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Presented in this study is a novel method for estimating the depth of single underwater source in shallow water, uti-
lizing vector sensors. The approach leverages the depth distribution of the broadband Stokes parameters to estimate source
depth accurately. Unlike traditional matched field processing (MFP) and matched mode processing (MMP), the proposed
approach can estimate source depth directly from the data received by sensors without requiring complete environmen-
tal information. Firstly, the broadband Stokes parameters (BSP) are established using the normal mode theory. Then the
nonstationary phase approximation is used to simplify the theoretical derivation, which is necessary when dealing with
broadband integrals. Additionally, range terms of the BSP are eliminated by normalization. By analyzing the depth dis-
tribution of the normalized broadband Stokes parameters (NBSP), it is found that the NBSP exhibit extreme values at the
source depth, which can be used for source depth estimation. So the proposed depth estimation method is based on search-
ing the peaks of the NBSP. Simulations show that this method is effective in relatively simple shallow water environments.
Finally, the effect of source range, frequency bandwidth, sound speed profile (SSP), water depth, and signal-to-noise ratio
(SNR) are studied. The findings indicate that the proposed method can accurately estimate the source depth when the SNR
is greater than −5 dB and does not need to consider model mismatch issues. Additionally, variations in environmental
parameters have minimal impact on estimation accuracy. Compared to MFP, the proposed method requires a higher SNR,
but demonstrates superior robustness against fluctuations in environmental parameters.

Keywords: broadband source depth estimation, shallow water, polarization, Stokes parameters
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1. Introduction
Source depth estimation is a significant issue in under-

water target localization. For the study of source depth esti-
mation, matched field processing (MFP) and matched mode
processing (MMP) are the most widely used methods. In
MFP, the received data are matched with the replica field us-
ing a model of underwater acoustic propagation to determine
source location.[1,2] However, calculating the replica field re-
quires complete knowledge of environmental parameters, and
mismatches in these parameters significantly affect the esti-
mation results. In contrast, MMP estimates the source posi-
tion by matching the mode amplitudes calculated from pres-
sure data, which enhances its robustness against environmen-
tal mismatches.[3,4] But MMP methods typically require the
horizontal aperture. In response to the challenge of limited
horizontal aperture, researchers have developed a number of
methods for estimating the depth of moving sources based
on the horizontal synthetic aperture generated by the source
motion.[5,6] In addition, some methods based on multipath ar-
rival structure[7,8] and interference structure[9,10] have been
proposed to improve the estimation accuracy and robustness.
In this work, a broadband source depth estimation method

based on polarization in shallow water is proposed, without
requiring any environmental information or source is moving.

Polarization is a characteristic of vector signals that de-
scribes the path of the vector endpoint as it moves over time
at a fixed location. Shchurov[11] found that when two plane
waves with identical frequency but different phases interfere,
the resultant vector of the particle velocity is a rotating vector
and the path of the endpoint of the vector is an ellipse. He
refers to this as polarization in the acoustic field. Shi[12] con-
ducted experiments which showed that the rotation of the par-
ticle velocity vector occurs when two plane waves interfere,
offering proof of the presence of polarization in the acoustic
field.

Since the polarization of sound field is related to the par-
ticle velocity, it is necessary to use vector sensor to measure it.
Considering that polarization may bring more information to
vector sensor acoustic signal processing, researchers special-
izing in underwater acoustics proposed some frameworks for
describing acoustic field polarization. Dall’Osto and Dahl[13]

found that the interference of sound waves through multiple
paths in shallow water waveguides results in the elliptical par-
ticle movements and suggested employing circularity to char-
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acterize the rotation of the particle. Subsequently, they applied
circularity to geoacoustic inversion.[14,15] Bonnel et al.,[16]

combining the Stokes parameters with normal mode theory,
proposed a framework of Stokes parameters for describing the
polarization in the underwater acoustic field. And then Dahl et
al.[17] highlighted the potential use of the Stokes parameters
in localizing sources. Chen et al.[18] proposed a conventional
beamforming (CBF) algorithm combined with polarization fil-
tering to enhance the signal-to-noise ratio of the CBF algo-
rithm, which is based on the framework of Stokes parameters.

It can be observed that the Stokes parameters framework
holds both research and application value in the field of un-
derwater acoustics. So in this paper, we choose the Stokes
parameters framework to estimate the source depth. Firstly,
the broadband Stokes parameters (BSP) are proposed for the
broadband source.[19] Then we use the nonstationary phase
approximation to simplify the analysis.[20] Although both this
paper and reference[20] utilize the nonstationary phase approx-
imation, there is a clear distinction between the two studies
in terms of their research focus. The authors in Ref. [20] in-
vestigated the difference between potential energy and kinetic
energy in a sound field, whereas this paper focuses on po-
larization characteristics, specifically the Stokes parameters.
These two studies differ not only in their physical interpre-
tations but also in their depth-dependent properties (e.g., S3).
Subsequently, we can obtain the normalized broadband Stokes
parameters by normalization, which are independent on range
and solely dependent on the source depth as well as the en-
vironment. At the source depth, the normalized broadband
Stokes parameters undergo significant changes, which can be
used for depth estimation. Finally, the depth estimation results
are obtained by searching the peak of the normalized broad-
band Stokes parameters. Note that the proposed method di-
rectly estimates the source depth from the received data with-
out the need for environmental information to calculate the
replica field, and the depths of the receivers will affect the es-
timation performance.

The subsequent sections of this paper are arranged as fol-
lows. Section 2 introduces the principal theory of polarization
for broadband source in shallow water. And the depth esti-
mation method is shown in Section 3. Section 4 conducts a
numerical simulation. Section 5 offers a conclusion for the

study.

2. Polarization of sound field
2.1. The broadband Stokes parameters

In the sound field, the Stokes parameters can be expressed
by the particle velocity as[16]

S0( f ) = |vr( f )|2 + |vz( f )|2,
S1( f ) = |vr( f )|2−|vz( f )|2,
S2( f ) = 2Re

[
vr( f )v∗z ( f )

]
,

S3( f ) = 2Im
[
vr( f )v∗z ( f )

]
, (1)

where vr and vz are the horizontal and vertical particle veloc-
ities, respectively. S0 represents pure energetic information
while geometric polarization properties are provided by S1, S2,
and S3. Defining normalized Stokes parameters allows for the
elimination of intensity dependence in S1, S2, S3:

s1( f ) =
S1( f )
S0( f )

, s2( f ) =
S2( f )
S0( f )

, s3( f ) =
S3( f )
S0( f )

. (2)

On the basis of the normal mode theory, when the source
depth is zs, the receiver depth is z, and the range between
source and receiver is r, the received particle velocities in a
range-independent waveguide, can be represented as

vr (r,z, f ) = Ω( f )
i e−iπ/4

ρ2(zs)ω
√

8πr

×
N

∑
n=1

ϕn (zs)ϕn (z)
√

krn e ikrnr, (3)

vz (r,z, f ) = Ω( f )
e−i π

4

ρ2(zs)ω
√

8πr

N

∑
n=1

ϕn (zs)ϕ
′
n (z)

e ikrnr
√

krn
, (4)

where f represents the frequency, Ω( f ) denotes the source
spectrum, N stands for the number of propagating modes,
ρ(zs) is the density of water at the source depth, ϕn and krn

denote the eigenfunction and the horizontal wavenumber of
the n-th mode, respectively. ϕ ′n (z) = ∂ϕn (z)/∂ z is the partial
derivative of ϕn(z) with respect to z.

Substituting Eqs. (3) and (4) into Eq. (1), the Stokes pa-
rameters become

S0(r,z, f ) = |vr(r,z, f )|2 + |vz(r,z, f )|2 = |Q( f )|2

r

{ N

∑
n=1

ϕ
2
n (zs, f )

[
ϕ

2
n (z, f )krn ( f )+

ϕ ′2n (z, f )
krn ( f )

]
+

N

∑
n,m=1
n6=m

ϕn (zs, f )ϕm (zs, f )ϕn (z, f )ϕm (z, f )
√

krn ( f )krm ( f )e i∆knm( f )r

+
N

∑
n,m=1
n6=m

ϕn (zs, f )ϕm (zs, f )ϕ ′n (z, f )ϕ
′
m (z, f )

e i∆knm( f )r√
krn ( f )krm( f )

}

=
N

∑
n=1

I0,n(r,z, f )+
N

∑
n,m=1
n6=m

J0,nm(r,z, f ), (5a)
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S1(r,z, f ) = |vr(r,z, f )|2−|vz(r,z, f )|2 = |Q( f )|2

r

{ N

∑
n=1

ϕ
2
n (zs, f )

[
ϕ

2
n (z, f )krn ( f )− ϕ ′2n (z, f )

krn ( f )

]
+

N

∑
n,m=1
n6=m

ϕn (zs, f )ϕm (zs, f )ϕn (z, f )ϕm (z, f )
√

krn ( f )krm ( f )e i∆knm( f )r

−
N

∑
n,m=1
n6=m

ϕn (zs, f )ϕm (zs, f )ϕ ′n (z, f )ϕ
′
m (z, f )

e i∆knm( f )r√
krn ( f )krm ( f )

}
=

N

∑
n=1

I1,n(r,z, f )+
N

∑
n,m=1
n 6=m

J1,nm(r,z, f ), (5b)

S2(r,z, f ) = 2 ·Re
[
vr(r,z, f )v∗z (r,z, f )

]
= 2
|Q( f )|2

r

N

∑
n,m=1
n 6=m

ϕn (zs, f )ϕm (zs, f )

×ϕn (z, f )ϕ
′
m (z, f )

√
krn ( f )
krm ( f )

sin(∆knm ( f )r) =
N

∑
n,m=1
n6=m

J2,nm(r,z, f ), (5c)

S3(r,z, f ) = 2 · Im
[
vr(r,z, f )v∗z (r,z, f )

]
= 2
|Q( f )|2

r

[ N

∑
n

ϕ
2
n (zs, f )ϕn (z, f )ϕ

′
n (z, f )

+
N

∑
n,m=1
n6=m

ϕn (zs, f )ϕm (zs, f )ϕn (z, f )ϕ
′
m (z, f )

√
krn ( f )
krm ( f )

cos(∆knm ( f )r)
]

=
N

∑
n=1

I3,n(r,z, f )+
N

∑
n,m=1
n6=m

J3,nm(r,z, f ), (5d)

where Q( f ) = Ω( f )e−iπ/4ρ2(zs)ω
√

8π , ∑
N
n=1 Ik,n (k =

0,1,2,3,) and ∑
N
n,m=1
n 6=m

Jk,nm (k = 0,1,2,3) represent the inco-

herent sum of each mode and the sum of coherent terms be-
tween modes, respectively.

For a broadband signal with a frequency band of [ f1, f2],
we integrate the Stokes parameters over the bandwidth and de-
fine this integrated form as the broadband Stokes parameters
(BSP)

S[ f1, f2]k (r,z) ∆
=
∫ f2

f1
Sk (r, f ,z) d f

=
N

∑
n=1

I[ f1, f2]k,n (r,z)+
N

∑
n,m=1
n 6=m

J[ f1, f2]k,nm (r,z) . (6)

As shown in Eq. (6), the BSP can be expressed as the
sum of two terms: the incoherent terms ∑

N
n=1 I[ f1, f2]k,n (r,z) and

the cross-terms ∑
N
n,m=1
n6=m

J[ f1, f2]k,nm (r,z). The cross-terms are com-

plicated, so we use the nonstationary phase approximation to
simplify the analysis. According to Ref. [20], if the following
two conditions are satisfied:

(i) the signal bandwidth is limited;
(ii) in the considered frequency band, the group veloci-

ties of any two distinct modes do not intersect, meaning that
for all m 6= n, dkm

d f 6=
dkn
d f . Although mode crossings may oc-

casionally occur, such as in the vicinity of the Airy phase, the
corresponding acoustic energy associated with these crossings
is typically negligible. This condition is generally satisfied in
relatively simple shallow water waveguide environments.

then J[ f1, f2]k,nm (z)→ 0 as r → ∞. These assumptions also
represent the limitations of the proposed method in this paper.

When r is significantly larger than 1, an approximation
for the BSP can be written as

S[ f1, f2]0 (r,z)≈
N

∑
n=1

I[ f1, f2]0,n (r,z) , (7a)

S[ f1, f2]1 (r,z)≈
N

∑
n=1

I[ f1, f2]1,n (r,z) , (7b)

S[ f1, f2]2 (r,z)≈ 0, (7c)

S[ f1, f2]3 (r,z)≈
N

∑
n=1

I[ f1, f2]3,n (r,z) . (7d)

As shown in Eq. (7c), S[ f1, f2]2 (r,z)≈ 0, so we do not ana-
lyze S[ f1, f2]2 (z) later in the article. And the other three Stokes
parameters are functions related to depth, their depth distribu-
tion characteristics are discussed in Subsection 2.2 below.

2.2. Depth distribution of the broadband Stokes parame-
ters

In our previous work,[19] we analyzed the properties of
the BSP for the ideal isovelocity shallow water waveguide,
which is necessary to introduce in this section. After theoret-
ical analysis, we also simulated the variation of the BSP with
depth in an ideal waveguide, as shown in Fig. 1. The ideal
isovelocity waveguide has a pressure release sea-surface and a
rigid seafloor. In water column, the sound speed is 1500 m/s,
the density is 1000 kg/m3, and the depth is 100 m. The source
depth is 25 m, the range is 5 km, and the integrated frequency
band is [10,250] Hz.
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Fig. 1. Evolution of the BSP in an ideal isovelocity waveguide: (a) S[10,250]
0 , (b) S[10,250]

1 , (c) S[10,250]
3 .

According to Ref. [21], ϕn(z) and kzn in the ideal isove-
locity shallow water waveguide can be expressed as

ϕn (z) =

√
2ρ0

D
sinkznz, kzn =

π

D

(
n− 1

2

)
. (8)

Firstly, the S0 is analyzed. Substituting Eq. (8) into
Eq. (7a) gives the expression of S[ f1, f2]0 (r,z)

S[ f1, f2]0 (r,z) ≈
N

∑
n=1

I[ f1, f2]0,n (r,z)

=
1
r

[
1
4

( N

∑
n=1

a[ f1, f2]n − ε0 (zs)− ε0 (z)

+
ε0 (z− zs)+ ε0 (z+ zs)

2

)
+G

]
, (9)

where

ε0 (z) =
N

∑
n=1

a[ f1, f2]n cos(2kznz) , G =
N

∑
n=1

gn,

a[ f1, f2]n =
∫ f2

f1

|Q( f )|2

krn ( f )
4ρ2

0
D2

(
ω2

c2 −2k2
zn

)
d f ,

gn =
∫ f2

f1

|Q( f )|2

krn ( f )
4ρ2

0
D2 k2

zn d f .

From Eq. (9), we can see that the depth characteristic of S0

only depends on ε0 (z). According to Ref. [20], ε0 (z) can be
expressed in the form of a convolution between a Dirichlet-like
kernel, denoted as DN(z), and a smoothing operator A(z)

ε0 (z) = A(z)∗DN (z) , (10)

where ∗ represents the convolution operation. The depth de-
pendence of ε0(z) is mainly related to DN(z)

DN(z) =
N

∑
n=1

cos(2kznz) = cos
(

π

H
Nz
) sin

(
π

H Nz
)

sin
(

π

H z
) , (11)

DN(z) has the following properties: at z = 0, DN(z) achieves
its maximum value, while at z = H, it reaches its minimum
value. Far from these extremes, the amplitude of DN(z) rapidly
diminishes, approaching 0. As N→ ∞, DN(z)→ δ (z).[19]

Combining Eqs. (9)–(11), we can obtain that S[ f1, f2]0 (r,z)
has four extremums at z = 0, z = D, z = zs, z = D− zs. And
the extremums increase as the number of propagating modes
N increases, as shown in Fig. 1(a).

Similarly, S[ f1, f2]1 (r,z) can be expressed as

S[ f1, f2]1 (z) ≈ 1
r

[
1
4

( N

∑
n=1

b[ f1, f2]n − ε1 (zs)− ε1 (z)

+
ε1 (z− zs)+ ε1 (z+ zs)

2

)
−G

]
, (12)

where

ε1 (z) =
N

∑
n=1

b[ f1, f2]n cos(2kznz) ,

b[ f1, f2]n =
∫ f2

f1

|Q( f )|2

krn ( f )
4ρ2

0
D2

ω2

c2 d f .

Similar to S[ f1, f2]0 (r,z), we can found that S[ f1, f2]1 (r,z) has
four extremums at z = 0, z = D, z = zs, z = D− zs from
Eq. (12), as shown in Fig. 1(b). It should be noted that
both S[ f1, f2]0 (r,z) and S[ f1, f2]1 (r,z) have maximum values at the
source depth. This is because, according to the theory of sound
propagation, the peak after the superposition of each order of
normal modes is at the depth of the source.[22]

Plugging Eq. (8) into Eq. (7d), we can obtain the follow-
ing expression of S[ f1, f2]3 (r,z):

S[ f1, f2]3 (z)≈ 1
4r

[2ε3 (z)− ε3 (z+ zs)− ε3 (z− zs)] , (13)

where

ε3(z) =
N

∑
n=1

c[ f1, f2]n sin(2kznz),

c[ f1, f2]n =
∫ f2

f1
|Q( f )|2

2ρ2
0

D2 kzn d f .

Using the same method to analyze S[ f1, f2]3 (r,z), we

can find that S[ f1, f2]3 (r,z) is different from S[ f1, f2]0 (r,z) and

S[ f1, f2]1 (r,z). At z = 0 and z = D, S[ f1, f2]3 (r,0) = S[ f1, f2]3 (r,D) =

0, and there are two peaks near z = 0 and z = D. At z = zs,
S[ f1, f2]3 (r,zs) = 0 and there are two peaks with opposite sign
on the left and right sides of the zero point. In the interval be-
tween the two peaks, the sign of S[ f1, f2]3 changes from positive
to negative with depth. At mirrored source depth z = D− zs,
there is a similar phenomenon.[19] However, the sign of S[ f1, f2]3
changes from negative to positive in the interval between the
two peaks, as shown in Fig. 1(c).

And similar to Eq. (2), we define the normalized broad-
band Stokes parameters (NBSP) as
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s[ f1, f2]1 (z) =
S[ f1, f2]1 (r,z)

S[ f1, f2]0 (r,z)
≈

[
N
∑

n=1
b[ f1, f2]n − ε1 (zs)− ε1 (z)+

ε1(z−zs)+ε1(z+zs)
2

]
−4G[

N
∑

n=1
a[ f1, f2]n − ε0 (zs)− ε0 (z)+

ε0(z−zs)+ε0(z+zs)
2

]
+4G

, (14)

s[ f1, f2]3 (z) =
S[ f1, f2]3 (r,z)

S[ f1, f2]0 (r,z)
≈ 2ε3 (z)− ε3 (z+ zs)− ε3 (z− zs)[

N
∑

n=1
a[ f1, f2]n − ε0 (zs)− ε0 (z)+

ε0(z−zs)+ε0(z+zs)
2

]
+4G

. (15)

Upon normalization, the range factor is effectively re-
moved. So the NBSP are only related to depths of the source
and the receiver, which is the theoretical basis for using Stokes
parameters to estimate source depth. And as shown in Fig. 2,
the depth distribution law of NBSP is consistent with broad-
band Stokes parameters. Although the theoretical derivation
relies on an ideal waveguide, the conclusions obtained can be
generalized to other relatively simple ocean waveguide envi-
ronments.
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Fig. 2. Evolution of the NBSP in an ideal isovelocity waveguide: (a) s[ f1, f2 ]1 (z)

and (b) s[ f1 , f2 ]3 (z).

3. Depth estimation method based on the nor-
malized broadband Stokes parameters
According to Subsection 2.2, we can see that at the depth

of the source, s[ f1, f2]1 (z) has a maximum value. Therefore, we
can estimate the source depth by searching the maximum value
of s[ f1, f2]1 (z). For a large aperture vector sensor vertical line ar-
ray (VSVLA) with M elements, the estimated source depth
can be obtained from

ẑ = argmax
z j

[
s[ f1, f2]1 (z j)

]
, (16)

where z j is the depth of the j-th sensor, where j = 1 to M.
However, according to our previous work, under the Pekeris
waveguide, s[ f1, f2]1 (z) also exhibits a maximum value at the
symmetric depth of the source, which may leads to an erro-
neous estimation of the source depth. Therefore, we also con-
sider the properties of s[ f1, f2]3 (z). On both sides of the source

depth, s[ f1, f2]3 (z) has two peaks with opposite signs, located
at zpos and zneg (zpos < zneg). Within the interval

[
zpos,zneg

]
,

the sign of s[ f1, f2]3 (z) changes from positive to negative with

depth. At the symmetric depth of the sound source, s[ f1, f2]3 (z)
also has two peaks, but between these two peaks, the sign of
s[ f1, f2]3 (z) changes from negative to positive with depth. So we
need to determine whether z is within the interval

[
zpos,zneg

]
.

If ẑ ∈
[
zpos,zneg

]
, then z is the final estimate for the source

depth. Figure 3 shows the flowchart of the algorithm.

Search for

if

pos neg

pos neg

Fig. 3. Flowchart of the proposed method.

The core idea of the proposed approach differs from the
traditional MFP in that it is not based on matched process-
ing, leading to differences in estimation capability. The MFP
can search for any depth based on the acoustic field model,
while the proposed method can only compute s[ f1, f2]1 (z) and
s[ f1, f2]3 (z) at discrete depths z = z j. In other words, the perfor-
mance of the proposed method is limited by the depths of the
receivers, similar to the data-based MMP.[5] If zs is not equal
to z j, then this method cannot estimate the true source depth,
and the estimation error depends on the minimum of

∣∣zs− z j
∣∣.

Therefore, when using the proposed method, the array needs to
meet two conditions: first, the array aperture covers the depth
of the source, and the length of the array is slightly larger than∣∣zpos− zneg

∣∣; second, the array has a sufficient number of ele-
ments to ensure high estimation accuracy. Otherwise, the pro-
posed method may lose its depth estimation capability.

Note that the advantage of the proposed method lies in not
requiring environmental information to compute the replica
field at different sound source locations. This means that the
computational complexity of the proposed method is low and
there is no need to consider the impact of environmental in-
formation mismatch on estimation accuracy. Since the impact
of environmental parameter variations on the Stokes parame-
ter depth distribution at the source depth is small (as analyzed
in Subsection 4.1.2), the proposed method exhibits a certain
robustness to environmental fluctuations.
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4. Simulation and discussion
In this section, we discuss the effectiveness and per-

formance of the proposed method in a simple shallow wa-
ter waveguide. In the simulation, the KRAKEN software is
utilized to compute the particle velocity field. The waveg-
uide simulated in this section is given in Fig. 4. The waveg-
uide has water depth D = 100 m with a pressure release sea-
surface. The seafloor is a semi-infinite basement (constant
sound speed cb = 2000 m/s, density ρb = 2000 kg/m3, atten-
uation αb = 0.5 dB/λ ). Table 1 provides a list of additional
parameters concerning the sound source and array.

Sea surface

Source
VSVLA

Basement

Water column
100 m

Depth

ρ=1000 kg/m3

ρb=2000 kg/m3

αb=0.5 dB/λ

Fig. 4. Simulation environment.

Table 1. Parameters of the source and array.

Parameter Value
Source depth 25 m

Frequency band 10–250 Hz
SNR 5 dB

Element number 81
Element interval 1 m

Array depth 10–90 m

4.1. Effectiveness
4.1.1. Effect of source depth and range

Firstly, we discuss the influence of source depth and
transmission–reception range on the effectiveness of the
method. And we established an isovelocity sound speed pro-
file (SSP) (c= 1500 m/s). In Fig. 5, s[ f1, f2]1 (z) and s[ f1, f2]3 (z) are
illustrated across diverse source and receiver depths through-
out the entire water column, with a fixed range r = 5 km.
s[ f1, f2]1 (z) and s[ f1, f2]3 (z) change significantly at source depth
and mirrored source depth, which aligns with the analysis pre-
sented in Section 2 and demonstrates the feasibility of the
proposed method for estimating source depth. It can also be
observed that regardless of the source depth, extremums of
the normalized Stokes parameters exist at the sea surface and
seabed. This could impact the results of depth estimation.
Therefore, when employing this method, the receiving array
should be positioned slightly away from the seabed and sea
surface.

Figure 6 shows s[ f1, f2]1 (z) and s[ f1, f2]3 (z) for receiver depths
spanning the entire water column, range from 3 km to 8 km,
with a consistent source depth zs = 25 m. The depth distri-
bution of s[ f1, f2]1 (z) and s[ f1, f2]3 (z) is quite similar at each range,

because the range terms in the BSP are removed by normaliza-
tion. This demonstrates the range-independent of the normal-
ized Stokes parameters, indicating that the proposed method is
minimally affected by range.
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Fig. 5. The NBSP simulated in the ideal isovelocity waveguide with
r = 5 km: (a) s[ f1 , f2 ]1 (z), (b) s[ f1 , f2 ]3 (z).
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Fig. 6. The NBSP simulated in the ideal isovelocity waveguide with
zs = 25 m: (a) s[ f1 , f2 ]1 (z), (b) s[ f1 , f2 ]3 (z).

4.1.2. Effect of SSP

Figure 8 shows the NBSP in isovelocity, negative gra-
dient and positive gradient SSPs (as shown in Fig. 7) with
r = 5 km. From the results, it can be seen that in isovelocity
SSP, s[ f1, f2]1 (z) has 2 peaks located at the source depth z= 25 m
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and the mirrored source depth z = 75 m. The peak located at
mirrored source depth interferes with the source depth estima-
tion. So we need to search the sign change interval

[
zpos,zneg

]
of s[ f1, f2]3 (z) to find the correct source depth. Meanwhile, we
can observe that the variation in SSP has little impact on the
depth distribution law of the Stokes parameters at the source
depth. This indicates that the proposed method exhibits ro-
bustness to environmental fluctuations.
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Fig. 7. The three typical shallow-water SSPs.
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4.2. Performance evaluation

In this section, we investigate the effects of range, band-
width and environmental parameters on the performance of
the proposed method and compare it with the traditional MFP
method. Mean absolute error (MAE) is employed as an evalu-
ation metric for assessing performance

MAE =
1
L ∑

L
i=1 |ẑi− zs|, (17)

where ẑi is the estimated result of the i-th Monte Carlo exper-
iment and L denotes the number of Monte Carlo experiments.
The environment parameters of subsequent simulations are il-
lustrated in Fig. 4. In each following section, only one parame-
ter is changed and 100 Monte Carlo experiments are conducted
for each scenario.

4.2.1. Range

First, considering the effect of the range between source
and receiver, figure 9 shows the evolution of MAE of the pro-
posed method and MFP with source range, range from 4 km
to 6 km. For MFP method, the source range in the replica
field model is set to 5 km. Parameter mismatch occurs in the
MFP method when the actual source range is not 5 km. It can
be observed that when the source range is correctly matched,
MFP accurately estimates the source depth. However, in cases
of source range mismatch, the MAE of the MFP method in-
creases, with a maximum value close to 75 m, indicating that
the MFP method is ineffective. For the proposed method, the
value of MAE is very small and almost remains constant re-
gardless of range variations, indicating that the performance of
the proposed method is minimally affected by range. This is
due to the normalized Stokes parameters not containing range-
related terms, as can be seen in Section 2. In comparison to
MFP, the proposed method is unaffected by range mismatch
and demonstrates insensitivity to range.
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Fig. 9. Variation of the performance with source range.

4.2.2. Bandwidth

The signal bandwidth is a critical parameter of the pro-
posed method. Figure 10 shows the effect of bandwidth, band-
width from 100 Hz to 500 Hz and band limit f1 = 10 Hz. Ev-
idently, the error of the proposed method decreases as the in-
tegrated bandwidth increases. This is because the number of
propagating modes N increases, when the upper band limit f2

increases. More energy of modes is accumulated at the source
depth, which increases the peak amplitude and decreases the
mainlobe width.[19] The MAE of the MFP method does not
vary with the bandwidth because, in cases where the SNR is
sufficient, the main factor affecting the accuracy of the MFP
estimation is whether the replica field model matches the ac-
tual environment.
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4.2.3. Environmental parameters

In this section, the effect of environmental parameter is
studied. For MFP, the SSP in the replica field model is an
isovelocity profile with a sound speed of 1500 m/s. Changes
in the sound speed gradient can lead to mismatch in the replica
field model. Figure 11 shows the variation of the performance
with sound speed gradient. The MAE curve of the proposed
method oscillates between 0.3 and 0.4, indicating that the im-
pact of the sound speed gradient on the proposed approach re-
mains relatively minimal. In comparison to the MFP method,
it can be observed that when the replica field model and the en-
vironment are well-matched, the estimation accuracy of MFP
is higher. However, when the replica field model mismatches,
the estimation error of MFP increases, and the performance of
the proposed method surpasses that of MFP.
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Fig. 11. Variation of the performance with sound speed gradient.

The effect of water depth is given in Fig. 12, water depth
from 100 m to 120 m. For MFP, the water depth in the replica
field model is set to 100 m. Observing the results, the influence
on the proposed approach appears to be inconspicuous. How-
ever, for the MFP method, mismatches in water depth have
a significant impact on estimation accuracy. When there is
a mismatch in water depth, the estimation error of the MFP
method is much greater than that of the proposed method,
leading to the failure of MFP.

The above results indicate that when the environmental
parameters of the replica field model align with the actual en-
vironment, the performance of MFP is better; however, when

environmental parameters are mismatched, the MFP method is
likely to fail. In contrast, the proposed method does not need
prior knowledge of environment, eliminating the issue of mis-
match. Moreover, variations in environmental parameters have
minimal impact on the performance of the proposed method,
indicating that the proposed method exhibits good robustness
to fluctuations in environmental parameters.
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Fig. 12. Variation of the performance with water depth.

4.2.4. SNR

The SNR is a factor that must be considered. The source
depth is randomly distributed in 20 m–80 m, the source range
is 5 km, SNR from −15 dB to 15 dB. The effect of SNR
on MAE is displayed in Fig. 13. The MAE of the proposed
method decreases with SNR. The proposed method has good
estimation performance when SNR is greater than −5 dB, and
the proposed method fails when SNR is less than−5 dB. Com-
pared to the proposed method, under low SNR conditions,
MFP still maintains good estimation performance. This is be-
cause MFP is an array processing method that can achieve ar-
ray gain. The proposed method only calculates the Stokes pa-
rameters at each array element depth and cannot obtain gain
through array processing, thus requiring a higher SNR.
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Fig. 13. Evolution of the performance on MAE with SNR.

5. Conclusions
In this paper, the framework of Stokes parameters is used

to estimate the acoustic source depth in shallow sea. Through
our previous research, we have found that the BSP change sig-
nificantly at the source depth, and the NBSP are approximately
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range-independent. According to these properties, a method is
proposed to estimate source depth by extracting the peaks of
the NBSP. For precise estimation of the source depth, the ar-
ray aperture must covers the depth of the source and the array
has a sufficient number of elements, which are the limitations
of this method. And the advantage of the proposed method
is the ability to directly estimate the source depth from re-
ceived data, without requiring environmental information or
considering model mismatch issues. Simulation results have
confirmed the efficacy of the proposed method.

After that, the effect of source range, frequency band-
width, environmental parameters, and SNR on the efficacy
of this method is studied and we compared it with the MFP
method. It is shown that the proposed method achieves good
estimation performance when the SNR is greater than −5 dB.
However, it becomes invalid when the SNR is less than−5 dB,
while MFP can still accurately estimate the source depth (un-
der matched environmental conditions). But in the case of
mismatch in the replica field model, the performance of MFP
is worse than that of the proposed approach, and MFP may
even fail. However, the proposed method does not need to
consider mismatch issues. Furthermore, the performance of
the proposed method is minimally affected by environmen-
tal parameters, maintaining good estimation performance even
when environmental parameters change. This indicates that
the proposed method has superior robustness to environmen-
tal parameter fluctuations.

It should be noted that the proposed method in this pa-
per is applicable only to single-source scenarios. The method
cannot be directly applied to multi-source cases, as interfer-
ence between multiple sources may alter the characteristics of
NBSP, leading to the failure of the proposed approach. How-
ever, depth estimation in multi-source environments is of great
significance, and addressing this challenging issue will be con-
sidered in our future work.
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