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Predator—prey interactions are fundamental to understanding ecosystem stability and biodiversity. In this study, we
propose and analyze a stochastic predator—prey model that incorporates two critical ecological factors: prey refuge and
harvesting. The model also integrates disease transmission within the predator population, adding an important layer
of realism. Using rigorous mathematical techniques, we demonstrate the existence and uniqueness of a global positive
solution, thereby confirming the model’s biological feasibility. We further derive sufficient conditions for two key ecological
scenarios: stochastic permanence, which ensures the sustained co-existence of prey and predators over time, and extinction,
where one or both populations decline to zero. The interplay between prey refuge and harvesting is thoroughly examined
to understand their combined impact on population dynamics. All theoretical results are validated by detailed numerical
simulations, highlighting the applicability of the model to real-world ecological systems. From the simulation results,
we observed that with an adequate level of prey refuge and predator harvesting, the susceptible predator and prey co-
exist with extensive oscillations, while the infected predator population was moving towards extinction. In addition, we
have investigated the effect of disease transmission on system dynamics. Our results show that, as the transmission rate
of disease increases, the susceptible predator approaches extinction, whereas, on the other hand, when it declines, the
susceptible predator shows robust oscillations while the infected approaches extinction. In both cases, the prey population
demonstrates robust stability due to the prey refuge. Our findings show that the management of harvesting and the prey
refuge can be effective ecological tactics for disease control and species protection under stochastic environmental effects.

Keywords: stochastic predator—prey model, harvesting, prey refuge, persistence, extinction
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1. Introduction

Predator—prey interactions are at the core of ecological
theory, playing a fundamental role in shaping population dy-
namics, regulating biodiversity, and maintaining the struc-
tural integrity of ecosystems due to their prevalence and eco-
logical importance.!!! These relationships help to elucidate
key processes such as population persistence, species sur-
vival, and the effects of environmental disturbances on com-
munity stability.””] In recent decades, mathematical model-
ing has emerged as a vital approach for studying such com-
plex ecological interactions. By abstracting biological pro-
cesses into mathematical frameworks, particularly differen-
tial equation systems, researchers can explore nonlinear dy-
namics, threshold behavior, and long-term system trajecto-
ries that are difficult or even impossible to observe directly
in nature.>* Furthermore, many predator—prey models have
been extended to incorporate the effects of infectious diseases,
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reflecting the fact that pathogens can significantly influence
the behavior, reproduction, and mortality of both predators
and prey, ultimately impacting ecosystem stability.>~"] These
eco-epidemiological models often require advanced tools such
as stochastic differential equations, Lyapunov stability theory,
and extinction/permanence analysis to rigorously analyze their
behavior under uncertainty and perturbation.

One of the key ecological elements influencing predator—
prey systems is the concept of prey refuge, a mechanism by
which a fraction of the prey population evades predation ei-
ther through access to physical shelters or through adaptive be-
haviors that reduce vulnerability.!®! The ecological and math-
ematical significance of the prey refuge has been widely rec-
ognized, with numerous studies showing that its inclusion in
predator—prey models contributes to increased system stabil-
ity by reducing oscillation amplitudes and dampening popula-

9,10

tion fluctuations.[®1% In addition, the prey refuge serves as a

critical survival mechanism that can prevent predator extinc-
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tion under extreme environmental or biological stress.!!!! Its
integration into mathematical models improves their biologi-
cal realism and predictive capacity, making them more repre-
sentative of natural ecosystems and more effective in forming
conservation and management strategies.

Harvesting plays a significant role in the maintenance of
the balance and co-existence of species in ecological commu-
nities and has generated considerable attention among scien-
tists in recent years. Harvesting impact on the dynamics of
biological populations is an interesting and important research
topic. Various kinds of harvesting approaches have been con-
sidered in ecological and eco-epidemiological models, such as

[12 [13

constant harvesting,!!?! proportional harvesting,'3! and non-

(141 All of these methods offer new insights

linear harvesting.
into the role of human management in maintaining population
stability and resource resilience. Purnomo et al.!'3 analyzed
a model with regular harvesting of the susceptible prey pop-
ulation and elaborated on its ecological relevance. Similarly,
Bairagi er al.!'% generalized the model by incorporating har-
vesting in both infected and susceptible prey populations. To
introduce more realism into harvesting, Das et al.!'3! intro-
duced a proportional harvesting function in the form of cEx,
where E is the harvesting effect and c is the catch-ability coef-
ficient. x represents population density. This was particularly
useful in studying the economic impacts of harvesting on fish-
eries. In a more complex scenario, Abdulghafour et al.l'4!
proposed a nonlinear harvesting function as %, where Y
is the predator population, c is the predator catch-ability rate,
and [, I, are positive constants. This function represents the
saturation effect commonly observed in real harvesting activi-
ties, in which effort and yield are not linearly interrelated due
to capacity or resistance constraints in the environment. Re-
cent studies have increasingly focused on the complex dynam-
ics of predator—prey interactions under nonlinear harvesting.
For example, in Ref. [17], the authors explored how harvest-
ing aimed specifically at the predator population can affect the
behavior of the system, particularly with respect to optimizing
economic yield from biological resources. In general, incor-
porating various harvesting strategies into ecological models
makes them more applicable to conservation, fisheries, and
wildlife management, and allows the development of sustain-
able harvesting policies based on mathematical insight.

One of the key factors in describing predator—prey dy-
namics is the functional response of the predator to the prey
population. It defines the rate at which a predator consumes
prey per unit of time as a function of the abundance of the prey.
In order to accurately describe the feeding behavior of preda-
tors under different ecological conditions, several functional
responses have been developed. These functional responses
illustrate how the rate of predation responds to changes in

prey density at different levels of populations. The choice

of a functional response is crucial since it plays an important
role in determining the stability and bifurcation characteris-
tics of the ecological community. Various types of functional
responses have been proposed, each depending on biological
realism and empirical observation. These include the Holling
type 1,81 Holling type II or Michaelis—Menten responses, ']
and the Holling type III and type IV responses.'?"! In addition,
more complex forms such as the ratio-dependent functional
response, ?!! the Beddington—DeAngelis response,??! and the
Crowley—Martin response!>?! have been studied to incorporate
predator interference and mutual predator interference. All of
these play a central role in predicting the dynamical behaviors
of predator—prey systems. However, among these types, the
type II functional response, a saturating response, is widely
accepted for representing the realistic consumption rate by
predators at different prey densities.

A review of the literature indicates that numerous math-
ematical models have been developed, taking either harvest-
ing or prey refuge individually to analyze the dynamics of
predator—prey systems. However, these models cannot cap-
ture the complete ecological reality. Prey refuge is an eco-
logical phenomenon in predator—prey systems, and its exclu-
sion from the model may result in an unrealistic analysis of
predator—prey systems. In addition to this, although a lot of
work has been done on the introduction of harvesting strate-
gies, little work can be found that combines both prey refuge
and harvesting within the scenario of disease dynamics; even
more surprisingly, no model has been developed which incor-
porates these two phenomena having disease among the preda-
tor population. Therefore, based on the work of Das, >*! which
considered a predator—prey model with disease endemic to the
predator population, this work proposes an extended and more
biologically meaningful model. We also add prey refuge and
harvesting, both of which are established in the literature for
their significant influence on species persistence, population
regulation, and ecosystem stability. The proposed model can
be stated under the assumptions given in Section 2 as follows:

dXx X X(1—-p)(aY +22)
o (1-2) -
dT K ar+(1—-p)X
dYy  mic;(1-p)XY

— = —d\Y - MYZ—h)Y 1
T~ ati-px O 1 VY, )]
g_mzcz(l—p)XZ
dT a1 +(1-p)X

b

+A]YZ— (d] —+ 0y )Z—hZZ,

where the densities of prey, susceptible predator, and infected
predator are indicated by X, Y, and Z, respectively, with re-
spect to time T. K represents the carrying capacity, and r is
the growth rate of the prey. The parameter ¢ represents the
rate of consumption of prey by susceptible predators, while c;
is the rate of consumption of prey by diseased predators. The
half-saturation constant a; is the level of prey population at
which predation is reduced to half of its maximum rate. The
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parameters m; and my represent the conversion rates of prey
to susceptible and infected predators. The parameter d; rep-
resents the natural death rate of predators. The factor (1 —p)
represents the prey refuge, which is controlled by the param-
eter p and hy, h, represents the harvesting in the susceptible
predator and the infected predator, respectively. The param-
eter A; captures the disease transmission rate from infected
predators to susceptible ones. The parameter o] represents the
extra mortality rate in predators as a result of infection.

For simplicity, system (1) can be converted into a non-
dimensional form by using these transformations

X Y . Z
XPZE, yS:E, Zl:E, t=rT.
We non-dimensionalize time by defining ¢ = rT', where T is di-
mensional time, and # is the corresponding dimensionless time

variable. After suitable simplification, system (1) becomes
D P(1_ S i
di:x,,(l_x,,)_x (1=p)(¢1y’ + ¢22')
dr 1+1(1—p)xP
dy*  o¢ (1 —p)xPy* .
— —dv' — Vi — v
df = T+l —pyr ey 2)
2 Ba(1—p)rd

- =11\ T/ - SSi*ﬂi*h i_
& I l(l—p)w YT mR

)

Here
K K K K d
=", =22 =2 q="0 g
rag ras aq raj r
MK di+o MK h, h
At p_ata AR, b,
rap r r r r

In addition to the ecological conditions discussed above,
environmental perturbations are also responsible for affect-
ing community structures and have become a focus of in-
terest in ecological research.>>=271 Stochastic variations are
ignored by traditional deterministic models, which assume
that stochastic variations in large populations are negligi-
ble. In fact, the real success of a deterministic approach ex-
ists only when its predicted dynamics do not deviate even
under the effect of environmental randomness. Recogniz-
ing the importance of these random disturbances, many re-
searchers have developed stochastic models to better under-
stand the behavior of single-species and multi-species popu-
lations under such conditions.?®=33! Liu and Wang**! stud-
ied the stochastically asymptotic stability of the predator—prey
system with Beddington-DeAngelis functional response un-
der stochastic perturbations. Their results show that when
the positive equilibrium of the deterministic model is glob-
ally stable, it will keep this stability in the stochastic model,
provided that the noise is kept sufficiently small. In addi-
tion, Li and Wang®>! proposed a predator—prey model that
incorporates the Beddington—-DeAngelis functional response.
To extend the analysis beyond a deterministic framework, a
stochastic version of the model is explored, where random per-

turbations are introduced to certain parameters. Feng et al.!30]

studied the combined impacts of infectious diseases and noise
on predator—prey interactions. The analysis reveals that when
environmental disturbances are low intensity, the population
sizes tend to fluctuate around a stable equilibrium. However,
when the intensity of these disturbances becomes too high, it
can destabilize the system, ultimately leading to the extinc-
tion of one or both populations. Zhang et al.l*”] examined
the extinction and persistence conditions of predator popula-
tions in stochastic systems. Furthermore, Roy and Alam!3%!
showed that a high level of environmental noise along with
fear-induced behavioral changes were capable of profoundly
altering the extinction or persistence status of species. More
recently, Sk and Pal®”! investigated an eco-epidemiological
model with generalist predators and the interactive effects of
fear, refuge, and harvesting under conditions of environmental
uncertainty. A stochastic predator—prey model that incorpo-
rates diseases in the first prey was proposed by Gokila ez al.[4°]
In their study, they established conditions for species perma-
nence and extinction, providing a significant understanding of
the system’s long-term behavior under environmental influ-
ence. In addition, many epidemic models have been estab-
lished that incorporate various types of noises. For detailed
knowledge, the reader should refer to the works cited, such as
Refs. [41-46]. These studies collectively demonstrate the rich-
ness and diversity of dynamics engendered through stochastic-
ity in ecological systems and advocate stochastic modeling as
the optimum method to represent real-world complexity.

To better characterize the nature of real ecosystems, we
introduce random perturbations into the system (2) to simu-
late fluctuating environments and their influence on species
survival and extinction episodes.
has independently studied phenomena such as prey refuge,

However, previous work

harvesting, or stochasticity. To our knowledge, no stochas-
tic predator—prey model has yet been constructed combining
prey refuge and harvesting with a Holling type II functional re-
sponse for a disease-infected predator population. This study
bridges the gap by developing a comprehensive stochastic
predator—prey model, providing novel insight into how dis-
ease processes influence ecological tactics and environmental
stochasticity. Therefore, the system (2) takes the following
form:

dx? xP(1—=p)(91y* + ¢oz')
il R e s Ty gy e }dt

+ o1x” dBy (1),

dy*  [oagi(1—p)xPy’ ,
= 4y -y’ —hpy* | dt

dt [ 1+I(1—p)xP yoeremhy 3)

+02y* dBa(t),

dz’ - B¢ (1 —P)xpzi S0 i i

TR T+ (I =p)r + &y’ —mZ —hp'| dt

+ 037 dB3(1),

where B;(t) denotes typical Brownian motion and o; indicates
the noise intensity with (i = 1,2,3).['?] For basic definitions,
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useful lemmas, and understanding of stochastic models, the
reader is referred to Refs. [47,48].

This paper proposes a stochastic predator—prey model.
Our research builds on some existing studies by including vi-
tal ecological and environmental considerations such as prey
refuge, harvesting, white noise, and disease dynamics in
predators. The prey refuge (hiding behavior) of prey is a nat-
ural phenomenon in ecology, without considering it, one can-
not analyze the dynamics of the system effectively. Therefore,
these conditions make the model more realistic and robust in
describing the predator—prey interaction. The main contribu-
tions of this work are as follows.

Development of the stochastic predator—prey model: we
develop a robust stochastic model that includes prey refuge
and harvesting, white noise, and predator disease and delivers
a more realistic description of ecological communities faced
with random perturbations.

Global positive solution: we have shown that the model
has a global positive solution which ensures the mathematical
practicability and biological reliability of the model.

Persistence and extinction conditions: we establish con-
ditions under which species persist or become extinct and sig-
nificantly improve species persistence and ecosystem stability.

Numerical simulations: to confirm the theoretical results,
we performed numerical solutions of our model based on the
Milstein method. We examine the impact of noise and the ef-
fect of refuge and harvesting in predators on system dynamics,
expanding applicability, and realism of our model toward the
actual situation.

The organization of this paper is carefully designed so
that a comprehensive and sequential analysis of model (3) can
be carried out. Section 2 gives underlying biological assump-
tions that form the basis of the model, some basic definitions,
and lemmas. Section 3 has an analysis of the existence and
uniqueness of a positive global solution. Section 4 is all about
exploring the conditions under which species exist or go ex-
tinct and providing recommendations on the long-term dy-
namics of the system. Section 5 describes the numerical com-
putations of the model (3) and, finally, Section 6 consolidates
the main findings and observations from the analytical and nu-
merical studies.

2. Preliminaries

Here, we introduce some basic definitions that serve as
the basis for the subsequent analysis of the dynamics of the
model. We also introduce the principal assumptions on which
the model is based. We begin by observing the following n-
dimensional stochastic differential equation:

du(t) = ¢(u(t),r)dt + w(u(t),t)dB(t) for t>1. (4)

Let C>!(R" x [t,0);R.) be the set of all nonnegative func-
tions V (u,) defined on R” x [fy,0) so that they are continu-
ously twice differentiable in u and differentiable in 7. Using
the differential operator defined in Ref. [47]

d & 0
L= §+i;¢,-(u,r)a—ui
A W vl
2,‘ vou,t)ylu, ljauiauj.

=
When L affects a function V € C*!(R" x [tg,); R ), then
LV (u,t) = Vi(u,t) +V,(u,t) f(u,t)
+ % tr [gT(uJ)Vuu(uJ)g(u,t)] ,
where V; = %—‘t/, V,= (%,...,%), and V,u = (%)nxn.
Applying It6’s formula, when u(¢) € R", we have
dV (u(t),t) = LV (u(t),t)dt + V, (u(t),1) g(u(t),t) dB(z).

Definition 11! The model (4) solution u(t) is referred
to as having stochastic permanence when, for any € € (0, 1),
there exists positive constants 1 = 1(€) and ¥ =Y (&) so that,
given any initial value uo € R3, the solution u(¢) to model (4)
possesses the following properties:

timinfP {Ju(t)| > n} > 1~ A,
liminfP {[u(r)] <Y} >1-2.

Lemma 1 The following inequality holds:
m<2(m+1—1log(m))—(4—2log2), Vm>0.

The proof of the above inequality can be found in Ref. [50]. In
Fig. 1, we present a numerical validation of this inequality.

1424 ‘

2.2
12140
10718’ 4
1.6 L
i:'; S 1.8 2.0 2.2 ",’
< .7
o Pt
4 Gl
2+ -==m 1
- —— 2(m+1-log(m))—(4 —2log2)
1 2 3 4 5 6 7 8 9 10

m
Fig. 1. Comparison of the left-hand side (LHS) and right-hand side
(RHS) of the inequality for values of m > 0. The inequality holds if
RHS > LHS.
The construction of the proposed model is based on the
following primary biological assumptions.
Assumption 1 The prey population grows logistically,
in the absence of predation pressure, which signifies limited
environmental resources and competition within the species.
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Assumption 2 The model assumes that the disease is
spreading exclusively within the predator population only.
Transmission within the predator occurs through direct con-
tact with each other.

Assumption 3 A portion of the prey population is always
out of reach of predation by physical refuges or behavioral
adaptations, known as prey refuge. It is a realistic ecologi-
cal strategy where not all prey are accessible to predators and
thus influences the feeding rate of the predator, as well as the
population dynamics as a whole.

3. Existence of a positive solution

The model (3) describes the stochastic version of the pro-
posed model. The solution provided by the model must be
globally defined, positive, and bounded. The present section
deals with the well-posedness of the model (3).

Theorem 1 For any initial value (x},y5,2)) € (R), the
model (3) has a unique solution (x”(¢),y*(¢),z'(¢)) and the so-
lution will remain in (Ri) with probability one; so, for all
t>0, (xP(t),y*(t),7(t)) € (R}) almost surely.

Proof (see Ref. [40]) It is sufficient to demonstrate that
T = oo is almost certainly true in order to demonstrate that
the solution is global. Let ny be a large enough nonnega-
tive integer so that (x5,y5,z)) is contained in the closed ball
B(ng) C Ri. For every n > ng, we select and define the stop

time as

& —intfre0.8):0 ¢ (L),

r@¢ (). #0¢ () |

where inf@ = o (0 is the empty set). Clearly, &, is increasing
as n — oo, Let Ew = limy—e0 &5 then &, < &, almost surely.

If . = oo is indeed true, then &, = oo almost surely. If this

assertion is false, that is, &. # oo, then there are two constants

T >0and € € (0,1) such that
P{{.<T}>e. &)

Thus, by denoting ©, = {&, < T}, there is an integer nj > ny
such that, for all n > n;,

P{{ <T}>e. ©)
Define a C* function V : Int(R3 ) — Int(R*3) by

(x? —c—clogx?) + ki (y* — 1 —logy®)
+ (zi —1 —logzi).

V(xP,y', ) =

Here, c is constant and will be determined later. Applying It6’s
formula to V, we obtain

d(V)=L(v)dt+o1(x" —¢)

+kioo(y = 1)+ 03z — 1)),

by the definition of operator L, we have

-t 00558
+k1(yf_1)<ftfl((1:p))—d £— h,>
+<zi_l)(fji:zl((ll_p))+8y —T— hz)

col  koj  of
2 T2 T

After differentiating with some simplification, the positivity of
xP(t),y5(t),7 (t) will be

P(1 _ S i _ s i _ P1sS
< xp_(xp)Z_x (1 p)(¢1y +¢2Z) B -l—CXp—‘r-C(l P)(¢1y +¢2Z) a¢1k1(l p)x y
L+1(1—p)xP 1+I1(1—p)xP 1+I1(1—p)xP
, : . agiki(1—p)x” Bga(1—p)xP7 -
—de—k‘\—hk“—— kid+k kih —_— 7
1dy” — €kry” — hikyy T+ i(1=p)x +kid +ki€e+ 11+1+l(1—p)xl’ +eyz
' Bor(1—p)xlz L 5 2, 2
i i s .
- Z*h2z +k18*m*£y +ﬂ+h2+§(661+k162+63)
+0'1(xp—c)dBl+k162(ys—l)dBl+C)'3(zi—l)ng,
_ X P
< (l—l—c)xp—I—m—i—ﬁqbZ +a¢l+(h+k1d+k1£+k1h1+n+h2] dt

l l l

+—= CGI +k10-2 +G3)+Gl(

[( cor1

IN
._‘/\[\) —_

++k1d+k18+k1h1+7r+h2> +(1+c)xp+f+ .

—¢)dB; + k1 02(y' —1)dB; + 03(z' — 1)dBs,

ak g1y | Boad

Ja

+— <6‘01 —l—k10'2 +G3)+61( —C)dBl+k1(72(y— 1)dB]—|—G3(Z— ])dB3.

2
Define positive constants as
c c ak
by %+%+k1d+k1€+k1hl+ﬂ+h2, b2=2((1+0)+ 11¢1+Bl¢2>.
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We use Lemma 1 in the form m < 2(m+ 1 —log(m)),
because the negative constant part has a negligible impact.
Therefore, we have

k P i .
(1+c)x”+7a 1;}51)’ +L(€2z < b V(xP,y*,2").
Therefore,
AV (x”,y*,2) < (b1+baV (x,y,2))dt + 01 (x” — 1)dB

+02(y* —1)dB; + 03(z — 1)dBs,
< by(1+V(x,y*,2))dt + o1 (x” — 1)dB,
+C72(y5 — l)de+G3(Zi — 1)dB3,

where b3 = max(by,b;). Fort; <T,
én/\tl .
| vy
0
5)1/\“ .
<bs [T VG e
0

5)1/\t1
+/ (x” — l)dB],
0

":n/\l]

‘gn/\tl .
+02/0 (y“—l)de—&-m/O

(z —1)dBs,

where §, Aty =min{&,,t; }. By applying the properties of [td’s
integral in conjunction with the preceding inequality, we have

V(x”(gn/\tl),y‘y(én/\tl),zi(én/\tl))
< V(x"(0),y(0),2(0))

Enny .
+b3/ (I+V(xP,y*,2"))dr.
0

After taking the expectations on each side of the aforemen-
tioned inequality, we apply Fubini’s theorem to obtain

EV(xp(én /\tl)ays(gn /\tl)vzi(gn /\tl))
V(x7(0),5*(0),2(0))
+b3E/0£nM(1 +V Py, ))de

(x7(0),*(0),2'(0)) + bty

IN

IN

+h3E /0 i VY, Z)de
V(:2(0),°(0),2(0)) + bsT
403 [ VP (G0 A 1),0* (0 0) 2 G A0
V(x(0),7°(0),2(0)) + baT

+b3 /Ofl BV (xP (&, A1),y (E A1), 2 (&, A1) dr.

IN

IN

Using Gronwall’s inequality!*’! and the aforementioned
inequality, we have

EV (&P (E,AT), Y (& AT),Z (& AT)), )

where

We obtain P(®,) > € from Eq. (7). In particular, there exists
at least one of x”(&,,0), y°(&,, ®) and 7'(&,, @) belonging to
{n,1}, for 6 € ©, and V(x”(&,),y*(&:).2'(&,)) is at least as
small as n+ 1 —logn and % + 1+ logn. Thus,

V(P (&)Y (&), () = (n+1—logn) A (rll +1 +logn> .
Hence, using Egs. (5) and (7), we have
ca > Ellg,(0)V (x" (61, 0),5° (61, 0),2'(64,6))],

1
>e {(n+1 —logn) A (n—i—l—i—logn)} ,

where the indicator function of @, is Ig,(g). Given n — oo, let
by = oo, then oo > by yields oo > oo, which is a contradiction.
Thus, &.. = o almost surely. This completes the proof.

4. Persistence and extinction

This section covers the system’s extinction and persis-
tence under the following conditions:

(H1) max{d + h, 7 + b} + ymax{c?,03,07} <
min{l,OC(Pﬂl—é)),ﬁ(Pz(l—p)}. 5

H2) 1-F <0, X _qg-—pn-%<0, B2ye
T—hy— % <0.

Theorem 2 Assume that condition (H1) is satisfied. Then
the system (3) is stochastically permanent; that is, there are
positive constants A € (0,1) and Y > 0 such that

liminfP (|X(1)| <Y) >1-A.

t—ro0

Proof (see Ref. [40]) We first establish that for any
given initial state X(0) = (x7(0),y°(0),z(0)) € R3, the so-
lution X (1) = (x”(t),y*(¢),Z'(t)) remains well defined and sat-
isfies

limsupE (

t—ro0

1
<N
X(1) |T> T
Here, 7 denotes an arbitrary positive constant that satisfies the
required condition

max{d+h,m+hy}+ %lmax{af,azz,cf}
< min{1,a¢:(1—p),B¢2(1—p)}. ®)

Using Eq. (8), we take any arbitrary positive constant p > 0
that satisfies

t<min{l,a¢1(1—p),Be2(1—p)} —p
1
—tmax{d+h,mt+hy} — %max{afﬁfﬁf} >0.(9)
Define the Lyapunov function V(x”,y*,7') = x” +y* + 7' for
(xP,y*,7') € R3 and let

1

Uy, 7)) = ——.
(*7,y",2') V)
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Then, using [t6’s lemma, we obtain

dU(X) = —U2(x) [xp ((1 I —P)(¢1y"+¢zzi))

1+1(1—p)xr
s a(pl(l_p)xp i
+y <1+l(1_p)xp—d—82 —/’l1>
i ﬁ%(lfp)xp S
+z <1+l(1—p)xp+£y ﬂhz)}dt

+U(X)[(01x")* + (02)*)* + (032)?] dt — U*(X)

x [(01x")dB) (t) + (02y") dBa (1) + (032 B3 (1) ]
= LU(X)dt —U*(W)(o1x” dB (1)

+ 02y dBy(t) + 037 dBs(t)).

The assumption H1 allows us to select a positive constant T
that satisfies Eq. (8). Once again, according to Itd’s formula,
we obtain

LO+UX))" = 1(1+UX))"'LU(X)
2a(T- )1+ UX) U X)
x[(0167)? + (02)")? + (037')?).

Now, we can then select € > 0 small enough to satisfy Eq. (9);

Lef(1+U(X))"
=ee"(1+UX))" +eL(1+U(X))"
= e“(1+U(X))" 2 [e(1+U(X))* +G],
where

G = —kU*(X) [x” ((1 ) (1 P)(¢1ys+¢2zi)>

1+I1(1—p)xP
s [ ai(1—p)x? i
+y (Hl(l_p)xp—d—ez —]’l1>
i ﬁ%(l_p)xp S
+z (1+l(1p)xl’+£y —n—hz)}

— kU3 (X) {x” ((1 W) (1 —P)(¢1ys+¢2zi)>

1+1(1—p)xP
s [ adi(1—p)xP i
= (i 4o )
i B¢2(17P)xp s
+z (1+l(l—p)x1’+8y —n—hz)}
+ kU (X) [(01x7)* + (023°)* + (032')?]
k(k+1)
2

KU*(X) [(0167)2 + (00y")? + (032)%] .

To estimate the upper bound of the expression (1 +
U(X))*2[e(14+U(X))?+ G, we use inequalities

U (X)[(01x7)* + (02)°)* + (032)]
< ‘L’U(X)max{61276227632},

D ) (0120 + (00 + (037

< T(t+1)
- 2

Hence,

U*(X)max{of,07,03}.

Le¥(1+UX))"
e“(1+UX)"*[e(1+U(X))*+G],

e (1+U(X))"

X {eJr [2e — tmin{l,0¢; (1 —p),Bd(1—p)}
+tmax{d+h;,m+hy}
+tmax{o?,07,07}JU(X)

+[e —tmin{l,a¢(1-p),B¢2(1 - p)}
+tmax{d+hy,m+hy}

+T(T2+ D) max{crlz,crzz,ogz}}Uz(X)}.

IN

We know from Eqgs. (8) and (9) that a positive constant R exists
so that Le®(14+U(X))" < Re® implies that

E[e”(1+U(X))"] < (l—i—U(O))T—&-w.
Therefore,
limsupE[U"(X(¢))] < limsupE[(1+U(X(2)))] < g
Since

(07 4y ) <3+ 07+ (@) = 37X

where X = (x7,y*,7') € R3. As aresult,

=

1
limsupE < 3%limsupE|U*(X(¢))] <3"= =N.
|| <3 iU (x0)] <37

1
Hence, for any A > 0, suppose v = (%) ° Applying Cheby-
shev’s inequality, we obtain

P[IX(1)| <v] =P[|X(1)| " >v7]
< E[X(0)]77] /v = vVE[X(1)]77].

Specifically,
litmian{|X(t)| >vi>1-A.
—00

Likewise, for small A > 0, we find that there exists Y > 0 such
that
liminf P{|X(1)| <Y} > 1-A.
—o0

This proves the theorem.

Remark 1 To satisfy the inequality in assumption (H1),
the largest squared value of 612, 622, and 032 should be mini-
mized. Adjusting o; values so that the largest squared term is
smaller than the smallest value on the RHS ensures that the
inequality holds. As «, ¢;, and p increase, the RHS becomes
stricter, requiring smaller values of o; for satisfaction. Please,
see Fig. 2.
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Slice plot for p=0.1 Slice plot for p=0.2

1.0 2 1.0 2
g 0.5 1 g 0.5 1
00 0.5 1.0 0 OO 0.5 1.0 0

o1 a1

Shce plot for p=0.5 Slice plot for p=10.8

1.0
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
() 5 1.0 0 () 5 . 0

Fig. 2. Plots showing the region where the inequality in assumption
(H1) holds for different values of p. Each subplot represents a 2D slice
of the 3D region at a fixed o3 value. The color intensity indicates the
region where the inequality is satisfied, with the color bar showing the
intensity range.

02
02

Theorem 3 Suppose that condition (H2) is satisfied.

Then for any initial value X(0) = (x*(0),)*(0),2'(0)) € R3,
(1)) of the system (3) tends

the solution X (r) = (x”(¢),y* (1), 7'
to extinction almost surely; that is,

n|X ()]
t

limsup 0 as.

t—o0

<0 implies limX(z)=
[—ro0
Proof (see Ref. [40]) Initially, the Lyapunov function for

the first equation V| = Inx”. Using Ito’s formula, we obtain

(1=p)(¢1y* + ) <712> ds
1+I(1—p)xr 2

d(Inx?) = <1—xp—
+(71dBl(t).

Since the predation term is nonpositive, for the worst case of
extinction, we set y* = Z = 0. When we integrate it from O to
t, we obtain

2 t
Inx? () = Inx”(0) + (1—‘;)t+al/ dBi (1)
0
This leads to
o2
Inx?(r) < Inx”(0) + (1 - 21) t+01B(1).

Dividing by ¢ on each side, we obtain

< lnxp(0)+( 612>+6131(t).

Inx? (1)
t - t

Now taking ¢t — oo, and using the strong law of large numbers
for a Brownian motion, that is,

B
fim 210

=0 almost surely,
t—yoo t

we conclude

o2
< (1 — 21> < 0 almost surely.

Also, define the Lyapunov function for the second equation
V, = Iny®. Using Ito’s formula, we obtain

s\ th)[(l—p)xpi e 70;22
d(lny)_<1+l(1—p)xl’ d—ez' —h > dt

+0,dB;(1).

When we integrate it from O to ¢, we obtain
2 t
o
lnys:((bl_d hy— 22>t+0'2/ dB; (1)
0
Thus,
s <P1 o5
Iny’ < —d—hy— -5 t+ 0By (1).

Dividing by ¢ on each side, we obtain

et (@, o), an)
t

t 2

Now taking t — oo, and using the strong law of large numbers

for Brownian motion, we obtain

Iny*(z 2
limsup nyt() < <a;¢1dhlo;) <0

o0

almost surely.

Similarly, we introduce the Lyapunov function for the third

equation V3 = Inz’. Using Ito’s formula, we obtain

d(Inz') = (ersy - h2623) dr
+ 03dB3(1).

When we integrate it from O to ¢, we obtain
i B¢ 032 !
Inz' = —Jrsfn hy — 5 t+63/ dB;(t)
0
Thus,
i [3 ¢2 o3
Inz' < +Ee—mw—hy— -5 t+ o3B3 (1).

Dividing by ¢ on each side, we obtain

Inz'(t) _ (Bq)z 032>t+6133(f).

——+te—nmw—hy—
t + 2 t

Now taking t — oo, and using the strong law of large num-
bers for Brownian motion, we obtain

w< (M+e—n—h2—632> <0
t T\

T
imsup 5

t—ro0
almost surely.
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5. Numerical simulations

In this section, we present several numerical examples to
validate the theoretical results derived earlier. To carry out
these simulations, we apply the Milstein scheme to the sys-
tem of stochastic differential equations described by the model
in Eq. (3). The Milstein scheme is a second-order numerical
method that approximates the solution of stochastic differen-
tial equations by considering both the drift (deterministic) and
diffusion (stochastic) components. For the system of equa-
tions governing the evolution of the variables X y5, and zﬁ,,
the Milstein scheme can be expressed as follows:

xh(1=p) (615 + ¢22,)

4= Box(1—p)xnz,
ntl 1+I(1—p)xh

n

2
. o5
+ 037 VALE, + 7%;(5,3 —1)As,

+eyiz, — nz, — hoz, | At

where &, represents standard normal random variables and Az
is the time step. The equations incorporate both determinis-
tic interactions (drift terms) and stochastic fluctuations (dif-
fusion terms). The additional correction term, %’2(53 —1)As,
accounts for the nonlinearity in the diffusion, making the Mil-
stein scheme more accurate than simpler methods such as
Euler-Maruyama. These terms describe how the variables

evolve under the combined influence of deterministic dynam-

PP P . . . . . .
X1 = | (1=3) 1+1(1—p)t ics and random noise. Using this numerical method, we will
o2 explore the impact of various model parameters on the behav-
+oxbVALE, + 71)62’ (E2—1)Ar, ior of system and compare the results with the theoretical pre-
) dictions.
s OC¢1(1—P)anfl_ds_8si_h S| Ar . . . ..
T T (= p)d Yn = EYnZn — MYn We start our simulations with the initial conditions
n .
o2 xP(0) = 0.1, y»°(0) =0.1, Z'(0) =0.1 and the time step
] 2 . .
+ o VA G+ 5y (& — 1A, dt = 0.001 in the following examples.
1.2 " 0.18
5 1.0 ;i 0.8 £ 0.16
o= +~
z 08 T 0.6 5014
z a 2 0.12 | »
o 0.6 o) & N o
— o) Ak
? 0.4 é 0 § 0.08 /W
o o0.2 2 = 0.06
0 A 0 0.04
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Time Time Time
Fig. 3. Trajectories of model (3) by using the values of parameters in Example 1.
0.14 — 0.14— 0.14
0.12 Mo 0.12} || | 0.12 P
£ 0.10 £ 0.10 £ 0.10 RER
Z 0.08 Z 0.08 2 oo0sf _SSEN
< 0.06 < 0.06 < 0.06f T
— — —
A 0.04 A 0.04 A 0.04 i -
0.02 0.02 0.02 ,_j_ ‘
0 0 olmt . L1
0 0.2 04 0.6 0.8 0 0.5 1.0 1.5 2.0 0 1 2 3 4

Prey

Susceptible predator

Infected predator

Fig. 4. Frequency histograms of model (3) by using the values of parameters in Example 1

Example 1 Using the following parameter values: ¢; =
14,¢0,=1.3,1=35 a=0.45,=0.39,d =0.04, ¢ =0.02,
n=0.04, p =0.8, iy =0.003, h, =0.001, 61 =0.1, 0, =0.1,
and o3 = 0.1, we verify that condition (H1) of Theorem 1 is
satisfied, ensuring that the system exhibits persistent dynamics
over time. This means that, under these parameter conditions,
the populations of all species in the model remain positive and
do not approach extinction. In Fig. 3, we illustrate the per-
manence of all species in the stochastic system described by
Eq. (3). The figure shows that even under stochastic fluctu-
ations, the system maintains a stable presence of all species,

indicating that the interactions between the prey (x}), suscep-
tible (v%), and infected (z!,) populations are sufficiently robust
to avoid extinction. The system’s ability to persist over time
despite the randomness introduced by the noise terms is cru-
cial for understanding the resilience of ecological systems un-
der uncertainty. In addition, the corresponding frequency his-
togram in Fig. 4 provides further information on the long-term
distribution of the species populations. From the histogram,
we observe the statistical spread of each species’ population,
which reflects the varying effects of the stochastic terms in
the model. The histogram also offers predictions on the most
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likely population sizes, as well as the potential for extreme
events (such as large fluctuations or population crashes) de-
pending on the magnitude of the noise (07, 02, 63). This anal-
ysis suggests that, under the chosen parameter values, the sys-
tem behaves in a way that supports the co-existence of all
species, although the exact population levels may vary due to
the random nature of the process. Adjusting the noise parame-
ters (o;), we could predict how sensitive the system is to fluc-
tuations. For example, higher values of o; could lead to greater
population variability, which could increase the probability of
occasional large deviations in species numbers. In contrast,
smaller noise values could lead to more stable, predictable dy-
namics.

Example 2 When we increase the intensity of the noise
to o1 = 2.2, while keeping all other parameters the same as in
Example 1, Fig. 5 clearly illustrates a striking phenomenon:
first, the prey population is wiped out, followed by the gradual
collapse of the predator population. This sequence of events

highlights the critical dependence of predators on the availabil-
ity of prey for survival. As the prey population diminishes due
to the stronger environmental stochasticity introduced by the
increased noise intensity, predators are left without sufficient
food resources, leading to their eventual extinction as well.

The result emphasizes the delicate balance within eco-
logical systems and how external random fluctuations can
severely disrupt population dynamics. In particular, it shows
that increased environmental variability can destabilize popu-
lations that would otherwise persist in a deterministic setting.
The extinction of prey acts as a tipping point that triggers a
cascading effect throughout the food chain.

Example 3 For 0, = 0.6, with all other parameter
settings remaining unchanged as in Example 1, the results
confirm the validity of condition (H2) stated in Theorem 2.
Specifically, Fig. 6 illustrates the extinction of the susceptible
predator population over time.

0.6 w 1.2 0.12
5 @ ‘
505 3 1.0 5 010
= 04 © 0.8 S 0.08f|
) A g Y
5 0.3 © 0.6 2 0.06
o 2 3
» 0.2 2 04 £ 0.04
g 8 2
A 0.1 2 0.2 = 0.02
= —
0 “o 0 .S |
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Time Time Time
Fig. 5. Trajectories of model (3) by using the values of parameters in Example 2.
1.4 7 1.2 T 0.22
1.2 Q :
g z 10 £ 0.20
= 1.0 9 i
= £ 0.8 = 0.18
£ 08 = £ 0.16
9) 2 0.6 g8
a 0.6 2 - 0.14
> 7 04 2 0.12
& 0.4 & S 0.10
0.2 Z 0.2 € o
) & = 0.08
0 0 0.06
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Time Time Time
Fig. 6. Trajectories of model (3) by using the values of parameters in Example 3.
0.25 1.0 0.25 —
> .. 0.8 .. 0.20
2 Z 0.6 E 0.15
@ < S
Q Q Q
£ © 0.4 ° 0.10
[al al s
0.2 0.05
. 0 olm
0 1 2 3 0 0.1 0.2 0.3 04 0.5 0 0.2 04 06 0.8 1.0

Infected predator

Susceptible predator

Prey

Fig. 7. Frequency histograms of model (3) by using the values of parameters in Example 3.

As the intensity of the noise 03 increases, stochastic per-
turbations significantly impact the dynamics of susceptible
predators, leading to their eventual decline and disappearance.
The extinction of susceptible predators in this setting high-

lights the crucial role that environmental fluctuations play in
shaping population outcomes. In particular, it shows that even
moderate noise can shift the long-term behavior of the sys-

tem toward extinction scenarios that might not occur under
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deterministic conditions. The corresponding frequency his-
togram, presented in Fig. 7, provides further statistical support
for these findings, clearly showing that the final population
sizes are heavily concentrated close to zero. This statistical
evidence reinforces the observation of extinction and supports
the theoretical predictions made under condition (H2).
Example 4 Similarly, for the same value of 03 = 0.6,
while keeping all other parameters unchanged as in Example
1, the results further confirm the validity of condition (H2)
stated in Theorem 2. In this case, Fig. 8 illustrates the ex-
tinction of the infected predator population over time. The in-

not only on susceptible predators but also on infected ones,
ultimately driving both groups towards extinction. This ex-
tinction phenomenon underlines the profound impact that en-
vironmental stochasticity can have on infected subpopulations
within ecological systems. In particular, it demonstrates that
infections within predator species can amplify vulnerability to
random fluctuations, accelerating the decline compared to a
healthy population. The corresponding frequency histogram
shown in Fig. 9 further supports these results, indicating that

the final population sizes are concentrated near zero with high

creased intensity of noise 03 exerts a strong stochastic effect,  probability.
1.2 o 14 0.12
—
510 % 1.2 £ 0.10}
+
=08 T 10 = 0.08
2 A0.8 g
o 0.6 o 2 0.06
2 2 0.6 3
- { |
g 04 £ 04 i 0.04{')
o 3 ks \
0.2 2 0.2 F 0.02 1)
0 @ 0 WA, W —
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Time Time Time
Fig. 8. Trajectories of model (3) by using the values of parameters in Example 4.
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Fig. 9. Frequency histograms of model (3) by using the values of parameters in Example 4.

Example 5 In this example, we examine the combined
impact of harvesting in predator and prey refuge on the dy-
namics of the system. Our objective is to understand how these
two crucial ecological factors interact and influence the persis-
tence or extinction of the species involved. To achieve this, we
vary the prey refuge parameter from O to 0.9 and the harvest-
ing rate from O to 0.3, as illustrated in Fig. 10, while keeping
all other parameters unchanged as in Example 1. As observed
in Fig. 10, the prey population and the susceptible predator
population continue to exist, although exhibiting strong oscil-
latory behavior. This suggests that while both prey refuge and
harvesting introduce significant pressures on the system, they
do not immediately lead to the extinction of the main prey—
predator interaction. Instead, the system experiences persis-
tent fluctuations, possibly due to the dynamic balance between
the protective effect of the refuge and the removal of individ-
uals through harvesting. However, the infected predator pop-
ulation behaves differently under these conditions. Infected
predators cannot withstand the combined stresses introduced

by prey refuge and harvesting, and thus are driven toward ex-
tinction over the long term. This indicates that the infected
subpopulation is more vulnerable compared to healthy preda-
tors, probably due to a compounded effect of limited prey
access and additional mortality. Biologically, these findings
reveal that prey refuge acts as a double-edged sword: Al-
though it can protect prey and indirectly their healthy preda-
tors by preventing over-exploitation, it simultaneously makes
life harder for already stressed populations, such as infected
predators. Similarly, harvesting, although sustainable at mod-
erate levels, can push vulnerable subpopulations to extinction
when combined with other stressors.

Example 6 In this example, we examine the combined
influence of prey refuge p and harvesting rates /; and s, on
the stochastic dynamics of a prey—susceptible—infected preda-
tor system. From Figs. 11 and 12, we show that as the prey
refuge p and the harvesting rates & and &, increase, noticeable
changes in the dynamical behavior of the system are observed.
For lower values of refuge and harvesting, the prey and suscep-
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tible predator populations exhibit strong stochastic oscillations
around positive levels, while the infected predator population
tends towards extinction. However, as p, &y, and A, gradually
increase, the dynamics of the system changes: the prey pop-
ulation becomes more resilient and stabilizes at higher levels
due to the reduced predation pressure, while the populations of
susceptible and infected predators decline and infected preda-
tors become more rapidly extinct. This transition highlights
the crucial role of refuge and harvesting as ecological con-
trols, prey refuge protects prey from over-exploitation, while
harvesting reduces predator persistence.

1.0 0.8
>
;::’0.5 0.6
0.4
0
0 Y o5 03 0.2
: 1.00 0.1 ;

y Prey, refuge Harvesting
E
£ 2 1.5
2 1 1.0
2 o 0.5
g 05 o5 o1 02 03
n rey refuge Harvesﬁng
5 1.5
x
g1 ‘\ 1.0
A AN
; pa— 05
g O 02 03
E ' oo 01 :

Prey refuge Harvest'lﬂg

Fig. 10. Variational effect of prey refuge and harvesting of infected
predator.

Example 7 In this example, we examine the effect of the
disease transmission rate (€) on the dynamics of the stochas-
tic predator—prey system. From Figs. 13 and 14, we can see
that the disease transmission rate significantly influences the
dynamics of the system. In Fig. 13, we can observe that when
the disease transmission rate increases, the susceptible popula-
tion is heading towards extinct. It is because more susceptible
predators become infected, and in the meanwhile the infected
predators are increasing accordingly. On the other hand, in
Fig. 14, we can clearly observe that when the disease trans-
mission rate remains low, the susceptible population persists
with strong oscillations while the infected persists is moving

toward extinction. In addition, we can see the permanence of
entire populations in Example 1 with a specific value of the
transmission rate of diseases combining with prey refuge and
harvesting.

Prey dynamics: p=0.2, hy =0.05, hy =0.01
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o 4 T T T T T
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Time
Infected predator dynamics: p=0.2, hy =0.05, ho =0.01
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Fig. 11. Evolution of the prey population, susceptible predator popu-
lation, and infected predator population under stochastic dynamics for
the parameter set (p,hy,hy) = (0.2,0.05,0.01). The light curves corre-
spond to 50 individual stochastic trajectories, while the black bold curve
represents the average behavior across simulations. The following pa-
rameter values are used throughout the simulation: ¢; = 1.4, ¢, = 1.3,
=35 0=045=0.39,d=0.04, £ =0.02, t =0.04, 0y =0.1,
o0, =0.1,and 03 =0.1.

Prey dynamics: p=0.5, hy =0.09, hy =0.03
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Fig. 12. Evolution of the prey population, susceptible predator popu-
lation, and infected predator population under stochastic dynamics for
the parameter set (p,hy,h2) = (0.5,0.09,0.03). The light curves corre-
spond to 50 individual stochastic trajectories, while the black bold curve
represents the average behavior across simulations. The following pa-
rameter values are used throughout the simulation: ¢; = 1.4, ¢, = 1.3,
=35 0=045=039,d=0.04, € =0.02, t =0.04, o) =0.1,
Oy = 0.1, and 03 = 0.1.
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Fig. 13. Evolution of the prey population, susceptible predator population, and infected predator population under stochastic dynamics for
the diseases transmission rate (€ = 0.25). The following parameter values are used throughout the simulation: ¢; = 1.4, ¢ =1.3,1=3.5,
=045 =039,d=0.04,£=0.02, 7 =0.04, 6y =0.1, 0, =0.1, and 03 = 0.1.
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Fig. 14. Evolution of the prey population, susceptible predator population, and infected predator population under stochastic dynamics for
the diseases transmission rate (& = 0.0003). The following parameter values are used throughout the simulation: ¢; = 1.4, ¢ = 1.3,/ =3.5,
o =045 =039,d=0.04,¢=0.02, t=0.04, 6, =0.1, 0, = 0.1, and 03 = 0.1.

6. Discussions and conclusion

In this paper, we introduced a novel stochastic eco-
epidemiological model that incorporated both prey refuge and
predator harvesting strategies. To our knowledge, this is the
first study to explore a stochastic predator—prey system where
infectious disease was confined solely to the predator popula-
tion. The primary objective was to investigate how the varying
levels of environmental noise, combined with the prey refuge
and harvesting mechanisms, influenced the long-term dynam-
ics of each population within system (3).

Our theoretical analysis established the existence of
unique global positive solutions for all positive initial con-
ditions. Furthermore, we characterized the conditions under
which the populations exhibited persistence or extinction. In
particular, under assumption (H1), the system was shown to be
permanent, meaning that all populations survived indefinitely
despite random fluctuations. Conversely, under assumption
(H2), the system led to the extinction of populations, reflect-
ing the impact of severe environmental disturbances or major
epidemiological outbreaks.

Through extensive numerical simulations, we demon-
strated that stochastic perturbations significantly affected the
population dynamics: higher noise intensities facilitated ex-
tinction, while moderate noise levels supported co-existence
through fluctuating persistence. In addition, our results high-
lighted the critical roles of prey refuge and harvesting. An
increased level of prey refuge protected prey from predation,
leading to stabilization and long-term persistence of the prey
population. At the same time, intensified harvesting of the
predator population, particularly infected predators, reduced
the disease prevalence and altered the overall stability of the
system. Specifically, we found that under appropriate combi-
nations of refuge and harvesting rates, the prey and suscep-
tible predator populations coexisted with strong oscillations,
whereas the infected predator population tended toward ex-
tinction. In addition, we have investigated the effect of disease
transmission on system dynamics. Our results show that, when
the disease transmission rate increases, the susceptible preda-
tor tends toward extinction, and, on the other hand, when it
decreases, the susceptible predators exist with strong oscilla-
tions while the infected is moving toward extinction. In both

cases, the prey population shows strong stability due to the
prey refuge.

Generally, the interaction between stochastic fluctua-
tions, prey refuge, and harvesting strategies drove significant
changes in the behavior of the ecosystem. Our findings sug-
gested that controlled harvesting and management of prey
refuge could serve as effective ecological tools for disease con-
trol and species conservation under random environmental in-
fluences.
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