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A scheme is proposed based on a Mach–Zehnder interferometer with high phase sensitivity, utilizing a two-mode
squeezed coherent state, generated by four-wave mixing, as input. The phase sensitivity of this scheme easily surpasses the
Heisenberg limit when intensity difference detection is applied. Under phase-matching conditions, the quantum Cramér–
Rao bound significantly exceeds the Heisenberg limit. Additionally, the scheme exhibits robustness against photon loss.
When compared with the modified SU(1,1) interferometer with two coherent state inputs, this approach demonstrates
superior measurement sensitivity, evaluated through various detection methods and the quantum Cramér–Rao bound. This
work holds potential applications in quantum metrology.
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1. Introduction

The widely studied Mach–Zehnder interferometer (MZI)
is one of the most crucial optical interferometers in quantum
information.[1–3] It is commonly used to estimate tiny phase
shifts in quantum precision measurements.[4–9] Zuo et al. ex-
perimentally demonstrated that employing an MZI enables the
measurement of detectable phase shifts surpassing the shot-
noise limit (SNL).[10] An MZI consists of two beam splitters
(BSs) and two paths of equal length. When the input to an MZI
is two coherent beams, the measurement sensitivity is limited
by the SNL.[11]

Many research groups have achieved higher precision by
introducing various input states, such as two-mode squeezed
vacuum states,[11,12] NOON states,[13] twin Fock states and
so on.[14–19] With these modifications, the phase sensitivity
of the MZI can surpass the SNL and even reach the Heisen-
berg limit (HL). In this context, beating the HL has become a
pressing issue for researchers. Numerous attempts and diverse
approaches have been explored to achieve this goal.[15,20–23] It
has been predicted that the phase sensitivity of an MZI could
reach the HL with the input of a single-mode squeezed vac-
uum beam.[21,24,25] Moreover, efforts have been made to en-
hance the degree of squeezing of the input states for higher
precision.[9,26–30]

On the other hand, surpassing the HL can also be achieved
by adopting different detection methods, such as balanced ho-

modyne detection,[31] parity detection,[9] intensity difference
detection (IDD)[32,33] and intensity sum detection.[34] How-
ever, in practical experiments, it is impossible to implement all
measurement methods simultaneously. To address this issue,
Braunstein and Caves introduced the quantum Cramér–Rao
bound (QCRB).[35] The QCRB provides the optimal theoret-
ical limit without relying on specific measurement strategies,
effectively solving the problem of experimentally exhausting
all possible detection methods. Therefore, in the field of pre-
cision measurement, the QCRB is frequently used to evaluate
the performance of different schemes.

In recent times, numerous precision measurement works
based on an MZI have been published. These studies em-
ployed various input states and achieved notable phase sensi-
tivity with different detection methods, as well as with respect
to the QCRB.[36] For example, Zhang et al. selected a multi-
photon catalysis two-mode squeezed vacuum state as the input
state, which improved the phase sensitivity.[9] Ataman et al.
chose two coherent light beams as the input state, and used two
different detection methods to reach the QCRB.[37] Liu et al.
employed a squeezed coherent light beam along with vacuum
light in their scheme, achieving phase sensitivity that beats
the SNL.[38] Zhang et al. applied a number-conserving gen-
eralized superposition of product operations on a two-mode
squeezed vacuum state as the input to the MZI to obtain phase
sensitivity that can consistently surpass the SNL.[39] Haldar et
al. employed a two-mode squeezed coherent state as the input
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and introduced losses in both arms of an MZI to investigate in-
ternal losses. Their work provided an in-depth analysis in this
area.[23] In contrast to previous studies, our research focuses
more on the ultimate precision achievable with the two-mode
squeezed coherent state and the conditions required to reach
such high precision. To this end, we introduce the QCRB,
SNL and HL as benchmarks, which allows us to explore the
problem from multiple perspectives. Moreover, while study-
ing losses we concentrate on external losses at the detection
stage, thus addressing a gap that has been less explored in ear-
lier research.

In this paper, we utilize a two-mode squeezed coher-
ent state as the input to the MZI and investigate the phase-
matching relation by studying the phase of the input light. Liu
et al. experimentally implemented the relation.[40] This rela-
tion helps identify the point of phase sensitivity that can sur-
pass the SNL and the HL. We calculate the QCRB to evalu-
ate the ultimate accuracy of our scheme by studying multiple
parameter combinations. On the other hand, photon loss is
inevitable in practical applications. Therefore, we also study
the effect of photon loss on phase sensitivity by placing ficti-
tious beam splitters (FBSs) in front of the detectors to simulate
photon loss. Additionally, we compare our scheme with exist-
ing ones, such as a phase-insensitive modified SU(1,1) inter-
ferometer based on two coherent-state inputs.[41] Our scheme
exhibits superior phase sensitivity at low photon numbers.

This paper is arranged as follows. In Section 2, we be-

gin by presenting the fundamental structure of the MZI and
its input–output relationship. Then, we consider the input
state to be a two-mode squeezed coherent state generated by
four-wave mixing (FWM) and derive the corresponding out-
put state. The phase sensitivity is evaluated by the intensity-
difference detection method. In Section 3, we compare the
phase sensitivity, the QCRB, the SNL and the HL. We inves-
tigate the dependence of phase sensitivity on different experi-
mental parameters and establish the phase-matching relation-
ship. We also analyze the system’s tolerance to photon loss. In
Section 4, we compare our scheme with existing ones. Finally,
in Section 5, we summarize our work.

2. Measurement sensitivities of an MZI
In this section, as the foundation of our measurement

scheme, we first introduce the configuration of an MZI with
two coherent states. Then, we describe our MZI scheme based
on a two-mode squeezed coherent state generated by FWM.

2.1. MZI with two coherent states

A schematic of an MZI with two coherent states is shown
in Fig. 1, where two coherent modes interact at the first 50:50
BS without passing through the FWM section indicated by the
first dashed part. Two phase shifters are placed in the two arms
of the interferometer. After the phase shifts φ1 and φ2, the two
beams are combined at the second 50:50 BS and are finally
detected by the detectors for intensity measurement.

Phase shift

Rb cell

Mirror

Detector

50 50 BSInput state Mach-Zehnder interferometer Detection

FWM

Pump

Block

θ

Fig. 1. Two coherent beams pass through a Rb cell to produce a two-mode squeezed coherent state that serves as the input of the MZI. The
output states of the MZI are then subjected to intensity difference detection by the detectors. θ is the total phase shift of the FWM. φ1 and φ2
are the phase shifts of the phase shifters. We set φ1 = φ and φ2 = 0. FWM, four-wave mixing; BS, 50:50 beam splitter.

The relation between the output and input modes of the
first 50:50 BS is given by

â2 =
1√
2

â1 + i
1√
2

b̂1, (1)

b̂2 = i
1√
2

â1 +
1√
2

b̂1, (2)

where â1 and b̂1 represent the two input modes and the light
intensities are Ia1 = 〈â

†
1â1〉 and Ib1 = 〈b̂

†
1b̂1〉. In this part, we

set the phase φ1 = φ , φ2 = 0. We focus on the phase difference
between the two arms.

Subsequently, the two beams go through the phase
shifters: â3 = â2 e iφ , b̂3 = b̂2. Then they combine on the sec-
ond BS; the output modes are

â4 =
1√
2

â3 + i
1√
2

b̂3 =
â1

2
(e iφ −1)+ i

b̂1

2
(e iφ +1), (3)

b̂4 = i
1√
2

â3 +
1√
2

b̂3 = i
â1

2
(e iφ +1)+

b̂1

2
(1− e iφ ). (4)

According to Eqs. (3) and (4), the intensities of the two
output modes from the second BS of the interferometer are
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respectively given by

〈Îa4〉 = 〈â
†
4â4〉

=
1− cosφ

2
〈â†

1â1〉+
sinφ

2
〈â†

1b̂1〉

+
sinφ

2
〈b̂†

1â1〉+
1+ cosφ

2
〈b̂†

1b̂1〉, (5)

〈Îb4〉 = 〈b̂
†
4b̂4〉

=
1+ cosφ

2
〈â†

1â1〉−
sinφ

2
〈â†

1b̂1〉

− sinφ

2
〈b̂†

1â1〉+
1− cosφ

2
〈b̂†

1b̂1〉, (6)

where âi, b̂i, â†
i and b̂†

i (i = 2, 3, 4) are annihilation and cre-
ation operators of the modes during the process.

2.2. MZI with a two-mode squeezed coherent state

Next, we consider a two-mode squeezed coherent state
as the input of the MZI; this is generated by the FWM in the
dashed box in Fig. 1. The generated two-mode squeezed state
then passes through the MZI.

The relation between the output and input modes of the
FWM process is given by[38,42]

â1 = coshrâ0 + e iθ sinhrb̂†
0, (7)

b̂1 = e iθ sinhrâ†
0 + coshrb̂0, (8)

where r is the parametric strength and θ is the total phase shift
of the FWM. â0, b̂0, â†

0 and b̂†
0 are annihilation and creation op-

erators of the input probe modes. For the coherent input beam,
we have 〈â0〉 = e iθa |αa|, 〈b̂0〉 = e iθb |αb|, 〈â†

0〉 = e−iθa |αa|,
〈b̂†

0〉= e−iθb |αb|, Na = |αa|2 and Nb = |αb|2, where Na, Nb, θa

and θb represent the photon numbers and phases of the input
light, respectively. After the FWM process, the total photon
number of the amplified probe beams is

N = Ia1 + Ib1

= (cosh2 r+ sinh2 r)(Na +Nb)+2sinh2 r

+4coshr sinhr
√

NaNb cos(θ −θa−θb). (9)

The input state must satisfy the condition N ≥ 1. The SNL and
HL are 1/

√
N and 1/N,[12] respectively. The output inten-

sity of the interferometer can be obtained by simultaneously
solving Eqs. (5)–(8). To achieve the optimal phase sensitivity,
we introduce the QCRB (see Appendix A for details),[43–48]

which is given by

(∆φd)
2 ≥ 1

F
, F =

FddFss−FdsFsd

Fss
, (10)

where Fdd, Fds, Fsd and Fss are the difference–difference,
difference–sum, sum–difference and sum–sum Fisher matrix
elements of F , which are given by

Fdd = Fss

= [(1+8sinh2 r+8sinh4 r)](Na +Nb)

+8[cosh3 r sinhr+ coshr sinh3 r]

×
√

NaNb cos(θ −θa−θb)+4[sinh2 r+ sinh4 r],

Fds = Fsd

= 4Na[cosh3 r sinhr+ coshr sinh3 r]sin(θ −2θa)

−4Nb[cosh3 r sinhr+ coshr sinh3 r]sin(θ −2θb)

−2
√

NaNb[cosh4 r+6cosh2 r sinh2 r

+ sinh4 r]sin(θa−θb). (11)

As indicated by Eq. (11), ∆φd decreases as F increases.
By substituting Eq. (11) into Eq. (10), we find that to mini-
mize ∆φd we need to maximize F . Since Fdd and Fds are larger
than 0, to maximize F we need to maximize Fdd and minimize
Fds. Achieving the maximum value of F requires θ−θa−θb =

2kπ , θ − 2θa = kπ , θ − 2θb = kπ and θa−θb = kπ , where k
is an integer. In this case, the QCRB can be written as

∆φQCRB = (∆φd)min =
1√
Fdd

. (12)

2.3. Intensity difference detection

In this work, we employ the intensity difference detection
method to obtain the phase sensitivity. The intensity difference
of the output of the MZI is given by

Î− = â†
4â4− b̂†

4b̂4. (13)

The observable Î− depends on the parameter φ , which is
the phase shift in the MZI. The expectation value of Î− is
〈Î−(φ)〉= 〈ψin|Î−(φ)|ψin〉, which is

〈Î−〉= 〈ψin|â†
4â4− b̂†

4b̂4|ψin〉. (14)

The phase sensitivity is given by

∆φ =
∆Î−
| ∂

∂φ
〈Î−〉|

, (15)

where ∆Î− = [〈Î2
−〉− 〈Î−〉2]1/2 is the standard deviation of Î−.

To evaluate ∆φ , we need to calculate the numerator and the
denominator in Eq. (15). First, the square of the numerator is
given by

∆
2 Î− = 〈Î2

−〉−〈Î−〉2

= (Na +Nb)+4sin2
φ(cosh4 r− cosh2 r)

×(2Na +2Nb +1)

+2sin(2φ)coshr sinhr[Nb cos(θ −2θb)

−Na cos(θ −2θa)]

+8sin2
φ coshr sinhr(cosh2 r+ sinh2 r)

×
√

NaNb cos(θ −θa−θb). (16)

To estimate the phase sensitivity in Eq. (15), we need the ab-
solute value of the derivative∣∣∣∣ ∂

∂φ
〈Î−〉

∣∣∣∣ = |sinφ(Na−Nb)
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+2cosφ coshr sinhr[cos(θ −2θa)

+ cos(θ −2θb)]

+2cosφ(cosh2 r+ sinh2 r)
√

NaNb

× cos(θa−θb)|. (17)

Therefore, for a specific two-mode squeezed coherent
input state we can calculate the phase sensitivity based on
Eqs. (16) and (17). The detailed results are elaborated in the
next section.

3. Discussion on phase sensitivity
The quantum Fisher information associated with the well-

known QCRB has been widely used to study phase sensitivity
in quantum metrology.[43] In this section, we discuss the vari-
ous factors that can improve phase sensitivity.

3.1. Phase sensitivity versus different input parameters

We need to optimize the six parameters in Eq. (15), which
define the two-mode squeezed coherent state, to find the opti-
mal phase point. In the following, as shown in Fig. 2, we
analyze the effects of these six parameters on the phase sensi-
tivity.

In Fig. 2(a), we optimize the six parameters (Na, Nb, r,

θ , θa and θb) to obtain the point of phase sensitivity by IDD,
which can beat the SNL and the HL. When Na = Nb = 0.3,
r = 0.256 and θ = θa = θb = π/10, the minimum point of
phase sensitivity by IDD can easily surpass the SNL. At this
point N ≥ 1, satisfying the condition of our scheme. Addition-
ally, the QCRB is significantly lower than both the SNL and
the HL.

In Fig. 2(b), we investigate the effect of Na on the phase
sensitivity. r, θ , θa, θb and Nb take the same values as those in
Fig. 2(a). For each Na, we vary φ and find the minimum of the
phase sensitivity by IDD. It is observed that as Na increases all
four quantities decrease. At the intersection point of the SNL
and the HL, Na = 0.24. The total photon number of the input
modes, expressed in Eq. (9), is N = 1.

In Fig. 2(c), we show the phase sensitivity versus the para-
metric strength r. Apart from the blue line representing the
SNL, the other lines eventually converge. However, it is im-
portant to note that the phase sensitivity is lower than the HL
when r < 0.43. When r < 0.81, the QCRB is lower than the
HL.

Finally, the effect of θ is studied in Fig. 2(d). As θ varies
between 0 and 2π , the sensitivity fluctuates and becomes the
minimum at θ = π/4.
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Fig. 2. Phase sensitivity versus phase shift φ (a), photon number Na (b), parametric strength r (c) and total phase shift of the FWM θ (d). In
(a), Na = Nb = 0.3, r = 0.256 and θ = θa = θb = π/10. In (b)–(d), other parameters are set the same as those in (a). IDD, intensity difference
detection; SNL, shot noise limit; HL, Heisenberg limit; QCRB, quantum Cramér–Rao bound.

The phase sensitivity of the interferometer increases with
the increase of the photon number. As shown in Fig. 3, when
the photon number is sufficiently large the scheme does not
surpass the HL; instead, the phase sensitivity lies between the
SNL and the HL. We further investigate the effect of photon
numbers Na and Nb on the phase sensitivity in Fig. 4. As Na

and Nb increase, the phase sensitivity improves. Meanwhile,
the phase sensitivity is symmetrically distributed with respect
to Na and Nb, which means that photon numbers Na and Nb

have an equal influence on the phase sensitivity.
Next, we study the phase-matching condition between

θa and θb in Fig. 5. We introduce the relative HL detection
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sensitivity (RHLDS), which is the difference between the HL
and the phase sensitivity. A positive RHLDS means that the
phase sensitivity surpasses the HL. In Fig. 5, the red, purple
and blue lines represent the optimal phase points. We can see
that at the optimal phase points θa and θa satisfy the relation
θa− θb = kπ , where k is an integer. Such a phase-matching
condition was verified in Eq. (14).
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Fig. 3. Phase sensitivity versus photon numbers Na and Nb with
r = 0.256 and θ = 2θa = 2θb = π/10.

Photon number Na

P
h
o
to

n
 n

u
m

b
e
r 

N
b

0

0.2

0.4

0.8

0.6

1.02.0

1.5

1.0

0.5

0
0 0.5 1.0 2.01.5

Fig. 4. Phase sensitivity versus photon numbers Na and Nb with r = 0.4
and θ = 2θa = 2θb = π/5.
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θb. A positive RHLDS means that the phase sensitivity surpasses the HL.
Na = Nb = 3 and θ = π/5. The red line represents θa = θb, the purple line
represents θa = θb +π and the blue line represents θa = θb−π .

We further examine the effects of the parametric strength
r and the total phase shift θ on RHLDS to facilitate identify-
ing the optimal phase point. As shown in Fig. 6, the black line
represents the points where RHLDS is equal to zero. We can

see from Fig. 6 that when the total phase shift θ is small, the
RHLDS is greater than 0 for r between 0 and 2.
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Fig. 6. Relative Heisenberg limit detection sensitivity versus parametric
strength r and total phase shift θ . Na =Nb = 0.3 and θa = θb = π/10. The
black dashed line represents the case when the phase sensitivity equals the
HL. The regions above zero indicate superior phase sensitivity.

3.2. Effect of photon loss on phase sensitivity

Photon loss occurs during the detection process due to the
nonideal efficiency of the detectors. In the following, we use
FBSs to simulate photon loss.[32] The detection inefficiency
can be equivalently modeled as the transmissivity of the FBSs
placed before the detectors. Therefore, detector inefficiency
can be incorporated into the error propagation formula.
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^
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^

^

′

′

Fig. 7. Two fictitious beam splitters (FBSs) are placed before the de-
tectors to simulate photon loss. v̂1, v̂2, v̂3 and v̂4 represent two vacuum
beams. BS, beam splitter.

As shown in Fig. 7, we add two FBSs in front of the de-
tectors to simulate detection loss. These FBSs have transmis-
sivities denoted by T1, T2, T3 and T4, respectively. The output
of the FBSs can be expressed by the following equation:

â′3 =
√

T1â3 +
√

1−T1v̂1, b̂′3 =
√

T2b̂3 +
√

1−T2v̂2,

â5 =
√

T3â4 +
√

1−T3v̂3, b̂5 =
√

T4b̂4 +
√

1−T4v̂4, (18)

where v̂1, v̂2, v̂3 and v̂4 are vacuum states in the input ports of
the FBSs, â′3, b̂′3, â5 and b̂5 are the outputs after the FBSs. To
simplify the calculation, we assume that the transmissivity on
both sides is Te = T3 = T4, which means external loss. Simi-
larly, we assume that the internal transmissivity is Ti = T1 = T2,
which means internal loss. So the slope of the intensity differ-
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ence is expressed as

∂ 〈Îa5 − Îb5〉
∂φ

=
∂ 〈â†

5â5− b̂†
5b̂5〉

∂φ

=
∂P11

∂φ
(Na e i2θa)+

∂P12

∂φ
(1+Na)+

∂P21

∂φ
Na

+
∂P22

∂φ
(Na e−i2θa)+

∂P13

∂φ
(
√

NaNb e i(θa+θb))

+
∂P14

∂φ
(
√

NaNb e i(θa−θb))+
∂P23

∂φ
(
√

NaNb e−i(θa−θb))

+
∂P24

∂φ
e−i(θa+θb))+

∂P31

∂φ
(
√

NaNb e i(θa+θb))

+
∂P32

∂φ
(
√

NaNb e−i(θa−θb))+
∂P33

∂φ
(Nb e i2θb)

+
∂P34

∂φ
(1+Nb)+

∂P43

∂φ
Nb +

∂P44

∂φ
(Nb e−i2θb)

+
∂P41

∂φ
(
√

NaNb e i(θa−θb))+
∂P42

∂φ
(
√

NaNb e−i(θa+θb)),

(19)

where Pjk with ( j,k = 1,2,3,4) are parameters that depend on
Ti and Te. The variance of the intensity difference can be writ-
ten as

∆
2 Î = 〈(Ia5 − Ib5)

2〉−〈Ia5 − Ib5〉
2

= 〈â0â0〉L1 + 〈b̂0b̂0〉L2 + 〈â†
0â†

0〉L3 + 〈b̂†
0b̂†

0〉L4

+〈b̂0â†
0〉L5 + 〈b̂†

0â0〉L6 + 〈b̂0â0〉L7 + 〈b̂†
0â†

0〉L8

+NaL9 +NbL10 +L11. (20)

In the special case where internal losses are neglected and only
external losses are considered, Eq. (19) can be simplified to∣∣∣∣ ∂

∂φ
〈Î−Te〉

∣∣∣∣= Te

∣∣∣∣ ∂

∂φ
〈Î−〉

∣∣∣∣ . (21)

Similarly, by setting Ti = 1, we effectively isolate the effect of
external losses, allowing Eq. (20) to be simplified to

∆
2 Î−Te = T 2

e [(Na +Nb)+4sin2
φ(cosh4 r− cosh2 r)

×(2Na +2Nb +1)

+2sin(2φ)coshr sinhr[Nb cos(θ −2θb)

× −Na cos(θ −θa)]

+8sin2
φ coshr sinhr(cosh2 r+ sinh2 r)

×
√

NaNb cos(θ −θa−θb)]

+Te(1−Te)[(cosh2 r+ sinh2 r)

×(Na +Nb)+2sinh2 r

+4coshr sinhr
√

NaNb cos(θ −θa−θb)], (22)

where the detailed derivations the corresponding formulae are
provided in Appendix B.
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Fig. 8. (a) Phase sensitivity versus external transmissivity Te. (b) Max-
imum allowable loss versus parametric strength r, photon number Na
and Nb. The red line represents Na = Nb = 0.2 and the black line repre-
sents Na = Nb = 0.3. θ = 2θa = 2θb = π/5.
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Figure 8 shows the influence of external transmissivity
without internal loss on phase sensitivity. In Fig. 8(a), the red
and black lines represent the cases when the photon number
Na = Nb = 0.2 and Na = Nb = 0.3, respectively. Therefore, as
the photon number increases the phase sensitivity improves.
Figure 8(b) plots the maximum allowable loss versus the para-
metric strength r for different photon numbers. Here the max-
imum allowable loss is the loss below which the phase sensi-
tivity surpasses the SNL.

Figure 9(a) illustrates the variation in phase sensitivity
considering only internal losses, as well as the impact of pho-
ton number on loss tolerance. It can be observed that although
an increase in photon number improves precision, it simultane-
ously reduces tolerance to loss. Figure 9(b) shows the effect of
different photon numbers on phase sensitivity in the presence
of both internal and external losses. This scenario is more ex-
perimentally relevant, as both types of losses are unavoidable
in practical implementations.

4. Comparison
In this section, we compare our scheme with some exist-

ing proposals. In Ref. [49], the authors proposed a scheme
which used an MZI with a single-mode squeezed vacuum
state as input, and achieved a phase sensitivity below the sub-
shot-noise limit. This scheme utilized dark counts and var-
ious squeezed states. By harnessing the dark counts, it sur-
passed the HL. In comparison, our scheme employs a two-
mode squeezed coherent state and the IDD method to achieve
a higher phase sensitivity. In Ref. [9], another scheme that
employed an MZI with a two-mode squeezed vacuum state as
input and parity detection to enhance the phase sensitivity was
proposed. This scheme focused on leveraging the advantages
of multiphoton catalysis rather than phase sensitivity.

Another kind of interferometer which is commonly used
in precision measurement is the SU(1,1) interferometer. For
example, an SU(1,1) interferometer with a thermal state in-
put employing parity detection could surpass the SNL and
approach the HL.[50] This input state is different from the
squeezed states used in our scheme. Our scheme demonstrates
superior performance to those interferometers. By employ-
ing a more non-classical input state, our QCRB achieves ex-
tremely high precision, providing a significant advantage in
phase sensitivity. Moreover, our scheme achieves phase sen-
sitivity surpassing the HL by using intensity difference mea-
surement.

A similar input state was used in a modified SU(1,1) in-
terferometer by Zhang et al., as shown in Fig. 10.[41] Their ap-
proach employed two coherent states, whereas ours utilizes a
two-mode squeezed coherent state. Similar to their approach,
our input states are all subjected to an OPA before being fed
into a linear device, which means that we have the same input

mean photon number under the same input state and paramet-
ric strength. Therefore, we only need to ensure that the input
photon number and parametric strength of the two schemes
are the same in order to make a fair comparison. As shown
in Fig. 11, we compare our scheme with the modified SU(1,1)
interferometer in terms of phase sensitivity by different detec-
tion methods as well as QCRB. In Fig. 11(a) it can be ob-
served that when Na = Nb = 0.5 our scheme exhibits better
phase sensitivity, with mean photon number N = 11.48. Ad-
ditionally, as shown in Fig. 11(b), when Na = Nb ≤ 0.96, our
scheme achieves higher precision compared with the modified
SU(1,1) interferometer. Furthermore, when Na = Nb ≤ 1, the
QCRB of our scheme also demonstrates superior phase sensi-
tivity.

 Modified SU(1,1)

Pump
OPA

BS

Local oscillator

BS

PD

PD

Phase shifter

DetectionState preparation

φ
a0

b0

aout

bout

^

^

^

^

Fig. 10. Schematic of a modified SU(1,1) interferometer. OPA, optical
parametric amplifier; BS, beam splitter; PD, photon detector.
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Fig. 11. (a) Phase sensitivity versus parametric strength r and (b) pho-
ton number Na = Nb. θ = 2θa = 2θb = π/5, Na = Nb = 0.5 in (a) and
r = 0.8 in (b).
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5. Conclusion
In conclusion, a scheme based on an MZI with a two-

mode squeezed coherent state input is proposed in this paper.
By analyzing the impact of the parameters on phase sensitiv-
ity, we identify the points where the phase sensitivity most
significantly surpasses the HL, as well as the corresponding
phase-matching condition. Through optimization of the input
state, we demonstrate that the phase sensitivity of our scheme
with IDD can surpass the HL. We then investigate the impact
of photon loss on phase sensitivity under the phase-matching
condition, showing that our scheme exhibits robustness against
photon loss. Moreover, it achieves higher accuracy at low pho-
ton numbers compared with existing schemes. Our work fills
a gap in the study of phase sensitivity in MZIs with two-mode
squeezed coherent state input and provides valuable insights
for the advancement of precision measurement.

Appendix A: Derivation of the QCRB
The QCRB is given by

(∆φQCRB)
2 ≥ (MF(φ))−1, (A1)

where ∆φQCRB is the variance of the parameter φ , M = 1 is the
number of measurements repeated and F(φ) is the quantum
Fisher information, which is given by

F =

[
Fj j Fjk
Fk j Fkk

]
, (A2)

where j, k ∈ (s,d). When the input is a pure state, the QCRB
can be written as

Fjk = 4Re(〈∂ jψ|∂kψ〉−〈∂ jψ|ψ〉〈ψ|∂kψ〉),[
∆2φs ∆φs∆φd
∆φd∆φs ∆2φd

]
≥ 1

DF

[
Fdd −Fsd
−Fds Fss

]
,

DF = FddFss−FdsFsd. (A3)

Appendix B: Analysis of the influence of photon
loss

In our study of internal and external losses we employ
FBSs to simulate the corresponding processes. The FBSs
placed before the second BS are arranged inside the interfer-
ometer to model internal losses, while those positioned after
the second BS, in front of the detectors, are used to simu-
late detection losses, i.e. external losses. After the FBSs, the
input–output relations are given by

â′3 =
√

T1 â3 +
√

1−T1 v̂1

=

√
T1√
2

e iφ coshr â0 + i
√

T1√
2

e iθ e iφ sinhr â†
0

+ i
√

T1√
2

e iφ coshr b̂0 +

√
T1√
2

e iθ e iφ sinhr b̂†
0

+
√

1−T1 v̂1, (B1)

b̂′3 =
√

T2 b̂3 +
√

1−T2 v̂2

= i
√

T2√
2

coshr â0 +

√
T2√
2

e iθ sinhr â†
0

+

√
T2√
2

coshr b̂0 + i
√

T2√
2

e iθ sinhr b̂†
0

+
√

1−T2 v̂2. (B2)

The modes â′3 and b̂′3, after entering the second BS, are trans-
formed into the interferometer outputs â4 and b̂4. These then
pass through the FBSs placed before the detectors, becoming
â5 and b̂5, and are finally detected by the PDs. After the sec-
ond BS, the input–output relationship is

â4 =
1√
2

â′3 + i
1√
2

b̂′3

=

(√
T1

2
e iφ coshr−

√
T2

2
coshr

)
â0

+

(
i
√

T1

2
e iθ e iφ sinhr+ i

√
T2

2
e iθ sinhr

)
â†

0

+

(
i
√

T1

2
e iφ coshr+

√
T2

2
coshr

)
b̂0

+

(√
T1

2
e iθ e iφ sinhr−

√
T2

2
e iθ sinhr

)
b̂†

0

+

√
1−T1√

2
v̂1 + i

√
1−T2√

2
v̂2, (B3)

b̂4 = i
1√
2

â′3 +
1√
2

b̂′3

=

(
i
√

T1

2
e iφ coshr+ i

√
T2

2
coshr

)
â0

+

(
−
√

T1

2
e iθ e iφ sinhr+

√
T2

2
e iθ sinhr

)
â†

0

+

(
−
√

T1

2
e iφ coshr+

√
T2

2
coshr

)
b̂0

+

(
i
√

T1

2
e iθ e iφ sinhr+ i

√
T2

2
e iθ sinhr

)
b̂†

0

+ i
√

1−T1√
2

v̂1 +

√
1−T2√

2
v̂2. (B4)

After passing through the second set of FBSs, which simulate
external losses, â5 and b̂5 are received by the PDs. Thus, they
undergo similar processes before detection. They can be given
by

â5 =
√

T3 â4 +
√

1−T3 v̂3

= M1â0 +M2â†
0 +M3b̂0 +M4b̂†

0

+M5v̂1 +M6v̂2 +M7v̂3, (B5)

and

b̂5 =
√

T4 b̂4 +
√

1−T4 v̂4

=W1â0 +W2â†
0 +W3b̂0 +W4b̂†

0

+W5v̂1 +W6v̂2 +W7v̂4, (B6)
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where W and M are parameters that depend on T1, T2, T3, T4, r and θ . After obtaining the output field operators, we can calculate
the corresponding intensities, which are then used to determine the phase sensitivity based on IDD. The final output intensity is
given by

Ia = â†
5â5 =M∗2 M1â0â0 +M∗2 M2â0â†

0 +M∗2 M3â0b̂0 +M∗2 M4â0b̂†
0 +M∗2 M5â0v̂1 +M∗2 M6â0v̂2 +M∗2 M7â0v̂3

+M∗1 M1â†
0â0 +M∗1 M2â†

0â†
0 +M∗1 M3â†

0b̂0 +M∗1 M4â†
0b̂†

0 +M∗1 M5â†
0v̂1 +M∗1 M6â†

0v̂2 +M∗1 M7â†
0v̂3

+M∗4 M1b̂0â0 +M∗4 M2b̂0â†
0 +M∗4 M3b̂0b̂0 +M∗4 M4b̂0b̂†

0 +M∗4 M5b̂0v̂1 +M∗4 M6b̂0v̂2 +M∗4 M7b̂0v̂3

+M∗3 M1b̂†
0â0 +M∗3 M2b̂†

0â†
0 +M∗3 M3b̂†

0b̂0 +M∗3 M4b̂†
0b̂†

0 +M∗3 M5b̂†
0v̂1 +M∗3 M6b̂†

0v̂2 +M∗3 M7b̂†
0v̂3

+M5M1v̂†
1â0 +M5M2v̂†

1â†
0 +M5M3v̂†

1b̂0 +M5M4v̂†
1b̂†

0 +M5M5v̂†
1v̂1 +M5M6v̂†

1v̂2 +M5M7v̂†
1v̂3

+M∗6 M1v̂†
2â0 +M∗6 M2v̂†

2â†
0 +M∗6 M3v̂†

2b̂0 +M∗6 M4v̂†
2b̂†

0 +M∗6 M5v̂†
2v̂1 +M∗6 M6v̂†

2v̂2 +M∗6 M7v̂†
2v̂3

+M7M1v̂†
3â0 +M7M2v̂†

3â†
0 +M7M3v̂†

3b̂0 +M7M4v̂†
3b̂†

0 +M7M5v̂†
3v̂1 +M7M6v̂†

3v̂2 +M7M7v̂†
3v̂3, (B7)

Ib = b̂†
5b̂5 =W ∗2 W1â0â0 +W ∗2 W2â0â†

0 +W ∗2 W3â0b̂0 +W ∗2 W4â0b̂†
0 +W ∗2 W5â0v̂1 +W ∗2 W6â0v̂2 +W ∗2 W7â0v̂4

+W ∗1 W1â†
0â0 +W ∗1 W2â†

0â†
0 +W ∗1 W3â†

0b̂0 +W ∗1 W4â†
0b̂†

0 +W ∗1 W5â†
0v̂1 +W ∗1 W6â†

0v̂2 +W ∗1 W7â†
0v̂4

+W ∗4 W1b̂0â0 +W ∗4 W2b̂0â†
0 +W ∗4 W3b̂0b̂0 +W ∗4 W4b̂0b̂†

0 +W ∗4 W5b̂0v̂1 +W ∗4 W6b̂0v̂2 +W ∗4 W7b̂0v̂4

+W ∗3 W1b̂†
0â0 +W ∗3 W2b̂†

0â†
0 +W ∗3 W3b̂†

0b̂0 +W ∗3 W4b̂†
0b̂†

0 +W ∗3 W5b̂†
0v̂1 +W ∗3 W6b̂†

0v̂2 +W ∗3 W7b̂†
0v̂4

+W ∗5 W1v̂†
1â0 +W ∗5 W2v̂†

1â†
0 +W ∗5 W3v̂†

1b̂0 +W ∗5 W4v̂†
1b̂†

0 +W ∗5 W5v̂†
1v̂1 +W ∗5 W6v̂†

1v̂2 +W ∗5 W7v̂†
1v̂4

+W6W1v̂†
2â0 +W6W2v̂†

2â†
0 +W6W3v̂†

2b̂0 +W6W4v̂†
2b̂†

0 +W6W5v̂†
2v̂1 +W6W6v̂†

2v̂2 +W6W7v̂†
2v̂4

+W7W1v̂†
4â0 +W7W2v̂†

4â†
0 +W7W3v̂†

4b̂0 +W7W4v̂†
4b̂†

0 +W7W5v̂†
4v̂1 +W7W6v̂†

4v̂2 +W7W7v̂†
4v̂4. (B8)

Equations (B7) and (B8) give the intensities of the two beams output from the MZI after experiencing losses. Subtracting the
intensities of the two output ports yields

Ia− Ib = P11â0â0 +P12â0â†
0 +P13â0b̂0 +P14â0b̂†

0 +P15â0v̂1 +P16â0v̂2 +P17â0v̂3 +P18â0v̂4

+P21â†
0â0 +P22â†

0â†
0 +P23â†

0b̂0 +P24â†
0b̂†

0 +P25â†
0v̂1 +P26â†

0v̂2 +P27â†
0v̂3 +P28â†

0v̂4

+P31b̂0â0 +P32b̂0â†
0 +P33b̂0b̂0 +P34b̂0b̂†

0 +P35b̂0v̂1 +P36b̂0v̂2 +P37b̂0v̂3 +P38b̂0v̂4

+P41b̂†
0â0 +P42b̂†

0â†
0 +P43b̂†

0b̂0 +P44b̂†
0b̂†

0 +P45b̂†
0v̂1 +P46b̂†

0v̂2 +P47b̂†
0v̂3 +P48b̂†

0v̂4

+P51v̂†
1â0 +P52v̂†

1â†
0 +P53v̂†

1b̂0 +P54v̂†
1b̂†

0 +P55v̂†
1v̂1 +P56v̂†

1v̂2 +P57v̂†
1v̂3 +P58v̂†

1v̂4

+P61v̂†
2â0 +P62v̂†

2â†
0 +P63v̂†

2b̂0 +P64v̂†
2b̂†

0 +P65v̂†
2v̂1 +P66v̂†

2v̂2 +P67v̂†
2v̂3 +P68v̂†

2v̂4

+P71v̂†
3â0 +P72v̂†

3â†
0 +P73v̂†

3b̂0 +P74v̂†
3b̂†

0 +P75v̂†
3v̂1 +P76v̂†

3v̂2 +P77v̂†
3v̂3

+P81v̂†
4â0 +P82v̂†

4â†
0 +P83v̂†

4b̂0 +P84v̂†
4b̂†

0 +P85v̂†
4v̂1 +P86v̂†

4v̂2 +P87v̂†
4v̂4. (B9)

By subtracting the two output intensities and applying the IDD formula we obtain the corresponding phase sensitivity, which
consists of two parts: the variance of the intensity difference and the slope of the intensity difference. So the variance of the
intensity difference can be written as

∆
2 Î = 〈(Ia− Ib)

2〉−〈Ia− Ib〉2

=〈â0â0〉L1 + 〈b̂0b̂0〉L2 + 〈â†
0â†

0〉L3 + 〈b̂†
0b̂†

0〉L4 + 〈b̂0â†
0〉L5 + 〈b̂†

0â0〉L6 + 〈b̂0â0〉L7 + 〈b̂†
0â†

0〉L8 +NaL9 +NbL10 +L11, (B10)

and the slope of the intensity difference is expressed as

∂ 〈Îa5 − Îb5〉
∂φ

=
∂ 〈â†

5â5− b̂†
5b̂5〉

∂φ

=
∂P11

∂φ
(Na e i2θa)+

∂P12

∂φ
(1+Na)+

∂P21

∂φ
Na +

∂P22

∂φ
(Na e−i2θa)+

∂P13

∂φ
(
√

NaNb e i(θa+θb))+
∂P14

∂φ
(
√

NaNb e i(θa−θb))

+
∂P23

∂φ
(
√

NaNb e−i(θa−θb))+
∂P24

∂φ
e−i(θa+θb))+

∂P31

∂φ
(
√

NaNb e i(θa+θb))+
∂P32

∂φ
(
√

NaNb e−i(θa−θb))

+
∂P33

∂φ
(Nb e i2θb)+

∂P34

∂φ
(1+Nb)+

∂P43

∂φ
Nb +

∂P44

∂φ
(Nb e−i2θb)+

∂P41

∂φ
(
√

NaNb e i(θa−θb))+
∂P42

∂φ
(
√

NaNb e−i(θa+θb)),

(B11)

024203-9
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where Li (i = 1,2,3,4,5,6,7,8,9,10,11) are parameters that depend on Pjk. The explicit expressions for Li are given by

L1 =
(
2P11P12 +2P11P21 +P13P14 +P15P51 +P17P71 +P31P14 +P31P41 +P16P61 +P18P81 +P13P41

)
,

L2 =
(
P13P23 +P13P32 +P31P23 +P31P32 +2P33P34 +2P33P43 +P35P53 +P36P63 +P37P73 +P38P83

)
,

L3 =
(
2P12P22 +2P21P22 +P23P42 +P23P24 +P32P42 +P32P24 +P25P52 +P26P62 +P27P72 +P28P82

)
,

L4 =
(
P14P24 +P14P42 +2P34P44 +P41P24 +P41P42 +2P43P44 +P47P74 +P45P54 +P46P64 +P48P84

)
,

L5 =
(
P12P32 +P21P32 +2P31P22 +P32P34 +P32P43 +2P33P24 +2P33P42 +P35P52 +P36P62 +P37P72

+P38P82 +P12P23 +2P13P22 +P21P23 +P23P34 +P23P43 +P25P53 +P26P63 +P27P73 +P28P83
)
,

L6 =
(
P34P41 +P41P12 +P41P21 +P43P41 +P45P51 +P46P61 +P47P71 +P48P81 +2P11P24 +2P11P42

+2P13P44 +P14P12 +P14P21 +P15P54 +P18P84 +P34P14 +P16P64 +P17P74 +P43P14 +2P31P44
)
,

L7 =
(
P31P12 +P31P21 +P31P34 +P31P43 +2P33P14 +2P33P41 +P35P51 +P36P61 +P37P71 +P38P81

+2P11P23 +2P11P32 +P13P12 +P13P21 +P13P34 +P13P43 +P15P53 +P16P63 +P17P73 +P18P83
)
,

L8 =
(
P12P42 +P21P42 +P34P42 +2P41P22 +P43P42 +P45P52 +P46P62 +P47P72 +P48P82 +P12P24

+2P14P22 +P21P24 +2P23P44 +2P32P44 +P34P24 +P43P24 +P25P54 +P27P74 +P26P64 +P28P84
)
,

L9 =
(
P12P12 +P12P21 +P21P12 +P21P21 +P23P14 +P23P41 +P32P14 +P32P41 +P25P51 +P26P61 +P27P71

+P28P81 +4P11P22 +P13P42 +P13P24 +P31P24 +P31P42 +P15P52 +P16P62 +P17P72 +P18P82
)
,

L10 =
(
P14P23 +P14P32 +P41P23 +P41P32 +P43P34 +P43P43 +P45P53 +P48P83 +P46P63 +P47P73 +P34P34

+P34P43 +P13P42 +P13P24 +4P33P44 +P31P24 +P31P42 +P35P54 +P36P64 +P37P74 +P38P84
)
,

L11 =+2P11P22 +P13P42 +P13P24 +2P33P44 +P31P24 +P31P42

+P15P52 +P16P62 +P17P72 +P18P82 +P35P54 +P36P64 +P37P74 +P38P84.
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