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Although dissipative pure quartic solitons (DPQSs) stabilized by fourth-order dispersion (FOD) and nonlinearity are
widely studied, their multi-soliton dynamics in positive FOD remain underexplored. Here, we study the impact of saturation
energy and filter bandwidth on breathing DPQS molecules numerically. Our findings indicate that complementary breathing
DPQS molecules exchange energy through oscillating tails, exhibiting simultaneously temporal oscillations and spectral
shifting. By adjusting cavity parameters, we demonstrate that the state of breathing soliton molecules is inherently governed
by time separation. These findings deepen the comprehension of multi-soliton interactions and nonlinear phenomena.
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1. Introduction
Solitons, a unique type of nonlinear localized waves,[1]

have attracted considerable research attention due to their
exceptional stability and ability to propagate over long dis-
tances without distortion.[2] Over subsequent decades, soli-
ton phenomena have been observed across diverse fields,
including quantum fluids,[3,4] microcavity optics,[5,6] and
laser physics.[7,8] Their remarkable application prospects
have driven development across multiple areas, particu-
larly in quantum information processing,[9] optical frequency
combs,[10,11] and fiber-optic communications.[12] Solitons are
also ubiquitously observed in non-conservative systems. In
nonlinear optical systems, localized waves formed through the
balanced interplay of gain, loss, dispersion, and nonlinear ef-
fects are formally designated as dissipative solitons.[13–15]

Passively mode-locked fiber lasers (PMFL) have emerged
as an ideal platform for investigating nonlinear dissipative
dynamics.[16,17] When configured to operate within a dissipa-
tive regime, PMFL generates optical dissipative solitons that
exhibit rich nonlinear phenomena under specific conditions,
including breathing soliton,[18–20] soliton pulsation,[21–25] and
soliton explosions.[26–29] Traditional investigations have pre-
dominantly characterized higher-order dispersion as a detri-
mental factor because it induces soliton distortion and en-
ergy dissipation. Consequently, prior studies of optical soli-
ton dynamics have primarily focused on second-order disper-
sion (SOD) regimes under dispersion management, with lim-
ited exploration of higher-order dispersion effects. However, a
shift occurred with the experimental discovery of pure-quartic
solitons (PQSs) governed by fourth-order dispersion (FOD) in

2016.[30–33] Subsequently, PQS shows an inverse cubic rela-
tionship between energy and pulse width,[34] surpassing the
picojoule-level energy constraints characteristic of traditional
solitons. This breakthrough has since triggered comprehensive
investigations into quartic soliton dynamics.

Multiple soliton formation constitutes a prevalent phe-
nomenon in PMFL. Under elevated pump power conditions,
energy accumulation causes soliton splitting. In contrast, PQS
molecules exhibit stability characteristics. Their oscillatory
tails effectively establish a potential barrier that induces re-
pulsive forces between adjacent solitons, thereby enhancing
robustness against perturbations and significantly inhibiting
fission processes.[35] The realization of stable multi-soliton
states under net normal FOD conditions is unresolved. Current
research on PQS molecules has mostly been conducted exclu-
sively in net anomalous FOD regimes,[36] Recently, Shen et
al. innovatively leveraged spectral filtering effects to lower the
threshold for pulse splitting.[37] This finding enables the ex-
ploration of multi-soliton nonlinear dynamics in normal FOD
regions.

In this work, we numerically and comprehensively study
breathing soliton molecules in a normal FOD fiber laser and
uncover a special breathing mode, which is, DPQS molecules
exhibit a complementary breathing mode. That is because
oscillating tails serving as the channel for energy transfer
connect different solitons, enabling energy exchange between
these solitons. Moreover, we demonstrate that the separation
affects the interaction between different solitons, changing the
breathing mode. More interestingly, the oscillating tails ex-
hibit creeping when energy is transferred through them. These
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discoveries advance the understanding of multi-soliton nonlin-
ear dynamics in dissipative optical systems.

2. Numerical method
Our numerical model employs a PMFL configuration,

schematically illustrated in Fig. 1(a). The laser cavity con-
sists of a spectral pulse shaper (SPS), Er-doped fibers (EDFs),
a saturable absorber (SA), a spectral filter, single-mode
fibers (SMFs), and an output coupler (OC). The nonlinear
Schrödinger equation (NLSE) is used to describe the propa-
gation dynamics of solitons, which is classically of the form

∂A
∂ z

= − iβ2

2
∂ 2A
∂ t2 +

β3

6
∂ 3A
∂ t3 +

iβ4

24
∂ 4A
∂ t4

+ iγ |A|2 A+
g−α

2
A, (1)

where A, t, γ , and z respectively represent the slowly vary-
ing amplitude of the pulse envelope, the temporal coordinate,
the nonlinear coefficient, and the propagation distance. β2,
β3, and β4 denote the fiber’s second-order dispersion (SOD),
third-order dispersion (TOD), and FOD of the fiber. Within
the EDFs, α and g correspond to the loss and gain coefficients,
respectively. Where the g of the EDF is defined as

g =
g0

1+
∫
|A(z, t)|2 dt/Esat +

(
ω/Ωg

)2 , (2)

where g0 is the small-signal gain coefficient, ω is angular fre-
quency, Esat and Ωg denote saturation energy and gain band-
width of the EDF. The SA, which is related to the pulse inten-
sity, can be described as

T = 1− q0

1+ |A(z, t)|2 /Psat
, (3)

where q0 and Psat represent the modulation depth and satura-
tion power of the SA, respectively. The SPS generates a cus-
tomizable phase distribution, and the phase modulation func-
tion of SPS on propagating pulse can be written as

φ (ω) = β2
(ω−ω0)

2

2
+β3

(ω−ω0)
3

6

+β4
(ω−ω0)

4

24
. (4)

Here, ω0 represent the central angular frequency. A
Lorentzian filter is added into the cavity, with its transfer func-
tion can be expressed as

F(ω) =
1

1+[(ω−ω0)/∆ω]2
, (5)

where ∆ω is the filter bandwidth expressed in angular fre-
quency. The central wavelength of the Lorentzian filter op-
erates is 1550 nm and ∆ω is set to 5 ps−1.

The initial simulation parameters are listed in Table 1.
The seed signal is a relatively weak pulse, it propagates

through: EDF→ SA→ filter→ OC→ SPS. All components
are connected with SMF. The total fiber’s SOD β2 = 0.032 ps2,
TOD β3 = 0 ps3, and FOD β4 =−0.0000044 ps4. We use SPS
to manage the dispersion of the fiber laser. The SPS serves two
aims; to compensate the SOD and TOD by optical fibers, so
that net cavity dispersion of these orders is negligible,[34] as
illustrated in Fig. 1(b); and introduce FOD values of 0.47 ps4,
which dominates the propagation, as shown in Fig. 1(c). The
NLSE is solved numerically by the split-step Fourier method,
and temporal and spectral information are recorded during
propagation through the OC for each roundtrip (RT).
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Spectral
pulse
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0
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SPS

0
Cavity
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(b)(a)

(c)

φβ2
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ω

ω

Fig. 1. Principle of operation of the laser. (a) Schematic diagram of the
fiber laser used for simulation. (b) Quadratic and (c) quartic dispersive phase
imparted by the cavity and the spectral pulse shaper.

Table 1. Initial component parameters.

Element Parameter Value

EDF

length 2 m
β2−EDF 60 ps2/km
β3−EDF 0 ps3/km
β4−EDF 0.0022 ps4/km

γEDF 0.006 W−1·m−1

g0 1.5 m−1

Esat 70 pJ
Ωg 30 nm

SMF

length 4 m
β2−SMF −22 ps2/km
β3−SMF 0 ps3/km
β4−SMF −0.0022 ps4/km

γSMF 0.0015 W−1·m−1

SA
q0 0.4
Psat 50 W

Filter ∆ω 5 ps−1

SPS
β2 −0.032 ps2

β3 0 ps3

β4 0.4700044 ps4

3. Results and analysis
3.1. Breathing single DPQS

The formation of DPQS is essentially governed by
the modulation instability (MI) dynamics. Specifically, the
chaotic, stable, and breathing states of DPQS correspond
respectively to the MI system residing in an unmodulated
continuous-wave (CW) state, a cosine-modulated state, and
a transitional state between the CW state and the cosine-
modulated state.[38]
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In the non-stationary propagation scenarios, the nonlin-
ear localized structures exhibiting periodic energy evolution
are vividly termed as breathing or pulsating solitons.[39] In
simulations, the pump power is linked with Esat. When Esat

is set to 70 pJ, the laser outputs breathing single DPQS, as
displayed in Fig. 2. Figures 2(a) and 2(b) illustrate the tem-
poral and spectral evolutions over 600 RTs, respectively, as
they exhibit the typical breathing features of oscillating prop-
agation in time, spectral, and energy.[39] To better characterize
breathing DPQS, the single-shot time and spectral profile at
550 RT is fetched. In Fig. 2(c), the chirp of breathing DPQS

increases linearly in the center of the pulse. The correspond-

ing spectra display similar characteristics under the linear and

logarithmic coordinates, i.e., the intensity obviously dropped

in the center, as depicted in Fig. 2(d). The DPQS exhibits os-

cillating tails in temporal profile, primarily owing to higher

optical power disrupting the phase-matching relationship be-

tween the main lobe of DPQS and temporal pedestals. This

disruption subsequently triggers periodic energy redistribution

across the whole pulse profile, ultimately facilitating sustained

energy exchange between the main lobe and pedestal.[25,40]
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Fig. 2. Breathing DPQS. (a) Temporal and (b) spectral evolution over 600 RTs. Inset of (a): energy evolution; single-shot (c) time and (d)
spectral profile under the 550th RT.

3.2. Breathing DPQS molecules containing two solitons

To get the breathing DPQS molecules containing two
solitons, reducing the filter bandwidth to provide more spec-
tral loss is necessary, which lowers the splitting threshold.[37]

When saturation energy is elevated, it could disrupt the rela-
tive equilibrium between two solitons, triggering periodic en-
ergy exchange and exhibiting breathing dynamics. We set the
Esat to 85 pJ and the filter bandwidth ∆ω to 4 ps−1. As
shown in Fig. 3(a), soliton 1 and soliton 2 exhibit comple-
mentary breathing patterns, with oscillating tails simultane-
ously demonstrating a creeping-like shift. The soliton inter-
action shows a complementary relationship, when soliton 1
reaches the maximum energy, soliton 2 reaches the mini-
mum energy, and conversely, aligning with certain reports.[41]

Breathing soliton molecules exhibit complementary intensity
variations due to their mutual interaction, which have some
connections to generalized beating-like dynamics. However,
two primary distinctions of breathing soliton and beating soli-

ton exist: (i) Beating solitons display complementary inten-
sity changes between components with distinct directions,[42]

whereas in our study, the breathing soliton molecules show
complementary intensity changes from interactions between
two solitons. (ii) The total intensity of a single beating soliton
remains stable,[42] whereas that of a breathing soliton experi-
ences periodic oscillations. This oscillation with a period of
approximately 280 RTs, this periodic pattern is further corrob-
orated by the energy evolution in the insets of Fig. 3(a). Be-
cause of the interactions between soliton 1 and soliton 2, os-
cillating tails shift periodically, manifesting as a creeping dy-
namic with a 280 RTs periodicity. This shifting exhibits more
stronger creeping amplitude relative to previous studies.[36]

Additionally, the spectral evolution in Fig. 3(b) reveals that
weak interference spectral components exhibit a slow wave-
length shift across evolution.

To investigate the underlying mechanism of this phe-
nomenon, we selected five typical RTs corresponding to en-
ergy extrema within one breathing period at the 700th, 770th,
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840th, 910th, and 980th RT, as shown in Figs. 3(c) and 3(d).
These temporal and spectral profiles reveal that the width of
soliton molecules remains basically unchanged, while the os-
cillating tails exhibit periodic positional shifts. Simultane-
ously, spectral distributions reveal oscillatory lateral shifts of
the central wavelength. These findings, periodic intensity

modulation of the main pulse, coupled with weak trailing pulse
shift in breathing soliton molecules, collectively elucidate the
complementary mechanism of breathing soliton molecules in
the dissipative system. The creeping behavior originates from
the energy exchange between the main pulse and its oscillatory
tails.
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evolution of soliton 1 and soliton 2; (c) temporal and (d) spectral profiles at different RTs in one period.

3.3. Breathing DPQS molecules containing three solitons

The interaction behavior of the soliton molecule is in-
fluenced greatly by pulse separation.[39,43] This principle is
equally applicable to DPQS molecules under normal FOD.
We set Esat to 95 pJ and the filter bandwidth ∆ω to 3 ps−1.
Figures 4(a) and 4(c) reveal a complementary breathing mode
in soliton molecules, which show energy exchanges between
soliton 1, soliton 3, and soliton 2 during three soliton inter-
actions and demonstrate that the breathing period is 92 RTs.
Figure 4(d) captures the temporal evolution from 40th to 80th
RT. During this process, oscillating tails as a link enable en-
ergy transfer between soliton 1, soliton 3, and soliton 2, as
depicted in Fig. 4(c). This link makes synchronized intensity
oscillations in soliton 1 and soliton 3. Spectral interference
emerges when DPQS molecules are generated, as evidenced
in Figs. 4(b) and 4(e). The typical temporal and spectral pro-
files in one breathing period are displayed in Figs. 4(f) and
4(g). It can be obviously seen that the energy of soliton 2 first
transfers into soliton 1 and soliton 3, and then the energy will
flow back into soliton 2. This complementary intensity vari-

ation is similar to the power exchange between the pump and
sidebands exhibited by Akhmediev breathers (ABs) within the
modulation instability (MI) system.[38]

To comprehensively investigate breathing DPQS
molecules dynamics in fiber lasers, we set Esat to 100 pJ
and the filter bandwidth ∆ω to 4 ps−1. The temporal evo-
lution in Fig. 5(a) reveals the dynamics of breathing DPQS
molecules. The breathing period of soliton 3 is 70 RTs, while
the period of soliton 1 and soliton 2 is 130 RTs, which is ap-
proximately double the period of soliton 1. For better clarity,
we also provide the temporal and spectral evolution with a
breathing period, as depicted in Figs. 5(c) and 5(d). It reveals
that periodic energy exchange between soliton 1 and soliton 2
through oscillating tails, this process shows complementary
characteristics, as displayed in the inset of Fig. 5(a). Soliton 1
and soliton 2 exhibit a creeping-like shift in oscillating tails
through strong interaction because of little separation between
them, while soliton 3 maintains different breathing modes ow-
ing to its larger separation from the other solitons. Spectral
evolution in Figs. 5(b) and 5(d) displays breathing character-
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istics in the central regions. These findings reveal that the
separation of solitons can affect their interactions, which is at-

tributed to the capability of the tails of the pulse to establish a
linkage between soliton molecules and trigger energy transfer.
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The DPQSs exhibit different states when the system pa-
rameters are modulated. It is necessary to investigate the in-
fluence of filter bandwidths ∆ω and saturation energy Esat on
breathing DPQSs dynamics. ∆ω provides spectral loss and
Esat drives nonlinear effects, due to both of them correspond-
ing to the possible modulation of laser in practice, our explo-
ration exhibits practical value for potential applications. Fig-
ure 6 presents the state distribution of DPQS under different
filter bandwidths and saturation energy, where ∆ω is incre-
mented in 0.5 ps−1 steps and Esat is incremented in 5 pJ steps.
It can be found that when the filter bandwidth is in the range
of 4.5 ps−1–6 ps−1, DPQSs are more likely to be in a sin-
gle state, with the Esat increasing, DPQSs evolve into chaos
directly. This phenomenon arises from an insufficient low-
ering of the splitting threshold induced by spectral filtering.
When the filter bandwidth is in the range of 3 ps−1–4 ps−1,
DPQSs are more likely to split and evolve into breathing soli-
ton molecules. With the nonlinear gain increases, DPQSs split
to more solitons rather than evolve into chaos. Notably, breath-
ing soliton molecules in positive FOD are also more likely to
appear at the boundary between one stable soliton molecule
region to another stable region. This suggests that when tun-
ing parameters near the mode-locking threshold, energy began
to exchange between the main lobe and pedestal of the soli-
ton inducing tails oscillating. If the separation between soli-
tons is small, the oscillating tails can link different solitons and
facilitate energy exchange, forming complementary breathing
solitons molecules.
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Fig. 6. State distribution under different Esat and ∆ω .

4. Discussion and conclusion
In summary, we numerically investigated the breathing

dynamics of DPQS molecules in PMFL under normal FOD
with spectral filtering effects. Complex breathing phenomena
emerge between multiple DPQSs when adjusting pump power
and filter bandwidth. Unlike conventional PQS governed by
anomalous FOD, breathing DPQS molecules under normal
FOD exhibit oscillatory tails creeping and spectral shifting.
The emergence of intricate breathing DPQS molecules arises
due to energy exchange not only between the main lobe of

the soliton and its oscillating tails but also between the two
solitons, oscillatory tails acting as energy carriers. These os-
cillatory tails serve as energy transfer channels, being crucial
for driving complementary breathing patterns and triggering
creeping dynamics. Moreover, at larger soliton separation, the
link between the solitons through oscillating tails is so weak
that they virtually have no effect on each other, whereas closer
separation enables energy transfer through oscillatory tails,
interacting with each other and changing breathing periods.
These findings not only offer novel insights into the breathing
mechanisms of multiple DPQSs but also advance the under-
standing of nonlinear dynamics in multi-soliton systems.
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