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sharing under Aspiration–Fermi hybrid rule

Bolin Yang(杨柏林)1,2 and Guanghui Yang(杨光惠)1,2,†

1School of Mathematics and Statistics, Guizhou University, Guiyang 550025, China
2Guizhou Provincial Key Laboratory for Games Decision-Making and Control Systems, Guiyang 550025, China

(Received 29 May 2025; revised manuscript received 16 July 2025; accepted manuscript online 23 July 2025)

This paper firstly constructs a multi-player snowdrift game with all players’ cost sharing once the snowdrift is removed
for a fairness. Secondly, an Aspiration–Fermi hybrid rule is proposed to derive an extended average abundance function via
Markov chain evolutionary processes. Besides, extensive numerical simulations well verify theoretical results. Our findings
show that both cost sharing and the Aspiration–Fermi hybrid rule significantly promote the cooperation by enhancing the
average abundance in multi-person snowdrift game. By comparison with the existing woks, our proposed model and hybrid
strategy-update rule provide novel insights into the evolution of cooperation in multi-person games.
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1. Introduction
The evolution of cooperation pervades natural

systems[1–5] and human societies,[6–9] and evolutionary game
theory has served as a robust framework for cooperative
dynamics.[10–18]

Given the prevalence of group interactions, multiplayer
games[15–30] extend classical two-player models. For infinitely
large well-mixed populations, replicator dynamics describe
strategy propagation.[21–30] However, finite populations re-
quire stochastic modeling due to inherent randomness. For
mutation-free scenarios, absorbing Markov chains character-
ize evolutionary processes, where fixation probabilities are key
metrics.[21,31–34] Conversely, mutation-inclusive processes uti-
lize ergodic Markov chains, with average abundance functions
quantifying cooperative states.[35–38] Specifically, Wang and
Xia[35] established an extended average abundance function
for N-person snowdrift games (NSG) under aspiration-driven
dynamics, demonstrating positive correlations between aspi-
ration levels and cooperation. Building on this, Xia[36,37] em-
phasized average abundance as a critical cooperation indica-
tor that elucidates cooperative diffusion mechanisms. Further-
more, Kroumi and Lessard[38] revealed enhanced cooperation
under reduced benefit-cost variance or increased covariance in
stag hunt and snowdrift games. Collectively, these studies es-
tablish average abundance as a pivotal metric for quantifying
and analyzing cooperative evolution.

As a generalization of the two-player snowdrift game,
NSG has garnered significant attention in collective behav-
ior studies.[21] Recent extensions include threshold-dependent

cooperation: Souza et al.[22] introduced minimum cooperator
thresholds, while Zheng and Zhang[25] incorporated time costs
into threshold-based NSG. Subsequent work by Pi et al.[28] ex-
amined stochastic equilibrium stability, and Sui et al.[24] and
Pi et al.[30] explored dual-threshold models with cost bound-
aries. However, existing models neglect fairness[39] consider-
ations, as snow removal costs are disproportionately borne by
cooperators, while defectors free-ride. To address this equity
gap, we propose cost-sharing mechanisms where all benefi-
ciaries contribute equally — a novel approach not previously
documented.

Strategy update rules critically influence coopera-
tive outcomes. Predominant paradigms include Moran
processes,[16,40,41] PW–Fermi rule,[42–45] and Aspiration
rule.[36,46–49] Hybrid rules have emerged as promising tools:
Liu et al.[50] combined aspiration and imitation rules, find-
ing imitation-driven cooperation increases with aspiration-
user density. Liu et al.[51] integrated Moran and Fermi pro-
cesses, observing accelerated fixation versus pure Fermi dy-
namics. Wang et al.[32] designed a Moran-imitation hybrid,
showing prolonged cooperator fixation under imitation-biased
updates. These studies collectively demonstrate hybrid rules’
capacity to enhance cooperation.

To bridge existing gaps, we develop an NSG model with
cost-sharing and an Aspiration–Fermi hybrid rule. Key inno-
vations include: (i) cost is equally shared among all players
once the snowdrift is removed; (ii) an Aspiration–Fermi hy-
brid rule is proposed as the strategy update mechanism. These
are exactly our two principal contributions.
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The paper is structured as follows: in Section 2, we
mainly propose a model of multi-person snowdrift game with
cost sharing and an Aspiration–Fermi hybrid rule. Further-
more, the extended average abundance function of our model
under the hybrid rule is precisely derived. Section 3 devotes to
the simulations of the evolution of cooperation. Finally, con-
clusions is made for the paper in Section 4.

2. Model
2.1. A multi-person evolutionary game model

The multi-person evolutionary game model involves a
uniformly mixed population including N agents with A and B
strategies. The number of players playing A is j (defined as an
evolutionary state) evolves over time and that of players with
B is N− j. Therefore, multi-person evolutionary game is es-
sentially a dynamic process in which any agent in a population
continuously repeats the game by a certain strategy updating
rule.

The interaction between players are described by the fol-
lowing three steps:

Step 1 a focal agent X , is randomly chosen from the
above population. And Nd− 1 (Nd < N) agents are selected
from the remaining N− 1 agents to constitute a group with i
agents playing A and Nd− 1− i agents playing B; the focal
agent X interacts with the agents in the group.

Step 2 The payoffs for the focal agent X are followed the
payoff matrix:

(Nd−1 Nd−2 · · · 1 0

A aNd−1 aNd−2 · · · a1 a0

B bNd−1 bNd−2 · · · b1 b0

)
.

This is the payoff matrix of the multi-person game.
Step 3 The agent X updates his strategies between A and

B by a resulting strategy-switching rule based on the evalua-
tion of the payoffs for a round of games.

2.2. Expected payoffs

According Step 2 of Subsection 2.1, the probability of the
focal agent X playing strategy A or B follows a hypergeomet-
ric distribution, thus the expected payoffs of the focal agent X
in a round of game is respectively as follows:

ΠA( j) =
Nd−1

∑
i=0

Ci
j−1CNd−1−i

N− j

CNd−1
N−1

ai, (1)

ΠB( j) =
Nd−1

∑
i=0

Ci
jC

Nd−1−i
N− j−1

CNd−1
N−1

bi. (2)

2.3. Strategy-updating mechanism
2.3.1. Aspiration rule

The Aspiration rule[46] involves a comparison between
the expected payoffs and aspiration payoffs α for an agent,

hence this rule is subjectively dominated by the agent. Driven
by the Aspiration rule, the probability for the X agent switch-
ing strategies from A to B is

PA→B =
1

1+ e−λ (α−ΠA( j))
, (3)

similarly, the probability of strategy-switching from B to A is

PB→A =
1

1+ e−λ (α−ΠB( j))
, (4)

where the parameter λ indicates the intensity of selection.

2.3.2. PW–Fermi rule

Unlike the Aspiration rule, the PW–Fermi rule[42–45]

compares an agent’s own expected payoff with that of its
neighbors, this rule thus embodies the objectivity of agents’
consideration of the game environment. Driven by the PW–
Fermi rule, the probability for the X agent switching strategies
from A to B is

PA→B =
1

1+ exp
[
− 1

κ
(ΠB( j)−ΠA( j))

] , (5)

and that of from B to A is

PB→A =
1

1+ exp
[
− 1

κ
(ΠA( j)−ΠB( j))

] , (6)

where κ > 0 denotes the environmental noise level of
the game, it depicts the uncertainty in an agent’s strategy
selection.[42–45] If κ → 0, the strategy with higher payoffs is
imitated with a probability of 1, if κ→∞, players update their
strategies randomly.

2.3.3. Aspiration–Fermi hybrid rule

In consideration of the subjectivity of an agents’ aspira-
tion payoff and the objectivity of game environment, we es-
tablish the following Aspiration–Fermi hybrid rule. Driven
by Aspiration–Fermi hybrid rule, the probability of the focal
agent switching strategies from A to B is

PA→B =
θ

1+ exp
[
−λ (α−ΠA( j))

]
+

1−θ

1+ exp
[
− 1

κ
(ΠB( j)−ΠA( j))

] , (7)

and that of from B to A is

PB→A =
θ

1+
[

exp−λ (α−ΠB( j))
]

+
1−θ

1+ exp
[
− 1

κ
(ΠA( j)−ΠB( j))

] , (8)

where θ ∈ [0,1]. In particular, it is completely the Fermi rule
for θ = 0 and it is exactly the aspiration rule for θ = 1.

In a multi-person evolutionary game based on
Aspiration–Fermi hybrid rule, the number j of A-strategy
agents in the population is evolutionary over time. Here, we
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mainly discuss the following three cases: (i) j → j− 1, (ii)
j→ j+1, (iii) j→ j, and assume that the probability of other
situations is all zero.

The evolution process of the above three cases is often
described by a Markov chain without absorption states

P( j→ j+1) = T+
j

=
N− j

N

(
θ

1+ exp
[
−λ (α−ΠB( j))

]
+

1−θ

1+ exp
[
− 1

κ
(ΠA( j)−ΠB( j))

]), (9)

P( j→ j−1) = T−j

=
j

N

(
θ

1+ exp
[
−λ (α−ΠA( j))

]
+

1−θ

1+ exp
[
− 1

κ
(ΠB( j)−ΠA( j))

]), (10)

P( j→ j) = 1−T+
j −T−j

= 1−P( j→ j+1)−P( j→ j−1). (11)

2.4. An extended average abundance function

The proportion k/N for A-strategy players in an evolu-
tionary population is a random variable, and let ϑk(θ ,λ ,κ)

be the probability distribution for the corresponding variable
k (k = 0,1,2, . . . ,N) under Aspiration–Fermi hybrid rule. The
expected limit of the proportion of A strategy players in well-
mixed population called the extended average abundance func-
tion (EAAF) is denoted by 〈XA(θ ,λ ,κ)〉:[35]

〈XA(θ ,λ ,κ)〉=
N

∑
k=0

k
N

ϑk(θ ,λ ,κ). (12)

Generally 〈XA(θ ,λ ,κ)〉 is available for analyzing the
evolutionarily stable state for a Markov chain without absorb-
ing states. Here ϑk satisfies the detailed balance formula:[54]

ϑkT+
k = ϑk+1T−k+1.
Hence, the EAAF of A-strategy players under Aspiration–

Fermi hybrid rule is

〈XA(θ ,λ ,κ)〉=
1
N

N
∑

k=1
k

k−1
∏
j=0

h( j)

1+
N
∑

k=1

k−1
∏
j=0

h( j)
, (13)

where

h( j) =
T+

j

T−j+1
=

(N− j)
(

θ

1+exp
[
−λ (α−ΠB( j))

] + 1−θ

1+exp
[
− 1

κ
(ΠA( j)−ΠB( j))

])
( j+1)

(
θ

1+exp
[
−λ (α−ΠA( j+1))

] + 1−θ

1+exp
[
− 1

κ
(ΠB( j+1)−ΠA( j+1))

]) . (14)

2.5. Multi-person snowdrift game model with cost sharing

We further consider NSG[25] with cost sharing: Nd play-
ers are randomly sampled from a well-mixed population with
size N and they are blocked by a huge snowdrift on the way
to their destination. Cooperation (C) and defection (D) are
two available strategies for each player. Within the Nd-person
group, at least M cooperators (1 ≤ M ≤ Nd) are desirable to
clear the snowdrift and then each player obtains a benefit b
given a total cost c of endeavor. Precisely, if the number of
cooperators is below M, these cooperators are too few to ful-
fill the snowdrift task so that each player additionally incurs a
time cost δ (b) dependent on the benefit b, and meanwhile each
cooperator bear the maximum cost c/M of shoveling cost. If
the number of cooperators is no less than M, these cooperators
are enough to complete the snowdrift, all Nd players equally
share the cost c of shoveling snow for a fairness,[39] and each
of them pay an extra time cost to a certain extent. Hence, the
payoffs of the focal agent with cooperation and defection are
given by

PC(i) =

{
− c

M −δ (b), i ∈ [0,M−2],
b− c

Nd
− lδ (b)

i+1 , i ∈ [M−1,Nd−1],
, (15)

PD(i) =

{
−δ (b), i ∈ [0,M−1],
b− c

Nd
− lδ (b)

i+1 , i ∈ [M,Nd−1],
(16)

where l ∈ [0,1].
Simply, GNSGC denotes our proposed above model. By

comparisons with the existing models, in the rest of this paper,
GNSG denotes the reduction model of GNSGC without cost
sharing in Ref. [25], GSH represents the model[28] with time
preferences of defectors, and TNSG signifies another reduc-
tion of GNSGC without cost sharing and time cost in Ref. [22].

Suppose Hs(x) represents a Heaviside step function, with
the property that when x < 0, Hs(x) = 0, and when x ≥ 0,
Hs(x) = 1. Thus, the payoffs PC(i) and PD(i) are normalized
as

PC(i) = Hs(i+1−M)

[
b+δ (b)+

c
M
− c

Nd
− lδ (b)

i+1

]
− c

M
−δ (b), (17)

PD(i) = Hs(i−M)

[
b+δ (b)− c

Nd
− lδ (b)

i+1

]
−δ (b). (18)

Consequently, the expected payoffs ΠD( j) and ΠC( j) are
as follows:
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ΠD( j) =
Nd−1

∑
i=0

Ci
jC

Nd−1−i
N− j−1

CNd−1
N−1

PD(i) =
Nd−1

∑
i=0

Ci
jC

Nd−1−i
N− j−1

CNd−1
N−1

(
Hs(i−M)

[
b+δ (b)− c

Nd
− lδ (b)

i+1

]
−δ (b)

)

= −δ (b)
M−1

∑
i=0

Ci
jC

Nd−1−i
N− j−1

CNd−1
N−1

+
Nd−1

∑
i=M

Ci
jC

Nd−1−i
N− j−1

CNd−1
N−1

(
b− c

Nd
− lδ (b)

i+1

)
, (19)

ΠC( j) =
Nd−1

∑
i=0

Ci
j−1CNd−1−i

N− j

CNd−1
N−1

PC(i) =
Nd−1

∑
i=0

Ci
j−1CNd−1−i

N− j

CNd−1
N−1

(
Hs(i+1−M)

[
b+δ (b)+

c
M
− c

Nd
− lδ (b)

i+1

]
− c

M
−δ (b)

)

=


Nd−1

∑
i=0

Ci
j−1C

Nd−1−i
N− j

C
Nd−1
N−1

(
b− c

Nd
− lδ (b)

i+1

)
, M = 1,

−
M−2
∑

i=0

Ci
j−1C

Nd−1−i
N− j

C
Nd−1
N−1

( c
M +δ (b)

)
+

Nd−1
∑

i=M−1

Ci
j−1C

Nd−1−i
N− j

C
Nd−1
N−1

(
b− c

Nd
− lδ (b)

ik+1

)
, M ≥ 2,

(20)

Accordingly, the EAAF for cooperation in GNSGC is

〈XC(θ ,λ ,κ)〉 =
1
N

N
∑

k=1
k

k−1
∏
j=0

h( j)

1+
N
∑

k=1

k−1
∏
j=0

h( j)
=



1
N

N
∑

k=0
k

k−1
∏
j=0

(N− j)(y(θ ,λ )+z(θ ,κ))
( j+1)Y (θ ,λ )+Z(θ ,κ))

1+
N
∑

k=0
k

k−1
∏
j=0

(N− j)(y(θ ,λ )+z(θ ,κ))
( j+1)(Y (θ ,λ )+Z(θ ,κ))

, M = 1,

1
N

N
∑

k=0
k

k−1
∏
j=0

(N− j)( f (θ ,λ )+g(θ ,κ))
( j+1)(F(θ ,λ )+G(θ ,κ))

1+
N
∑

k=0
k

k−1
∏
j=0

(N− j)( f (θ ,λ )+g(θ ,κ))
( j+1)(F(θ ,λ )+G(θ ,κ))

, M ≥ 2,

(21)

where

y(θ ,λ ) =
θ

1+ exp

(
−λ

[
α +δ (b)

Cd−1
N− j−1

C
Nd−1
N−1

−
Nd−1

∑
i=1

Ci
jC

Nd−1−i
N− j−1

C
Nd−1
N−1

(
b− c

Nd
− lδ (b)

i+1

)]) ,

Y (θ ,λ ) =
θ

1+ exp

(
−λ

[
α−

Nd−1
∑

i=0

Ci
jC

Nd−1−i
N− j−1

C
Nd−1
N−1

(
b− c

Nd
− lδ (b)

i+1

)]) ,

z(θ ,κ) =
1−θ

1+ exp

(
− 1

κ

[
Nd−1

∑
i=0

Ci
j−1C

Nd−1−i
N− j

C
Nd−1
N−1

(
b− c

Nd
− lδ (b)

i+1

)
+δ (b)

C
Nd−1
N− j−1

C
Nd−1
N−1

−
Nd−1

∑
i=1

Ci
jC

Nd−1−i
N− j−1

Cd−1
N−1

(
b− c

Nd
− lδ (b)

i+1

)]) ,

Z(θ ,κ) =
1−θ

1+ exp

(
− 1

κ

[
−δ (b)

C
Nd−1
N− j−2

Cd−1
N−1

+
Nd−1

∑
i=1

Ci
j+1C

Nd−1−i
N− j−2

C
Nd−1
N−1

(
b− c

Nd
− lδ (b)

i+1

)
−

Nd−1
∑

i=0

Ci
jC

Nd−1−i
N− j−1

C
Nd−1
N−1

(
b− c

Nd
− lδ (b)

i+1

)]) ,

f (θ ,λ ) =
θ

1+ exp

(
−λ

[
α +δ (b)

M−1
∑

i=0

Ci
jC

Nd−1−i
N− j−1

C
Nd−1
N−1

−
Nd−1

∑
i=M

Ci
jC

Nd−1−i
N− j−1

C
Nd−1
N−1

(
b− c

Nd
− lδ (b)

i+1

)]) ,

F(θ ,λ ) =
θ

1+ exp

(
−λ

[
α +

M−2
∑

i=0

Ci
Ni

C
Nd−1−i
N− j−1

C
Nd−1
N−1

( c
M +δ (b)

)
−

Nd−1
∑

i=M−1

Ci
jC

Nd−1−i
N− j−1

C
Nd−1
N−1

(
b− c

Nd
− lδ (b)

i+1

)]) ,

g(θ ,κ) =
1−θ

1+ exp
[
− 1

κ

[
−

M−2
∑

i=0

Ci
j−1C

Nd−1−i
N− j

C
Nd−1
N−1

( c
M +δ (b)

)
+

Nd−1
∑

i=M−1

Ci
j−1Cd−1−i

N− j

C
Nd−1
N−1

(
b− c

Nd
− lδ (b)

i+1

)
+δ (b)

M−1
∑

i=0

Ci
jC

Nd−1−i
N− j−1

C
Nd−1
N−1

−
Nd−1

∑
i=M

Ci
jC

Nd−1−i
N− j−1

C
Nd−1
N−1

(
b− c

Nd
− lδ (b)

i+1

)]] ,
G(θ ,κ) =

1−θ

1+ exp
[
− 1

κ

[
−δ (b)

M−1
∑

i=0

Ci
j+1Cd−1−i

N− j−2

C
Nd−1
N−1

+
Nd−1

∑
i=M

Ci
j+1C

Nd−1−i
N− j−2

C
Nd−1
N−1

(
b− c

Nd
− lδ (b)

i+1

)
+

M−2
∑

i=0

Ci
jC

Nd−1−i
N− j−1

C
Nd−1
N−1

( c
M +δ (b)

)
−

Nd−1
∑

i=M−1

Ci
jC

Nd−1−i
N− j−1

C
Nd−1
N−1

(
b− c

Nd
− lδ (b)

i+1

)]] .

3. Simulation results

3.1. Evolutionary analysis of equal benefits both coopera-
tors and defectors

In this section, we investigate the effects of all parameters
on the EAAF for GNSGC under the equal payoffs both coop-

erators and defectors. For the convenience of research, in this
article, it is assumed that the time cost δ (b)= µb, where µ ≥ 0
is the time cost factor. Select the basic parameters Nd = 15,
α = 1, b= 10, c= 5, µ = 4, M = 10, λ = 4, κ = 0.7, θ = 0.99,
l = 0.3, N = 20.

Firstly, in Fig. 1, we study the effect of Aspiration–Fermi
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hybrid rule on the EAAFs for GNSGC, GNSG[25] (without
considering cost sharing), GSH[28] (without considering the
cost sharing, but taking into account the time preference of de-
fectors) and TNSG[22] (without considering both cost sharing
and time cost). Obviously, for θ ∈ [0,1], the EAAF of GNSGC
is greater than that of GNSG, GSH, and TNSG as shown in
Fig. 1. This indicates cost sharing helpfully enhance the co-
operation. Additionally, at θ = 0.99 the EAAFs for GNSGC,
GNSG, and GSH attains its maximum which is conspicuously
higher than the EAAFs at θ = 0 (PW–Fermi rule) and θ = 1
(Aspiration rule).This demonstrates that a higher proportion of
the Aspiration rule in the hybrid framework more effectively
facilitates cooperation, indicating that individual adherence to
subjective aspirations enhances collaborative behavior. Mean-
while, for θ ∈ [0,0.99] the EAAFs for GNSGC, GNSG, and
GSH and for θ ∈ [0,1] the EAAF for TNSG gradually increase
as θ . This suggests that the Aspiration–Fermi hybrid rule pro-
posed by us exerts a positive effect on enhancing the EAAF
and can more effectively facilitate the generation of coopera-
tion.
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Fig. 1. The effect of Aspiration–Fermi hybrid rule on the EAAFs for
GNSGC and other models.

2 4 6 80

λ

10
0.4

0.5

0.6

0.7

0.8

0.9

1.0

E
A
A
F

GNSGC

GNSG

GSH

TNSG

Fig. 2. The effect of selection intensity on the EAAFs for GNSGC and
other models.

In order to further investigate the impact of parameters
on the EAAF for GNSGC under the equal payoffs both co-
operators and defectors, we conduct simulation analyses on
the selection intensity λ within the Aspiration–Fermi hybrid
rule. Evidently, in Fig. 2, the EAAFs for GNSGC, GNSG,
GSH, and TNSG gradually increase and eventually stabilize
at a certain fixed value as the selection intensity continuously

increases, this indicates that appropriately increasing the se-
lection intensity is helpful for cooperation. Furthermore, for
λ ∈ [0,10], the EAAF of GNSGC is greater than that of
GNSG, GSH, and TNSG; this once again indicates that cost
sharing helpfully enhances cooperation.

In Fig. 3, we probe into the impact of noise parameters
κ on the EAAF for GNSGC. For κ ∈ (0,1], the EAAF of
GNSGC is greater than that of GNSG, GSH, and TNSG, this
once again indicates that cost sharing helpfully enhances co-
operation. Additionally, the EAAFs of GNSGC, GNSG, GSH,
and TNSG first increase to the maximum value and then grad-
ually decrease. This indicates that the selection of noise can-
not be too large. Only an appropriate noise level can better
promote cooperation.
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Fig. 3. The effect of environmental noise level on the EAAFs for
GNSGC and other models.

In Fig. 4, we examine the influence of threshold M on the
EAAF for GNSGC. As shown in the figure, as the threshold
increases, the EAAF for GNSGC, GNSG, and GSH gradually
increases, for M ∈ [1,14]. This indicates that the threshold
helpfully enhances cooperation. Additionally, for M ∈ [1,12]
the EAAF for GNSGC is greater than that for GNSG, GSH,
and TNSG, but the EAAF for TNSG is greater than that for
GNSGC when M ≥ 12, this indicates that when the threshold
is below a certain value, cost sharing is beneficial for enhanc-
ing cooperation. Whereas when the threshold is close to the
number of participants, TNSG can better promote cooperation.
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Fig. 4. The effect of threshold on the EAAFs for GNSGC and other models.

To explore the impact of the number of participants Nd

on the EAAF, in Fig. 5, we investigate the influence of Nd on
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the EAAF for GNSGC under Aspiration–Fermi hybrid rule.
As can be seen from the figure, as Nd increases, the EAAF
for GNSGC is increases first and then decreases, the EAAFs
for both GNSG and GSH are first decreases, then increases,
and finally decreases again but the EAAF for TNSG is grad-
ually decreases. This indicates that the impact of the num-
ber of participants on the EAAF fluctuates greatly. Therefore,
choosing an appropriate number of participants can better pro-
mote cooperation. Moreover, for Nd ∈ [13,20], the EAAF for
GNSGC is greater than for GNSG, GSH, and TNSG, but the
EAAF for TNSG is greater than GNSGC, GNSG, and GSH,
for Nd ∈ [11,13], this indicates that when Nd is relatively close
to the threshold M, TNSG is more capable of promoting coop-
eration. Conversely, when parameter Nd is significantly distant
from the threshold, GNSGC is better at promoting coopera-
tion. This also indicates that to a certain degree, cost sharing
is beneficial for the increase in cooperation.
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Fig. 5. The effect of participants on the EAAFs for GNSGC and other
models.
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Furthermore, we draw in Fig. 6 to further explore the im-
pacts of threshold M and participants Nd on the EAAF. The
graphical results demonstrate that the closer the number of Nd

is to the M, the higher the EAAF will be. This suggests that
when the threshold is close to the number of participants, co-
operation can be better promoted. Additionally, the regions

with higher EAAF in GNSGC are larger than those in GNSG,
GSH, and TNSG. This once again indicates that cost sharing
is beneficial for cooperation.

In Fig. 7, we investigate the impact of the benefit b on
the EAAF for GNSGC under Aspiration–Fermi hybrid rule.
Just as we expect, as the benefit increases, the EAAFs for
GNSGC, GNSG, GSH, and TNSG continuously rises until
they increases to 1, this indicates that when the cost c is fixed,
increasing benefit is beneficial to improving cooperation. In
addition, the EAAF for GNSGC is greater than that of GNSG,
GSH, and TNSG. This once again indicates that cost sharing
helpfully enhances cooperation.
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Fig. 7. The effect of benefit on the EAAFs for GNSGC and other models.

We depict in Fig. 8 to investigate the influence of cost
c on the EAAF for GNSGC under Aspiration–Fermi hybrid
rule. The graph indicates that the EAAF for GNSGC, GNSG,
GSH, and TNSG gradually decline as the cost increases, this
indicates that when the benefit b is fixed, the lower the cost,
the more helpfully promote the cooperation. Additionally, the
EAAF for GNSGC is greater than that of GNSG, GSH, and
TNSG. This once again indicates that cost sharing helpfully
enhances cooperation.
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Fig. 8. The effect of cost on the EAAFs for GNSGC and other models.

In Fig. 9, we examine the influence of the time cost fac-
tor µ on the EAAF for GNSGC under Aspiration–Fermi hy-
brid rule. Obviously, as time cost factors increases, the EAAF
for GNSGC, GNSG, and GSH generally shows a gradually
decreasing trend. And when it exceeds a certain value, their
value will be lower than the EAAF for TNSG. This indicates
that time cost can promote cooperation to a certain extent.
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However, when time cost is excessive, it will instead inhibit
cooperation. Additionally, the EAAF for GNSGC is greater
than that of GNSG, GSH. This once again indicates that cost
sharing helpfully enhances cooperation.
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Fig. 9. The effect of time cost factors on the EAAFs for GNSGC and
other models.

In Fig. 10, we investigate the impact of aspiration level α

on the EAAF for GNSGC under the Aspiration–Fermi hybrid
rule. As the aspiration level continues to increase, the EAAFs
for GNSGC, GNSG, and GSH generally shows a gradually de-
creasing trend, but the EAAF for TNSG first increase to their
maxima, then gradually decline, and finally tend towards a sta-
ble value. This shows that, just as in real life, neither an ex-
tremely high nor an extremely low aspiration level is appro-
priate. An appropriate aspiration level is more conducive to
promoting cooperation. At the same time, generally speaking,
the EAAF for GNSGC is greater than that for GNSG, GSH,
and TNSG. To a certain extent, this once again indicates that
cost sharing is beneficial for cooperation.
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Fig. 10. The effect of aspiration level on the EAAFs for GNSGC and
other models.

In Fig. 11, we investigate the impact of population size N
on the EAAF for GNSGC under the Aspiration–Fermi hybrid
rule. As the population size continues to increase, the EAAF
for GNSGC, GNSG, GSH, and TNSG generally shows a trend
of first decreasing and then slowly increasing, but the EAAF
for GNSGC is greater than that of GNSG, GSH. This once
again indicates that cost sharing helpfully enhances coopera-
tion.
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Fig. 11. The effect of population size on the EAAFs for GNSGC and
other models.

3.2. Evolutionary analysis of unequal benefits of both co-
operators and defectors

In this subsection, we study the impact of unequal ben-
efits of both cooperators and defectors on the EAAF for
GNSGC under Aspiration–Fermi hybrid rule in order to en-
courage more players to participate in cooperation. Unlike the
Subsection 3.1, we increase the benefit bC = 11 of coopera-
tors without changing the benefit b = 10 of defectors. Other
parameters are the same as in Subsection 3.1.
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Fig. 12. The effect of Aspiration–Fermi hybrid rule on the EAAFs for
GNSGC and other models under the benefit bC = 11 of cooperators.

Firstly, in Fig. 12, we study the effect of Aspiration–
Fermi hybrid rule on the EAAFs for GNSGC, GNSG, GSH,
and TNSG under the benefit bC = 11 of cooperators. By com-
parison with Fig. 1, it can be observed that increasing the ben-
efit of cooperators while keeping the benefit of defectors un-
changed will lead to extremely high the EAAFs for GNSGC,
GNSG, GSH, and TNSG, thereby making cooperation more
emergent. Obviously, for θ ∈ [0,1], the EAAF of GNSGC
is greater than that of GNSG, GSH, and TNSG as shown in
Fig. 1. This indicates that cost sharing helpfully enhances co-
operation. Additionally, within the ranges of θ ∈ [0.2,0.99] for
GNSGC and θ ∈ [0.4,0.99] for GNSG and GSH, the EAAF
values reach their maximum which are conspicuously higher
than the EAAFS at θ = 0 (Fermi rule) and θ = 1 (Aspiration
rule). This once again suggests that the Aspiration–Fermi hy-
brid rule proposed by us exerts a positive effect on enhancing
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the EAAF and can more effectively facilitate the generation of
cooperation.

Secondly, to further explore the influence of cooperator
benefits and defector benefits on EAAF, we conduct a sensi-
tivity analysis on bC and b. As shown in Fig. 13, for bC > b,
the EAAFs for GNSGC, GNSG, GSH, and TNSG are almost
close to 1, are greater than the EAAFs for bC ≤ b. This once
again indicates that only increasing the benefits of coopera-
tors can better improve cooperation. In addition, the EAAF
for GNSGC is greater than that of GNSG, GSH, and TNSG.
This once again indicates that cost sharing helpfully enhances
cooperation.
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Fig. 13. The effects of both cooperator benefits and defector benefits on
the EAAFs for GNSGC and other models.

4. Conclusion
In this paper, we initially construct a multi-player snow-

drift evolutionary game model based on cost sharing. Build-
ing on GNSG, we stipulate that everyone must bear the cost of
snow shoveling. Simultaneously, we propose an Aspiration–
Fermi hybrid rule. Through the evolutionary process of
Markov chains, we establish the EAAF for GNSGC under the
Aspiration–Fermi hybrid rule. Subsequently, through numeri-
cal simulations, we first conduct numerical simulation analy-
sis and comparison of different parameters in GNSGC, GNSG,
GSH, and TNSG under the condition where the benefits of co-
operators and defectors are the same. We deeply explore the
influence of parameters such as update rules, selection inten-
sity, noise parameters, thresholds, the number of participants,
benefits, costs, time cost factors, aspiration levels, and popula-
tion sizes on the EAAF. Finally, under the condition of unequal
benefits of cooperators and defectors, we study the influence
of update rules, cooperator benefits and defector benefits on
the EAAFs for GNSGC, GNSG, GSH, and TNSG. The results
are in line with the theory: The Aspiration–Fermi hybrid rule
and cost sharing can increase the EAAF and thereby promote
the improvement of cooperation levels. To a certain extent,

selection intensity, noise parameters, thresholds, the number
of participants, benefits, costs, time cost factors, and aspira-
tion levels can also enhance cooperation. Moreover, only in-
creasing the benefits of cooperators while keeping the benefits
of defectors unchanged will directly make the average abun-
dance reach 1, which can better promote cooperation. In short,
the Aspiration–Fermi hybrid rule and cost sharing can facili-
tate the improvement of cooperation, and only increasing co-
operation benefits will lead to a higher cooperation level. In
conclusion, this paper introduces innovative Aspiration–Fermi
hybrid rule and cost sharing into the multi-person snowdrift
evolutionary game model. Through comprehensive parameter
analysis and comparative analysis, our findings yield signifi-
cant implications for understanding the evolution of coopera-
tion and offer innovative approaches for enhancing coopera-
tive behavior.

Appendix A: The proof for formula (13)
Proof The following equation can be obtained from the

detailed balance formula:[54]

ϑ1 =
T+

0

T−1
ϑ0, ϑ2 =

T+
1

T−2
ϑ1 =

T+
0 T+

1

T−1 T−2
ϑ0,

ϑ3 =
T+

2

T−3
ϑ2 =

T+
0 T+

1 T+
2

T−1 T−2 T−3
ϑ0, · · · . (A1)

Carry out an inductive analysis on formula (A1). When N j >

0, there is

ϑN j =
∏

N j−1
Ni=0 T+

Ni

∏
N j
Ni=0 T−Ni

ϑ0 =
N j−1

∏
Ni=0

h(Ni)ϑ0, (A2)

where h(Ni) =
T+

Ni
T−Ni+1

, h(Ni) is a type-dominant function. When

h(Ni)> 1, it indicates that type A is dominant; otherwise, type
B is dominant. Therefore, h(Ni) reflects the situation where
type A is dominant after each game. To simplify, let F(N j) =

∏
N j−1
Ni=0 h(Ni). From the constraint condition ∑

N
N j=0 ϑN j = 1, it

follows that

N

∑
N j=0

ϑN j = ϑ0 +
N

∑
N j=0

F(N j)ϑ0 = 1. (A3)

It is solved from formula (A3) that ϑ0= 1
1+∑

N
Nj=0 F(N j)

, substi-

tute it into formula (A2) to obtain that when j > 1

ϑN j =
F(N j)

1+∑
N
N j=0 F(N j)

. (A4)

By inserting formula (A4) into Eq. (12), it can be deduced that

〈XA(θ ,λ ,κ)〉=
1
N

N

∑
N j=1

N j
F(N j)

1+∑
N
N j=0 F(N j)

. (A5)
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Furthermore, it can be obtained that

〈XA(θ ,λ ,κ)〉=
1
N

∑
N
N j=1 N jF(N j)

1+∑
N
N j=0 F(N j)

=
1
N

∑
N
N j=1 N j ∏

N j−1
Ni=0 h(Ni)

1+∑
N
N j=0 ∏

N j−1
Ni=0 h(Ni)

. (A6)

References
[1] Milinski M 1987 Nature 325 433
[2] Sinervo B and Clobert J 2003 Science 300 1949
[3] Bshary R and Grutter A S 2006 Nature 441 975
[4] Tilman A R, Plotkin J B and Akçay E 2020 Nat. Commun. 11 915
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