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Multilayer complex dynamical networks, characterized by the intricate topological connections and diverse hierarchi-
cal structures, present significant challenges in determining complete structural configurations due to the unique functional
attributes and interaction patterns inherent to different layers. This paper addresses the critical question of whether struc-
tural information from a known layer can be used to reconstruct the unknown intralayer structure of a target layer within
general weighted output-coupling multilayer networks. Building upon the generalized synchronization principle, we pro-
pose an innovative reconstruction method that incorporates two essential components in the design of structure observers,
the cross-layer coupling modulator and the structural divergence term. A key advantage of the proposed reconstruction
method lies in its flexibility to freely designate both the unknown target layer and the known reference layer from the
general weighted output-coupling multilayer network. The reduced dependency on full-state observability enables more
deployment in engineering applications with partial measurements. Numerical simulations are conducted to validate the
effectiveness of the proposed structure reconstruction method.
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1. Introduction

Modern interconnected systems exhibit complex dynam-

ical behaviors across multiple domains, ranging from bio-

logical neural networks!!?! to critical infrastructure grids!>#!

(561 Deciphering struc-

and social communication networks.
tural configurations and operational principles of these net-
works provides fundamental insights into collective phenom-
ena that individual components cannot exhibit.”#! From en-
gineering perspectives, complete network mapping proves es-
sential for optimizing data transmission pathways,[°! stream-
lining supply chain logistics,!'”! and maintaining energy dis-
tribution stability.[!!]

The current research employs diverse methods for struc-
ture reconstruction. The graph-based approaches adopt sig-

[14.15] while sta-

[16,17]

nal processing!'>!3! and neural architectures,
tistical methods utilize Bayesian probability models

and causal relationship analysis.[!81%]

Sparse reconstruc-
tion techniques like compressed sensing?%?!l demonstrate
particular effectiveness in handling high-dimensional net-
works. Recent structure reconstruction algorithms have ex-
panded capabilities to linear dynamics via Lyapunov equa-
tion formulations'??! and nonlinear agent systems through
global convergence properties.l?*! A motif-driven hypergraph
construction method was studied to enhance graph structure

learning.!?*! By inserting motifs as hypernodes into the origi-
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nal graph to form a heterogeneous network, it handled incom-
plete information to facilitate the structure reconstruction. A
network reconstruction method was presented for binary-state
dynamical systems using generalized statistical inference.>!
Based on observational data, the approach employed statisti-
cal inference principles and the expectation—maximization al-
gorithms to deduce network structures. The topology identifi-
cation of weighted networks was addressed using binary time
series generated by propagation dynamics.*®! It utilized the
observed binary-state dynamics to reconstruct network topolo-
gies via maximum likelihood estimation and regularization
optimization. The drive-response framework?’-31-341 has be-
come widely adopted for constructing auxiliary observation
networks, with progress in handling real-world interference

[27.28] stochastic noise, 29391 unde-

factors like time delays,
tected nodes, ! and dynamics uncertainties.>33! Emerging
frontiers incorporate intermittent control, [34] fractional-order

(33351 and partial topology detection, 337! enhancing

domain
the practical applicability of structure reconstruction for com-
plex dynamical networks.

Many complex dynamical networks in the real world ex-
hibit multilayer architectures where interdependent subsys-
tems interact through cross-layer couplings. In such net-
works, interactions between different layers can give rise to
new dynamical behaviors, 38! and the structure reconstruction

for multilayer complex dynamical networks presents unique
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complexities.?®! Constructing the drive-response system fa-
cilitates the topology identification of multilayer networks

[40]

with unidirectional interlayer coupling,'™! with chaotic sig-

nal injections overcoming linear independence constraints. [!]
Furthermore, an enhanced synchronization-based topology
identification method was studied, which eliminates the need
for the linear independence condition.*?! The method in-
volved constructing a drive network with isolated nodes and
allowing an estimation matrix to accurately identify the un-
known structural matrix. ~While compressed sensing re-
mains common for its computational efficiency,** spe-
cialized reconstruction techniques have been developed for

(451 and delayed output-

stochastic hybrid multilayer networks
coupling multiplex systems.[*®] The output coupling mech-
anism exhibits enhanced operational feasibility in complex
networks by using low-dimensional observable network re-
sponses rather than relying on direct and full access to node
state variables.[*”] It enables robust deployment in engineer-
ing implementations constrained by partial measurements. [43]

In real-world multilayer networks, practical implemen-
tations of the cross-layer inference capability hold consider-
able significance. For instance, in social networks, which
have multilayer structures, there are visible reference layers
like friendship networks, where connections between users are
easily observable through interactions such as friend requests.
There are also hidden target layers, like user preference net-
works, where connections reflecting shared interests are indi-
rect and hard to measure. We treat the friendship network as
the known layer, and the user preference network as the target
layer, which we need to reconstruct to understand user behav-
ior patterns relying on low-dimensional outputs like likes or
shares. It respects privacy constraints on social platforms and
efficiently reconstructs hidden preference structures without

requiring complete user information. In power grids, which

feature a hierarchical multilayer structure, the well-monitored
transmission layers have known connections between substa-
tions through supervisory control and data acquisition sys-
tems. In contrast, the distribution layers, with feeder lines be-
tween substations, are often inadequately sensed due to cost
limitations. The transmission layer is designated as the known
layer and the distribution layer as the target layer, aiming to
reconstruct the connections in the distribution layer to ensure
stable energy distribution. However, a previous study ! ex-
plored reconstructing unknown structures in two-layer multi-
plex networks by using the topology of one known layer as
prior information. This method primarily focuses on adjacent
layer interactions, neglecting the interference effects cumu-
lated from non-adjacent layers in multilayer networks, which
may fall short in more general multilayer network architec-
tures. When identifying non-neighboring layers, coupling ef-
fects from intermediate or unrelated layers introduce cumula-
tive interference that disrupts structure observer designs rely-
ing solely on direct interlayer interactions.

Based on the above discussion, the paper introduces a
generalized method for intralayer structure reconstruction in
general weighted output-coupling multilayer complex dynam-
ical networks. An improved structure observer incorporates
two key terms: a cross-layer coupling modulator to account for
the influence of non-neighboring layers and a structural diver-
gence term to quantify the structural disparity between layers.
By leveraging the simpler, more accessible structure of one
layer, the adaptive observer, grounded in generalized synchro-
nization principles, reconstructs the structure of a more com-
plex and unknown layer while enabling real-time monitoring
of sudden structural changes. The advantages of the proposed
intralayer structure reconstruction method against existing ma-
jor methods are presented in Table 1.

Table 1. Comparisons of major methods of intralayer structure reconstruction.

Feature Ref. [49]

Our method

Network scope 2-layer

Layer interactions adjacent layers only
Coupling patterns
Coupling handling
Target/reference layers  fixed (adjacent layers)

Flexibility low

full-state coupling (n-dimensional)
direct interlayer coupling (adjacent)

M-layer, M > 2

non-adjacent layers (cross-layer)
low-dimensional output coupling (scalar)
cross-layer modulator Q3

arbitrarily selected

high

The main contributions are summarized in the following.

(i) Our method addresses the challenge of reconstruct-
ing the intralayer structure between non-neighboring layers in
general weighted output-coupling multilayer networks, which
is a more complex, general and efficient scenario than the two-
layer multiplex network setup in Ref. [49]. Compared with
prior work,*°! the proposed reconstruction method accounts
for the cross-layer coupling interactions, which are critical for

accurately reconstructing unknown layers in real multilayer
networks where non-neighboring layers rarely function in iso-
lation. The generality of our method enhances the applica-
bility to diverse domains, from multilayer social networks to
hierarchical power grids, etc.

(i) Our method offers great flexibility in selecting ref-
erence layers based on data accessibility and operational con-
straints when targeting any other layer for reconstruction. By
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integrating the cross-layer coupling modulator and structural
divergence term, the proposed method enables layers with dis-
tinct intralayer structures to achieve the generalized synchro-
nization, ensuring the structure reconstruction across hetero-
geneous layers in the general weighted output-coupling multi-
layer networks.

(iii) Our method is aimed at reconstructing the intralayer
structure in the general weighted multilayer networks featur-
ing output coupling. Unlike state coupling, output coupling
mechanism demonstrates superior practicality in complex net-
works, which operates solely through the lower-dimensional
observable network responses, rather than the direct and full
access to node state variables. The reduced dependency on
full-state observability enables wide deployment in engineer-
ing applications with partial measurements or privacy con-
straints.

The remainder of this paper is organized as follows. Sec-
tion 2 introduces the necessary preliminaries and presents the
problem formulation. Section 3 details the main results on in-
tralayer structure reconstruction for general weighted output-
coupling multilayer networks. The effectiveness of the pro-
posed reconstruction method is validated through numerical
simulations in Section 4. Section 5 concludes this paper.

The notation of this paper is described in the following.
I represents the identity matrix with appropriate dimensions,
diag{x1,x2,...,x,} is a diagonal matrix formed by matrices
X1,X2,---,X;, ® denotes the Kronecker product, and ||-|| de-
notes the Euclidean norm.

2. Problem formulation

Consider a general output-coupling multilayer complex
dynamical network in which the nodes in different layers are
coupled in one-to-one manner. The network features an M-
layer structure, where each layer consists of N nonidentical
nodes, which is described as follows:

N
120 = 79 (X9)) +e )y R0

1
+de Lyl (1), )

W) = Hx§Q> (),

N, Q=1,2,..., M. In this model, x\? () =
T

(xl(,Q) (t),xgzg) (t),... 7x§nQ) (t)) € R" is the n-dimensional state
n w2 =

(yEIQ) (t),ySZQ) (1),... »YE;% (t)) € R™ is the m-dimensional out-

put variable of the i-th node in the Q-th layer. fi<Q)(~) "R x
R" — R" is a continuously differentiable vector function which

wherei=1,2,...

vector of the i-th node in the Q-th layer.

characterizes the dynamical behavior of the i-th node in the Q-
th layer. € denotes the coupling strengths associated with both

the intralayer structure within each layer and the interlayer
structure between different layers. The inner output-coupling
matrix is set as L € R"*"™, which describes the coupling pattern
of output components between different nodes. H € R"™*" is
the output matrix. When m = 1, the output variable )’1@ (1) be-

comes actually a scalar that denotes the linear combination of

state components of xSQ) (). The weighted interlayer config-
d(Q)(P))

! MxM
If there is a non-zero edge connecting node i¥) to node (2,

then d 75 0; otherwise, d( JP) — 0. Assume that the
M .
diagonal elements {di(Q)(Q)}Q,l of D™t gatisfy dl-(Q)(Q) =

uration matrix is denoted as DMer = ( € RMxM

—ZII‘J’I:LP 20 deKP), a common setup for the adjacency ma-

trix in complex dynamical networks. The weighted intralayer
structural matrix is D(@) = (df]@) € RV*N | which indi-
cates the coupling relationship am(g\IIngNnodes within the Q-th
layer. If there is a non-zero edge from node j(@) to node (2,

thend ;éO otherwise, d( ) =
N

elements {dé@} | of D) satisfy dl.(iQ) =YY d9. 1
=

= 0. Likewise, let the diagonal

J=1j# %)
. M

is important to note that neither D™ and {D(Q)} _, e not
required to be irreducible, symmetric or diffusive. %;nploying
the output coupling approach for node interaction obviates the
necessity of accessing the full state vector of nodes. It allows
for easier data acquisition and measurement, enhancing the
efficiency of node coupling communication, which improves
substantially the operational feasibility.

Most existing structure reconstruction methods for mul-
tilayer complex dynamical networks rely on constructing a
large-scale auxiliary network. This approach, however, inher-
ently incurs high computational costs. Reconstructing the full
structure of a multilayer network is often challenging. Never-
theless, certain layers may be more accessible to measurement
or prior knowledge. In this paper, we leverage the structural
information of a known layer to reconstruct an unknown layer,
offering a more feasible solution for analyzing multilayer net-
works with partial output information availability.

For the proposed structure reconstruction method, we ran-
domly select the K-th layer from the multilayer complex dy-
namical network Eq. (1). With its structure assumed unknown,
we treat the K-th layer as the drive network, which is shown in
Eq. (2). Next, we randomly choose the R-th layer. Given its a-
priori known structure, we treat the R-th layer as the response
network, which is shown in Eq. (3).

N
00 = £ () +e > dif o)

2
—l—é‘Zd Lyl (1), @
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N
0= £ ({00) +e L dP P
j=1
& RP), (P
+e Y d0n" @) +ur),
P=1

WOy = H(0),
ui(t) = Q1+ + 3,
Q1 = k() (+" () - 0))

N

3)

.Qz = —¢& g,j([)Ly5R>(l),

j=1
M
Q=Y (dz'(K>(P) 7di(R)(P)) LH (xl(P) (1) ﬂCl(K) (t))’
P=1

P#K
P#R

N
are the state vectors of nodes in the K-

where {xl(K> (1) }

th layer with unknown structural matrix DK = (d<K>) .
NxN

i=1
ij
®) N :
X)) ¢ , are the state vectors of nodes in the R-th layer,
i=

with known structural matrix D®) = (d <R))N e For simplic-
X

ij
. (R) M .
ity, { £70) }Qil are set as the same dynamical vector func-

tion f;(-). Letm =1, yEK) (¢) and yER) (¢) are the output scalars
of the i-th node in the K-th layer and the R-th layer respec-
tively. In Eq. (3), u;(¢) is the structure observer applied to
the i-th node of the response network. It consists of the adap-
tive feedback term €21, the structural divergence term £2;, the
cross-layer coupling modulator 3. k; € R is adaptive feed-
back gain. €, is introduced for the structure reconstruction.
Our reconstruction method, to be developed below, offers the
capability to arbitrarily choose the target layer and the known
layer from the output-coupling multilayer complex dynamical
network, which shows a high level of flexibility and adapt-
ability. The known DW®) is different from the unknown tar-
get DY) and the exact divergence between them is given by
G* = DW®) — D(K), which remains unknown initially. The el-
ement g;;(¢) of G € RV*V in Q, can be arbitrarily initialized.
In order to reconstruct the target matrix D'X) of the drive net-
work Eq. (2) using the known D®), a suitable update law for G
must be designed to ensure its convergence to G* as the gen-
eralized synchronization between the drive and the response
networks is gradually achieved. Interlayer interactions within
multilayer networks significantly increase the complexity of
designing reconstruction algorithms. Notably, even in the ab-
sence of direct coupling between two adjacent layers, other
layers can induce cross-layer coupling effects through inter-
layer interactions. When reconstructing the unknown DX) of
the drive network Eq. (2) using the arbitrarily-chosen response
network Eq. (3), the drive network Eq. (2) is inevitably influ-
enced by the interlayer interactions from other layers, signif-

icantly impacting the design of the structure observer u;(f),
which is illustrated in Fig. 1.

----»Interlayer interactions to R-th layer
----»Interlayer interactions to K-th layer
Cross-layer
coupling
modulator Q,

M layer output-coupling
complex network

R-th layer: unknown

Adaptive
freeback
term Q,

K-th layer: target

Structural
devergence
term Q,

Fig. 1. The structure observer u;(t) is designed with the structural divergence
term £, and the cross-layer coupling modulator £23.

The mixture of direct and cross-layer couplings presents
the main challenge in designing structure observers for output-
coupling multilayer networks, which will be further discussed
in the following.

Remark 1 In the general weighted output-coupling mul-
tilayer complex dynamical network, the cross-layer coupling
modulator 3 has been introduced to address the problem of
mitigating the cumulative interlayer influence and reconstruct-
ing unknown intralayer structure of a given layer by leveraging
information from another known and relatively simple layer.
A key advantage of this approach lies in its ability to account
for coupling effects originating from non-adjacent layers in
the output-coupling multilayer network. This feature distin-
guishes it from methods that merely extend the structure re-
construction techniques for two-layer multiplex networks, [4°]
as those straightforward extensions fail to incorporate such
cross-layer interlayer interactions.

Remark 2 The reconstruction of the structural diver-
gence matrix G is critical, as it enables the reconstruction of
complex, unknown intralayer structure by leveraging informa-
tion from simple, known, and arbitrarily selected layer from
the multilayer network. The initial value of each element
gij(¢) of G € RV in Q, can be arbitrarily set. Given that
the structures D) and D®) of drive and response networks
typically differ, sole reliance on D® proves insufficient for

reconstructing D)

. Consequently, introducing the structural
divergence term £2; becomes necessary to estimate difference
between D'X) and DR through the generalized synchroniza-
tion of drive and response networks.

Remark 3 The interlayer weight di(K) *) and dl-(R) ) in the
cross-layer coupling modulator €23 are assumed to be known a
priori, which exists reasonably in the real world. For example,
in the transmission layer of power grids, high-voltage network
transports bulk electricity between power plants, substations,
and major load centers over long distances. In the distribution
layer, low-voltage network delivering electricity from substa-
tions to end-users. The interlayer connections, representing
power flows and exchange of control signals, are measurable
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via substation telemetry or managed actively by grid opera-  in advance.
Let ¢;(t) = xER) (t)fx(K) (). Through the drive network

L

Eq. (2) and the response network Eq. (3), the error dynamical
terlayer coupling interaction can be clearly known or obtained = network can be obtained as follows:

tors. This indicates that in a multilayer power network, the in-

éi(r) =10 (1) =5 (1)
N
— i (00) £ () +e R a1 0 e Y a1 )
j=1 P=1
K); (K) v K)P), (P) S ®)
ey dy (1) -2 Y a1 (1) ke — e Y. ()1 (1)
M
vey (dleP) _ d;R)(P)) LH (x<P) o) _x<1<>(t))

P=1

P#K

P#R

=i (0 0) £ (V0) +e i( (1)) LY () eZd,, ‘L)

e (PO —af ) 1y 1) — e (40— g 1y 1) - 0+ e Z d® y Z d® P P
P;éK P;éK
P#R P#R
M
e Y (a0 = ™) L (" () - )
P=1
P#K
P#R
N
=i (0) = £ () +e ¥ (df —g50) ) —e Zd,, ‘L)
j=1
M
+e ) (d}K)<P> - dl.(R)(P)) LH (xﬁ” (1) — 20 (t)) —ki(t)ei(t) + P, @
bzk
P#R
\
where spectively yields
M
b—¢ de)(R) _dl(K)( ))Ly,( )( ) dl(K)(K>+dl§K)<R)+ Z dl(K)(P> _ di(R)(K) +le)(R)
P=1
P#K
(00 _ 400 00 s
M
M M (R)(P) _
+e ) dPLP 0 e Y a1 ) + ) 4 =0, 6)
b2l b2l Pk
P#R P#R P7R
M
A dl(R)(R> +d<R)(K) — _ Z dl-(R>(P), (7)
Following the above definition of D', one obtains 110);11(
P#R
M
% d®® = % d®® —o, &) di(K)(K) +df0® — - Z dz'(K)(P)~ ®)
o' o' 1{,’;11(
P#R
From the two summation terms YN dl-(K)(m and By subtracting Eq. (8) from Eq. (7) and rearranging the

Zgzl dl-(R)(P) in Eq. (5), extracting the K-th and R-th terms re-  terms, one gets

(4018 4 B _ (0K 4 g0 — (408 _ R0 _ (00 _ g0 f (400 g™y o)
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i =d, l( L, Upon inserting Eq. (9) into &, one derives

@ =eALyP (1) - ey (1) — ¢ Z ( ol >)Lyf ()
P;éK
P#R
= gAiLyER) (t)— gAiLY,(m (1) + SAiLySK) (1) — gEiLyl(K) (1)

M

&) (d,(K)(P) _ B ))Lyl( ) (t)
Pl
P#K
P#R

M
= eALHe(t) +e (A~ E) Ly (1) —e ) (d}’()“’ ) _ e >) Ly\" (1)

PZK
P%R
— eALHei(1) + € Z (a0 =) L () -2"(1)). (10)
bk
P%R

Inserting Eq. (10) into the error dynamical network Eq. (4) and subsequently refining it yields

el = £ (0)) — £ (4 )—HEZ( () () SZdu ‘L)

=
TN
Nk/\
=
—
~
~—
N—
\
=
N
RN
o
—
~
~—
N—
[

o
—
~—
—

~
~—

+

™

>

~

T
D
—
~—

N
e le a0 @) + e z 4Ly ; 130 (1) + A LHe (1)
=fi (XSR)(I)) —fi (x,(m(t)) —ki(l>ei(t) +8/\,'LH6,'(I)

N
K K R
+£21d,.(j)LHeJ +e§( —giilt d<j>)Ly§)(z). 11
=

To prove the stability of the error dynamical network, itis  that f;(-) satisfies the following expression:
essential to introduce certain assumptions and lemmas.

((x() = i < 6 ||x(f) —y(z (12)
Assumption 1 For a smooth nonlinear vector function 1 Ge)) = £ ) Ix(#) =yl
fi(+), it is assumed that there exists a positive constant § such  for V x(¢), y(r) e R",i=1,2,...,N.
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Assumption 2 For i,j € {l,2,...,N}, all
{LH)CEK)(I)}IJY:1 along the orbits {xng)(t)}{v

i=1
synchronization manifold {xl@ = x(K)}?,:I

1
independent. [41:42:46:49]
Lemma 1 (Barbidlat Lemma) Assume that x(¢) satisfies
(v)dv < oo, and X() exists
0.150]

on the

are linearly

square integrability, i.e., lim Jox?
and is bounded, then it follows that hm x( )=

Lemma 2 Suppose that x(t) 1s dlfferentlable, X(t) ex-
hibits Lipschitz continuity, and }im x(t) = 0, then it follows
oo
that lim x(r) = 0.
t—ro0

3. Main results

In this section, a structure reconstruction method is devel-
oped for the aforementioned weighted output-coupling mul-

ui(t) = —ki(t) (xER)(t) _xEK) ) —€ ggl/ Ly/ Hte Z (

tilayer networks featuring distinct intralayer structures. The
proposed reconstruction method leverages the generalized
synchronization between the drive and response networks, uti-
lizing the simple intralayer structural information from the
known layer.

Theorem 1 Suppose that Assumption 1 and Assump-
tion 2 hold, by employing the reconstruction update law

&) =l (VL (1), (13)
the adaptive control law
ki(r) = Billeit)II” (14)
and the feedback structure observer
R)(”)) LH (x,@ (1) — 1) (r)) : (15)

P;éK
P#R

the error dynamical network Eq. (4) will asymptotically converge to the zero equilibrium point, where f; > 0. Then, asymptotic
synchronization between the response network Eq. (3) and the drive network Eq. (2) will be achieved. Meanwhile, the intralayer
structure D'K) of the K-th layer, i.e., the drive network Eq. (2), will be reconstructed by leveraging the structural divergence

matrix G and the known structural matrix D®) of the R-th layer, i.e., the response network Eq. (3).

Proof Construct a non-negative Lyapunov function V (¢) as follows:

1

™M=
o
K

i=1j=1

=

N N
3¢ L X (A - —i0) 45 L 5 ().

(16)

By integrating the feedback structure observer Eq. (15), the derivative of the Lyapunov function V, denoted as V, is deter-

mined in the following:

=
I
1=
Q
=
=
=
+
I
=|
=
=
I

Il
™M=
Q
~
—~
-~
-
/N
=
N
R
=

+ —
M= =
o
N»%

|
™
™= -

I
<
Il

j=1

(ei(

=

(di(f) —d) - gij) gij (1) + Y, o (ki) -

RO

glj( ))g,j(t)

I

(r)) —f (x§K> (z)) —ki(t)ei(r) +£A,-LHe,-(t))

N
N-df ) ) e _Zld,?ﬁme ,~(r)>
=

N 1 .
K*) k(). 17
L5 )ki(1) an

Under Assumption 1 and Assumption 2, substituting the reconstruction update law Eq. (13) and the adaptive control law

Eq. (14) into Eq. (17), followed by the linearization of nonlinear terms, yields

n=Y el ( f; (x,@ (t)) —f (fo> (t)) —ki(t)ei(r) + sA,-LHei(t))

=1

+ﬁe?t (8%(

Jj=1

_gl]

_glj )glj +Z

N
d?f’) L) +e Z d§f>LHe,~(r)>

k") Bille:(t )”2
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N
<ze,»T(t)(5ei(t)—k() (1) +eALHe;(t )—i-sZZe LHeJ()

i=1j

N
+ Y k(1) [Jeir H—Zk*lle ?

=
=) ((ka*)l+£('}’®LH) +e (D<K) ®LH)) e(t)

<e ()(5 k*wtm( (H1+n1)>+7Lmax(2<nz+11§)>)e<t), (18)

—_—

where e(t) = (e?(t) eg(t) s (t))T Amax (l (H1 +H1T)) is the maximal eigenvalue of matrix 1 (Hl +1I1; ) Amax (% (Hz Jng))
is the maximal eigenvalue of matrix 5 (H2 +II)), I = (W®LH), L =¢ (D( ) @LH) ¥ = diag (A1, Ay, ..., Ay).

When &* = & + Amax (3 (IT + 1)) + Amax (5 (IL + IT7) ) + 1, it follows that V(r) < —eT(t)e(r). Given that V(r) <0, it
holds that 0 < V() < V(0), implying that V (¢) is bounded. From Eq. (16), ¢;(¢), k;(t), (d;f) - di(]{() - gij(t)) are bounded for
i,j€{1,2,...,N}. Notably, xl(R) (t) and xEK) (¢) remain bounded for all i. Furthermore, according to Eq. (11), the derivative ¢;(r)
exists and is bounded. By integrating the square of the synchronization error vector e¢;(f), it leads to rlg?o Jyet(o)e(o)do <
_}LHJQ JoV(c)do =V(0) — }L‘E,V(t)' Then, ¢;(¢) is square-integrable. Since é;(¢) exists and is bounded, from Lemma 1, one
deduces that tlLr£1° e(t) = 0, which implies that the drive network Eq. (2) and the response network Eq. (3) achieves synchronization

as t — oo, Given that ¢;(¢) is Lipschitz continuous by Assumption 1 and Eq. (11), one gets tlim é;(t) = 0 by applying Lemma 2,
—yo0

ime 3 (g® (K)\ 1 p®) (®) (K .
and also gets thm ey (di i —8ij(t) —d;; ) LHx; " (t) = 0. Considering (d —8ij(t) —d;; ) is bounded, one obtains
—eo ] . - . .

N
; R .. (K) (R)
lim 8,:2’1 (d gii(t)—d )LHx (1)
N
— 1 (R) (K) (K)
t]gggjé(d gii(t) —d ) LH () (0) + (1))
N N
— 1 ) (K) (K) : B o i) 4K _
—tlggejgl (d 8ij(t) —d;; )LHx ()4‘}528]; (dij —8ij(1) —dj; >LH€z(f)
N
T R) _ o ) 4K (K) 4y —
—3528]; (dl.j — gij(1) ! )Lij (1) =0. (19)
\
From Assumption 2, one concludes that lim d( ) cess, enabling the two networks to reach a synchronized state

f—yoo . . . . .
gii(1) — dl(, ) _ 0.ie. d( ) () di(j ) ast —s o, ensuring mére rapidly. Considering practical factors .suc.h as implemen-
. . tation costs of structure observers and the significant weaken-

that in the general Welghted output-coupling multilayer net-

. ing of control effects in the later stage of the evolution process
work, the intralayer structure D\K) of the K-th layer can be re- £ & P

. . due to the large reduction in error, there is an optimal value in
constructed through the structural information D®) of the R-th £ P

layer, even when the two layers exhibit distinct structures. The the consideration of choosing B;.
proof is thus completed.

Remark 4 The coefficient f3; in the adaptive control law 4. Numerical simulation
ki = B;||ei(r)||* governs the convergence rate of synchroniza- In this section, numerical simulations are conducted to
tion between the drive and response networks. Specifically,  validate the effectiveness of the proposed structure reconstruc-

increasing the value of fB; accelerates the synchronization pro-  tion method.
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The chaotic Lorenz system, which is known for its ex-
treme sensitivity to initial conditions, is chosen to characterize
the intricate dynamics of network nodes. It is governed by the
following differential equations:

X,’](l) = lO(x,-g(t) —)m(l)),
Xiz(l‘) = 28x;1 (t) —x,-z(t) — X1 (l)x,g (l),

(1)

(20)

— 3%

xi3(t) = xi1 ()x2 (1) 3

A simplified weighted output-coupling multilayer com-
plex dynamical network model is established, comprising 5
layers interconnected via one-to-one interlayer interactions
and labeled as yellow, green, blue, purple, and red. The sec-
ond layer (green) is designated as the known and simple layer,
while the fourth layer (purple) serves as the unknown target
layer whose intralayer structure D@ requires reconstruction.
Only the intralayer structures of the second and the fourth lay-
ers are enlarged in Fig. 2 due to space limitation. Also, fig-
ures 2 and 3 employ selective blurring with different emphases
to visualize clearly the intralayer network structures and inter-
layer coupling effects.

(-1 0

0 —1

0 0

1 0

2) _ (@ _10 0
D()_(dif>10x10_ 1 0
0 0

0 0

0 0

|0 0

—2 1

0 -3

1 1

1 0

4 1 0
D(4):(d"(j))10x1o: 0 1
1 1

0 0

0 0

10 1

The overall interlayer coupling interactions of the

weighted 5-layer network model are demonstrated in Fig. 3.

We abstract the interlayer coupling effects between lay-
ers, where nodes in each layer are corresponded one-to-one in
sequence, as black dashed lines. It is primarily used to char-
acterize how the interactions between different network layers

are distributed. The interlayer configuration matrix D™ ig

Fig. 2. The weighted output-coupling 5-layer complex dynamical net-
work model.

In Fig. 2, interlayer coupling effects, depicted by dashed
lines, are intentionally blurred. Each layer has 10 nodes, and
the serial number arrangement of nodes in each layer is iden-
tical to that in the enlarged second layer (green) and fourth
layer (purple). The blue solid lines denote the coupling with
a weight of 1, and the orange solid lines denote the coupling
with a weight of 2.

Below are shown the intralayer structural matrices of the
known layer D(®) and the target layer D™):

01 00 00 0 0]
0O 0 01 0 0 0 O
-1 0 0 0 O O 1 O
0O -20 01 0 0 O
0O 0-10 O 1 0 O
0O 0 0 —-10 0 O o0}
0O 1 0 0 -10 0 O
O 0 2 0 0 -20 0
0O 1 0 2 0 0 -320
1 00 0 0 0 0 —1]
0 0001 0 0 0]
0O 0 2 0 0 0 0 1
=70 0 2 1 0 1 1
1 =30 0 1 0 0 O
1 0-50 1 0 1 1
0O 01 -30 1 0 O
1 01 0 -61 0 1
2 01 01 —40 O
1 0 0 11 0 -320
00 20 1 0 0 —4
|
shown below:
00 0 O O
0-11 0 O
Dinter:(di(K)(R>> —loo =11 o0
>0 0 =2 1
01 0 0 —1

The second layer is taken as the response network, while
the fourth layer is taken as the drive network whose intralayer
structural matrix D) needs to be reconstructed. For simplic-
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ity, assume that € = 0.005, H=[1 00],L=[1 1 I]T. The
initial values of all node states in the 5-layer network and the
structural difference matrix G are randomly drawn from the
range (0,1).

-------
I" "'-
Layer 2

0
.

.

. Ly
.
I

. i L

.
.

ayer 3

Y o
\‘ .
'
N .
N,
s N

.o
s

Fig. 3. The overall interlayer coupling interactions of the weighted 5-layer
complex dynamical network model.

Figure 4 shows the reconstruction processes of all com-
ponents in the structural difference matrix G using the recon-
struction update law Eq. (13) and the adaptive control law

5‘,,, ,g s

§ ) — )
)

-5 &

gIIO
—10
0 20 40 60 80 100
Time (s)

897

0 20 40 60 80 100
Time (s)

Eq. (14). Based on the reconstruction results of the structural
difference matrix G shown in Fig. 4 and the known D(z), the
intralayer structure D@ of the fourth layer is determined ac-
cording to D) = D?) — G. The reconstruction process of the
intralayer interactions of each node coupling with others in the
fourth layer is shown in Fig. 5. Moreover, the abrupt structure
changes can be promptly and accurately detected by the pro-
posed structure reconstruction method.

The error dynamics asymptotically converge to the
zero equilibrium as t — oo, with trajectories detailed in
Fig. 6. The dynamic evolution of adaptive feedback gains
{ki|i=1,2,...,10} in the structure observers is shown in
Fig. 7.

The conducted numerical simulations illustrate the effec-
tiveness and precision of the proposed structure reconstruc-
tion method for the weighted 5-layer complex dynamical net-
works. Specifically, leveraging the reconstruction update law
Eq. (13) and the adaptive control law Eq. (14), the intralayer
structure D) of the fourth layer is successfully reconstructed
by the second layer based on the generalized synchronization.
Notably, when applied to the weighted multilayer networks
with increased node complexity and structure heterogeneity,
this approach maintains accuracy and efficiency provided the
sufficient conditions defined in Theorem 1 are satisfied, ex-
hibiting robust generalizability.

] ==
5

—
. ',_/
~10
0 20 40 60
5%
&

8u

&n
&

80 100
Time (s)

&.

20 40 60 80 100
Time (s)

-5 86
ghX

0 20 40 60 80 100
Time (s)

gRS
gXX
—10
20 40 60 80 100
Time (s)
10
ng 5
5 glﬁ 10
N —
T ——
0 20 40 60 80 100
Time (s)

Fig. 4. Reconstruction processes of the structural difference matrix G.
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Fig. 6. Error state variables between the second and the fourth layers.
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Fig. 5. Reconstruction process of the intralayer structure D@ of the fourth layer.
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0 20 40 60 80 100
Time (s)

Fig. 7. Adaptive feedback gains {k;} of the structure observers {u;(¢)}
versus time ¢.

5. Conclusion

This paper addresses the intralayer structure reconstruc-
tion of an arbitrary unknown layer in general weighted output-
coupling multilayer complex dynamical networks based on
generalized synchronization principles. The proposed recon-
struction method incorporates a cross-layer coupling modula-
tor and a structural divergence term into the design of adap-
tive structure observers. By leveraging the simpler structural
information from a known reference layer, the structure ob-
servers enable reconstructing the structure of the target layer
and real-time monitoring the abrupt structure changes through
co-processing generalized synchronization. A key feature of
the proposed method is its ability to arbitrarily select the target
and the reference layers from the output-coupling multilayer
network, enhancing flexibility across diverse network config-
urations. Numerical simulations validate the effectiveness and
efficiency of the proposed reconstruction method for intralayer
structure reconstruction and monitoring. In subsequent stud-
ies, the interlayer coupling interactions can be extended into
more general node-dependent forms, enabling arbitrary nodes
across any layers to form independent coupling connections,
which will capture more complex real-world scenarios. Prac-
tical engineering considerations, such as measurement noise,
system uncertainties, heterogeneous node dynamics, are iden-
tified as promising directions for future research.
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