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The quantum hybrid algorithm has recently become a very promising and speedy method for solving larger-scale
optimization problems in the noisy intermediate-scale quantum (NISQ) era. The unit commitment (UC) problem is a
fundamental problem in the field of power systems that aims to satisfy the power balance constraint with minimal cost.
In this paper, we focus on the implementation of the UC solution using exact quantum algorithms based on the quantum
neural network (QNN). This method is tested with a ten-unit system under the power balance constraint. In order to improve
computing precision and reduce network complexity, we propose a knowledge-based partially connected quantum neural
network (PCQNN). The results show that exact solutions can be obtained by the improved algorithm and that the depth of

the quantum circuit can be reduced simultaneously.
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1. Introduction

Unit commitment (UC) is a critically important optimiza-
tion problem in the field of electrical power systems, which
aims to meet the user’s demand for electric energy by ratio-
nally scheduling the generator sets in the power system. The
problem addressed by UC is to determine the most appropri-
ate power-unit startup and shutdown schedule to minimize the
cost of power generation while meeting a large number of op-
erating and security constraints. It is a nonlinear mixed-integer
quadratic program (MIQP) with both continuous and integer
variables. The treatment of the binary commitment decision
variables induces large combinatorial complexity. Numerous
methods, such as those described in Refs. [1,2], have been em-
ployed to tackle this NP-hard problem. While algorithms like
branch-and-bound theoretically offer optimal solutions to the
UC problem, their application in large-scale systems is limited
due to extensive computation times. Other approaches, includ-
ing priority lists’®*! and Lagrangian relaxation,® do not guar-
antee optimal solutions. Hybrid algorithms, such as genetic
algorithms!® and machine learning,® have been proposed to
combine different methods and enhance solution quality.

Although quantum algorithms for optimization problems
have made significant progress in recent years, the number of

TThese authors contributed equally to this work.
fCorresponding author. E-mail: zhoux359@mail.sysu.edu.cn

CSTR: 32038.14.CPB.adf4aa

qubits in quantum computers is still limited. Thus, finding
ways to solve larger-scale problems in the noisy intermediate-
scale quantum (NISQ) era has become one of the most urgent
tasks. The design, implementation, and application of new
quantum algorithms for larger systems have become the fo-
cus of attention. Variational quantum algorithms (VQAs)[”!
are among the most promising schemes within the class of
NISQ algorithms, including the variational quantum eigen-
solver (VQE),[¥l the quantum approximate optimization al-
gorithm (QAOA),! quantum neural networks (QNNGs),[10-14]
etc. VQA has been developed for a wide range of applica-
tions, including calculating molecular ground states, dynami-
cally simulating many-body systems, and solving linear equa-
tions. Recently, the VQE algorithm and the QAOAI[!>-18]
were both proposed to tackle the UC problem. To deal
with continuous variables, some classical methods have been
combined with the quantum algorithm, such as the alternat-
ing direction method of multipliers (ADMM),!'1 Benders
decomposition, ! etc. It is well known that classical algo-
rithms are very efficient in handling continuous variable opti-
mization problems, with the majority of the time (80%—-90%)
being consumed in the optimization process of integer vari-
ables. Therefore, if quantum acceleration is to be achieved,
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the research focus should be on utilizing quantum algorithms
to achieve integer optimization.

In our research, we propose the knowledge-based par-
tially connected quantum neural network (PCQNN) algorithm
to achieve optimal efficiency in solving the UC problem. The
PCQNN can be defined as a QNN that contains only a subset
of the possible connections within a given QNN model, which
comes from a partially connected neural network (PCNN).
Fully connected neural networks (FCNNs) are prevalent in
classical neural network applications. However, they often in-
clude a significant amount of redundancy. In contrast, a PCNN
is characterized by a network that includes only a subset of
the potential connections present in a complete neural network
model, as surveyed in Ref. [21]. The concept of the PCQNN
is to simplify the topology of a QNN using symbolic domain
knowledge. This approach aims to enhance the performance
of a hardware-efficient ansatz (HEA) model while utilizing a
reduced number of connections, thereby increasing computa-
tional efficiency.

In Section 2, we initially construct the theoretical frame-
work for the optimization problem, including both equality
and inequality constraints. Subsequently, the UC problem
is translated into an interactional Ising Hamiltonian model.
Moving to Section 3, we detail the QNN circuit designed for
a ten-unit system with single constraint optimization. Follow-
ing this, we introduce a problem-inspired PCQNN circuit for a
five-unit system with double constraint optimization. Our find-
ings presented in Section 4 demonstrate that, similar to PCNNs
in classical computing, the PCQNN circuit can achieve higher
precision with shallower circuit depth in quantum optimization
tasks. Consequently, our research proposes an accurate algo-
rithm that is well-suited for the UC problem, particularly in
distributed quantum computing environments. Moreover, this
methodology is not confined to UC problems; it possesses the
potential to be extended to a broad spectrum of combinatorial
optimization problems.

2. Theoretical framework

A general optimization problem can be written mathemat-
ically as follows:

minimize  fp(x), (D
subjectto  fieq(x) =A;, i€ ]l], (2)
fi,neq(x) <B;, i€ [m], 3)

where fy : R" — R is the objective function, f;eq, fineq :
R" — R are equality and inequality constraints, respectively,
x = (x1,x2,...,%,) are optimization binary variables with do-
mains of x; € {0, 1}, and A; and B; are constants. The numbers
of equality and inequality constraints are [ and m, respectively.
The main parameters used in this paper are shown in Table 1.

The optimization problem should be transformed into a
quadratic unconstrained binary optimization (QUBO) problem
based on the Hamiltonian of the Ising model so that it can be
solved by a quantum computer:

n n
H=YCiZzi+ Y. CjzZz; )
i=1 1<i<j<n
where C;; and C;; are undetermined coefficients and Z; and
Z; are Pauli operators for spin qubits. This process can be
achieved using the following steps.
Transform inequality constraints into equality constraints

by adding relaxation variables s;:
fz}neq (x) —Bi+s5;=0, (5)

where the integer variables s; can be represented efficiently as
a binary problem that requires a logarithmic number of binary
variables:

n+k

si= Y. 297"y, (6)

g=n+1
A integer variable s; ranging from 0 to N can be represented
using

k =log,N 7)
binary variables x;. Hence, additional k qubits are used to rep-

resent the relaxation variable s;.
Obtain a QUBO problem by penalty function methods,

1
fo(x) + ; M (fieq(x) — Ai)?

m

+ Y 22 (fine(x) = Bi+5i)°, (8)

i=1

where A; is the weight of the penalty function.

Table 1. Parameters used in this paper.

Symbol Description Symbol Description
fo objective function a; quadratic coefficients
fieq equality constraints b; linear coefficients
Sineq inequality constraints ci opening costs
Xi binary variables pi power of i-th unit
H Hamiltonian L total load
Z; Pauli Z operators S system spare power
S relaxation variables %] variational parameters
n number of unit qubits Ch optimization parameters
k number of auxiliary qubits d number of layers
Ai weight of penalty functions Pimax maximum power of i-th unit

Transform binary variables into spin by
-7

=2

where Z; is the Pauli Z operation. By substituting Eq. (9) into

i=1,...,n+k, 9)

Xi

Eq. (8), a Hamiltonian in the form of Eq. (4) can be obtained
by calculation.

From Eq. (6), we find that, in order to deal with the re-
laxation variables s;, one needs k auxiliary qubits. Thus, in-
equality constraints may induce additional complexity within
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the computation. In order to reduce the number of auxiliary
qubits, it is necessary to proceed on a case-by-case basis.

Specifically, the UC solution determines the combination
of units’ on/off statuses that meets the load requirements in
a given time period. For a single time period, the objective
function shall be the sum of the costs of the operating genera-
tor units,

n n
Y foxi =Y (aip} + bipi+ ci)xi, (10)

Il
=
Il
—_

where a;, b;, and c; are the fixed cost coefficients of the i-th
unit.

For an n-unit power system, the system power balance
shall be preserved by an equality constraint

n
Y pixi=1L,
i=1

where L is the total load. The system spare constraint can be

(1)

expressed by the following inequality:

n
Y pimaxxi > L+, (12)

i=1

where S is the system spare power. The up and down power
constraints can be expressed as

PiminXi <pi < PimaxXi- (13)

Transform inequality constraints into equality constraints by
adding relaxation variables,

n
Y pimaxxi—L—S=0, (14)
i=1

Pi — PimaxXi +Si,max =0, (15)
Pi — PiminXi — Si,min =0, (16)

where the relaxation variables S, S; max, and S; min can be ex-

By transforming the constraints (here, we consider the
power balance and system spare constraints) into penalty func-
tions and using the binary-spin transformation, we can obtain
the Hamiltonian for our specific problem

2
no (17 no 17
H:Zﬁ( 5 >+/11<Zp,-( 5 )—L)
i=1 i=1
n -7
+A42<izlpi,max<2> —L-S§
n+k 1—7 2
— g—n—1 (24
()

g=n+1

A7)

where c. is a constant determined by the magnitude of relax-
ation variables. We refer to the first n qubits that represent
the on/off statuses of the generators as on/off qubits, and we
refer to the subsequent k qubits that represent the relaxation
variables as auxiliary qubits.

3. Quantum algorithm for UC

In this section, we first describe how a basic QNN works
and then introduce the PCQNN circuit for the UC problem.

3.1. Quantum neural networks

The way in which an HEA QNN processes data is as
follows: Encode the input data into the corresponding quan-
tum states using an appropriate number of qubits. The quan-
tum states of all qubits are transformed by passing through
parameterized rotation gates and entanglement gates; this is
repeated for a given number of layers. Measure the output
quantum state to obtain the expectation value of Hamiltonian
operators composed of Pauli gates. The parameters are up-
dated by an optimizer, such as the adaptive moment estima-
tion (ADAM) optimizer, the Broyden, Fletcher, Goldfarb, and
Shanno (BFGS) algorithm, etc. based on the feedback loop
of the QNN circuit. Figure 1 shows an example of a QNN

pressed using binary numbers, as shown in Eq. (6). algorithm.
// Quantum processor h\\\\ ‘,// Classic \\‘,
\ processor
{ Variational parameters
v
|0>4574{ R(6) }7’—< R(0) F—‘{ R(9) }*’ R(0) i /A] Optimization
10y ——{ 7o) Fb—{ ro) F—{ ro) F— ro) A ]
: E : <H>min
00— 7@ F—{ 7o) F— ro) &0 JHLA]
10y ——— &) B ro) [ ro) B ro) A
Input Measure |
\ decoding/

\encoding

Learnable parameter & entanglement layers

Fig. 1. Diagram of a QNN quantum-—classical algorithm. The variational parameters are 6 = (6y,6,...).

The rotation gates R can be

decomposed into the 3D rotations Ry, Ry, and R,. The red frame denotes one repeated layer.
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3.2. Knowledge-based PCQNN circuit

In order to improve the efficiency of the circuit operation,
we apply the PCQNN using a knowledge-based method. The
idea is to use symbolic domain knowledge as rules to actually
create the topology of the neural network. Next, the actual
neural training quantum algorithm is applied to improve the
performance of the network.

We first introduce some parameters for the UC problem,
including the total cost F, total power P, total max power M,
and the relaxation variable R, which can be defined as

F =Y fix, (18)
i=1
P =Y pix, (19)
i=1
M = Zpi,maxxh (20)
i=1
n+k
Y 207y, (1)
g=n+1

Therefore, the Hamiltonian of the UC problem can be
rewritten as

H=F+M4(P—L?+ML(M-R—-L-S)* (22

We have identified that the initial three parameters are in-
dicative of the physical characteristics of the generator units.
These parameters can be determined from the arguments asso-
ciated with the initial n qubits. In contrast, the last parameter
represents the relaxation variable, which can be determined
from the subsequent k qubits. Consequently, the UC problem
can be approached as an optimization involving the symbolic
parameters F (fuel cost), P (power output), M (maintenance),
and R (relaxation).

In fact, the architecture of the PCQNN is directly inspired
by that of the classical PCNN. For example, in bird image
recognition, when identifying birds with distinctive head fea-
tures, PCNN may decompose the image into head and body
regions, which are processed by separate subnetworks, fol-
lowed by further training and prediction. This is referred to
as a knowledge-based approach — decomposing bird images
based on the known characteristics of their heads and bodies
and then processing them in parallel or jointly using classical
neural networks.

Similarly, one can input the generator’s properties and the
relaxation variable into the network as two distinct sets of data.
Subsequently, the information from these two inputs can be in-
tegrated at the end of the quantum network’s processing by a
classical optimizer. This approach ensures a balanced focus
on both the local details and the overarching system, thereby
achieving the desired optimization goals. A simple schematic
diagram is shown in Fig. 2.

Variational parameters

v 1
U
U R
U6
I 1e) a
—
10) = (H)min
[0) e R
Ua(6
10) e 2(0) -
N )

Variational parameters

Fig. 2. Diagram of the quantum algorithm of the knowledge-based PC-
QNN used for the UC problem.

To demonstrate the reason for the PCQNN circuit, we be-
gin with the total Hamiltonian for the UC problem

"= i:lf’ <I 5 > th (Z” (IZZi) L>2
(e () 15

n+k o 2
—c. Y, 20! <122‘1>> . (23)

g=n+1

For clarity, we decompose the Hamiltonian into its fundamen-
tal components

) v 1-7;
()
i=1

(generator operating cost term), (24)
n
2) (1 _Zi>
[:Zipl ( 3 ,
(real-time power balance term), (25)
1-27;
Z pl max \ — 5 |
(max1mum power constraint term), (26)
n+k 1—7Z
o
g=n+1
(auxiliary variable encoding term). 27

The total Hamiltonian can then be expressed in tensor product
form as

<Z£, ®I+Zn, ®H<>>

=2

Subsystem A terms

+ (p1Hu ® 1+ poHy @ Hyp) + VH1(3) ® Hyp +Const., (28)

Subsystem B terms A-B interaction

where the Greek letters €, 1;, p;, and 7y represent the coeffi-
cients of the expanded terms. The total Hamiltonian can be de-
composed into the independent terms of subsystem A (on/off
qubits), those of subsystem B (auxiliary qubits), and their in-

teraction terms. The term ): | EH ®I ):3 > MiH, (> ®Hl(i>
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acts only on on/off qubits. The term pHyy ® I, poHyp ® Hyp acts
only on auxiliary qubits. The interaction term between A and
Bis YHI(B) ® Hyr.

First, all operators H1<i) (i=1,2,3) commute in subsystem
A; this ensures the existence of a common eigenstate basis.
Second, because any two Ising Hamiltonians composed solely
of ¢ interactions commute, HI<3) and Hy commute with each
other and share common eigenstates (|yy), |wp)) in their re-
spective subsystems. The action of the term remains a tensor
product state |W4) ® |yp), introducing no entanglement.

The total wave function can be expressed as a tensor
product state of the two subsystems without entanglement
W) = |ya) ® |yp) because the Hl(i) and Hy in the Hamilto-
nian commute within their respective subsystems and can be
simultaneously diagonalized. This ensures that all interaction
terms are diagonal in the tensor product basis, preserving the
tensor product state structure.

Building upon this theoretical analysis, we demonstrate
that the CNOT gates connecting distinct qubit types can be
systematically eliminated. This reveals an important design
principle: constraint-encoding quantum networks should pri-
oritize interaction modeling over indiscriminate entanglement
creation. This derivation is fundamentally rooted in the Hamil-
tonian analysis that takes place prior to quantum circuit con-
struction. This approach establishes an architecture that we
term a knowledge-based PCQNN architecture.

Furthermore, following the above principles, the system
can be further partitioned into more subsystems. However,
such partitioning would lead to an even more complex inter-
action structure in the Hamiltonian. When designing quan-
tum algorithms, we must seek an optimal balance between the
physical implementation complexity of quantum circuits and
the theoretical complexity of the Hamiltonian. This balanc-
ing point should be determined with the goal of maximizing
computational efficiency.

Although, from a strictly mathematical perspective, we
have yet to establish a universal quantitative relationship be-
tween Hamiltonian complexity and computational efficiency,
it can still be physically understood as follows: as the num-
ber of partitioned subsystems in the Hamiltonian increases, the
interaction structure becomes increasingly complex. This al-
lows for greater optimization of CNOT gates in the quantum
circuit but simultaneously leads to degradation of the circuit’s
expressive power. This phenomenon reveals a critical trade-
off — an optimal balance must be sought between the expres-
sive power of the quantum circuit and its computational effi-
ciency. Specifically, excessive CNOT gates increase circuit
complexity and thus reduce computational efficiency, while
excessive subsystem partitioning, although reducing the num-

ber of CNOT gates, weakens the circuit’s expressive power.

Specifically, reducing the use of multiqubit gates, namely,
CNOT gates, is more conducive for experimental physicists
aiming to verify our proposed quantum algorithms in physical
systems. This represents a small but significant step toward the
practical application of quantum computing. Empirical stud-
ies and numerical simulations of the specific UC problem will
demonstrate the clear advantages of our proposed optimization
approach.

For n = k = 6, this model can be treated as double-layer
coupled graphene,>>?4! as shown in Fig. 3. Thus, one can use
the upper quantum network block to create the upper layer and

the lower quantum network block to create the lower layer.

Zs Zy Zsg Z7

k') B & B
Zy 7 Z1o Zy

Fig. 3. Diagram of coupled double-layer graphene (left) and a coupled
Ising model (right).

The primary motivation behind PCNNs is to achieve a
network topology that is either equivalent to or superior in per-
formance compared to fully connected models, while signifi-
cantly reducing the number of connections. By minimizing
the number of connections, PCNNs can enhance generaliza-
tion capabilities, simplify network complexity, and decrease
hardware and storage requirements, as well as training and
recall times. Three main classes of methods are used to im-
plement PCNNSs: non-ontogenic methods, ontogenic methods,
and hybrid methods. Hybrid methods integrate neural net-
works with other artificial intelligence (AI) techniques, such
as symbolic knowledge representation and genetic program-
ming. Specifically, symbolic knowledge methods leverage a
knowledge base of domain-specific inference rules (i.e., a do-
main theory) to guide the network design. For example, in the
context of PCQNNS, the first step is to analyze the problem
using domain-specific inference rules within the domain the-
ory. Based on this analysis, a quantum circuit is designed. Ini-
tially, the problem is mapped onto the interacting Ising model,
and the solution is subsequently derived using an equation,
(Eq. (28)), which demonstrates that the solution can be ex-
pressed as a direct product state without entanglements. This
finding allows for a reduction in the number of entangled gates
in the PCQNN circuit, thereby optimizing its performance and
efficiency.

Therefore, our PCQNN circuit with the problem-inspired
ansatz can be obtained by directly removing CNOT gates be-
tween the two types of qubits — those representing the unit
status and those representing the relaxation variables — from
the original HEA QNN circuit (as shown in Fig. 4). Since
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HI<’) and Hy can be simultaneously diagonalized in their re-
spective subsystems, their tensor product terms are also diag-

onal matrices in the tensor product basis, preserving the tensor

product state structure. Therefore, they can be generated inde-
pendently from each other without any entanglement between

them. The procedure can be found in Algorithm 1.

Algorithm 1 Knowledge-based PCQNN algorithm

Input:

(1) n : Number of unit nodes

(2) k : Number of auxiliary qubits
(3) pi : List of powers of the i-th unit

(4) pimax : List of max powers of the i-th unit

(5) d : Number of layers in the PCQNN

(6) 6; : List of arguments needed to build the cost layer

Output: The target string x = (x1,x2, ... ,X,+x) With high probability

Procedure:
Step 1. Create a list of 6; parameters

Step 2. Create a list of n + k parameterized rotation gates in three dimensions: Ry, R;, and Ry

Step 3. Apply the all-zero state to all qubits to initialize the quantum circuit (qc)

Step 4.
j<1
while j <d

Build and apply a cost layer U; (6) for qubits 1 to n

Build and apply a cost layer U, (6) for qubits n+ 1 to n+k

end while

Step S. Measure all qubits in the standard basis and store the results in classical registers

Step 6. Use a classical optimizer to find parameters 6*, to minimize expected cost

End procedure

3.3. Applicability and limitations of PCQNN

Indeed, the UC problem, a mixed-integer programming
(MIP) problem, is a typical mathematical optimization prob-
lem that includes both equality and inequality constraints.
Therefore, if our method in this paper can be applied to the
UC problem, it should also be applicable to other optimiza-
tion problems of similar formation, which can be found at the
beginning of Section 2 of this paper.

For example, in the multiple-access-channel problem, the
optimization can be expressed as follows:

max Y log(1+SINR;), (29)
i

s.t. 0< P < b, 30)

where the signal-to-interference-plus-noise ratio (SINR) is
given by
B

SINRj = — 1
L8P Y i 0P

(3D
where §; is the white noise variance and o; is the interference
caused by the i-th user sending a unit energy signal to the j-th
user.

Another example is the well-known portfolio optimiza-
tion problem,

min —uTm + chr:c, (32)
xT
S.t. in =1, (33)
i
0<xi <1, (34)

where the expected revenue is

= (1, )T (35)
the covariance matrix is
Gil ... Oln
o={: i, 36)
Oul --- Oun
and the investment ratio is
x = (x1,x2,...,%)". (37)

Both problems encompass equality and inequality con-
straints, which can be formulated in the general form shown
in Egs. (1)-(3). Hence, they are amenable to solution via the
quantum algorithm proposed in this paper.

On the other hand, the CNOT gate elimination strategy
employed in our PCQNN architecture has shown promising
results in enhancing computational efficiency while maintain-
ing correctness for the UC problem. We believe that this strat-
egy also holds potential for application to other combinatorial
optimization problems, although its effectiveness may vary de-
pending on the specific characteristics of each problem.

In many combinatorial optimization problems, certain
variables or constraints may exhibit a degree of independence
or weak correlation, similar to the operational decoupling ob-
served in the UC problem. By identifying and exploiting such
structural features, it may be possible to apply a similar CNOT
gate elimination approach to simplify the quantum circuit and
improve computational performance. For instance, in prob-
lems such as the traveling salesman problem (TSP) or the

100303-6



Chin. Phys. B 34, 100303 (2025)

knapsack problem, where certain elements or decisions can
be processed independently, a tailored CNOT gate elimination
strategy could potentially lead to more efficient quantum solu-
tions.

However, it is important to note that the success of this
strategy is not guaranteed for all combinatorial optimization
problems. The effectiveness of CNOT gate elimination de-
pends on the specific problem structure, the nature of the ob-
jective function, and the constraints involved. In some cases,
the interdependencies between variables may be too strong to
allow for significant simplification without compromising the
accuracy of the solution. Therefore, a thorough analysis of
each problem’s characteristics is necessary to determine the
feasibility and potential benefits of applying the CNOT gate
elimination strategy.

While the Hamiltonian analysis provides a useful frame-
work for understanding the physical interpretation of our
quantum algorithm design, it has certain limitations in fully
explaining the CNOT gate elimination approach. These limi-
tations are summarized in the following points.

First, the proposed PCQNN operates within a heuristic
framework. Within the NISQ era, heuristic algorithms are typ-
ically evaluated according to their empirical efficacy.!??! The
Hamiltonian analysis presented here serves only as an auxil-
iary physical interpretation and does not provide a complete
theoretical proof of the effectiveness of the CNOT gate elimi-
nation strategy.

Second, removing the CNOT gates between systems sim-
plifies the quantum circuit structure but increases the number
of terms in the Hamiltonian of each individual system. This
results in a more complex mathematical description, making
it challenging to fully capture the trade-offs between circuit
simplicity and solution accuracy.

Third, the Hamiltonian analysis presented in this paper is
based on a limited data set of instances. To fully validate the
generalizability of our approach, further analysis of a broader

range of instance datasets is required. This will help in un-
derstanding the robustness and applicability of the CNOT gate
elimination strategy across different problem scenarios.

Future work should focus on deeper discussions and re-
search into Hamiltonian analysis for more general combina-
torial optimization problems. This will involve exploring al-
ternative analytical approaches and conducting extensive ex-
periments to gain a more comprehensive understanding of the
quantum circuit’s behavior and the impact of CNOT gate elim-
ination on its performance.

4. Simulation results

The d layers of parametrized quantum gates are then
ready to go through the closed-loop optimization process with
a classical optimizer. The classical optimizer is used to obtain
variational parameters 8™ such that the expected function (H)
is minimized:

0" = argminH(0), (38)
where H is the expectation value
H(6) = (9(0)|H[9(6)), (39)

with ¢(0) the output quantum state after passing the ansatz
block of the quantum circuit.

4.1. Exact solution for ten-unit, one constraint

The method is first tested with ten power units with the
power balance constraint. The generator’s data can be found
in Table 2.1 According to the discussion above, the single
layer of the QNN circuit is constructed as shown in Fig. 4. We
tested several quantum circuits with different depths and found
that when d = 10, the solution obtained by quantum computa-
tion is slightly different from the solution given by the classical
solver, which can be found in Table 3.

Table 2. Data for a ten-unit power system.

i 1 2 3 4 6 7 8 9 10
a; ($IMW?) 0.0048 0.00031 0.002 0.00211 0.00398 0.00712 0.0079 0.00413 0.00222 0.00173
bi ($/MW) 16.19 17.26 16.60 16.50 19.70 22.26 27.74 25.92 27.27 27.79
¢i (%) 1000 970 700 680 370 480 660 665 670
pi (MW) 150 150 20 20 20 25 10 10 10

Table 3. Data for a ten-unit power system with a penalty parameter of
A1 = 100.

L (MW) Classical Quantum
d=10 d=13
50 0001010000 0001010000 0001010000
100 0011111000 0011111000 0011111000
200 0001010001 0001010010 0001010001

When we add three additional layers, the outcomes from

quantum computing agree with the optimal solutions derived

from classical methods. Hence, we deduce that the QNN cir-
cuit possesses superior expressive capabilities when d = 13,
which suffices for achieving optimal results. We employ 1000
shots for the optimization loop, allowing for the consistent
output of a unique result. This implies that the same out-
come is reproducible across 1000 measurements, confirming
the result’s precision and indicating that the solution accuracy

is 100%.

100303-7



Chin. Phys. B 34, 100303 (2025)

([} (]
(iR}
[ 70w
4{ Ry (6s,0) H R.(65,1) }7
(oo} —— (-

Fig. 4. Diagram of the quantum circuit of the HEA QNN for a ten-unit
system and one constraint (one layer).

4.2. Exact solution for five-unit, two constraints

We now examine a power system subject to dual con-
straints, namely, the power balance constraint and the spare
capacity constraint, requiring the use of five auxiliary qubits.
Due to the constraints of simulators, when the runtime for
more than ten qubits becomes very large, we must reduce the
number of units to five, as the total number of qubits utilized
is still ten.

In this five-unit power system with dual constraints, auxil-
iary qubits are employed to represent the relaxation variables.
To construct a PCQNN circuit, we can eliminate the CNOT
gate connecting the fifth qubit and the sixth qubit, as discussed
in Subsection 3.2. The interaction term is diagonal in the ten-
sor product basis, preserving the tensor product state structure;

thus, the action of the interaction term remains a tensor prod-
uct state |y ) ® |wp), introducing no entanglement. Therefore,
the auxiliary qubits are separate from the others. This config-
uration is depicted in Fig. 5.

Ry(60,0) 1 R=(00,1)
R.(65,)
Ry(04,0)[ R=(04,1)
R.(05,1)
R:(06,1)
R:(671)
R.(0s,1)
R.(0o,1)

Fig. 5. Diagram of the knowledge-based PCQNN circuit for the five-
unit system and double constraints (one layer).

RT(OO,Q)

R;(01,2)

R.(02,2)

R.(03,2)

R;(042)

AlEEE

R,(06,2)
Ry(07,2)
RI(QB,Z)

R.(09,2)

ERal

Table 4. Data for the five-unit power system.

i @MW) b SMW) ¢ (8)  pi (MW)  pimax (MW)
1 0.00175 175 0 0.6 0.8
2 0.0625 1.00 0 0.3 0.5
3 0.00834 3.25 0 0.25 0.35
4 0.0025 3.00 0 0.2 0.3
5 0.0025 3.00 0 0.3 0.4

Table 5. Comparison between quantum (including QNN and PCQNN) and classical algorithms for five units and double constraints; the penalty

parameters are set to A; = 100 and A, = 1.

L (MW) S (MW) HEA QNN Probability Layers PCQNN Probability Layers Classical
0.6 0.2 01100 0.83 7 10000 1 6 10000
0.9 0.2 11000 1 7 11000 1 4 11000
1.1 0.4 11010 1 4 11010 1 4 11010
14 0.5 11011 1 2 11011 1 2 11011

Data for the five-unit system can be located in Table 4.[2°!

The input quantum state is initialized to the all-zero state, de-
noted by \O>®10. We proceed by employing both the HEA
QNN (as shown in Fig. 4) and the PCQNN (as depicted in
Fig. 5) for comparative analysis; we also vary the number of
layers. The optimization outcomes are presented in Table 5.
To confirm the solutions, we obtain optimization results us-
ing a classical solver. The findings indicate that the solutions
given by the HEA QNN (based on the circuit in Fig. 4) closely
match those of the classical solver, the exception being when
L =10.6 and S = 0.2. In this particular case, the QNN yields a
solution of 01100 with a probability of 0.83. In contrast, the
PCQNN achieves exact solutions in all cases with a probabil-
ity of up to 100%. For the scenario with L = 0.9 and § = 0.2,
the QNN requires at least seven layers to achieve an exact
solution, whereas the PCQNN only necessitates four layers.

Therefore, while ensuring the accuracy of the calculation, we

reduced the total number of quantum gates from 273 to 152
and decreased the number of entangling gates from 63 to 32.
Hence, the complexity of the circuit is reduced, and the effi-
ciency of the quantum algorithm is improved.

Here, we have discovered a very interesting phenomenon.
It is indeed widely accepted that removing CNOT gates nega-
tively impacts the expressiveness of a quantum circuit. From
this perspective, the HEA QNN — being structurally more ex-
pressive — should outperform the PCQNN after CNOT gates
are removed. However, as can be seen in Table 5, the PC-
QNN converges to a more optimal result than the HEA QNN.
In response to this, we conducted an in-depth investigation and
analysis.

In quantum machine learning, the expressibility of QNNs
is a crucial factor in quantum machine learning tasks. In previ-
ous studies, researchers have conducted quantitative analyses
of the expressiveness of QNNs. Specifically, the Kullback—
Leibler (KL) divergence can be used to characterize the
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strength of a QNN’s expressiveness. For details, please refer
to Ref. [26]. Further elaboration is omitted here.

In general, the stronger the expressiveness of the pro-
posed QNN, the higher the likelihood that quantum machine
learning can find the global optimal solution. Please note that
the phrase used here is “the higher the likelihood”, rather than
a guarantee.

Although removing CNOT gates from an HEA QNN di-
minishes its expressiveness, given the same number of itera-
tive layers, an HEA QNN has stronger expressiveness than a
PCQNN. As we mentioned above, stronger expressiveness im-
plies a higher likelihood of finding the global optimal solution.
In other words, albeit with a low probability, it is possible that
an HEA QNN may fail to find the optimal solution while a PC-
QNN succeeds. This is precisely the result shown in Table 5.

Regarding the seemingly counterintuitive phenomenon
that PCQNN outperforms HEA QNN in some cases, we have
conducted a thorough analysis and reproduced all the simu-
lation experiments presented in the paper. Our investigation
reveals that the quality of the convergence results is influenced
by a variety of factors, such as the setting of penalty parame-
ters, the randomly chosen initial parameter vectors, the num-
ber of iterations, the convergence criteria, and the choice of
optimizer, rather than being solely determined by the expres-
siveness of the QNNGs.

In our research, we found that when the HEA QNN ex-
periments were repeated multiple times, the HEA QNN was
able to converge to the optimal solution with a probability of
100% using a six-layer structure, and this was achieved in
most cases. This phenomenon aligns with our expectations.
The result of 0.83 may be due to the random selection of ini-
tial values, which prevented it from converging to the optimal
solution. At that time, only one simulation experiment was
conducted, and the result was recorded, which may have af-
fected the representativeness of the result.

However, in terms of computational efficiency, i.e., the
required optimization time, PCQNN can undoubtedly reach
the optimal solution more quickly. This is because it requires
fewer quantum gates. If such experiments were conducted in a
real physical system, this difference would become even more
pronounced. In practice, multiqubit gate operations take more
time than single-qubit gate operations, and a quantum circuit
with a larger number of quantum gates inevitably consumes
more time.

If we define the expressiveness of a QNN as the number
of unitaries it can express when traversing the circuit param-
eters, then a QNN with stronger expressiveness will have a
larger number of unitaries. This means that it may take longer
to search for the unitaries that can globally minimize the loss
function, but the probability of a successful search is higher.
Conversely, if the QNN has weaker expressiveness, although

there are fewer unitaries to search through, the probability of
successfully finding the unitaries that minimize the loss func-
tion is also lower.

In the example dataset of this paper, the final state corre-
sponding to the optimal solution is unique and can be reached
by a PCQNN, which allows the PCQNN to converge to the op-
timal solution faster than the HEA QNN. The lower loss value
to which the PCQNN converges is related to the randomly cho-
sen initial parameters in the simulation experiments. When
multiple repeated experiments are conducted under the same
initial parameters, both HEA QNN and PCQNN can achieve
the same loss value and find the optimal solution. However,
when dealing with more complex datasets, HEA QNN may ex-
hibit better convergence performance, but at the same time, its
optimization time is likely to be longer than that of PCQNN.
In the future, we can conduct more simulation experiments on
this basis to verify our conjecture.

—PCQNN
141 ——HEA QNN

Losses
o
A

1.9519

1.3568
0 w \ \

0 20 40 60 80 100
Iterations

Fig. 6. Losses as a function of iteration number for L =0.9 and S = 0.2
for the PCQNN and HEA QNN implemented using four-layer circuits.

On the other hand, the convergence speed can be ana-
lyzed based on the losses. Figure 6 illustrates the losses as a
function of the iteration number. With constraints of L = 0.9
and S = 0.2, we compare the performances of four-layer quan-
tum circuits implementing both the PCQNN and the HEA
QNN. For the PCQNN, the losses converge at around 28 it-
erations, while for the HEA QNN, the losses begin to con-
verge at around iteration 33. It is evident that the PCQNN
converges faster than the HEA QNN and achieves a lower loss
value (~ 1.95 for the HEA QNN and ~ 1.36 for the PCQNN).
Thus, for this specific problem, the PCQNN demonstrates two
advantages over the HEA QNN: faster convergence speed and
a more accurate solution. This demonstrates that the PCQNN
can reduce the depth of the quantum circuit while maintaining
precision, thereby enhancing computational efficiency. Fur-
thermore, as the number of units increases, we will inevitably
encounter a greater number of inequality constraints. The pro-
posed scheme offers a divisible quantum circuit, which opens
up possibilities for distributed quantum computing.

Overall, the expressiveness of QNNs has not affected the
correctness of the results in this paper, nor has it led to any in-
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consistencies in the statements. In the process of using QNNs
to solve the UC problem, our goal was not only to find the
optimal solution to the problem but also to complete the task
with higher computational efficiency. This goal has indeed
been achieved through the use of the PCQNN.

5. Conclusions

We proposed a QNN algorithm designed to address the
UC problem. Our approach involves transforming the UC
problem into a QUBO problem, which can be precisely re-
solved by the QNN quantum-—classical hybrid algorithm. In
the case of a UC problem featuring ten generators with a single
constraint, the probability of achieving the optimal results is
100%, thanks to the robust expressive capacity of a HEA QNN
circuit with 13 repeating layers. However, when dealing with a
UC problem that includes five generators and two constraints,
we observe that a PCQNN circuit outperforms the HEA QNN
algorithm in terms of both accuracy and efficiency. By strate-
gically eliminating entangled gates between unit qubits and
auxiliary qubits based on symbolic domain knowledge, we
segment the QNN circuit to create a divide-and-conquer quan-
tum algorithm. The PCQNN is a knowledge-based artificial
QNN, capable of constructing different elements through in-
dependent blocks. This quantum algorithm is not only suit-
able for the UC problem but also adaptable to a wide array
of optimization problems characterized by diverse constraints.
In the future, we plan to validate more complex datasets and
consider a greater number of units as well as additional con-
straints, thereby bringing our research problem closer to the

actual conditions of power systems.
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