞)
〉
, (17)

S (𝑞) =
〈

1
NP

NP

∑
J=1

NP

∑
J′=1

e i𝑞·(𝑅J−𝑅J′ )
〉
. (18)

2.2. Colloids of monodisperse hard-sphere particles

The monodisperse hard-sphere colloidal particles can be
considered spherically identical. Therefore, the derivation
listed in Subsection 2.1 is applicable. Moreover, owing to

their spherical symmetry, the resulting scattering intensity is
expected to be isotropic. Consequently, the vector notation of
the momentum transfer in both the form factor and structure
factor expressions can be omitted. In addition, the interior of
hard-sphere particles can be reasonably assumed to be com-
positionally homogeneous, allowing the scattering length den-
sity to be approximated as a constant. These characteristics
of monodisperse hard-sphere colloids give rise to great sim-
plifications in modeling the scattering intensity, as described
below:

Icoh (q) = nP
(
∆ρPVp

)2 P(q)S (q) , (19)

where

F (q) = ∆ρP

∫
Vp

e i𝑞·𝑟 d𝑟, (20)

F (0) = ∆ρPVp, (21)

P(q) =
1

F (0)2 〈|F(q)|2〉, (22)

S (q) =
〈

1
NP

NP

∑
J=1

NP

∑
J′=1

e i𝑞·(𝑅J−𝑅J′ )
〉
. (23)

We now focus on the form factor P(q) by first deriving the ex-
plicit expression for F(q). Let D denote the diameter of the
hard-sphere particle; then,

F (q) = ∆ρP

∫
Vp

e i𝑞·𝑟 d𝑟

= ∆ρP

∫ D/2

0
r2 dr

∫ 2π

0
dϕ

∫
π

0
e iqrcosθ sinθ dθ

=
∆ρP4π

q3

[
sin
(

qD
2

)
− qD

2
cos
(

qD
2

)]
. (24)

Note that F(q) is real and isotropic, which is attributable to
the spherical symmetry of the colloidal particles. Now, deriv-
ing the corresponding form factor of a homogeneous spherical
particle with diameter D is straightforward, as shown below:

P(q) =
{

24
[

sin
(

qD
2

)
− qDcos(qD/2)

2

]/
(qD)3

}2

. (25)

The theoretical modeling of the structure factor S(q) is based
on liquid-state theory and is typically performed in real space
rather than in reciprocal space. The structure factor S(q) and
the pair correlation function g(r) form Fourier transform pairs.
For isotropic systems, such as monodisperse hard-sphere col-
loids, the quantitative relationship between S(q) and g(r) can
be expressed as follows:

S (q) = 1+4πnp

∫
∞

0
[g(r)−1]r2 sin(qr)

qr
dr. (26)

Therefore, modeling S(q) is equivalent to determining g(r),
for which we employ the Ornstein–Zernike (OZ) equation in
the theory of simple liquids.[39] The physical interpretation of
the OZ equation is intuitive: the total positional correlation
between colloidal particles at two points is given by the sum
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of their direct correlation and the indirect correlation mediated
through all intermediate particles, as illustrated below:

h(r) = c(r)+np

∫
c
(∣∣𝑟−𝑟′

∣∣)h
(
r′
)

d𝑟′, (27)

where c(r) denotes the direct correlation function and h(r) rep-
resents the total correlation function. The integration term ex-
plicitly accounts for the contribution arising from indirect cor-
relation mediated through a third point, namely, 𝑟′. The total
correlation function is related to the pair correlation function
through the following expression:

h(r) = g(r)−1. (28)

The OZ equation is not closed and therefore requires an addi-
tional relation that connects the direct correlation function and
total correlation function. In the literature, this additional rela-
tion is commonly introduced through an approximation known
as a closure relation. Examples include Percus–Yevick (PY)
closure, hypernetted chain (HNC) closure, Rogers–Young
(RY) closure, and mean spherical approximation (MSA) clo-
sure. For monodispersed hard-sphere colloids, PY closure is
commonly employed and is given as follows:

c(r)≈
{

1− exp
[

U (r)
kBT

]}
g(r) , (29)

where kB is the Boltzmann constant, T is the temperature,
and U(r) denotes the pairwise interaction potential. For hard-
sphere colloids, the pair potential is defined as

U (r) =


∞, for

r
D

< 1,

0, for
r
D
≥ 1.

(30)

The structure factor resulting from the solution to the OZ equa-
tion coupled with PY closure for monodisperse hard-sphere
colloids is given below:

S (q) =
1

1−npc(q)
, (31)

c(q) =−4π

q

∫ D

0

(
α +

β

D
r+

δ

D3 r3
)

sin(qr)rdr, (32)

α =
(1+2φ)2

(1−φ)4 , (33)

β =−6φ (1+0.5φ)2

(1−φ)4 , (34)

δ =
φ (1+2φ)2

2(1−φ)4 , (35)

where φ is the volume fraction. The solution presented above
is analytical and thus provides a great advantage for calcula-
tion.

2.3. Colloids of polydisperse hard-sphere particles

The following derivation is based on the work of Kot-
larchyk and Chen[40] and begins with the following expression

Icoh (𝑞) =
1
V

〈 NP

∑
J=1

NP

∑
J′=1

[∫
VJ

∆ρJ e i𝑞·𝑟 d𝑟
]

×
[∫

VJ′
∆ρJ′ e

i𝑞·𝑟 d𝑟′
]

e i𝑞·(𝑅J−𝑅J′ )
〉
. (36)

VJ represents the volume occupied by the J-th colloidal par-
ticle, and ∆ρJ represents the excess scattering length density.
If all colloidal particles are identical, equation (36) reduces to
Eq. (11). However, in polydisperse hard-sphere colloids, the
diameters of the colloidal particles are not fixed but instead
follow a continuous size distribution. As a result, the inner
two integrals cannot be taken outside the summations. Similar
to Eq. (13), it can be defined that

FJ (q) =
∫

VJ

∆ρJ e i𝑞·𝑟 d𝑟, (37)

where the integration is carried out over the volume occupied
by the J-th colloidal particle. Substituting this into Eq. (37),
the coherent scattering intensity becomes

Icoh (𝑞) =
1
V

〈 NP

∑
J=1

NP

∑
J′=1

FJ(q)F∗J′(q)e i𝑞·(𝑅J−𝑅J′ )
〉
. (38)

Assuming that the particle size and orientation are statistically
uncorrelated with the position of the particle center, which is
generally valid for hard spherical colloids, then

Icoh (𝑞) =
1
V

〈 NP

∑
J=1

NP

∑
J′=1
〈FJ(q)F∗J′(q)〉e

i𝑞·(𝑅J−𝑅J′ )
〉
, (39)

where the inner angular brackets denote averaging over par-
ticle size and orientation. According to Kotlarchyk and
Chen,[40]

〈FJ(q)F∗J′(q)〉 = [〈|F(q)|2〉− |〈F(q)〉|2]δJJ′

+ |〈F(q)〉|2, (40)

where δJJ′ is the Kronecker delta, which equals 1 when J = J′

and 0 otherwise. Plugging this result into the expression for
the coherent scattering intensity, we obtain the following equa-
tion:

Icoh (q) = np
[
〈|F(q)|2〉− |〈F(q)〉|2

]
+nP |〈F(q)〉|2 S (q) . (41)

Notably, the structure factor S(q) in Eq. (41) is not strictly
equivalent to its counterpart in Eq. (18), as the latter de-
scribes correlations among colloidal particles of identical size,
whereas the former accounts for correlations in a polydisperse
system where particle diameters vary continuously. To obtain
a more concise formulation, the expression can be reorganized
as follows:

Icoh (q) = np〈|F(0)|2〉P(q)S′ (q) , (42)
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where

P(q) =
〈|F(q)|2〉
〈|F(0)|2〉

, (43)

S′ (q) = {1+β (q) [S (q)−1]} , (44)

β (q) =
|〈F(q)〉|2

〈|F(q)|2〉
. (45)

To derive an explicit formulation for P(q) and β (q), one needs
a statistical distribution of particle sizes. In the following, par-
ticulate radii are assumed to follow a Gaussian distribution.
The probability density distribution function for the particle
diameter is given by

f (D) =
1√

2πσD
exp

[
−
(
D−D

)2

2σ2
D

]
, (46)

where D and σD denote the mean and standard deviation of the
Gaussian distribution, respectively. The scattering amplitude
F(q) for a homogenous sphere of diameter D is given by

F (q) =
∆ρP4π

q3

[
sin
(

qD
2

)
− qD

2
cos
(

qD
2

)]
. (47)

Accordingly, the average form factor terms can be computed
as follows:

〈|F(q)|2〉=
∫

∞

0
F (q)2 f (D) dD, (48)

|〈F(q)〉|2 =
[∫

∞

0
F (q) f (D) dD

]2

. (49)

2.4. Smearing effect under pinhole geometry

An experimentally measured SANS spectrum is affected
by smearing effects, which arise from uncertainties in deter-
mining the wavevector q. These uncertainties stem from the
spread in the wavelength of incident neutrons, beam diver-
gence, the finite spatial resolution of the detector, and other
instrumental factors. To be more specific, under the pinhole
geometry, the experimentally measured SANS spectrum de-
noted Iexp(q) is related to the ideal diffraction curve denoted
Icoh(q) through the following convolution:

Iexp (q) =
∫

Icoh
(
q′
)
R
(
q,q′

)
dq′, (50)

where R(q,q′) is the so-called resolution function, which is
determined by the instrument design and measurement con-
figuration. Note that equation (50) is not directly applicable to
the small angle scattering spectra measured under slit geome-
try. Pederson et al. reported that the resolution function can be
well approximated by a Gaussian function of the form[26]

R
(
q,q′

)
=

1√
2πσq

exp

[
− (q−q′)2

2σ2
q

]
, (51)

where σq quantifies the uncertainty in q. In a standard scatter-
ing geometry, the wavevector is given by

q =
4πsinθ

λ
, (52)

where λ is the wavelength and θ is half of the scattering angle.
It is understandable that both the uncertainties in the scattering
angle and in the wavelength of incident neutrons contribute to
total uncertainty in q. Assuming both factors are independent,
then one can apply the rule of error propagation as follows:

(dq)2 =

(
∂q
∂θ

)2

(dθ)2 +

(
∂q
∂λ

)2

(dλ )2 , (53)

where(
∂q
∂θ

)2

=

(
4πcosθ

λ

)2

=

(
4π

λ

)2 (
1− sin2

θ
)

=

[(
4π

λ

)2

−q2
]
, (54)(

∂q
∂λ

)2

=

(
4πsinθ

λ

)2( 1
λ

)2

= q2
(

1
λ

)2

. (55)

Hence, one gets the following expression:

(dq)2 =

[(
4π

λ

)2

−q2
]
(dθ)2 +q2

(
1
λ

)2

(dλ )2 . (56)

Next, we perform statistical averaging on both sides of the
equation and it leads to the equation below:

σ
2
q =

[(
4π

λ

)2

−q2
]

σ
2
θ +q2

(
1
λ

)2

σ
2
λ
, (57)

where σq, σθ , and σλ are the standard deviations of q, θ , and
λ , respectively. When a mechanical velocity selector is ap-
plied to monochromatize the neutron beam in a reactor-based
SANS spectrometer, it is found that the wavelengths of the
monochromatized neutrons often follow a triangular distri-
bution; hence, the full-width-at-half-maximum (FWHM) (de-
noted ∆λ ) is commonly employed instead. As such, the stan-
dard deviation of q can be expressed as follows:

σ
2
q =

[(
4π

λ

)2

−q2
]

σ
2
θ +q2

(
1

2
√

2ln2
∆λ

λ

)2

. (58)

Note that σ2
q can be more explicitly modelled based on the pa-

rameters including sample to detector distance, dimensions of
detector pixels, radius of source aperture, etc. for the conven-
tional pinhole geometry and SANS equipped with reflecting
mirror or focusing lenses. However, that is beyond the scope
of the present paper.

3. Results and discussion
On the basis of the equations presented above, we per-

formed a theoretical synthesis of SANS spectra for both

036106-6



Chin. Phys. B 35, 036106 (2026)

monodisperse and polydisperse hard-sphere colloidal systems.
The wavevector range 0.001–0.5 Å−1 was selected to reflect
the standard measurement range accessible by typical SANS
instruments.

3.1. Scattering curves of monodisperse hard-sphere col-
loids

Figure 1 shows the form factor P(q) of monodisperse
hard-sphere colloids whose diameters range from 30 Å to
3000 Å. In panel (a), the curves are plotted in the form of P(q)
versus q. At D = 30 Å, the magnitude of P(q) remains close
to unity from low-q up to q = 0.1 Å−1, followed by a sharp
decrease in q. With increasing diameter, the curves gradually
shift to the left while keeping the overall shape unchanged. As
a result, the range of q values over which P(q) remains ap-
preciable becomes progressively narrower. In Panel (b), the
curves are replotted in the form of P(q) versus q×D. All
the curves collapse onto a single master curve, which suggests
that the shape of the monodisperse hard-sphere colloid is fixed,
whereas its relative position in q-space is determined by the di-
ameter D. Moreover, the magnitude of the oscillation decays
following a power-law behavior with an exponent of −4.

P
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↽
P

↼q
↽

(a)

(b)

q ↼A-1↽

10-1

10-2

10-3

10-4

10-10

10-8

10-6

10-4

10-2

100

100

10-3 10-2 10-1

100 101 102 103

qTD

Fig. 1. Form factors of monodisperse hard-sphere colloids with various
particle diameters. In panel (a), the curves are plotted as P(q) versus q;
in panel (b), the curves are plotted as P(q) versus q×D. See the legends
for the color code of the particle diameters.

Figure 2 shows the structure factors S(q) of monodisperse
hard-sphere colloids with different particle diameters at vol-
ume fractions ranging from 0.01 to 0.4. In panel (a), the diam-
eter is set to 30 Å. At the lowest volume fraction of 0.01, the
curve is almost featureless, showing a nearly flat profile close

to unity across the q range accessible by SANS. Upon increas-
ing the volume fraction φ from 0.05 to 0.4, a strong interaction
peak gradually develops at approximately q = 0.2 Å−1. Pan-
els (b) and (c) show the results for particle diameters of 300 Å
and 3000 Å, respectively. While the general trend remains
consistent with that in panel (a), a clear shift in the interaction
peak toward lower q values is observed at higher volume frac-
tions. In panel (d), all the structure factor curves are replotted
as a function of the dimensionless variable q×D, which is
similar to the representation employed in Fig. 1(b). The col-
lapse of the curves onto a single master curve confirms that the
shape of S(q) is primarily determined by the volume fraction
φ , whereas the particle diameter D scales the particle position
in q-space.
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Fig. 2. Structure factors of monodisperse hard-sphere colloids with vari-
ous particle diameters and volume fractions: (a) D = 30 Å, (b) D = 300 Å,
(c) D = 3000 Å, and (d) structure factors plotted against q×D, showing col-
lapse of the curves for different diameters. See the legends for the color code
of the volume fractions.
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Fig. 3. Theoretical diffraction curves showing the coherent scattering inten-
sity of monodisperse colloids with various particle diameters and volume frac-
tions. Panel (a) D = 30 Å; panel (b) D = 300 Å; panel (c) D = 3000 Å; and
panel (d) coherent scattering intensities plotted against q×D. See the legends
for the color code of the volume fractions. Note that the unit of the vertical
axis is cm−1.

To synthesize the theoretical diffraction curves, a scat-
tering contrast is needed. In this study, it is assumed to be
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∆ρP = 4.25× 10−7 Å−2. The volume fraction can be calcu-
lated as the product of the number density and the volume of
an individual particle, i.e., φ = np×Vp. The calculation results
are shown in Fig. 3. In panel (a), the particle diameter is set
to 30 Å. In the low-q regime up to q = 0.1 Å−1, the scattering
intensity is almost independent of q; however, the correspond-
ing magnitudes show a nonmonotonic dependence on the vol-
ume fraction. This behavior arises from the competing effects
of the structure factor and the intensity prefactor: while the
low-q limit of the structure factor related to isothermal com-
pressibility decreases with increasing volume fraction, the in-
tensity prefactor is proportional to the volume fraction. At
q ∼ 0.2 Å−1, an interaction peak emerges, reflecting the un-
derlying structure factor. At even higher q values, the strong
oscillation is apparently inherited from the form factor. Pan-
els (b) and (c) correspond to particle diameters of 300 Å and
3000 Å, respectively. The overall shapes of each curve remain
nearly unchanged across different volume fractions, whereas
their relative positions shift toward lower q values and higher
magnitudes with increasing volume fraction. In panel (d), the
scattering curves are replotted against q×D. In this repre-
sentation, the scattering curves belonging to the same volume
fraction collapse onto a single profile in terms of both shape
and position, whereas differences in magnitude are attributed
to differences in volume fraction.
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Fig. 4. Characteristics of the resolution function. Panel (a) total stan-
dard deviation of q along with the individual contributions arising from
the spread in wavelength of incident neutrons (denoted σλ ) and the scat-
tering angle (denoted σθ ). Panel (b) Resolution function R(q,q′) plotted
with q′ on the x-axis and q on the y-axis. The units of the vertical axes
for panels (a) and (b) are Å−2 and Å, respectively.

To calculate the resolution function, it is assumed that
the relative wavelength spread ∆λ/λ = 10%, the mean wave-
length λ = 6 Å, and the angular uncertainty of σθ = 10−3,
which reflects the typical setup for SANS measurements. The

resulting standard deviation of q, denoted σq, is illustrated in
Fig. 4. Panel (a) illustrates the total σq as well as the separate
contributions from the wavelength spread and scattering angle.
In the low-q regime up to q∼ 0.01 Å−1, the dominant contri-
bution arises from the wavelength spread, yielding an almost
constant σq. As q increases, the effect related to the scattering
angle becomes more pronounced, resulting in a gradual in-
crease in the total σ(q). Panel (b) displays the corresponding
resolution function R(q,q′) at selected values of q.

Figure 5 shows the ideal diffraction curves from Fig. 3
after smearing by the resolution function shown in Fig. 4. The
panel layout and color coding of the curves are the same as
those in Fig. 3. The characteristic features of the scattering
curves become less pronounced upon incorporating the smear-
ing effect. In particular, the depth of the minima separating the
oscillations at high q values, originating from the form factor,
becomes significantly shallower. Moreover, the smearing ef-
fect is more evident for colloids with large particle diameters,
as shown in panel (c), than for those with smaller diameters, as
shown in panel (a); this trend is clearly observed in panel (d).
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Fig. 5. Synthesized SANS spectra modeling the experimentally measured
coherent scattering intensity for monodisperse colloids with various particle
diameters and volume fractions. The panel arrangement and color coding of
the curves are the same as those in Fig. 3. The unit of the vertical axis is cm−1.

3.2. Scattering curves of polydisperse hard-sphere colloids

Figure 6 presents the form factors P(q) of polydisperse
hard-sphere colloids, assuming Gaussian distributions for par-
ticle radii. Panels (a), (b), and (c) correspond to mean particle
diameters of 30 Å, 300 Å, and 3000 Å, respectively. The de-
gree of polydispersity is quantified by the index ξ = σD/D̄,
and different values of ξ are illustrated in distinct colors. In
particular, ξ = 0 is equivalent to the case of monodisperse par-
ticles. The P(q) curves exhibit a systematic shift toward lower
q values with increasing particle radius while retaining their
overall shape. Furthermore, in comparison with those in the
monodisperse case, the oscillatory features of the form fac-
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tor progressively diminish and eventually vanish with increas-
ing polydispersity index. For example, in panel (a), as the
polydispersity index ξ increases from 0 to 0.1, the peak cen-
tered at approximately 0.3 Å−1 shifts noticeably to a lower q;
when ξ reaches 0.2, the peak becomes indistinguishable, and
at an ξ of 0.4, this characteristic feature nearly disappears.
Similar trends are observed in panels (b) and (c), correspond-
ing to larger particle diameters. In panel (d), all curves are
plotted against q× D̄ resulting in collapse into a single curve.
This confirms that the shape of the spectra for the polydisperse
hard-sphere colloid remains consistent across different particle
sizes, whereas its relative position in q-space is determined by
the diameter D, which is consistent with the behavior observed
in the monodisperse case. These observations reveal that the
introduction of polydispersity substantially modifies the form
factor profile, thereby increasing the complexity in analyzing
the structural properties of such samples.
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Fig. 6. Form factors of polydisperse hard-sphere colloids with different par-
ticle sizes and degrees of polydispersity. Panels (a), (b), and (c) correspond
to mean particle diameters of 30 Å, 300 Å, and 3000 Å, respectively, with
the curves plotted as P(q) versus q. Panel (d) shows the same data plotted as
P(q) versus q× D̄. Polydispersity is indicated by the color code shown in the
legend.

Figure 7 presents the form of β (q) in panel (a) and the
apparent structure factors S′(q) for polydisperse hard-sphere
colloids at volume fractions of 0.1, 0.2, and 0.4, as shown in
panels (b), (c), and (d), respectively. The polydispersity in-
dex ξ ranges from 0 to 0.4 and is represented by distinct col-
ors. All curves are plotted against q× D̄. In panel (a), β (q)
equals unity when ξ = 0, corresponding to the monodisperse
case. For nonzero ξ , β (q) oscillates between 0 and 1. As
the polydispersity index increases, the overall magnitude of
β (q), especially at high q, decreases. The apparent structure
factors S′(q) exhibit complex evolution with increasing poly-
dispersity. In all three volume fraction cases, the low-q limit
gradually increases. The first primary peak, located at approx-
imately q× D̄≈ 5, diminishes in intensity and shifts toward a
lower q. Moreover, secondary peaks emerge near q× D̄ ≈ 8

and 16, but these features eventually fade as the polydispersity
index increases.
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Fig. 7. Panel (a) shows the β (q) function, while panels (b), (c), and (d) present
the apparent structure factor S′(q) for polydisperse hardsphere colloids at se-
lected volume fractions of 0.1, 0.2, and 0.4, respectively. See Section 2 for
their definitions. Different colors represent different polydispersity indices.
All curves are plotted against q× D̄.
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Fig. 8. Theoretically synthesized diffraction curves for polydisperse hard col-
loids at a volume fraction of 0.1 and various mean particle radii. Panel (a)
D = 30 Å, panel (b) D = 300 Å, panel (c) D = 3000 Å, and panel (d) all
results plotted against q×D. The color codes representing different poly-
dispersity indices are provided in the legend. The unit of the vertical axis is
cm−1.

Figure 8 presents the theoretically synthesized diffraction
curves for polydisperse hard sphere colloids at a volume frac-
tion of 0.1 and different mean particle radii. Panels (a), (b),
and (c) correspond to mean particle radii of 30 Å, 300 Å, and
3000 Å, respectively. The polydispersity index ranges from 0
to 0.4. Two discernible effects of increasing the polydisper-
sity are observed. First, the intensity at low q increases. This
is attributed to the enhanced contribution from large particles
in the polydispersity distribution, which dominates the low-q
scattering. Second, the characteristic oscillations at high q,
reminiscent of the form factor of a spherical particle, gradu-
ally diminish and eventually disappear. This attenuation arises
because the oscillations associated with the form factors of
spheres with different radii are out of phase, leading to their
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mutual cancellations. Hence, the broader the size distribution
is, the more complete this destructive interference becomes. In
panel (d), all curves are plotted versus q× D̄. Increasing the
particle radius shifts the curves upward in intensity but does
not alter their overall shape.

Figure 9 shows the theoretically synthesized SANS spec-
tra for polydisperse hard-sphere colloids at a volume fraction
of 0.1, considering the smearing effect. Panels (a), (b), and (c)
correspond to mean particle radii of 30 Å, 300 Å, and 3000 Å,
respectively. The polydispersity index ranged from 0 to 0.4.
The smearing effect further suppresses the oscillatory features
of the spectra at high q values. This suppression is more pro-
nounced for colloids with larger mean particle radii, as shown
in panel (d), where all the curves are plotted together for com-
parison. This observation is consistent with the observation
shown in Fig. 5 for monodisperse hardsphere colloids.
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Fig. 9. Theoretically synthesized SANS spectra for polydisperse hardsphere
colloids at a volume fraction of 0.1, with the smearing effect being considered.
The panel arrangement and color code are the same as those in Fig. 8. The
unit of the vertical axis is cm−1.

4. Conclusions
Small angle scattering is a power technique and there

are ongoing tremendous efforts devoted to facilitating this
technique.[41,42] In this paper, we present a theoretical frame-
work that allows for the theoretical synthesis of SANS spec-
tra of monodisperse and polydisperse hard-sphere colloids and
that incorporates the smearing effect that arises from various
experimental limitations, such as the finite wavelength spread
and the large beam footprint of incident neutrons. Within this
framework, the adjustable parameters include the particle di-
ameter, polydispersity index, and volume fraction for char-
acterizing the colloidal system, as well as the neutron wave-
length, its relative spread, and the uncertainty of scattering an-
gle for describing the measurement setup.

The results indicate that the smearing effect can consid-
erably undermine the characteristic features in the diffraction

curves that reflect the microstructural signatures of hardsphere
colloids. In particular, the impact of smearing is more pro-
nounced for systems with larger particle radii. On the basis of
this framework, we developed in-house Python codes to gen-
erate an SANS spectral dataset consisting of matched triplets:
the ideal diffraction curve, the resolution function, and the
corresponding smeared spectrum. Building on this founda-
tion, we are currently developing a machine learning-based
de-smearing protocol, the results of which will be reported in
future publications.
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