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In a superconductor embedded with a quantum magnetic impurity, the Kondo effect is involved, leading to the compe-
tition between the Kondo singlet phase and the superconductivity phase. By means of the natural orbitals renormalization
group (NORG) method, we revisit the problem of a quantum magnetic impurity coupled with a conventional s-wave su-
perconductor. Here we present a detailed study focusing on the impurity spin polarization and susceptibility, the Kondo
screening cloud, as well as the number and structures of the active natural orbitals (ANOs). In the superconducting phase,
the impurity spin is partially polarized, indicating that the impurity remains partially screened by the quantum fluctuations.
Furthermore, the impurity spin susceptibility becomes divergent, resulting from the presence of residual local moment
formed at the impurity site. Correspondingly, a non-integral (incomplete) Kondo cloud is formed, although the ground state
is a spin doublet in this phase. In comparison, the Kondo cloud is complete in the Kondo singlet phase as expected. We
also quantify the critical point, where the quantum phase transition from a Kondo singlet phase to a superconducting phase
occurs, which is consistent with that in previous works. On the other hand, it is illustrated that only one ANO emerges in
both quantum phases. The structures of the ANO, projected into both the real space and momentum space, are distinct in the
Kondo singlet phase from that in the superconducting phase. More specifically, in the Kondo singlet phase, the ANO keeps
fully active with half-occupied, and the superconducting gap has negligible influence on its structure. On the contrary, in
the superconducting phase, the ANO tends to be inactive and its structure changes significantly as the superconducting gap
increases. Additionally, our investigation demonstrates that the NORG method is reliable and convenient to solve the quan-
tum impurity problems in superconductors as well, which will promote further theoretical studies on the Kondo problems

in such systems using numerical methods.
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1. Introduction

The Kondo effect!!?! arises when a quantum impurity in-
teracts with a normal metal, originated from the antiferromag-
netic exchange interaction between the impurity and conduc-
tion electrons. Below the Kondo temperature 7k, the impurity
spin begins to be screened by surrounding itinerant electrons.
Eventually, at zero temperature, a many-body spin singlet (or
Kondo singlet) with the impurity spin being fully screened is
formed, leading to a screening cloud spreading in real space
with its spatial extension being determined by the Kondo
length &k = hve/kpTk (vg denotes the Fermi velocity).!? 8]
Many theoretical proposals®2? and experiments!>3-28] have
been devoted to detecting the Kondo screening cloud. Very
recently, the Kondo cloud with a large extension in normal
metals has been demonstrated via Fabry—Pérot oscillations in
a mesoscopic system. [>]

On the other hand, the problem of a magnetic impurity
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embedded in a superconductor has been of extensive inves-

e.39-571 1t was found that a lo-

tigation for a very long tim
calized excited state inside the superconducting gap, the Yu—
Shiba—Rusinov (YSR) bound state (or Shiba state), is induced
around the impurity by binding an anti-aligned quasiparticle

30,32,33

from the superconductor. ! ! The emergence of a pair of

YSR states was theoretically predicted by the use of semiclas-

sical approaches in the classical limit,3?]

namely the impu-
rity spin moment was treated as classical. However, when the
magnetic impurity is described by quantum spin, the Kondo
effect is involved.

For a local spin-1/2 antiferromagnetically coupled to a
superconductor, a competition between the Kondo effect and
the superconductivity arises, while the nature of the many-
body ground state as well as the excited states are ultimately
dominated by the ratio Tx /A (A denotes the superconduct-

ing gap). In particular, for a weak Kondo coupling with
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Tx/A < 1, the Kondo effect is suppressed by the depletion
of states upon the opening of the superconducting gap. In this
case, the ground state is considered to take the form of a spin
degenerate doublet with the impurity being unscreened, while
the system exhibits a YSR singlet excitation within the energy
gap.37% In contrast, in the opposite limit of strong Kondo
coupling with Tx /A >> 1, the Kondo effect occurs before the
onset of superconductivity and the Kondo singlet becomes the
ground state, while the localized excited state displays a dou-
blet close to the energy gap.[*®) Consequently, at zero tem-
perature, by tuning the ratio of Tx /A, a first-order quantum
phase transition from a free-spin doublet phase (superconduct-
ing phase) to a Kondo-screened singlet phase (Kondo phase) is
predicted to take place at a critical point, 3740435051381 \which
is indicated to around Tk /A = 0.3 by previous results from
numerical renormalization group (NRG).7!
Correspondingly, it is hence expected that the Kondo
cloud is destroyed by the superconductivity in the doublet
Nev-
ertheless, it is recently suggested that the Kondo cloud in a

phase due to the lack of electrons at the Fermi level.

BCS s-wave superconductor, characterized by the correlation
function between the impurity and the electrons, does exist in
both quantum phases, while the screening is only partial in the
doublet phase.>> On the other hand, screening of the quan-
tum impurity can be directly manifested by the spin of the
impurity, especially the impurity spin polarization and sus-
ceptibility, while such studies suffer from a lack of reliable
numerical calculations. Moreover, for the experimental im-
plementation in tunable circuits of the Kondo effect, the state
of the Kondo impurity and its progressive screening have been
demonstrated to be directly observed.>! Hence, in the super-
conductor, it is intriguing to investigate the Kondo cloud, as
well as the screening of the quantum impurity described by
the state of the impurity. In this work, we revisit the prob-
lem of a quantum magnetic impurity coupled with a conven-
tional s-wave superconductor, notably from the perspective of
the spin of the Kondo impurity. Additionally, we extend the
application of natural orbitals renormalization group (NORG)
method®%! that we used into the investigation of the quantum
impurity problems in superconductors.

This paper is organized as follows. In Section 2 the model
Hamiltonian and the NORG method we employed are intro-
duced. In Subsections 3.1 and 3.2, we first study the local
properties of the impurity, described by the zero-temperature
spin polarization and spin susceptibility at the impurity site.
In the following Subsection 3.3, the Kondo screening cloud,
which is represented by the spin correlation between the im-
purity and the electrons, is further investigated. Additionally,
at the end of the Subsection 3.3, we also extract the numeri-
cal value of the critical point (7x/A)., at which the quantum
phase transition from a Kondo singlet phase to a spin doublet

phase occurs. Finally, the number as well as the structures of
the active natural orbitals (ANOs), which are helpful for clari-
fying the intrinsic structure of the many-body ground state, are
analyzed in Subsection 3.4. Section 4 gives a summary of this
work.

2. Model and numerical method
1. Model

We consider a conventional s-wave superconductor de-
scribed by the general model Hamiltonian Hgcs = Hp+ H, in
the BCS mean field theory with the following forms:

Hy = Zek(czccko + CikGC—kG)a

ko
Hy =AY (cppely +enen), M
k
where c,t - creates an electron at a Bloch state with wavevector

k and spin o =1, . The first term Hj represents the kinetic en-
ergy of the electrons with the dispersion relation &, and Hx
describes the BCS pairing interaction with superconducting
gap A. As we see, the charge U(1)charge Symmetry is broken
by the superconducting pairing interaction H,, namely, the to-
tal electrons in a superconductor is not conserved any more,
while the z-component of the total spin is still conserved with
[Stotar» HCs] = 0.
. A
J t

Fig. 1. Sketch of an s-wave superconductor with the tight-binding chain
emulation interacting with a Kondo impurity via antiferromagnetic ex-
change interaction. A is the superconducting gap and J > 0 the Kondo
coupling strength. The spin-1/2 impurity is marked by the red dot and
it interacts directly with the first site of the tight-binding chain.

We take the tight-binding chain emulation of the s-wave
superconductor, as presented in Fig. 1, in which case the model
Hamiltonian Hgcs = Hy + Hy is transformed into the forms as

follows:

Hy = —tz c:-rcclur] s +hc.),

HA_AZ ,Tclﬁhc 2)
Here, cjc (cic) represents the creation (annihilation) operator

of an electron at the ith site and ¢ the hopping integral between
the nearest-neighbor sites.

When a Kondo impurity interacts with the s-wave super-
conductor by antiferromagnetic exchange interaction, the total
Hamiltonian is then obtained by H = Hpcs + Hkondo With

HKondo = JSO +81. (3)

As schematically shown in Fig. 1, the impurity spin Sy is cou-
pled to the electron spin s; = %Zaﬁ CIaUaﬁclﬁ at the first
site via antiferromagnetic Kondo coupling J > 0 with o repre-
senting the vector of Pauli matrices. The usual dimensionless
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coupling is given by jo = poJ, here pp = 1/t is the density
of states at the Fermi energy for the superconductor in the nor-
mal phase (A = 0). Then the Kondo temperature is defined
as Tg = Dy/joe /%0 for weak coupling with jo < 1, where
D = 2t denotes the half-bandwidth of conduction electrons.
For a fixed Kondo coupling J, as the superconducting gap A
increases from zero, it is predicted that a quantum phase tran-
sition will occur at a critical point A.. In the case of A < A,
the system is in the Kondo phase with the ground state being
a Kondo singlet. On the contrary, in the regime of A > A, the
system is in the superconducting phase and the ground state is
a spin doublet.

On the other hand, for the total Hamiltonian H [Eqgs. (2)
and (3)], the total number of particles is not conserved, which
makes our numerical simulation inconvenient. In order to
avoid this technical inconvenience and employ the charge
U(1)charge Symmetry, we apply canonical transformations, a
Bogoliubov transformation followed by a particle-hole trans-
formation, to the total model Hamiltonian H. In specific,
the performed Bogoliubov transformation takes the following
forms:

1

1 =
t i i
biT = %(C‘W+Ci¢), bw = \ﬁ(ciT 7Ci$)' (4)

Under this transformation, the particles and holes combine
into the Bogoliubov quasi-particles with [b/,,b;g] = 8;j5up.
Afterwards, we next perform the particle-hole transformation:

szn,T = b;n,T’

Jon,y = boy

Fanetr=bam-11,

fon-1p =Dy 4, ©)

which makes an exchange between particle and hole for odd-
number “site” while keep even-number “site” unchanged. Ul-
timately, we obtain the final expression of the total Hamilto-
nian H = Hy + Hx + Hgondo With

Hy=—t Y (fifirro+he),

i=1,0
Hy =AY (D (fLfir+ £ fu 1),
i=1
HKondo = JSO : §1> (6)

where the impurity spin Sy = %Zaﬁ fgacraﬁ Jop and the elec-
tron spin §; = %Zaﬁ ffaaaﬁflﬁ with fOTG (flTG) denoting the
creation operator with spin ¢ at the impurity (first) site. Here,
we can verify that [ﬁa>f;ﬁ]+ = 0;j0qp and [fia, fipl+ = 0.
Therefore, for the final expression of H, the superconducting
interaction H, is transformed into a staggered potential with-
out changing the total number of particles. As a result, we
can thus block-diagonalize the total Hamiltonian H using both
the conservation laws of the total number of particles and the
z-component of the total spin.

2.2. Method

We used the NORG method (see Ref. [60] for details), a
quantum many-body approach without perturbation, to study
the Kondo problem in a superconductor. It has been demon-
strated that the NORG method works efficiently on quantum
impurity systems in the whole coupling regime and its effec-
tiveness is independent of any topological structure of the sys-
tems. The NORG method has been successfully used to study
the Kondo effect in several systems, such as the two-impurity
or multichannel Kondo problem in normal metals[®!-631 and
that in quantum spin Hall insulators. [®+-%0] This work extends
the application of NORG method to study the Kondo effect in
superconductors.

Generally, realization of the NORG method involves
a representation transformation through orbital rotations,
namely from the original representation into the natural or-
bitals (NOs) representation. Therefore, the NORG method
works in the Hilbert space constructed from a set of NOs,
which are associated with the eigenvectors of the single-
particle density matrix (or the correlation matrix).[00:67-73]
On the other hand, the associated eigenvalues of the single-
particle density matrix correspond to the occupancy numbers
of the NOs. A natural orbital is called an ANO if its occupancy
number deviates well from empty or full occupancy, otherwise
an inactive orbital. In a quantum impurity system, it has been
shown that the ANOs play substantial roles in constructing the
ground-state wave function, [00:62:64.660] \while the inactive NOs
are frozen as background. The number of ANOs is roughly
equal to that of the interacting impurities, which is the under-
lying basis for the NORG method working on quantum impu-
rity problems.

Specifically, in a lattice system with finite size L, one per-
1 Uil
here d;fl ( f;) represents the corresponding creator in the NOs

forms the representation transformation via d;, =

(site) representation and Ur .y is an unitary matrix diagonal-
izing the single-particle density matrix D defined by D;; =
(P| f; fi|¥) with |¥) a normalized many-body wave function
of the system. In practice, to efficiently realize the NORG ap-
proach, we only rotate the orbitals of the bath, i.e., only the
bath orbitals are transformed into NOs. As a result, the com-
putational cost needed in the simulation is about O(L?) and
hence we can solve hundreds of noninteracting bath sites with
any topological structures.

In the following calculations, we set the hopping integral
t as the energy unit with # = 1.0 and kept half-filling for the
conduction band. Here the system size was N = L+ 1 with
L = 4n denoting the size of tight-binding chain and the pe-
riodic boundary condition was adopted. All the calculations
=172

were carried out in the ground state subspace of S
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3. Numerical results
3.1. Impurity spin polarization

Firstly, we study the static property of the local impurity,
which is characterized by the impurity spin polarization (S§)
for the ground state. It is expected that the impurity spin will
be mostly quenched (or fully screened) without polarization in
the Kondo phase. On the contrary, in the case of (S§) = 1/2,
namely the impurity is maximum polarized, the impurity spin
is free without screened. Figure 2 presents the numerical re-
sult of (Sé), carried out in finite-size systems, with respect to
the superconducting gap A for different Kondo couplings.

0.50} (a) 0.50} (b)
PR
.W ""‘.‘
55 0.25 5 0.25
~ < L=200{
- L =280
« L=360
0 oo vesin 7 L=400 0 o9 o0 ecseen
0.001 501 0.1 0.001 001 0.1
A A

Fig. 2. The spin polarization (S§) at the impurity site with different Kondo
couplings (a) J =1 and (b) J = 1.2 for the ground state. As expected, the
impurity spin is not polarized with (S7) vanishing in the regime of A < AL,
meaning that not free local moment is formed at the impurity site and the im-
purity is fully screened in the Kondo phase. When A further increases, (Sf)
displays a jump to a finite value of (S§) < 1/2 at a critical superconducting gap
AL. Consequently, in the regime of A > AL, the local spin is partially polar-
ized, indicating that the impurity spin remains partially screened by quantum
fluctuations in the spin doublet phase.

From Fig. 2, the impurity spin polarization vanishes with
(S5) = 0 for small superconducting gap A, indicating that the
impurity is no polarized and there is no free local moment
formed at the impurity site in this case. However, as A fur-
ther increases, (Sj) displays a jump to a non-vanishing value
at a critical superconducting gap AL depending on the system
size L. Afterwards, when A goes beyond the critical point AL,
namely in the regime of A > AL, (S5) increases monotonously
with (S5) < 1/2. This illustrates that in the case of A > AL
in a finite-size system, the impurity spin is partially polarized
with residual local moment formed at the impurity site.

Moreover, the finite-size effect modifies the behavior of
the impurity spin polarization. Easily to see, the impurity spin
polarization (S§) always vanishes in the regime of A < AL for
systems of different sizes we calculated, meaning that the im-
purity spin is fully screened in the Kondo phase as expected.
In comparison, in the regime of A > AL, the impurity spin
polarization is inhibited by the system size L, as presented in
Fig. 2 that the value of (S§) at the critical point AX decreases
with L increasing. Consequently, in the thermodynamic limit
1/L — 0, the impurity spin polarization (Sf) is finite with
(S5) < 1/2 in the regime of A > A (A. denotes the critical
superconducting gap in the thermodynamic limit), indicating
that the impurity spin is partially polarized in the supercon-
ducting phase. Hence, it is demonstrated that the impurity spin

still remains partially screened by quantum fluctuations in the
spin doublet phase.

3.2. Impurity spin susceptibility

In order to verify the above scenario, the spin susceptibil-
ity at the impurity site, representing dynamical property of the
system, is further calculated. It is expected that the curve of
impurity spin susceptibility with respect to the superconduct-
ing gap is discontinuous, in correspondence with the behavior
of the impurity spin polarization.

We first consider the zero-temperature retarded Green’s
function Go(@ + in) at the impurity site in the Lehmann rep-
resentation,

1
Go(w+1in) = (0|5 ———— 5510 7
o(@+in) <|0a)+in—H+E0 0l0), @)
where |0) and Ej respectively represent the ground state and
the ground-state energy. The spin-excitation spectral function

at the impurity site )o(®) is then obtained by

. .
Xo(w) = —Enlg&lmGo(a)—km), (8)

and the zero-temperature impurity spin susceptibility Xjoc is
further defined by

Xloc = XO((D = O) 9)

In our simulations, the spectral function xo(®) is cal-
culated by the correction vector method!’+73! with a given
Lorentzian broadening 17 = ¢/L. Our numerical results of the
impurity spin susceptibility o for different Kondo couplings
in finite-size systems are plotted in Fig. 3.

30F (a) 30 (b)
ol —+ L =200 -
At o
20 x,..."‘-v”” 4 20f —~-L=280
g 17 o e L =360 s
2 Jpwr™ o £ | - L=400
10 || g 10 gy
m |[—"
H‘w‘ |
o o
0.001 0.01 0.1 0.001 0.01 0.1
A A

Fig. 3. The zero-temperature impurity spin susceptibility Xjoc calculated in
finite-size systems for Kondo couplings (a) / = 1 and (b) J = 1.2 with the
broadening factor = t/L. In the regime of A < AL, the susceptibility o
vanishes as expected, meaning that the impurity is fully screened in the Kondo
phase. As A increases, Xjoc jumps to a nonvanishing value at a critical super-
conducting gap AL, consistent with the behavior of the impurity spin polariza-
tion. In the regime of A > AL, the impurity spin susceptibility becomes finite
rather than divergent.

As presented in Fig. 3, in the regime of A < AL (AL de-
pends on the system size L), the impurity spin susceptibility
Xioc Vanishes as expected, meaning that the ground state is
a spin singlet with the impurity spin being fully screened by
the Kondo effect. As the superconducting gap A increases to
a critical point AL, xjoc jumps to a nonvanishing value, con-
sistent with the behavior of the impurity spin polarization as

expected. Afterwards, in the regime of A > AL, the impurity
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spin susceptibility becomes finite rather than divergent, which
is resulted from the finite-size effect.

Then we further determine the behavior of the impurity
spin susceptibility in the thermodynamic limit in the supercon-
ducting phase. Note that the size-dependent broadening factor
1 =t /L in our calculations decreases with increasing the sys-
tem size L, and finally 1 vanishes in the thermodynamic limit
L — oo. Figure 4 shows the zero-temperature spin-excitation
spectra ¥o(®) and spin susceptibility xoc at the impurity site
calculated in different finite-size systems for A > AL with
Kondo coupling J = 1.

102 . . .
(a) o A=0.01, L =200 40[ (b) —~A=0.01
1018 s A=0.01, L =320
—~—A=0.1, L=200 30 4
3 100 ——A=01,L=320 1 g
= 8
= q10-1} = 90 v
>
-2} —
10 101
-3
10755 200 300 400
w L

Fig. 4. (a) The zero-temperature spin-excitation spectra xo() for different
system sizes and (b) the spin susceptibility xjoc as a function of the system
size L at the impurity site. The numerical results are obtained using the broad-
ening factor ) = ¢/L with the Kondo coupling J = 1. Our numerical results
illustrate that the local spin susceptibility Yo at the impurity site diverges in
the superconducting phase in the thermodynamic limit.

From Fig. 4(a), in the case of A > ACL, the spin-excitation
spectra Yo(®) increases as the frequency @ — 0, implying
that the spin-excitation spectra Yo( — 0) becomes diver-
gent. On the other hand, for a fixed value of A with A > AL,
Xo(® — 0) increases with the system size L, meaning that the
spin-excitation spectra xo(@ — 0) tends to diverges for A > A,
in the thermodynamic limit. Moreover, as shown in Fig. 4(b),
in the case of A > A({‘, the L dependence of ), reveals that
Xloc increases linearly with the system size L, namely

Xioc o< L. (10)

Hence, we can conclude that in the regime of A > A,
lim Yioc — oo. (1T)
L—oo

This demonstrates that the local spin susceptibility o at the
impurity site diverges in the superconducting phase in the ther-
modynamic limit, which is consistent with the behavior of the
spin-excitation spectra xo(@ — 0). Here the divergent behav-
ior of Xjoc stems from the presence of residual local moment
formed at the impurity site in the superconducting phase.

3.3. Kondo screening cloud

We proceed to study the Kondo screening cloud in the
superconductor, which is manifested by the spin—spin correla-
tion between the impurity and the conduction electrons. We
introduce the integrity k of the Kondo cloud as in Ref. [55],

i.e., the screening ratio of the magnetic impurity, given by the
following form:

Y (So-si) = —%K‘. (12)

l

Here (Sy - s;) stands for the spin—spin correlation function be-
tween the impurity and the electrons at the ith site for the
ground state. If the integrity k¥ = 1, this means a complete
Kondo cloud is formed. Otherwise if k¥ < 1, the Kondo cloud
is non-integral or incomplete. The numerical result of the in-
tegrity k with respect to the superconducting gap A is plotted

in Fig. 5.
1.0f - ® s swssm (a) 1.0% > - % s-sanngemm (b) g
=L =200
L =280
¢ 0.5} +-L=3601 ¢ 0.5
L =400 '\
i .,
— AT e
or or
0.001 0.01 0.1 0.001 0.01 0.1
A A

Fig. 5. The integrity k of the Kondo cloud with respect to the superconduct-
ing gap A for the ground state with different Kondo couplings (a) / = 1 and
(b) J = 1.2. The integrity k¥ = 1 for small superconducting gap A, meaning
the Kondo cloud is complete in this regime. As A further increases and goes
beyond a critical point A, k exhibits a jump to a nonvanishing value of k¥ < 1.
This demonstrates that the Kondo cloud is even formed in the superconduct-
ing phase, but it is non-integral with the impurity spin being partially screened,
although the ground state is a spin doublet.

From Fig. 5, we can see that ¥ = 1 for small supercon-
ducting gap A, meaning the Kondo cloud is complete with the
impurity being fully screened in this regime. As A further
goes beyond a critical point AL, k exhibits a jump to a nonva-
nishing value of k < 1, illustrating that a non-integral Kondo
cloud is still formed around the impurity. Furthermore, the
finite-size effect influences the behavior of the Kondo cloud.
As presented in Fig. 5, in the regime of A > AL, the integrity
Kk is enhanced by the system size L. Consequently, in the ther-
modynamic limit 1/L — 0, k¥ becomes nonzero with k¥ < 1
in the case of A > A. (A represents the critical supercon-
ducting gap in the thermodynamic limit). Hence the Kondo
cloud is even formed in the superconducting phase, but it is
non-integral with the impurity spin being partially screened,
although the Kondo singlet is not formed in this phase, which
is in agreement with Ref. [55].

On the other hand, our numerical results illustrate that the
integrity x of the Kondo cloud is related to the impurity spin
polarization (Sf) by the following form:

k=1 _2<S(Z)>7 (13)

and equation (13) holds in the whole regime of the Kondo cou-
pling J. In particular, in the regime of Tx > A, i.e., in the
Kondo singlet phase, the magnetic impurity is fully screened
with (S§) = 0, leading to k = 1.
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To verify Eq. (13), we exploit the U(1)gpin symmetry and

the fact that the ground state |0) is an eigenstate of the total

Z

spin operator in the subspace of S;

, = 1/2, namely
1
Storal0) = (S5+ L5710} = 510). (14)
l

Multiplying Eq. (14) by (0|Sj from the left and using the
SU(2) symmetry with (0[(S5)%/0) = 1/4 and (0|S5s?|0) =
(1/3)(0].Sp - s;|0) yields immediately Eq. (13).

Nevertheless, when the calculations were carried out in

the ground-state subspace of S —1/2, our numerical re-

Z —
total —
sults (not shown) illustrate that

K= 1+2(83), (15)
with (S§) the impurity spin polarization for the ground state in
this case.
(a) (b)

0.010 0.012
sﬁ; _o

0.006 0.008

0.002 0.004

0  0.002 0.004 0.006 0  0.002 0.004 0.006

(L—Lo)~* (L—Lo)~!

Fig. 6. The finite size extrapolation to the thermodynamic limit L — o of the
critical superconducting gap A, with different Kondo couplings (a) J = 1 and
(b) J = 1.2. The line is determined by fitting AL calculated in finite-size sys-
tems (L = 200, 240, 280, 320, and 400) with formula AL = A. +a(L— L) ™!,
where A, a, and Ly are fitting parameters depending on the Kondo coupling J.
The fitting shows that A ~ 3.34 x 1073 with Ly = 30 for the Kondo coupling
J=1and A. = 5.37 x 1073 with Ly = 25 for J = 1.2.

Finally in this section, we quantify the critical supercon-
ducting gap Ac, at which point the quantum phase transition
occurs. Our numerical results of AL extracted from Kk curves
calculated for different values of L are plotted in Fig. 6. The
value of A, in the thermodynamic limit is obtained by the fi-
nite size extrapolation to L = oo by fitting, as presented by the
curves in Fig. 6. The fitting shows that (AL — A¢) o< (L—Lo) 7!,
where Ly is a fitting parameter depending on the Kondo cou-
pling J. Here, we emphasize that for moderate system sizes,
the interacting quantum impurity modifies the behavior of the
finite-size gap at the Fermi energy (which is proportional to
1/L for lager system sizes) as well as other quantities, a fitting
parameter Ly is thus introduced. From the fitting, we find that
A = 3.34 x 1073 with Ly = 30 for the Kondo coupling J = 1
and Ac ~ 5.37 x 1073 with Ly = 25 for J = 1.2.

To compare with previous results from NRG, we further
study the ratio T /A.. Here the Kondo temperature Tk is de-
fined as[316.76]

Ty = Fe /¢ (16)

in the strong coupling regime, where ¢ = 2J/(1 —3J?/4) and
F is a constant. Here, F = 1.5 x 1073 is determined numer-
ically to fit the NRG results in Ref. [37] with Tx /A ~ 0.3.

Our numerical results show that the ratio Tx /A = 0.3 for both
Kondo coupings J = 1 and J = 1.2, indicating that the ratio
Tk /Ae ~ 0.3, which is consistent with the NRG results.!*”!
Hence, it is demonstrated that the quantum phase transition
occurs around the critical point of (7x/A). ~ 0.3. In the case
of Tx /A > 0.3, the ground state is a Kondo singlet with the
quantum impurity being fully screened. On the contrary, in
the regime of Tx /A < 0.3, the ground state is a spin dou-
blet, while the impurity remains partially screened and a non-
integral Kondo cloud is formed.

3.4. Active natural orbitals

As we have emphasized, in a quantum impurity system,
the ANOs play essential roles in constructing the ground-state
wave function, while the inactive NOs are frozen as back-
ground. In this section, we thus focus on the number as well as
structures of the ANOs for the ground state, which are helpful
for clarifying the intrinsic structure of the many-body ground
state with strong correlation in such systems.

2.01 * 2.0 ]
““ —— np \
1.5 \ —ny 1.5
\ — N
1.0 1.0

05 [ 0.5 [
() A=0 | (b) A=0.006 \
0 0
90 100 110 90 100 110
Number of NOs Number of NOs
2.01 2] 2.0 poeoeooeeeses
1.5 1.5

90 100 110 90 100 110
Number of NOs Number of NOs

Fig. 7. Total occupancy number n (0 < n < 2.0) and the corresponding com-
ponent ng (0 < ng < 1.0) of the NOs for the ground state with different values
of the superconducting gap A. Here most of the NOs exponentially decay into
full occupancy with n = 2.0 or empty with n = 0, except two NOs of half-
occupied with n = 1.0. The corresponding component ns of the two NOs are
further examined, and it is illustrated that only one NO can be identified as an
ANO with ng deviates well from full occupancy or empty. The calculations
were carried out in the system of size L = 200 with the Kondo coupling J = 1,
in which the critical superconducting gap is around AL = 0.009.

In general, we identify an NO with both total occupancy
number n = ny +n| and the corresponding component 1, de-
viating well from full occupancy or empty to be an ANO. Fig-
ure 7 shows the total occupancy number n (0 < n < 2.0) and
the component ns (0 < ng < 1.0) of the NOs for different val-
ues of superconducting gap A. As we see, most of the NOs
exponentially rush into full occupancy with n = 2.0 or empty
with n = 0, meaning that they are inactive NOs. In compar-
isons, there are two NOs of half-occupied with total occupancy
number n = 1.0, suggesting that there exist two candidates for
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ANOs. We then further examine the corresponding compo-
nent ns of the two NOs, and our results show that only one
NO can be identified as an ANO with ns deviating well from
full occupancy or empty. Hence, in this sense, only one ANO
emerges for the ground state in the system of a conventional
superconductor interacting with a Kondo impurity, being the
same as that for the Kondo problem in a normal metal or a
topological insulator.

On the other hand, the corresponding component ns of
the ANO is expected to be affected by the superconducting
gap A. More specifically, as presented in Figs. 7(a) and 7(b),
in the regime of A < AL with AL ~ 0.009 for the system we
calculated, the components ny and ), of the ANO are always
hall-occupied with ns = 0.5, independent of the supercon-
ducting gap A. In comparisons, in the regime of A > AL, as
shown in Figs. 7(c) and 7(d), the component ny (n}) tends to
decrease (increase) to 0 (1.0) as the superconducting gap A in-
creases, meaning that the ANO tends to be inactive. Therefore,
the ANO keeps fully active with half-occupied in the Kondo
phase, while it tends to be inactive as the superconducting gap
A increases in the superconducting phase.

We proceed to clarify the structures of the ANO. To
this end, we project it into the real space (site representa-
tion, namely Wannier representation) and momentum space,
respectively. From the representation transformation d,i,c, =

0.15} (&)
—A=0,0="T
0.10 - A=0,0=1
® —— A=0.006, 0 ="T
e —— A=0.006, 0=

Site 14
0.6 (¢)
7
0.4[4 ——A=0.012,0="
T —~—A=0.012,0=1
2 ——A=01,0="1
3 ——A=0.1,0=14
0.2}
of 20m6 ; .
0 10 20 30 40

Site i

Z,'L=1 U,};io fL (d;a represents the creation operator with spin &
at the i-th site in the NOs representation) involved in the real-
ization of the NORG, we obtain the amplitude w;,;c of the
m-th NO projected into the i-th Wannier orbital in the real
space with wyie = |Unti6|2. Similarly, the amplitude 04
of the m-th NO projected into a Bloch state with wave vec-
tor k in the momentum space can be obtained by the Fourier
transform of operators flTG = ﬁZk e ik f,jG, and finally we
i

Lyl aiklyyt
get Ois = |z Xm0

o of the ANO respectively projected into the real space and

The amplitudes w;s and

momentum space for different superconducting gaps are pre-
sented in Fig. 8.

From Figs. 8(a) and 8(b), in the regime of A < AL
with ACL ~ 0.009 for the system we calculated, we find that
wit = wj| (0% = Ok), meaning that the projection wis (Qs)
is spin-independent in this case. Furthermore, as we see, all
the sites (Wannier orbitals) in the real space and all the single-
particle states (low-energy excitations or higher energies) in
the momentum space respectively participate to constituting
the ANO, the same as that in a normal metal.[0?! Additionally,
our numerical results illustrate that the effect of the supercon-
ducting gap A on the structures of the ANO is negligible in
this regime, as shown in Figs. 8(a) and 8(b) that the ampli-
tudes w;s and o4 for A = 0 are nearly equivalent to those for
A = 0.006.

100

b +A:O, =1
» (b) ~A=0,0=1
10-1F -~ A=0.006, o = 11
p A=0.006, 0 =
. 10-2f ]
8
1073
104 b
10-5E : )
0 0.5 1.0
k/m
0
10 { (d)
10-2f -
3
1074‘- ) o
 m———— e A—0.012, 0= 1 ]
VN A=0.012, 0= {
10-6} f = A=01,0=T 1
- P A=01,0=1 ]
0 0.5 1.0
k/m

Fig. 8. The amplitudes w;s and 0y of the ANO respectively projected into the real space and momentum space for different superconducting
gaps. Structures of the ANO in the regime of A < AL is distinct from that in the regime of A > AL. Our numerical results were obtained in the
system of size L = 200 with the Kondo coupling J = 1 with the critical superconducting gap AL ~0.009. The Fermi energy of the tight-binding
chain we used is & = 0 with the Fermi wave vector kg = £7/2, and the corresponding dispersion relation is given by & = —2¢cos(k).

When the superconducting gap A further increases and
goes beyond the critical point A, the ANO displays different
structures from that for A < AL. As presented in Figs. 8(c) and

8(d), in the regime of A > ACL, the structures of the ANO are
spin resolved with the amplitudes w;; # w;; and gy # 0.
Specifically, the amplitude w;s of the ANO projected into
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the first site, which couples directly with the magnetic impu-
rity, becomes dominant, while the others decay dramatically
with site i. This indicates that the ANO is localized in the
real space. In the momentum space, the single-particle states
above the Fermi energy dominantly compose the ANO for up
spin with the amplitude &~ z/2) 1+ > Qx<zn/2)+- On the con-
trary, the ANO for down spin is dominantly constituted by the
single-particle states below the Fermi energy with the ampli-
tude Xp<r/2),l > Xk>m/2),1

Furthermore, we focus on the component that domi-
nantly composes the ANO in the momentum space for A >
AL, namely the amplitudes Qi>n/2),+ and Qrcg2),- From
Fig. 8(d), the projection O~z/2)+ [Ok<z/2),1] 1s enhanced
by the superconducting gap A when the wave vector k devi-
ates well from the Fermi wave vector kg = 7/2, while it is
suppressed by A when k is near kg = 7/2. Consequently, as
the superconducting gap increases, the weight of the single-
particle states with up spin (down spin) above (below) the
Fermi energy increases, while that around the Fermi energy
decreases. Therefore, in the regime of A > ACL, structures of
the ANO change significantly with the superconducting gap A
increasing.

Hence in the system of a conventional superconductor in-
teracting with a Kondo impurity, only one ANO emerges for
the ground state, equal to the number of magnetic impurities.
And our results clearly show that the structures of the ANO in
the Kondo phase with A <« Tx are distinct from that in the su-
perconducting phase with A > Tk. Specifically, in the Kondo
phase, the ANO keeps fully active with half-occupied, and the
superconducting gap has negligible influence on its structure.
In contrast, in the superconducting phase, as the superconduct-
ing gap increases, the ANO tends to be inactive and its struc-
ture changes significantly.

4. Summary

In summary, using the NORG method, we have studied
the problem of a quantum magnetic impurity coupled with a
conventional s-wave superconductor. Here we presented a de-
tailed study focusing on the impurity spin polarization and sus-
ceptibility, the Kondo screening cloud, as well as the number
and structure of the ANOs.

We first considered the static and dynamical properties
of the local impurity, characterized by the impurity spin po-
larization and spin susceptibility, respectively. Our numerical
results clearly show that in the superconducting phase, the im-
purity spin is partially polarized, indicating that the quantum
impurity remains partially screened by the quantum fluctua-
tions, although the ground state is a spin doublet with the lack
of electrons at the Fermi level in this phase. Furthermore, the
impurity spin susceptibility tends to diverge, due to the pres-
ence of residual local moment formed at the impurity site.

Correspondingly, it is demonstrated that the Kondo cloud,
manifested by the spin—spin correlation between the impu-
rity and the conduction electrons, does exist in both quan-
tum phases. In the Kondo phase, a complete Kondo cloud is
formed as expected. In contrast, in the superconducting phase,
the Kondo cloud becomes non-integral (incomplete) with the
impurity being partially screened, even though that the Kondo
effect is suppressed by the superconducting gap. Addition-
ally, we quantified the critical point (Tx /A). ~ 0.3, where the
quantum phase transition from a Kondo phase to a supercon-
ducting phase occurs, which is consistent with previous NRG
results.

Finally, the number and structure of the ANOs for the
ground state were analyzed, which are helpful for clarifying
the intrinsic structure of the many-body ground state with
strong correlation in such systems. We show that only one
ANO emerges in the system, equal to the number of the quan-
tum impurities interacting with the superconductor. Structures
of the ANO, which are distinct in the two different phases, are
further displayed by their projections into the real space and
momentum space. Specifically, in the Kondo phase, the ANO
keeps fully active with half-occupied, and the superconduct-
ing gap has negligible influence on its structure. In contrast,
in the superconducting phase, as the superconducting gap in-
creases, the ANO tends to be inactive and its structure changes
significantly.

On the other hand, our simulation shows that the NORG
method is reliable and convenient to solve the quantum im-
purity problems in the superconductors as well, not limited
to such problems in normal metals or topological insulators.
Hence our investigation will promote further theoretical stud-
ies on the Kondo problems in the superconductor systems,
such as in the topological superconductors, employing quan-
tum many-body numerical methods.
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