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This paper discusses adaptive distributed optimization with predefined accuracy for high-order nonlinear multi-agent
systems (MASs) that are subject to disturbances and nonlinear uncertainties. To estimate the global optimal solution in real-
time, a distributed proportional-integral optimization technique is used to generate a virtual system for each agent. For the
unknown control gain of the controller, the Nussbaum function is employed. Then, a fuzzy adaptive observer is designed
to estimate the unmeasured state by leveraging the general approximation capabilities of fuzzy logic systems. Using the
Lyapunov stability method and backstepping technique, we develop the adaptive law and a new distributed controller. This
ensures that the outputs of multi-agent systems converge to optimal values. Finally, a simulation example is used to confirm

the viability of the presented control mechanism.
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1. Introduction

In recent years, there have been significant advancements
in the domain of distributed optimization, which continues
to evolve toward greater intelligence, efficiency, and distri-
bution. This evolution has been effectively applied in areas

[1.2] smart home technologies, [>#!

such as resource allocation,
and distributed computing.!>% Every agent in a distributed
optimization task has a local cost function that only it can
access, and these local functions combine to form a global
cost function. The purpose of distributed optimization is to
minimize the global cost function. In Ref. [7], an integral
sliding mode control framework was proposed to solve the
robust distributed optimization problem for first-order MASs
with time-varying costs. The distributed optimal cooperation
problem for multiple systems was addressed in Ref. [8] by
proposing a state-dependent distributed optimal cooperative
algorithm. The integrator algorithm was used in Ref. [9] to
tackle the optimal value problem for MASs with uncertain
control gain. It is worth noting that current research on MASs

has mainly focused on optimization problems, %111

12,13 [13-15

consensus

control,!'>!13] and resilient control. | Therefore, this paper
focuses on studying the optimization problem of high-order
MASs with predefined accuracy.

The convergence performance of MASs is an important

evaluation criterion. It has been investigated in numerous

TCorresponding author. E-mail: zhaoxiaowen @hfut.edu.cn

CSTR: 32038.14.CPB.adf31b

distinct aspects, such as predefined performance consensus
control,['6:17] adaptive event-triggered consensus control,!'8]
finite time consensus control,!’®29 fixed time consensus
control,?1:22] and so on. In contrast to the consensus con-
trols mentioned above, predefined accuracy control indicates
that the system’s error concerning the target converges to an
a priori-specified accuracy. For example, an adaptive tracking
control with predefined accuracy is proposed for high-order
nonlinear uncertain MASs in Ref. [23]. It does not consider
the possibility of unknown states and high-order disturbances.
For high-order nonlinear MASs with input saturation and un-
known disturbances, a disturbance observer was created in
Ref. [24] in order to accomplish adaptive consensus control
with a predefined accuracy. In Ref. [25], the adaptive dynamic
surface problem for nonlinear MASs with predefined accu-
racy, input quantization, and unmodeled dynamics was stud-
ied. In Ref. [26], neural network-based predetermined time
convergence was reached using filters to solve distributed op-
timization problems. Research on predefined accuracy has not
extended to analyzing optimization problems, and there are
relatively few research results in this field. Furthermore, the
existing research has not addressed unknown states, making it
necessary to apply these results to the analysis of optimization
problems.

In addition to this, the states of high-order nonlinear
MASs are sometimes not fully available. Currently, for the
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states of MASs, fuzzy logic systems or neural network al-
gorithms are generally used to design state observers to es-
timate the unmeasurable states and obtain the available obser-
vations. For example, in Ref. [27], an event-triggered adaptive
fuzzy fractional-order control scheme based on an observer
was proposed to address the cooperative control problem of
Similarly, in Ref. [28], an
adaptive neural control strategy was developed for nonlinear

uncertain integer-order MASs.

MASSs with actuator failures, which estimates unmeasurable
system states by integrating a state observer. The state unmea-
surability problem can be effectively solved using fuzzy state
observers. 297311

Motivated by the above analyses, this paper focuses on
achieving adaptive distributed optimization with predefined
accuracy for high-order nonlinear MASs under state observer.
This article designs a new adaptive control protocol that intro-
duces predefined accuracy into distributed optimization prob-
lems. Considering the incomplete availability of unmeasur-
able states in the high-order MASs, this paper proposes a
fuzzy state observer to achieve effective estimation of the un-
measurable states. In order to address the issue of uncertain
control direction, which frequently arises in generic systems,
the Nussbaum function is presented. At the same time, the
control parameters are dynamically adjusted according to the
real-time changes of the system by combining with the adap-
tive control strategy to effectively adapt to the uncertainty of
the system. In addition, the distributed optimization algorithm
promotes the cooperation of agent to optimize the global per-
formance of the system based on a predefined accuracy. The
primary contributions of this article are listed below:

(i) A distributed optimal control strategy with predefined
accuracy is proposed for high-order nonlinear uncertain MASs
with bounded perturbations. The problem of predefined ac-
curacy for the system has already had some relevant results.
However, they have been targeted at the consensus tracking
problem, with no relevant results for the optimization prob-
lem. This paper extends the investigation of the distributed op-
timization problem for high-order nonlinear MASs and more
general system.

(i) Compared to the results of recent studies, the dis-
tributed optimization problem is solved in this study using the
PI algorithm and prefilter. This paper eliminates the need for
high-order derivatives of the objective function. The complex-
ity is reduced by a filter-based distributed optimization algo-
rithm using a two-layer design framework, a virtual system
layer to estimate the optimal signal, and a physical system
layer to transform it into a tracking problem for distributed
optimization.

(iii) The approximation properties of fuzzy logic systems
are used to design distributed fuzzy state observers to approx-
imate instead of neural network analysis. The fuzzy state ob-

server can reconstruct the unmeasurable state of a nonlinear
MAS and ensure that the observer error is bounded.

2. Preliminaries and problem statement
2.1. Graph theory and convex analysis

The communication interaction between the agents is
shown as an undirected graph G = (V, &, A), where V =
{1,..., N} indicates the node-set, € C V x V represents the
edge-set, and A C RV*N represents the adjacency matrix. It
is implied from the edge (¥, 7) € £ that agent T can get in-
formation from agent ©. The set of neighbours of an agent
7 is denoted by Nz = {0 € V| (8, 7) € £}. The adjacency
matrix A = [azy] € RV*N satisfies that az; = 0, arp = 1 if
(¥, 1) € &; otherwise, a;y = 0. A path is an ordered se-
quence of different vertexes in set V. If there is a path connect-
ing any two different vertexes, G is considered strongly con-
nected. A strongly connected and undirected graph is called
a connected graph. £ = [l;] describes the Laplacian matrix,
where lre = Y gcp, dro and lry = —ap (T# 9).

This article introduces the concept of convex functions. If
the differentiable function f is convex in a convex set C C R”,
then the inequality f (x) — f (y) = V.f (y)" (x—y) must be sat-
isfied, for Vx, y € C. The function f is strictly convex if the
inequality above is strict. Moreover, if f is m-strongly (m > 0)
convex then it needs to satisfy (Vf(x)—Vf(y))(x—y) >
m|x—y|* for Vx, y € C.

Table 1. Explanation of mathematical symbols.

Symbol Explanation
P (X) fuzzy basis function vector

w ideal weight vector

b0 (X) fuzzy error term
(©] ideal weight vector
T auxiliary function
H auxiliary function
174 a designable constant

2.2. Model

Consider MASs made up of N followers with disturbance
and an unknown control direction. The dynamics of each agent
can be explained as follows:

Xr9 =Xp 941+ fro (Fr9) +deg,

x‘L’JZ,' = K‘L’.n;uf + fnn,- (Xf,n,') + d‘L’,n;v @))
YT = X1,1,
_ T
where ¥; 3 = [xr,] JXT 2y ,xmg] and y; represent the state

vector and output vector of the 7-th agent, respectively, and
uz is the control input, T =1,...,N, ¢ =1,...,n; — 1. The
unknown bounded disturbances d; » are not dependent on the
state variables. The function f7 3 € R is an unknown smooth-
ing function and the constant ¢; , is an unknown bounded con-
stant. In this setting, only the output signal y; can be acquired.
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Remark 1 The subject of this study is high-order nonlin-
ear MASs. To simplify the following discussion, all systems
discussed hereafter refer to high-order nonlinear MASs.

The purpose of this short is to create a distributed control
law u; that will enable MASs (1) to address the optimization
issue that follows:

min
yeRN f

Zfr ye),

subject to Ly =0,

2

where y = [y1,y2,...,yn]T and f; (yz) is the defined local cost
function. Equivalently, the optimization problem can be ex-

pressed as follows:

N
minf (1) = L, /=Y
where the global cost function is indicated by £(Y). The ob-
jective is to discover an optimal solution to Eq. (2), which
enables each agent to accomplish the minimiser y* of the
global cost function within a predefined time.
argminycg f (¥).

Assumption 1?1 Each local cost function f; is differen-

Here, y* =

tiable and convex, while the global cost function f is strictly
convex.

In order to determine the estimate of the global optimal
consensus, a virtual system is first constructed using the dis-
tributed PI optimization approach. This estimate is obtained
as follows:

Yo=—VVf(¥r) - o Z ary (¥ — Xr,
3)
)%r:\/a)zafﬂ(if—f/ﬁ), TEV.
=1

Lemma 191 If Assumption 1 is satisfied under the con-
nected topology G, then it follows that y.(¢) — y* for the vir-
tual system (1) with the following conditions: v > 0, @ > 0,
initial states ¥z (t0), ¥z (to) € R and ¥, %< (to) = 0.

Remark 2 Distributed PI optimization methods can esti-
mate the optimal value of the objective function for high-order
MASs, but this necessitates high-order differentiation of y;(r).
However, for compute-intensive systems, high-order differen-
tiation of the goal function is sometimes unavailable. Conse-
quently, a pre-filtering technique is proposed.

In order to obtain the optimal reference signal for recon-
struction, the state y;(¢) of each agent is input to the prefilter,
represented as follows:

ne—1

&) = g0 (Ge— o) — Pue Z gei 8, )

where n; is the highest order number of the reference signal’s
high-order derivatives required for later tracking design stages,

and gz, Pn.» gz x are constants such that Zk 0 qT [RLEE LT
Hurwitz.

Lemma 283! If Assumption 1 is valid under the con-
nectivity topology G, then the following result is true in the
context of the virtual system (3) and the prefilter (4): {; — y*.

We make the following assumption in order to make the
analysis that follows easier.

Assumption 2 For (;,, exists a positive constant (z
satisfying |{; ;| < Ef,nr

Remark 3 The problem of predefined accuracy con-
trol for nonlinear MASs with input saturation was studied in
Ref. [24]. In Ref. [32], the adaptive fuzzy distributed op-
timization problem of uncertain nonlinear MASs is studied,
which can ensure that the state asymptotically converges to
the optimal value, but cannot guarantee the accuracy problem.
Compared with the above research, we have solved the pre-
defined accuracy problem of the optimization problem for the
first time, which can set the accuracy range that needs to be
converged, and considers the problem of unknown direction.
To handle the unknown state, we introduce a fuzzy logic sys-
tem.

2.3. Design of fuzzy state observer

In this subsection, a distributed fuzzy state observer is es-
tablished to acquire the unmeasurable state of the system (1).

The fuzzy logic system’s powerful approximation ability
is employed to derive the approximation function f from the
unknown function f. The formula for the fuzzy approximation
function f is represented as follows:

y Yl (I es (Xy))
X) = _ :
SO = 5 (T s ()

where M represents the number of rules, input signal X =
[X17X27 cee aXn,']Ta

=wTe (X),

Hgg (Xy) is the membership degree of X,

to R}, wHT = [WI*T, .. ,W;IT] is an ideal weight vector and
T = [@1,...,<15M] is a fuzzy basis function vector. Then,

the following result is obtained.

Lemma 38% If f(X) is a continuous function estab-
lished on a compact set 2, and if € > 0, then there is an FLS
that will satisfy

sup|f (X) - W' (X)| <&,

where the nonlinear function fr s (¥), (1 < 9 < n) in
the considered system (1) is approximated by fr s (fr9) =
W;ljﬂq) ()%7719) + €.

" Remark 4 In Ref. [27], the state unknown problem was
resolved using the fuzzy state estimator. In Ref. [28], the state
unknown problem was resolved using the neural network ob-
server. The design of state observers utilizing neural network
methods or fuzzy logic systems is comparable for state esti-
mation of MASs. However, fuzzy rules can be used to directly
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build fuzzy observers without the need for a training proce-
dure. Consequently, a fuzzy state observer is used in this pa-
per.

By using the approximation property of fuzzy logic sys-
tem, we create the distributed fuzzy state observer as follows:

A A T a
Xz, 90 = X1,941 +Wr7194)r,19 (xr.,ﬂ)

+ 81,9 (X1 —%11),
xAr,ni = ér,niur +W ¢1 T (xrn ) %)
+ 8, (xr,l —xr,1)7
Vo =X,
_ T P P s T .
where G; = [g7,1,...,8cn] and X¢p = [£71,%02,...,£r0] 18
the estimation of the state vector ¥ 3 = [xﬂ,xfz,...,xw]T.

From Egs. (1) and (5), the observer error dynamics are rewrit-

ten as
b =Aér+Luc+ Gexe g + ZB” Doy (Xoy) )
Y=
j}\‘t :CIé’h
—g71 10 0
2201 -0 T
where A; = s Bry=10,...,1,...,0| ,
~gen 00 - 0 Y
L=100, ..., 0, rewl Co=1[1,0, -, 0", II =
[d‘t,la d‘E,Za LR d‘L‘, ni]T, ér = [XA‘L',Ia ceey xAT,ni]T3 and er1 =
x‘c,l_xAr,l-

Then, the error system simplified as

é'z: = Arér + Z B'E,y (fr,y (xr,y) - Wgy‘Pr,y @r,y)) + Hr

7=1
= ATET+H‘C+6‘D (7)
where 0 = [51',17--~a5r,n,-]T7 = [drq,hdrﬂv-“adr,n,-]]q,
Wey=W;,— Wey, & =01, ,€x..]". Then, we can obtain

é‘f == ATET WTT’)/@T‘Y ()%T‘}/)) + HT + 61-.

nj
+ ) By (
y=1

The vector G; must be chosen so that A; is a Hurwitz ma-
—_ o7

- QT > O’
there is a positive symmetric matrix P; which means

trix. Consequently, for every arbitrary matrix Qr

AP+ P A = 0.

The selection of the Lyapunov function as V; g = EIPréf
results in the following expression for Vz o:

Veo < —Amin (Q2) [|&2|)* + 281 P;

X (IL- +e+ Y BoyW,

E,m,ﬂﬂ,ﬁ) ,®
7=1
where —Auin (Qr) is defined as the smallest eigenvalue of

the matrix Q;. Using Young’s inequality and the property

0< qb{ 0
ity:

(.)@r0(.) <1, we can obtain the following inequal-

28T P, (IT; + &;)

2|l 20 k2 201 7 112
< WT + P [lex]|” + wl|Pe )| ||de ||

nj
281, (Z B, W, Py (;%W)>
r=1

n;l|le
s’h”+wwa|zwam% ©)
77

T
where €; = [8;717 .. .,8;.,[‘} and v is a constant that can be

designed. Substituting Eq. (9) into Eq. (8) yields

nj
VT,O < _)Lr,o Héruz + ‘/’”PTHZ Z WgyW%Y
y=1

2 %112 2117 (12
+y[|P| ||8 P+l ||| ?, (O
2
7/1‘:,0: mln(QT) Efa
The Lyapunov function is chosen as V| = 211\1:0 Vio =
YN étpe;.
: & 2 Al 2 2
Vi < Zvr,os—PolléTII +wZHPfll ez
+wZIIPf|| |dz | +Z ZIIPTH Wi Wey, (1)
T=17y=1
where Py = min{ A (Q¢) —n;/w—2/y} > 0.

2.4. Nussbaum function

In order to deal with the problem of unknown control di-
rection of the system, we introduce functions with the follow-
ing property to solve the problem.

Definition 11! Even funtion N (o) named Nussbaum-
type has some properties:

()

1 (e}
lim sup—/ N(o)do = oo,
G Jo
(o)
lim inf—
O —roo O Jo
Since the definition of Nussbaum-type functions allows for
many such functions, here we choose 62 cos (o).
Lemma 4/%° A smooth continuous function V(¢) > 0, a
function o (r) defined on [0, 7;,] and the Nussbaum-type func-
tion N (o (¢)) fulfil the following inequality:

V() < ,/01 [IN (6(2)) 6 (2) + 6 (2)] e dz+ e,

where ¢, ¢, > 0 are constants, then V (),
JoN (0 (2)) 6 (z) dz must be bounded on [0, 7).
Lemma 551 Consider the following system:

o (t), and

B () =—pp (1) +al (1),
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where p > 0 and ¢ > 0 are constants, /(¢) > 0 is a variable.
For ¢ > 0, if the initial value of p (¢) is bounded and positive,

thenp (1) >0
2.5. Two key helper functions

To design the desired controller, we present the following
two functions in this subsection:

(In|—¢)
Yf(h) _ N |h‘ > G,
0, I <g,
sgn(h), | >,

9 —

Hi (7) 1—2cos’ (;rsinl <fg(h+€)>> , 1Bl <g,
where [ and ¢ are the positive integer and constant, respec-
tively. The following lemma holds for the two functions men-
tioned above.

Lemma 6> For functions X;° () and H; (%), the fol-
lowing properties hold.

(i) Both Y;° (%) and #; () are the n-th-order continuously
differentiable functions. In addition, one has

dxs  (n) ,
T = W a0 =1 (2)

and (l i+1 ) Y;g t+2<h)rg (h) Y}g i+1 (h)

(ii) The function Y}i | (1) is non-negative, and Y}il (n)=0
only if [ < g. So that ;¥ () [H5 (h)]* = X° ().

3. Main results

In this section, we use the backsteping technique to de-
sign the controller. At first, we design the coordinate transfor-
mation as follows:

Bl =Xz — 0z,
hr,ﬂ :xAT,‘L9 - aT,ﬂ*laﬁ = 2,"'7’1[)

where 77 | is consensus error, ;o = ;.

13)

This section provides the derivation methods for virtual
control laws and adaptive laws in each design step. The Ap-
pendix A contains the derivation information.

Step 1 The following Lyapunov function has been cho-
sen

Vrl —nzy‘rn+1(hrl) Lé‘%
2¢0:1
1 1
2.“1' 1 ¢T Y ZBT,I

where f:1, @71, Ur1, &1 and Sm are designable positive

W Wei, (14)

constants. The variable ¢; | is designed as ¢; | = %5121 + 317 1.
The virtual controller ¢ 1, the update laws ér,l and Wr,l’
and the other variables are designed as follows:

071 = N(Gr,l)ar,l; (15a)

971

St.1

. Hrfﬁ (e ) HE, (o) + 22 M T ()
+ Qe HE (hey) + (6o + 1) HE, (hm)
X (e YHE (), (15b)
Ort = nil X, (e )M, (et Oy, (15¢)
by = "’211 ATE () — a1 Oc, (15d)
T,
Wei = te1Beihe Pr (Ret) —beiWet, (15¢)
$r,1 = U\ Y55, (het) — coa e, (151)

where 171, 57,1, ar,1, bz,1, and ¢ 1 are positive-design parame-
ters.

Step & (¥ =2,...,n;— 1) The Lyapunov function that
has been chosen is as follows:
1 =«
_ Gt 2
Veo = Veo—i +mi!rr’mi+1(hr,ﬁ)+m6r,ﬂ
! — 0+ Lo w (16)
2# T AP

where Br s, @z 9. Ue . &c9, and Smg are five positive con-
stants and the adaptive variable ¢; 3 = %éfﬁ +6:5.

Design virtual controller @ s, the adaptation laws 6; »
and (]37719, and the subsequent variables as follows:

oy = N(Ory) Ocy, (17a)
Qg = BT (e o) M (e )

Gf LY 2 -

2§ Hm (i) + O o Hem, Bz o)

+(Get 1) HE o (Rep)

I, (e 0 HE (),

Oro = MYy, (he o) M (he,0) O, (17b)
b = 2“;‘2‘1 MY (e 5) — az. 50z, (17¢)
Weo = troBeoheo®Pro (Reo) —broWeo,  (17d)
éw = Weomi' Yeh, (e o) — coobr v, (17¢)

where m; = n; — 9 +1, t7 9, S¢9, dr9, brs, and ¢y are
positive-design parameters.

Step n; Choosing Lyapunov funtion

V‘[’-!ni = VTa"i*I + Y:L'g,; (h‘h"i) Z(Pr . 6‘?11,
1 T2
+ T W We s, (18)
2l ¢T’ 2B ;i i

where 8¢ ., Bru;s Prnys Ernys and Uz, are five designable con-

%g‘?’nl + 8’6’,)’1,"
We can select the controller u; and adaptive variables

stants and the adaptive variable ¢; ,, =

émﬂ Wf,nw and ém, which are denoted by

Ur = N(G‘E,n,-)(_xr,n,-7 (193)
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= St, i T T
O p; = 1:2n Tg (hr n-)Hi](h‘r,n,-)
97 i rH i) A /ng i
26,[ ( ‘L',n,-) + ¢T,n,- 171( ‘C,n,‘)
nl
+ (gT + 1)5‘57":'%%1 (h‘f,n,-)
.
+ |:an + 1:| ngfl (h‘tn,)H?l (h‘tn,)v (191’))
Gem = Y55 (o ) HE (P ) O, (19¢)
A (PT ni Gr )
GT,n,‘ = T (hf,n,') - a‘[,ni GT,ni; (lgd)
282,
Wr,n,- = tT,niﬁnnihTﬂ;@’r,ni ()ACT,n[) - bnn,-WT,n[; (196)
Orn; = e Xy (hem) = Conmen;s (19f)

where tz .., St ;s Az ;s Doy, and gy, are positive-design con-

Theorem 1 For the considered nonlinear MASs (1) with
unknown control gains, under the conditions of Assumptions 1
and 2, a distributed fuzzy state observer (5) is created. The
adaptive laws (19d)—(19f), virtual controllers (17a), and dis-
tributed controller (19a), all system signals are bounded and
the desired consensus optimization is achieved. The errors can
converge to a predefined accuracy.

Proof The Lyapunov function is as follows:

N
14 (t) =Vi+ Z V‘C,n,-- (20)

T=1

We apply Young s 1nequahty to obtain ; 767 y< 5 92
W WT NG (PT y‘pr y> 2¢T,’y

stants. (}312), Substltutmg thls mto the above equation we get
|
V() < ﬁi{ (0= Y+ IS5y (ey) — G2, — DXy 52 7
< —s e )
o] (704 ‘En, y+2\"" Y 2(P‘L',y Ty Zﬁ 7Y 2“‘“/ T,y T,y
kS . S || eel® | e el
+ Z Z [Gry(N (Gr y) + 1)] + 6 (Lo;N (Or ;) + Z Z 5 + Z 2
=1 [ y=1 T=1y=2 v 7=1
N |7 .11? N
[z PP WE W, P P ||d:||* - R 21
+Y +ZZWII P WLy w+ZWH (1% [le; | +ZWH 12| de||* — o 12 2D
T=1 T=1y=1 =1
\
ar, 2 T .. . . .
Let Z;, WZ},G + 2[3 LW, Wey + 2“”’(1)7 P cond1t1<.)ns are given Py r.10n-neg:at1ve values. In this way, we
bey — 2y pT||2 >0, Py— 7 _ % >0, and @ = can derive the following inequality:
. Ngr,
min {m‘r"y7a1.'y,b1"7 - 21’/ ||Pf||2 ,Cny, PO - % - 82,7 Con- 9
sequently , when £z, =1,T=1,...,n;— 1, we have 2527 ’ijn (e, J,)<I> y (Xey) Pry (Xey) >0,
N n;
oM i (hry) 20, (24)
Z Z Ty ETVN ny)—Fl) oV (t)+p, (22) q)”/ i Hl( =)

-2
de,
wherep Xy 12 Zr.y"‘zlrvﬂu

NP HdrH .
Eq. (22) by e® results in the following equation:

The multiplication of both sides of

eV (1) < Z ZGTV<£TYN(GT7)+1)
T=17y=1
—@V(t)e™ +pe®
then, we get

V() < (Vi) -L)eoi 2

[0} [0}
N
"'_670122/ Ory ETYN(Gry)-l-l) or, 23)
T=17y=1

First, by Theorem 1, we can obtain the conclusion of all
constrained signals of MASs. Then, according to Lemma 5,
we can obtain that ém, >0 and @y > 0 are true if their initial

2 o2
T WP e P+

where t=1,...,N,y=1,.

sty(ni—y+ )'Tgf Hz(hf 7,) so we can see that

,ni. Then, we can obtain 6;y >

/Otsm/( AR 7+2(hf P)(0)(s)ds

< ugy(t) —ugy(0). 25)

The inequality is bounded because ur y(t) — ur y(0) is bounded
and Y}g (h) is the n-th-order continuously differentiable func-
tions. According to Barbalat’s Lemma, we get that ‘hw(t) H <
Gr holds as t — oo. The proof is completed.

4. Simulation results

In this section, to illustrate the efficacy of the proposed
control method for fuzzy adaptive distributed optimisation
with predefined accuracy, we conduct a simulation study us-

ing a set of MASs consisting of four followers as an example.
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Fig. 1. Communication topology a.

The communication topology is shown in Fig. 1. Each
follower is modeled as

X1 =X12 "‘x%-’l +dT,17

Xro = ET,Z”T +Xx72 Sin(xr,l) +d:2,

Ye=Xx¢1, T=1,...,4,
where (;, is selected as 1. Furthermore, we choose
dr 1 = 0.2sin(x7 1) cos(r) and d;p = 0,01cos(¢). The Lapla-
cian matrix of the considered topological graph is L =
[2,-1,0,—1;,-1,2,—1,0;0,—1,2,—1;—1,0,—1,2]. The lo-
cal cost function that satisfies Assumption 1 is chosen as
A1) = 01+ 33, ) = 0.7y +sin(n), fi(yz) =
In(e 0093 4 e005%3 1. 0.6y2, fu(y4) = In(2+0.1y3) +y3. The
optimization generator can be seen through Fig. 2 to obtain the
optimized value y* = 0.56.

— 4
— V2

U3
—Ua

0 5 10 15 20 25 30
Time (s)

Fig. 2. Optimized estimate y;.

In this paper, the fuzzy membership functions we have
chosen are /J.sz(Xmg) — e Moo/ 9 — 12 | =
1,...,7. The initial states are set as x; — [—4,5,0.1]T,
xy = [-4.3,0.1]T, x3 = x4 = [-4.1,0.1]T, % = [3,0.1]T,
% = [1.7,0.1]%, % = [1.4,0.1]T, %4 = [2,0.1], [61,60:2] =
[0.1,0.1]T, [¢7.1,0c2] = [0.1,0.1]T, and the rest initial values
are set to 0. The design parameters are selected as v = 3.5,
®=3,s;1=s5;2=0.12, ér,l =6, ér,l =8, 0r1 = @2 =238,
ar1 = 4, azp = 8, Cr1=Cr2= 0.01, ‘LLTJ = 0.01, ﬁr,l = ﬁr,2 =
8 Brp=1,b1,1 =bs1 =025, by =b31 =05, gro =1,
Ir1 =12 = 1, and bf.g =1.

The simulation results are shown in Figs. 3-10. Fig-
ure 3 indicates that the output of the MAS eventually con-
verges to the optimal value. Figures 4 and 5 show the
approximation effect of the fuzzy state observer, indicat-

ing that it can accurately observe the system state. The

predefined accuracy tracking performance is described in
Fig. 6 and ¢| = ¢ = 63 = ¢4 = 0.01. Figure 6 shows that
the four followers work well to achieve the optimal val-
ues within the predefined accuracy. In addition to this, fig-
ure 7 represents the optimization error map with different
accuracies and ¢; = 0.01,5 = 0.02,63 = 0.03,54 = 0.005.
Figure 8 depicts the evolution curves of the fuzzy adap-
tive parameters Wr; and W;,, demonstrating that W;
and W, remain bounded and meet the necessary require-
ments. Figures 9 and 10 are adaptive laws, which show that

0
—0.5¢
—1.0f
—1.5}¢
—2.0+
—2.5¢

—Y1 |
—Y2
Ys
—Ys1 |
—Y

5 10 15 20 25 30
Time (s)

Fig. 3. Time responses of y; and y* = —0.56 (1 =1,2,3,4).

of T T T T T —m.]
_4 T 2 R s
0 10 20 30 40 50
Time (s)
ol ' jp—_ 1
~4l et
10 20 30 40 50
Time (s)
of T T T T T —"3]
_Z M ) ) ) ) ) ) ) ._ - —.ig’f
10 20 30 40 50
Time (s)
_i Ir, X X X X X X X ._ - _.i‘471-
0 10 20 30 40 50
Time (s)

Fig. 4. State estimation of xz ;.

T " T — Z1,2]
0 "N - -T2
0 10 20 30 40 50
Time (s)
8 o T T T T T T '—'I272.
3 :—_P\fkrr - £2‘23
0 10 20 30 40 50
Time (s)
g J’\"\;" ' ' — '353.2 |
—2k! . . . . L L T —%324
0 10 20 30 40 50
Time (s)
[~ T ——T4,2]
% -J\\’ - = - Z4.2]
0 10 20 30 40 50
Time (s)

Fig. 5. State estimation of xz ».
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0 0
—1 -1
B 0.01 0.01
= =2 o —
< 0 W< 2 0
—3 —0.01 -3 —0.01
10.84 10.90 : 11.35 11.45
_4 _4
0 10 20 30 0 10 20 30
Time (s) Time (s)
0 0
—1 0.01 - -1 0.01
- 3
<L o 0 ) 0
—0.01 —0.01
_3 ) -3 116 1.7
0 10 20 30 0 10 20 30
Time (s) Time (s)

Fig. 6. Given the tracking error 7i; | with the same accuracy ¢; = 0.01.

0 0
- 0.01 0.02
s —2 =
< 0 .‘S -2 0
-3 —0.01 _3 —0.02
9.2 94
4 10.9
0 10 20 30 740 10 20 30
Time (s) Time (s)
0
-1 0.03
o
<
—2 0
—0.03
-3 10.0 10.4 -3 11 11.05
0 10 20 30 0 10 20 30
Time (s) Time (s)
Fig. 7. Given the tracking error /iz | with different accuracies.
w w
g 0.8 - 315 P
g — [|[Waall ‘ua’: — [|[Waall
z 06 — Wil | 2 — [[Waall
g 21.0
5 04 kS
= =
2 2 0.5
+ 0.2 B
£ £
Z 0 Z2 0
= 0 10 20 30 A 0 10 20 30
Time (s) Time (s)
£1.0 - é 1.0
% — [[Waall g
g P g
o — [[Wasl| 5
@ <
o o,
« 0.5 % 0.5 ~
= = — |[Waal|
S S -
2 2 — [[Wall
£ £
% 0 % 0
= 0 10 20 30 | 0 10 20 30
Time (s) Time (s)

Fig. 8. Time response of adaptive parameters W 1 and W;».

strategy incorporating a predefined accuracy mechanism effec-

tively confines the error within the predefined accuracy range.

This finding confirms the controllability of convergence accu-

racy in the proposed method.

Remark 5 From the design of the controller, each of the

predefined accuracy can be set to a different accuracy value,

which is validated by the simulation results in Section 4.

0.125
4
(]
3 0.120}
g
I
~
g 0.115}
i
o
g o.110f
2
g
£ 0.105
n
€3]
0.100 . . . . .
0 10 20 30
Time (s)
Fig. 9. Adaptive parameter ¢ ;.
0.20 —
— 9A1.1 |
— 02,1
0.16 31 1
I 04.1 -4
0.12
0.081
10 12 14
0.041
0 n n
0 10 20 30
Time (s)
Fig. 10. Adaptive parameter 6; ;.
0 0
-1 —1
0.2 0.4
-2 0.1 T -2 0.2
-3 —0.1 - —0.
—0.2 3 —-0.4
4 15 16 17 4 14 16 18
0 10 20 30 0 10 20 30
Time (s) Time (s)
0 0
AT ! 02
0.2 . 0
-2 0 =2 o1
_02/ —0.4
-3 —0.4 -3 12 14 16
12 14 16
_40 10 20 30 0 10 20 30
Time (s) Time (s)

Fig. 11. Tracking error /i; | without predefined accuracy.

all signals are bounded. In addition, figure 11 presents the
dynamic evolution of errors iz 1 in the absence of predefined
accuracy constraints. A comparative analysis of the simula-
tion results in Figs. 6 and 11 reveals that the optimization

To verify the robustness of the MASs, we introduced

small amounts of noise A; and Ay into the communication
topology, where A; = 0.001sin(¢) and Ay = 0.001cos(#). The
communication between agents is dry (Yz+Ar — Vg — Ap).
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As shown in Fig. 12, under noisy conditions, the optimizer still
converges to the target value, with an error of less than 0.01.
This result fully demonstrates the system’s robustness to noise
disturbance. Additionally, we constructed topology b, and
the system switched between the communication topologies
in Figs. 1 and 13, with the results shown in Fig. 14. Figure 14
indicates that the system can still converge stably to the opti-
mal value y* = 0.56 under topology change conditions. The
results of the above two experiments demonstrate the system’s
robustness, and the simulation images for other parameters ex-
hibit consistency, with the results remaining valid. Comparing
it with the study in Ref. [24], we are not able to achieve the op-
timization of the predefined accuracy using the data from that
study, whereas this article solves the optimization problem and
can satisfy the smaller same predefined accuracy, giving better

results.
0.1 T T
2 0 — Agent 1
.g — Agent 2
g —0.1 Agent 3
é —0.2 —A*gent 4
2 —Y
— —0.3¢
o,
o —04f
.2
2 —0.5¢1
£ _o6f
2
o —0.7f
—0-8; 10 20 30

Time (s)

Fig. 12. Optimized estimate y; with noises.

Fig. 13. Communication topology b.

Optimization PI with switching topology

——Agent 1
—0.2 Agent 2]
—0.4 ——Agent 3
——Agent 4
—0.6 V .
—0.8 . ; . . .
0 10 20 30
Time (s)
Switching topology sequence
2 Topology a
L
o
R
o
& Topology b |
0 10 20 30

Time (s)

Fig. 14. Optimized estimation of y; under switching topology and
switching topology sequence.

5. Conclusions

In this paper, we proposed a control strategy for the pre-
defined accuracy adaptive distributed optimization problem of
higher-order nonlinear multi-agent systems (MASs) with dis-
turbances and nonlinear uncertainties. The strategy obtained
a globally optimal consensus solution in a distributed man-
ner by applying the PI algorithm with a prefiltering frame-
work. To address the issue of unknown control gains, Nuss-
baum functions were introduced, and a fuzzy state observer
was employed to estimate unmeasurable states. Finally, the
Lyapunov stability method and backstepping technique were
used to demonstrate that the distributed controller allowed the
MASS to be controlled with predefined accuracy.

Appendix A: Back-stepping derivation steps

The n;-step derivation process based on the back-stepping
technique is shown below.
Step 1 Combining Eqs. (1), (13), and ez 1 = x7,1 — X1,
the derivative of 7 1 is
hr,l =JXg1 —Oro=leo+ 01 +erp
+ fr1 <x1.1)+dr,l_ar,0~ (A1)

The Lyapunov function is Vz 1. Combining Lemma 6, we
have
Vea = mil X, (e ) HE, (hea Jhey — Acy, (A2)
where

fr,l (Xr,l) = fr.,l (xr,l) - dr,o +ni!n€:z,-(hr,l)H%,n,-(hr,l)
o tr,lhr,l
nl Y, (e VM, (o)

WrT,l Dr i (%01),

with

Y (g )M (R
Ir1 = h‘L‘,l tan2 T7nl( T,l) T7nl( T’l) , €1 > 07
) €1 )
~ A 1 . =« 1 ST
Anl = (P‘Ll 91,191',1 + Lz (DT,I(PTAI + BT,IWTJWTJ’

and use O;|P;(X;;) to estimate unknown funtion
fr,l (Xz.1), which is

Fea (Xe1) =071 Pey (X 1)+ 601 (Xen),  (A3)

where 6; 1 (X¢,1) satisfies the condition that |67 ) (X¢,1)| < 51’1,
and &;; > 0 is a constant.
Applying Lemma 3 and 0 < CIJTTJ (.) D1 (.) <1, we have
il X5, (e ) HE, (ie,1)O7 | Pr,1 (Xe,1)
T T 2 0 5 1
<l () [HE, (he)] [ o +5E21 ), (Ad)
25171 2
2
where 6; | = H@;‘Tl ‘
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Furthermore, we obtain the following inequality:

n Y (e )M, (e 1) 8z (Xo 1)
T 23
<mn! Trgn, (hr 1) [Hr n; (hr,l)] 51',17
ni\ Y5 (e 1 M, (1 )de,

< YE (hey) [HE, (o)) i, (AS)

and set ¢ = 5&2 | + 8¢ yields

(Y5 (he )]

2 )
UL
el

ér

~ (12
nz'ngn,(hrI)Hrn,(hr,l)er,z < ” 2” +

Y5, (e VMG, (e )dey <
(A6)
Therefore, combining the above inequalities yields

Vr,l < ni!Tf.,Z,» (hr,l)’Hg?n-(hr‘l)

o0+ 251 1 HE, s (h7s1)+¢f,ngfni(hr,l)]
~ 12 7 2
7 N e d 1
—tr,lhr,lwglér,l (xT,l)_AT,l‘F% Hrzu
(A7)

Substituting Eq. (15) into Eq. (A7) yields

) ) arl ~ A
Vi1 <611 [N(Gr,l) + 1] —S7,1N;! Trn +1 (hr,l) + (pr,ll 07,1071
T,

2
1W‘r1+ ¢rl¢rl *[ rn(hrl)nz}
ﬁr
~ 112 7 12
é d
8 (et ] - (ge+ 1))+ L2y [l
(A8)

Step ¢ (¥ =2,...,n;— 1) From the definition of 7i; y =

Xr9 — Qrp—1 and m; = n; — U + 1, we know the derivative of
711-_’19 is

haﬂ = hm?H + Oy +Wg1§)¢r,0 ()%1.19) +8rver1 — Or 1

(A9)

Subsequently, we can differentiate V; 3 to obtain

Ves =Veg1 +milYes (heo)Hom (e 9)ie s — Ars,
(A10)

where

v S (o))

fr,ﬂ (Xr,ﬂ) = Wgﬂd)r,ﬁ ()%1:49) + 80

2
tr 19711' ¥
ml Y:Fg:n (hf ﬂ)HT Jm; (h'r,ﬂ)
X W ®ro (¥r0) — o1,
with
heo)H h
tm? :h‘;’@tanz rm,( 1'19) ‘L'm,( 719) 7 gr,ﬂ > 0,

Sr,t‘}

and the estimated value @;‘39 D s (Xmg) can be used to esti-
mated unknown funtion f}ﬂg (Xm?) such that

fm? (XT,lS‘) = @;Is(pr,ﬂ (Xf,ﬂ) + 51:.19 (Xr.ﬂ) ) (Al1)

where Oz (Xm;) is the estimation error satisfying
|5T719 (Xms) ‘ < ST719 and Smg > (0 is set to a constant.

Similarly, the following inequality is true depending on
Young’s inequality:

m,'!Tf}ni (hf,ﬂ)Hgfm,-(hT,l‘}) (Q:l;q)r,ﬁ (Xr,ﬂ) + 5r,19 (Xr,t‘}))

T T 2 6 U 1 S
S mi!ng,mi(hf,ﬂ) [H%m,‘(hf,ﬂ)] (2g2 + 5&‘52,19 + 6‘5,19) )
(R

2 .
where ;. = H@;TﬂH . At the same time, we set ¢r 5 =
%5§ﬁ + Or » to obtain

Ml Y (e o) Mo, iz o ez

3 2
Her,l‘lz 4 [min:rg,m,-(h‘r,ﬁ)]
< . (A12)
2y 2
Consequently, we have
. )
Veo <Y |60y (N (00y) +1)
y=1
—sgy(ni—y+ DI y+2(h7 7)
Ary ~ A b
+ ﬂer,yer,er ﬂWT Wr yJF ¢r y‘Pr y
Ory ﬁm/
1 2
Koo — (Xeh, (e, )mi! |
+ X5, (e s )m [|m+1|—gf+1)]
¥ d I
+Zg‘f7” T” 2 +|| Tz H (A13)
where
2
KT,I? = — {Y};,M(hﬁﬁ*l)(mi—’_l)!}
+17 o1 (e9—1)(mi+1)! [|hes] — (e +1)]
2
- [Y:C,ml- (hr,ﬂ)mi!]
and K7 5 < 0.

Consequently, by combining Eqgs. (17) and (A13), it can
be deduced that

B
Vr,ﬂ < Z Gr,y (N (Gﬂ}’) + 1)

y=1
—S»L-_’y(l’ll v+ DI, rn 7+2(ST7)
Ary ~ A b
L0 00y + LW W 7+ ¢f vPe.y
Qry ﬁr,
1
_4[ngm,(5r o)m;! } +Tfml(sf 8)mi
& ||‘uH2
X [|se041] = (e + 1] + St (A14)
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Step n; By defining /i, = X7, — Ot; 5,—1, We can derive
the formula for the derivative of 7 ,, as follows:
hT,n,- = xAT,n,' - af,n,-—l

=Ly Uz + WTTnl Dr (ﬁrﬁn,-) +grmer — Cop—1-
(A15)

We can get

VTJli = VTJli—l + chq (hf,ni)ngfl (hfa”i)hrs"i — Ay, (A16)

where
fTJli (XTJH) = Wgni Dy, (xé‘c,n,')
Gt 2
v S|
+gr,n,- f - a‘t,nifl
te e =T A
- e W, DPru (Xrm:),
Y5 (e ) HE (Rep) 7 (Fe)

with

Trgi (hfﬁi)HLr:,l (d)fﬁi)

Et,n;

2
Lo = hnni tan y €ty > 0;

and we use @;‘;i D, (Xz,;) to estimated unknown function

fr,n,- (X’L',Vl,')7
ffﬁni (XTJI,') = @;Ez,- Dy, (Xﬂ"i) + 6‘5,111' (X‘Wli) .
By applying Young’s inequality, we obtain

TTQ} (hf'n"),Hgfl (hf.nf)@;;u D, (Xe;)

2/ Oy,

< Trgrl (M) [/Hgfl (hml_)} (2 T,zl’lt

’ é‘t,ni
Yrgrl (hr,n,- ),ngl (hTJli ) 6T,n,- (Xf,nl-)

St St 25
<Y (ew) [HE (o) S

1
+2§$,nl.> . (A1)

(A18)
where 0; ,, = ||®;‘£l ||2 Also, let ¢ ,,, = %572”[ + 8z ;. the fol-
lowing inequalities can be obtained
Tﬁ (hf,n,-)Hgfl (hen;)ex,t
St 2
<W@ﬁhw] e
- 2 2y

Combining the above variables gives

(A19)

nifl
Vem < Y, [Oey (N (0ey) +1)] + e, (CenN (Gen) +1)
7=1

s gl el el
M & K% 2y > 3

ni
+) [_Sw(”i —r+ Umgzﬁyﬁ(h”)
r=1

4r s A beywr
+ =000y + W ,Wey
Py

Bey

Criy » =
- ¢r.y¢r‘y} .
Hey 7

i (A20)
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