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In recent years, the study of higher-order topological states and their material realizations has become a research
frontier in topological condensed matter physics. We demonstrate that twisted bilayer graphene with small twist angles
behaves as a second-order topological insulator possessing topological corner charges. Using a tight-binding model, we
compute the topological band indices and corner states of finite-sized twisted bilayer graphene flakes. It is found that
for any small twist angle, whether commensurate or incommensurate, the gaps both below and above the flat bands are
associated with nontrivial topological indices. Our results not only extend the concept of second-order band topology to
arbitrary small twist angles but also confirm the existence of corner states at acute-angle corners.
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1. Introduction
A recent experimental breakthrough is the fabrication of

twisted bilayer graphene (TBG) with accurately controlled
twist angles, followed by the discoveries of superconductiv-
ity and a strongly correlated Mott insulating state in such
a system.[1–4] One notable feature in the band structure of
TBG is the presence of nearly flat bands at a series of magic
twist angles due to strong interlayer coupling.[5–17] The re-
duced kinetic energy of the flat bands enhances the effect of
Coulomb interactions and drives the system into a strongly
correlated phase.[18–32] According to the low-energy theory
of TBG, where intervalley mixing is neglected, there are two
Dirac points at each corner of the moiré Brillouin zone (MBZ),
whose origin can be traced back to the Dirac points at the
same valley of a graphene monolayer (GML). Because the two
Dirac points from the same valley possess the same chirality,
the flat bands carry nonzero Chern numbers, which introduces
an obstruction to constructing an effective Wannier descrip-
tion of the flat bands.[33,34] Several works have proposed that
this Wannier obstruction is fragile, meaning that it can be re-
moved after one or more trivial bands are added to the effective
model. This fragile topology in TBG can be interpreted as a
higher-order topology when more bands are considered.[35,36]

The concept of a higher-order topological insulator re-

quires that the band topology of a d-dimensional insulator
manifests as nontrivial d–2 or lower-dimensional boundary
states.[37–47] In the case of TBG, which is a two-dimensional
system, higher-order topology implies the existence of corner
modes in the system gaps. As recently shown by Park et al.,[48]

TBG with large twist angles has been identified as a second-
order topological insulator (SOTI),[48–54] where the system
gap at charge neutrality originates from intervalley scattering.
On the other hand, in the small twist-angle regime, which has
drawn most of the research attention, the two inequivalent val-
leys are well separated from each other. The gaps at the Dirac
points in pristine TBG can thus be safely neglected. However,
near the first magic angle, the lowest flat bands are well sep-
arated from high-energy bands due to the corrugation effect.
These gaps above and below the flat bands offer an opportunity
to explore TBG at small twist angles as a candidate material
for a two-dimensional SOTI.

In this paper, we investigate the corner modes around the
densities n =±2ns at small twist angles, corresponding to the
full filling of the conduction (valence) flat bands. Here, ns de-
notes the density of one electron per moiré unit cell, and spin
freedom is not considered. Since the long-period moiré in-
terference pattern at the first magic angle contains more than
11000 atoms per unit cell, it is a challenging problem to rig-
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orously solve the single-electron wave equation in real space.
An alternative approach is to increase the twist angle while
maintaining the topology of the flat bands. However, because
the electronic band structure of TBG depends sensitively on
the twist angle θ , an artificially enhanced corrugation must be
introduced to preserve the isolation of the flat bands when θ

is larger than the first magic angle. Using a real-space tight-
binding model, we calculate the topological band indices and
the gapped topological corner states in a finite-size TBG sys-
tem. We find that these indices and corner states can iden-
tify small-twist-angle TBG as a SOTI. Although B. Liu et al.
have already shown that the full-filling gaps are topologically
nontrivial,[51] we extend this conclusion to any incommensu-
rate angles and demonstrate that more than one type of corner
state exists in these gaps. Specifically, our numerical results
reveal that these gaps host both 120∘ and 60∘ corner states, in
contrast to the single type of corner state typically observed in
previous studies.[48,51] This diversity of corner states directly
arises from the topological protection provided by the non-
trivial second Stiefel–Whitney number, which remains robust
even in incommensurate systems where the moiré pattern lacks
translational symmetry. Moreover, we demonstrate that the
second Stiefel–Whitney number of these gaps remains identi-
cal to that of the inter-flat-band gap,[48] owing to the preserved
valley U(1) and C2z symmetries. This finding highlights the
pivotal role of lattice symmetries in stabilizing higher-order
topological phases within TBG. These results significantly
broaden the understanding of topological states in twisted sys-
tems and provide a new avenue for exploring exotic quantum
phenomena in two-dimensional materials.

The paper is organized as follows. In Section 2, we
describe small-twist-angle TBG using the real-space tight-
binding model. In Section 3, we calculate the topological band
indices and gapped topological corner states at commensurate
angles. In Section 4, we study the gapped topological corner
states at arbitrary twist angles. Finally, we present brief con-
clusions in Section 5.

2. Real space lattice model
We construct a TBG by rotating layer 1 and layer 2 by

angles −θ/2 and +θ/2, respectively, in a fully overlapping
graphene bilayer. The moiré unit cell is spanned by L1 and L2,
as illustrated in Fig. 1(a). The lattice constant |L1|= |L2|= L
is given by L = a/(2sin(θ/2)). The local stacking configura-
tion resembles the regular arrangements such as AA, AB, or
BA. In momentum space, the two Dirac points of the rotated
graphene layers are separated by kθ = 2K0 sin(θ/2), where
K0 = 4π/(3a) and a is the lattice constant of each GML. After
the band reconstruction, +K1 and −K2 are folded onto one
corner (K′) of the MBZ of the TBG, while −K1 and +K2

are folded onto the other inequivalent corner (K), as shown

in Figs. 1(b) and 1(c).

Fig. 1. Brillouin zone folding in TBG with a small twist angle θ .
(a) Atomic structure of TBG at θ = 3.48∘. (b) The two large hexagons
represent the first BZs of the two GMLs, distinguished by blue (layer 1)
and green (layer 2), where ±K1,2 denote the valleys in the respective BZs.
(c) The small hexagon represents the MBZ of TBG, with K and K′ indi-
cating the valleys in the MBZ.

We use the pz orbital of carbon atoms in a single-orbital
tight-binding model.[14] The Hamiltonian is written as

H =−∑
i, j

t(𝑅i −𝑅 j)|𝑅i⟩⟨𝑅 j|+h.c., (1)

where 𝑅i and |𝑅i⟩ represent the lattice position and the atomic
state at site i, respectively. We assume that the transfer inte-
gral between any two orbitals is expressed in the Slater–Koster
form as

−t(𝑅) =Vppπ

[
1−
(
𝑅 ·𝑒z

R

)2
]
+Vppσ

(
𝑅 ·𝑒z

R

)2

,

Vppπ =V 0
ppπ e−(R−a)/r0 , Vppσ =V 0

ppσ e−(R−d0)/r0 . (2)

Here, 𝑒z is the unit vector perpendicular to the graphene plane,
a ≈ 0.142 nm is the lattice constant, and d0 ≈ 0.335 nm
is the interlayer spacing. The parameter V 0

ppπ denotes the
transfer integral between the nearest-neighbor atoms within a
graphene layer, while V 0

ppσ corresponds to that between ver-
tically aligned atoms in adjacent layers. We take V 0

ppπ ≈
−2.7 eV and V 0

ppσ ≈ 0.48 eV to fit the dispersion of GML.
The decay length of the transfer integral is r0 ≈ 0.045 nm, so
that the next-nearest intralayer coupling becomes 0.1V 0

ppπ .
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Earlier studies assumed a perfectly flat TBG,[14–16] but
more detailed theoretical research has revealed that the op-
timized lattice structure of TBG is actually corrugated in
the out-of-plane direction. Recent first-principles calcula-
tions predict that the interlayer distance increases (decreases)
in the AA (AB/BA) stacking regions, with maximum (mini-
mum) distances of ∼ 0.368 nm (0.328 nm) near the first magic
angle.[55] Such corrugation arises directly from the interplay
between van der Waals interactions and the twisting of the two
graphene layers. It induces sizable gaps between the lowest
bands and higher bands, consistent with experimental obser-
vations and numerical results from the continuum model.[33]

The corrugation-induced variation in interlayer distance can
be described as

d = d0 +dc

3

∑
i=1

cos(𝐺i ·𝑟), (3)

where 𝐺1 = kθ (
√

3,0), 𝐺2 = kθ (
√

3/2,3/2), and 𝐺3 =𝐺1−
𝐺2 are the reciprocal lattice vectors of the MBZ, as shown in
Fig. 1(c). For the first magic angle, dc ∼ 0.01 nm.

At commensurate angles, there are approximately
1/sin2(θ/2) atoms in one moiré unit cell. This number in-
creases rapidly in the small-angle limit due to the long-period
moiré interference pattern. It is therefore challenging to rigor-
ously solve the single-electron wave equations for small twist
angles. One approach is to calculate the low-energy band
structure near the Dirac points of the GMLs by linearizing the
intralayer Hamiltonians and introducing a cutoff in the super-
lattice Fourier space.[5,10,56] However, this continuum model
cannot treat boundary problems. Another approach is to scale
certain coupling energies by a suitable factor to obtain a sim-
ilar low-energy band structure at a larger twist angle, leading
to a smaller moiré unit cell.[57–59] When focusing on topology
rather than flat bands, it is sufficient to rescale dc while keep-
ing other parameters unchanged. Our numerical calculations
confirm that the band structures remain qualitatively similar
for twist angles not exceeding 5∘. As shown in Fig. 2, the
energy gaps above and below the lowest bands are preserved
with artificially enlarged dc, while the valley U(1) symmetry
remains intact precisely as in the continuum model.
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Fig. 2. Band structures of TBG at small twist angles. The lowest bands become nearly flat at the first magic angle θ = 1.08∘. As the twist
angle increases, the lowest bands remain separated from the higher-energy bands by introducing an artificially enlarged interlayer corrugation dc.
Although this enlarged dc deviates from the realistic configuration, it preserves the topological properties of the lowest bands at these twist angles.

3. Second-order topological insulator and cor-
ner states at commensurate angles
Using the tight-binding model at commensurate twist an-

gles, we explore the SOTI phase by directly evaluating the
second Stiefel–Whitney number. The TBG preserves the two-
dimensional inversion symmetry C2z, whose product with the
time-reversal symmetry 𝒯 , i.e., C2z𝒯 , ensures that the Hamil-
tonian is characterized by the Stiefel–Whitney classes. While
the Chern numbers associated with the energy gaps turn out
to be trivial, the nontrivial second Stiefel–Whitney number ω2

can be extracted from our tight-binding calculations. Follow-
ing Ref. [48], ω2 is defined in terms of the number of occupied
bands with odd parity, N−

occ, at the time-reversal-invariant mo-
menta (TRIM) Γi ∈ {Γ ,M1,M2,M3} as

(−1)ω2 = ∏
Γi

(−1)N−
occ(Γi)/2. (4)

At small twist angles, the valley U(1) symmetry effec-
tively suppresses intervalley mixing. Within each valley, the

Dirac points remain gapless and protected by the combined
C2z𝒯 symmetry, leading to metallic behavior at half filling.
Meanwhile, the corrugation effect separates the lowest bands
from the higher ones. The energy gaps above and below these
lowest bands are associated with nontrivial second Stiefel–
Whitney numbers. As shown in Figs. 3(a) and 3(b), we numer-
ically confirm ω2 = 1 and observe the corresponding corner
states for θ = 4.41∘ with an enlarged corrugation amplitude
dc = 0.04 nm.

The existence of SOTI phases associated with these en-
ergy gaps can, in fact, be generalized to all small commensu-
rate angles. The argument proceeds in two steps.

Step one We summarize the result that the second Stiefel–
Whitney number must be nontrivial at half filling for any com-
mensurate angle.[48] In general, for commensurate angles, the
area of the monolayer Brillouin zone (BZ) always contains
2N +1 (N ∈ Z) MBZs. For example, Fig. 3(c) illustrates that
the monolayer BZ covers seven MBZs at θ = 21.78∘. Accord-
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ingly, there exist 2N + 1 occupied states at each TRIM point
𝑋 in the MBZ, corresponding to 2N + 1 “non-TRIM” points
in the unfolded monolayer BZ. These points are related to the
monolayer TRIM point 𝑋00 through

𝑋mn =𝑋00 +m𝐺1 +n𝐺2, (5)

where m,n are integers. At half filling, the states originat-
ing from these points are singly occupied. Note that 𝑋mn and
𝑋−m,−n are connected by inversion symmetry. If we choose
the basis of the occupied states at the TRIM points in the
MBZ as (|𝑋00⟩, |𝑋01⟩, |𝑋0,−1⟩, . . . , |𝑋mn⟩, |𝑋−m,−n⟩), the in-
version operator Ĉ2z in the MBZ can be expressed as

Ĉ2z =

(
ζ (𝑋00) 0

0 σx ⊗ IN

)
, (6)

where ζ (𝑋00) denotes the inversion eigenvalue of the occu-
pied state at 𝑋00 in the GML. Clearly, the contributions from
𝑋m ̸=0,n ̸=0 cancel out, and the second Stiefel–Whitney number
is determined by the inversion eigenvalues at the TRIM points
inherited from the GML

(−1)ω2 = ζ (𝑀1)ζ (𝑀2)ζ (𝑀3)ζ (𝛤 ). (7)

In the GML, the inversion eigenvalues at the 𝑀 and 𝛤 points
always differ by a sign, and therefore the second Stiefel–
Whitney number is guaranteed to be nontrivial at half filling.
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Fig. 3. TBG with θ = 4.41∘ and dc = 0.04 nm. (a) The energy gaps above
and below the flat bands are topologically nontrivial, characterized by the
second-order topological invariant ω2 = 1. (b) Corner state near the fill-
ing n = 2ns under mirror-symmetric open boundary conditions. The TBG
flake consists of 8×8 moiré unit cells containing a total of 43264 atoms.
The size of the red circles indicates the amplitude of the wave function,
clearly showing that the corner state is localized at the obtuse corners.
(c) Monolayer BZ and MBZ at θ = 21.78∘. The blue dots denote the Γmn
points, while other TRIM points are not shown.

Step two We prove that the gaps (if present) above and
below the flat bands are also associated with nontrivial second

Stiefel–Whitney numbers at small commensurate angles. In
this case, it suffices to consider only the lowest conduction (va-
lence) band in comparison with the half-filling scenario. Since
the TRIM points from different valleys are related by inversion
symmetry, i.e., Ĉ2z|Γi⟩ξ = |Γi⟩ξ̄

, one can construct a new basis
composed of symmetric and antisymmetric superpositions of
the degenerate states in the lowest bands

|ψ(Γi)⟩± = |Γi⟩ξ ±|Γi⟩ξ̄
, (8)

where ξ denotes the valley index. These basis states satisfy
the relations Ĉ2z|ψ(Γi)⟩± = ±|ψ(Γi)⟩±. At each TRIM point,
there exists one state with odd parity in the lowest conduc-
tion (valence) bands. Consequently, the number of occupied
bands with odd parity changes by four when the Fermi energy
is shifted above (or below) the lowest bands, and thus the sec-
ond Stiefel–Whitney number remains unchanged according to
Eq. (4).

It is worth emphasizing that the SOTI phase is protected
by crystalline symmetry rather than time-reversal symmetry,
consistent with the conclusions of Ref. [48]. The Stiefel–
Whitney number is determined by summing the number of
wavefunctions with odd parity at all TRIM points for the oc-
cupied bands. For small twist angles, the system retains the
valley U(1) symmetry. When the Fermi level moves from the
energy gap between the two flat bands to either the gap above
or below them, it crosses two entire flat bands. Due to the
valley U(1) symmetry, there is no coupling between these two
flat bands, and they are related to each other through the C2z

symmetry. Our analysis shows that at each TRIM point, these
two wavefunctions combine into one even-parity and one odd-
parity state. Since there are four TRIM points in the MBZ, the
two flat bands collectively contribute four wavefunctions with
odd parity at the TRIM points. Therefore, the energy gaps
both above and below the flat bands, as well as the gap be-
tween them, share the same Stiefel–Whitney number, giving
rise to topological corner states.

Once either the valley U(1) symmetry or the C2z sym-
metry is broken, the above argument no longer holds. Nev-
ertheless, this does not imply that the two central flat bands
themselves are topologically trivial. On the contrary, pre-
vious studies on magic-angle TBG have demonstrated that,
under the protection of valley U(1) and C2z symmetries, the
two flat bands originating from different valleys carry opposite
Chern numbers, confirming that they are indeed topologically
nontrivial.[12–14]

4. Generalization to an arbitrary twist angle
In general, the twist angle can be an arbitrary value rather

than a commensurate one. If the twist angle becomes in-
commensurate, the TBG loses its translational symmetry, and
the momentum can no longer be strictly defined. Conse-
quently, the topological band theory breaks down in such a

116801-4
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case. However, any incommensurate angle can be approxi-
mated by a commensurate one within the experimental uncer-
tainty δθ ∼ 0.01∘.

A commensurate moiré pattern can be characterized by
two integers m and n, which are related to the twist angle θ

as[5]

cosθ =
3m2 +3mn+n2/2

3m2 +3mn+n2 . (9)

Accordingly, for an arbitrary twist angle, one can find a suffi-
ciently close commensurate approximation by solving

m
n
∼−1

2
+

√
1+ cosθ

12(1− cosθ)
. (10)

For instance, an incommensurate angle θ = 4.53∘ can be ap-
proximated by a commensurate angle θ = 4.529∘ with m = 34
and n = 5. Substituting the incommensurate angle with its
commensurate counterpart restores the translational symme-
try and the applicability of topological band theory, so that the
second Stiefel–Whitney number can be well defined.

On the other hand, as long as n ̸= 1, one moiré unit cell
contains multiple AA regions and the lattice constant L be-
comes significantly enlarged. Nevertheless, the distance be-
tween neighboring AA regions can still be approximated as
LAA = a/(2sin(θ/2)), and so can the corrugation period. As
shown in the continuum model, the low-energy band structure
varies continuously with the twist angle, and so does the band
topology.

5. Robustness of corner states in incommensu-
rate and disordered systems
When the twist angle slightly deviates from a commensu-

rate value, as long as the bulk gap remains open, the topology
of the gap should remain unchanged. In Fig. 4, we numer-
ically confirm the existence of corner states near the filling
n = 2ns for four incommensurate twist angles. Even though
the sizes of the TBG flakes are much smaller than the moiré
unit cells associated with the approximated commensurate an-
gles, the flake length scales are still much larger than the cor-
rugation period LAA. Therefore, we can safely conclude that
the second-order topology persists for arbitrarily small twist
angles, provided that the valley U(1) symmetry remains un-
broken.

In Fig. 5, we further present the energy spectra of finite-
size TBG flakes and identify the corner states. We find a series
of eigenstates appearing within the energy ranges correspond-
ing to the bulk-state energy gaps (gray shaded regions). All of
these states are localized at the flake boundaries, confirming
the topological nature of the two energy gaps. In each gap,
we observe four corner states. Interestingly, unlike most of the
corner states reported in previous studies, which are predom-
inantly 120∘ corner states, our calculations reveal both 120∘

and 60∘ corner states. In addition, near the Dirac points, two
low-energy corner states are also found, consistent with the
conclusion in Ref. [48].

(a) θ=4.29Ο θ=4.35Ο

θ=4.47Ο θ=4.53Ο

(b)

(c) (d)

Fig. 4. Numerical results of the corner states under symmetric open
boundary conditions for different incommensurate twist angles. The side
length of each flake is approximately 6LAA, with the rotation center fixed
at the center of the flake. The corresponding approximated commensu-
rate angles are: (a) θ = 4.294∘ with m = 36 and n = 5, (b) θ = 4.344∘

with m = 64 and n = 9, (c) θ = 4.475∘ with m = 62 and n = 9, and
(d) θ = 4.529∘ with m = 34 and n = 5. The size of each circle represents
the weight of the corresponding corner-state wave function.
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Fig. 5. Energy spectrum of a TBG flake with θ = 4.41∘ and dc = 0.04 nm,
under disorder strengths of W = 0 (blue) and W = 1 eV (red). The shaded
regions indicate the bulk energy gaps, within which the eigenstates are lo-
calized along the edges or at the corners. Among these, the points circled
in red denote the corner states.

To evaluate the robustness of the corner states in the pres-
ence of disorder, we introduce a random on-site potential mod-
eled as Ui =Wωi, where ωi is a uniformly distributed random
variable in the interval [−0.5,0.5], and W controls the disor-
der strength. By applying exact diagonalization to the tight-
binding model, we perform a comprehensive numerical anal-
ysis of how the corner states evolve under increasing disorder.
Our results demonstrate a remarkable property: even when
the disorder strength reaches W = 1 eV — a relatively high
value for this system — the corner states remain within the
band gaps, as shown in Fig. 5. The number of corner states in
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each gap stays constant, underscoring their topological robust-
ness. This observation agrees with the theoretical prediction
that topologically protected states are immune to local pertur-
bations.

However, the influence of disorder is not entirely negli-
gible. While the existence of corner states persists, their de-
generacy is gradually lifted as W increases. The initially de-
generate corner states begin to split in energy, indicating an
onset of delocalization, where their wave functions originally
confined to specific corners start to spread spatially. This split-
ting signifies that although the topological protection of corner
states remains intact, their spatial confinement weakens under
strong disorder. These results offer valuable insights into the
interplay between topology and disorder, revealing the funda-
mental mechanisms that govern the behavior of higher-order
topological states in disordered systems.

6. Conclusion
In this work, we have performed a comprehensive numer-

ical investigation of corner modes in TBG with small twist
angles. At the carrier density n = ±2ns, corresponding to the
full filling of the conduction (valence) flat bands, we find four
corner states residing within the associated energy gaps.

To rigorously solve the single-electron wave equation in
real space, we propose an alternative approach for computing
the topological band index. This is achieved by gradually in-
creasing the twist angle while maintaining the flat bands sep-
arated from the other bands. Given that the electronic band
structure of TBG is highly sensitive to the twist angle θ , we
introduce an artificially enhanced corrugation when θ is larger
than the first magic angle to preserve the isolation of the flat
bands. Using a real-space tight-binding model, we calculate
both the topological band index and the gapped topological
corner states in finite-size TBG flakes.

Our results reveal that the topological band index and
the gapped corner states consistently identify the small-angle
TBG as a SOTI. Furthermore, we extend this conclusion to in-
commensurate twist angles and demonstrate that four corner
states persist within the energy gaps — two corresponding to
120∘ corners and two to 60∘ corners. These findings highlight
the robustness of higher-order topology in TBG against twist-
angle incommensurability.
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Rev. B 101 060505

116801-7

http://dx.doi.org/10.1209/0295-5075/acc88b
http://dx.doi.org/10.1103/PhysRevLett.123.216803
https://doi.org/10.1103/PhysRevX.9.021013
http://dx.doi.org/10.1103/PhysRevB.106.035153
http://dx.doi.org/10.1103/PhysRevB.106.035153
http://dx.doi.org/10.1103/PhysRevLett.126.066401
http://dx.doi.org/10.1103/PhysRevLett.126.066401
http://dx.doi.org/10.1103/PhysRevB.107.L020404
http://dx.doi.org/10.1103/PhysRevB.111.085137
http://dx.doi.org/10.1103/PhysRevB.111.085137
http://dx.doi.org/10.1088/1674-1056/ada885
http://dx.doi.org/10.1103/PhysRevB.99.195419
http://dx.doi.org/10.1103/PhysRevB.99.195419
http://dx.doi.org/10.1103/PhysRevLett.122.106405
http://dx.doi.org/10.1103/PhysRevLett.122.106405
http://dx.doi.org/10.1103/PhysRevB.98.195101
http://dx.doi.org/10.1103/PhysRevLett.119.107201
http://dx.doi.org/10.1103/PhysRevLett.119.107201
http://dx.doi.org/10.1103/PhysRevB.101.060505
http://dx.doi.org/10.1103/PhysRevB.101.060505

	1. Introduction
	2. Real space lattice model
	3. Second-order topological insulator and corner states at commensurate angles
	4. Generalization to an arbitrary twist angle
	5. Robustness of corner states in incommensurate and disordered systems
	6. Conclusion
	References

