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As an important index to measure the degree of entanglement in quantum systems, concurrence plays an important role
in practical research. In this paper, we study the concurrence between two qubits in triangular triple quantum dot structure.
Through calculation and simulation, it is found that concurrence is mainly affected by the interdot coupling strength t,
Coulomb interaction U , temperature T , and electrode coupling Γ . Through comparative studies with parallel triple quantum
dot structures, we demonstrate that the triangular geometry exhibits significantly enhanced concurrence under identical
conditions. In addition, under the condition that concurrence exceeds 0.9, the functional relationship between t and U
is obtained through simulation, which provides theoretical support for quantum dot regulation under high entanglement.
Finally, we demonstrate the feasibility of implementing a three-qubit quantum gate, using the Toffoli gate as a representative
example, under the condition that the triangular triple quantum dot system maintains high entanglement.
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1. Introduction
Concurrence,[1–8] as a fundamental metric in quantum in-

formation theory,[9–11] serves as a pivotal quantitative tool for
characterizing the entanglement degree of bipartite quantum
systems. Its universality and operational significance have
established it as an indispensable resource across both theo-
retical explorations and experimental implementations. No-
tably, concurrence has found extensive applications in fron-
tier domains, including quantum computing[12–15] (e.g., en-
tangled state preparation and gate fidelity assessment), quan-
tum communication protocols[16–20] (e.g., security analysis
of entanglement-based cryptography), and condensed mat-
ter physics[21–23] (e.g., quantifying quantum correlations in
many-body systems). This measure has become particularly
instrumental in bridging abstract entanglement theory with ex-
perimentally verifiable quantum phenomena.

In quantum transmission, quantum gates play a key role
in the operation and transformation of quantum states, helping
to realize information encoding, transmission, error correc-
tion and decoding. Especially in quantum communication and
quantum networks, quantum gates are essential for the trans-
mission and processing of quantum information to keep the
quantum state intact. The Toffoli quantum gate has a unique
position among many quantum gates, and its multi-bit control
characteristics provide important support for quantum com-
puting and quantum information processing.

In Fig. 1, we give the structure diagram of the triangular

three quantum dots. QD1, QD2 and QD3 represent the three
quantum dots, t12, t13 and t23 represent the coupling strength
of the tunnel between the quantum dots, QD2 and QD3 are
respectively connected to the electrodes Γ .

(a) (b)QD1

QD2

Γ Γ

Γ Γ

QD3
QD3QD2QD1t13

t13t12

t23

t12

Fig. 1. (a) QD1, QD2 and QD3 represent the three quantum dots, and
t12, t13 and t23 respectively represent the coupling intensity between the
quantum dots. The left and right sides of QD2 and QD3 are connected to
electrodes Γ , respectively. (b) When the coupling intensity t23 = 0 meV,
we refer to it as parallel triple quantum dot structure.

This paper begins with a comprehensive presentation of
the fundamental theoretical framework governing triangular
triple quantum dots (TTQDs),[44,45] systematically character-
izing the system’s critical parameters, including interdot cou-
pling strength t, Coulomb interaction U (in the Hamiltonian,
we use U j to represent Coulomb interaction), temperature T ,
and electrode coupling Γ . Subsequently, through systematic
parameter-space exploration of these variables, we compare
the concurrence of the TTQD structure with that of the paral-
lel triple quantum dot structure. Under the same interdot cou-
pling strength, Coulomb interaction, temperature, and elec-
trode coupling, we find that the triangular structure is more
likely to maintain a high concurrence. In addition, the function
relationship between the interdot coupling strength t, and the
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Coulomb interaction U , is obtained by simulation. This quan-
titatively optimized relationship provides concrete design cri-
teria for maintaining high entanglement (concurrence ≥ 0.9)
in practical quantum dot architectures, thereby advancing the
engineering of robustly entangled states for quantum informa-
tion processing applications.

2. Theoretical methods
The TTQD structure is one of the important research di-

rections in the field of quantum dots. In a triangular struc-
ture, three quantum dots can form a highly entangled multi-
body quantum state, and the coupling intensity can be ad-
justed to achieve precise control of the quantum state. The
total Hamiltonian[26–28] for the quantum open system is writ-
ten as

H = Hdots +Hres +Hcoup, (1)

where Hcoup represents the coupling Hamiltonian between
the electrode and quantum dots, Hres and Hdots represent the
Hamiltonian of the electrode and the Hamiltonian of quantum
dots, respectively. The Hdots part can be expressed as

Hdots =
3

∑
i=1

ε n̂i +
3

∑
j=1

U jn̂ j↑n̂i↓+
3

∑
i, j=1

∑
s=↑,↓

ti jd̂
†
isd̂ js, (2)

where ε represents the local energy level of quantum dot, n̂i

represents the number of electrons on QDi, U j represents the
Coulomb interaction of quantum QD j, n̂ js = d̂†

jsd̂ js represents
the number of electrons with spin s on QD j (s =↑,↓), ti j repre-
sents the coupling strength between QDi and QD j, d̂†

is repre-
sents the creation operator for spin s on QDi, and d̂ js represents
the annihilation operator for spin s on QD j.

The Hres and Hcoup parts of the Hamiltonian are expressed
as

Hres = ∑
α∈L,R

∑
κs
(εακs +µα)ĉ†

ακsĉακs, (3)

where µL = −µR = eV/2, εακs is the energy of an electron
in the α-electrode, κ-momentum and s-spin states, ĉ†

ακs and
ĉακs are the generation and annihilation operators of electrons
in the reservoir, respectively, and the decoherence part of the
chiral qubit is mainly defined by this part.

Hcoup = ∑
κs
(tL2ĉ†

Lκsd̂2s + tR3ĉ†
Rκsd̂3s +H.c.). (4)

The parameters tL2 and tR3 represent the linear coupling co-
efficients, where tL2 describes the coupling between QD2 and
the left electrode, while tR3 characterizes the coupling between
QD3 and the right electrode.

The hierarchical equations of motion (HEOM)[24] for-
malism provides a unified framework for investigating quan-
tum dot systems under both equilibrium and nonequilibrium

conditions. Rooted in the Feynman–Vernon influence func-
tional path integral approach, this nonperturbative methodol-
ogy enables rigorous treatment of general quantum systems
coupled to fermionic reservoirs obeying Grassmann Gaus-
sian statistics. Particularly noteworthy is the HEOM’s ability
to deliver numerically exact solutions for complex impurity
models, including the challenging three-impurity Anderson
system.[25,29–32] Through systematic truncation of the hierar-
chical expansion governed by convergence criteria, the method
achieves high-precision determination of dynamical observ-
ables in strongly correlated quantum impurity systems.

The HEOM formalism exhibits several distinctive advan-
tages in quantum impurity system analysis. First, its unified
Hamiltonian framework remains structurally invariant across
arbitrary parameter regimes eliminating the need for case-
specific operator rederivation or computational algorithm re-
design. As a nonperturbative approach rooted in open quan-
tum system theory, the HEOM formalism provides rigor-
ous treatment of dissipative dynamics in fermionic reservoirs
through its inherent time-nonlocal memory kernel construc-
tion. The methodology guarantees formal exactness for nonin-
teracting electron reservoirs while maintaining controlled ac-
curacy for weakly correlated environments through systematic
hierarchy truncation. This unique combination of parametric
versatility, fundamental exactness, and practical scalability po-
sitions the HEOM as an indispensable tool for investigating
strongly correlated quantum phase transitions and nonequilib-
rium transport phenomena.

3. Results and discussion
In a TTQD system, the concurrence[33] between two

quantum dots can be expressed as (the detailed derivation pro-
cess can be found in Appendix A)

Ci j(tt) = max
{

0,−1
2
−2

Si j(tt)
〈Ψ(tt)|Ns

i Ns
j |Ψ(tt)〉

}
, (5)

where Ns
i = ni↑ + ni↓ − 2ni↑ni↓, Ns

i represents the projection
operator indicating the presence of a single electron on QDi
(i.e., the state where only one electron is occupied), and tt rep-
resents time (in ps), Si j(tt) = 〈Ψ(tt)|

−→
Si ·
−→
S j |Ψ(tt)〉.

To systematically investigate the impact of key physical
parameters on quantum entanglement (characterized by con-
currence) in the TTQD system and perform a comparative
analysis with their parallel counterparts, unlike the TTQD sys-
tem, the parallel quantum dot system is characterized by an
interdot coupling strength of t23 = 0 meV between QD2 and
QD3. We comprehensively examine the roles of critical fac-
tors including interdot coupling strength t, Coulomb interac-
tion U , temperature T , and electrode coupling Γ , in both con-
figurations.

As shown in Fig. 2(a), under fixed parameters T = 0.5K,
electrode coupling Γ = 2.0 meV, and Coulomb interaction
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U = 0.5 meV, the concurrence exhibits a monotonic enhance-
ment with increasing interdot coupling strength t, indicating
the constructive role of tunnel coupling in quantum correlation
formation. Comparative analysis between the TTQD and par-
allel triple quantum dot configurations under identical t con-
ditions reveals that the TTQD geometry sustains stronger en-
tanglement characteristics. In Fig. 2(b), with fixed T = 0.5 K,
Γ = 2.0 meV, t = 1.0 meV, the concurrence decreases with the
increase of U , and U can inhibit the increase of concurrence.
At the same time, we compared the concurrence under the
TTQD and the parallel triple quantum dot structure. With the
increase of U , the concurrence under the parallel triple quan-
tum dot structure decreased significantly, although the concur-
rence in the TTQD structure exhibited a downward trend, it
remained highly entangled.
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Fig. 2. (a) At temperature T = 0.5 K, electrode coupling Γ = 2.0 meV,
Coulomb interaction U = 0.5 meV, the concurrence changes with inter-
dot coupling strength. (b) At temperature T = 0.5 K, electrode coupling
Γ = 2.0 meV, interdot coupling strength t = 1.0 meV, the concurrence
changes with the Coulomb interaction U .

In Fig. 3(a), with fixed T = 0.5 K, U = 0.5 meV, t =
0.5 meV, the concurrence increases rapidly with the increase
of Γ , and decreases very slowly (negligible) with the contin-
uous increase of Γ . Γ can promote the increase of concur-
rence. The electrode coupling Γ between the electrode and
the quantum dot determines the rate at which electrons tun-
nel into/out of the quantum dot. Additionally, we compare
the concurrence under TTQD and parallel triple quantum dot
structures. With the increase of Γ , the concurrence under the

parallel triple quantum dot structure cannot reach 0.9. How-
ever, the TTQD system exhibits extremely high concurrence.

In Fig. 3(b), with fixed Γ = 2.0 meV, U = 0.5 meV,
t = 0.7 meV, the concurrence decreases with the increase of
T , and T can inhibit the increase of concurrence. We compare
the concurrence under the TTQD and parallel triple quantum
dot structures. With the increase of T , the concurrence in the
parallel triple quantum dot structure is smaller than that in the
TTQD structure.
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Fig. 3. (a) At temperature T = 0.5 K, interdot coupling strength t =
0.5 meV, Coulomb interaction U = 0.5 meV, the concurrence changes
with electrode coupling Γ . (b) At electrode coupling Γ = 2.0 meV,
U = 0.5 meV, interdot coupling strength t = 0.7 meV, the concurrence
changes with temperature T .

Through comparative analysis of the concurrence depen-
dence on interdot coupling strength (t), Coulomb interaction
(U), electrode coupling (Γ ), and temperature (T ) in both trian-
gular (TTQD) and parallel triple quantum dot configurations,
we consistently observe significantly higher concurrence val-
ues in the TTQD system across all parameter variations. This
inherent advantage demonstrates the TTQD architecture’s su-
perior potential for experimental quantum applications.

Having established the superior entanglement character-
istics of the TTQD configuration compared to its parallel
counterpart, we now investigate the parameter space required
to maintain high entanglement (concurrence ≥ 0.9). Specif-
ically, under conditions of fixed electrode coupling (Γ ) and
temperature (T ), we examine the optimal regulation.
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In Fig. 4(a), with fixed T = 0.5 K, Γ = 2.0 meV, U =

1.0 meV, the concurrence with the change of t, we can find
from the figure that when t = 0.4 meV, the concurrence value
can only reach about 0.2. Therefore, when t = 0.4 meV, we
need to calculate what value U should be adjusted to for the
concurrence to reach 0.9. For this reason, we fixed T = 0.5 K
and Γ = 2.0 meV in Fig. 4(b). When t ∈ (0.3 meV, 0.7 meV),
concurrence changes with U .

For example, in Fig. 4(a), when t = 0.4 meV, the con-
currence value can only reach about 0.2. In this case, when
t = 0.4 meV in Fig. 4(b) is found, the maximum U value cor-
responding to concurrence above 0.9 is 0.74.
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Fig. 4. (a) At temperature T = 0.5 K, electrode coupling Γ = 2.0 meV,
Coulomb interaction U = 1.0 meV, the concurrence changes with inter-
dot coupling strength. (b) At T = 0.5 K and Γ = 2.0 meV, when t ∈
(0.3 meV–0.7 meV), the concurrence changes with U .

On the premise that the concurrence reaches 0.9, in Fig. 5,
we simulate the images of t and U . Through the images, we
find that the relationship between t and U is approximately
linear, and the correlation function is as follows:

C12(C13) : U = 0.82t +0.41, (6)

C23 : U = 0.79t +0.379. (7)

With the resulting linear function, we can adjust the val-
ues of t and U so that the entanglement inside the system is
always 0.9.
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Fig. 5. (a) and (b) The relationship between t and U on the premise
that concurrence reaches 0.9, which can be approximated as a linear
relationship between t and U .

4. Implementation of the Toffoli quantum gate
In this part, the realization of the Toffoli gate under

TTQDs is presented. The three qubits required for the Toffoli
gate correspond to three quantum dots in the triangle. In order
to better control the Toffoli quantum gate through the coupling
between the applied magnetic field and the quantum dots, the
Toffoli quantum gate is decomposed into multiple single-bit
gates and double-bit gates. We operate within the computa-
tional basis of a three-qubit Hilbert space, which is spanned
by the following eight orthonormal basis states:[39]

{|000〉, |001〉, |010〉, |011〉, |100〉, |101〉, |110〉, |111〉}.

The Toffoli quantum gate matrix has the following form:

UToffoli =



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0


.

Figure 6 presents the decomposition of the Toffoli gate
into elementary quantum operations, including the CNOT
gate, Hadamard (H) gate, T gate, and T † gate.
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H HT T

T

T

T 
†

T 
†

T 
†

Fig. 6. The Toffoli gate[42] can be represented as a combination of a
CNOT gate, T gate, T † gate and H gate.

We first analyze how to implement the CNOT quan-
tum gate. The function of the CNOT gate is to achieve
controlled operations between quantum bits through con-
ditional inversion. Figure 7[39] shows the implementation
scheme of the CNOT gate based on the

√
SWAP gate and

single-qubit rotation. As shown in Fig. 7, we use a mag-
netic field[34–38] to regulate single qubit to achieve rota-
tion operation (Rx(θ),Ry(θ),Rz(θ)) and the use of spin cou-
pling between quantum dots to achieve

√
SWAP operation.

With Rx(θ),Ry(θ),Rz(θ) and
√

SWAP we can implement the
CNOT operation.

The matrix form of Rx(θ),Ry(θ),Rz(θ) is expressed as

Rx(θ) =

[
cos θ

2 − i sin θ

2
−i sin θ

2 cos θ

2

]
,

Ry(θ) =

[
cos θ

2 − sin θ

2
sin θ

2 cos θ

2

]
,

Rz(θ) =

[
e
− iθ

2 0

0 e
iθ

2

]
,

where θ represents the angle of rotation, with a range of
[−π,π]. For single-qubit rotation, we can regulate by apply-
ing a magnetic field, according to the right-hand rule:[40,41] the
right index finger points to the direction of the electron spin,
the thumb points to the direction of the movement of electron
spin, then the direction of the middle finger is the direction of
the desired magnetic field.

When a magnetic field is applied to a single quantum dot,
the Hamiltonian H1 =−γB(t) ·S, γ is the gyromagnetic ratio,
and S is the spin operator. For the rotation operator for a sin-
gle quantum dot, we represent it by the time evolution operator
UR(θ) = eγ

∫ tt
0 i·B·Sdt , with

∫ t
0 Bdt = π , then the rotation matrix

containing time can be obtained. When B = 1 T, it takes about
π picoseconds to rotate π/2, and in Fig. 7, the time of these
rotation operators can be obtained.

To complete the SWAP operation between two quan-
tum dots, and the Hamiltonian of these two dots is H0 =

J(t)
−→
Si ·
−−→
Si+1. The matrix form of the Hamiltonian is

1
4 h̄2J(t)(σx

⊗
σx + σy

⊗
σy + σz

⊗
σz),where σx,σy, and σz

represent the Pauli matrix respectively. The J is the Heisen-
berg commutative interaction (J = 4t2

12/U). The matrix USWAP

of gate SWAP is obtained by the Hamiltonian H0, USWAP(t) =
e
∫ t

0 iH0 dt , with
∫ t

0 J dt = π . As evidenced in Fig. 4, the interdot
concurrence maintains a significantly high value at the param-
eter configuration (t = 1 and U = 1), so when t = 1 and U = 1,
we can get the SWAP implementation time of about π/4 ps.
The matrix of USWAP is expressed as

USWAP =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 .
Now evolve the time to π/8 ps, then

√
SWAP is obtained,

and the matrix of
√

SWAP is expressed as

U√SWAP =


1 0 0 0
0 1+i

2
1−i

2 0
0 1−i

2
1+i

2 0
0 0 0 1

 .
From Fig. 7, we can calculate that it takes 21π/4 ps to

complete the complete CNOT quantum gate.
Next, we introduce the H gate, its matrix form is

H =

 1√
2

1√
2

1√
2

−1√
2

 .
The operation of gate H corresponds to rotating π/2

around the y-axis and then π around the x-axis on the Bloch
sphere, and the rotation operation can be achieved by magnetic
field control. The time of the two actions is about 3π ps.

The matrix forms of the T and T † gates are

T =

[
1 0

0 e
iπ

4

]
, T † =

[
1 0

0 e
− iπ

4

]
.

The T and T † gates represent a rotation of π/4 and−π/4
about the z-axis, respectively. The rotation operation can be
achieved by magnetic field control. The time of the action is
about π/2 ps.

In Fig. 6, the execution time for each operational step is
explicitly calculated above, yielding a total gate operation time
of 37π ps.

1/2 1/2

Rz↼π↽

Ry(

(π

2 Rz(

(−π

2

Rz(

(−π

2

Ry(

(−π

2

√SWAP √SWAP

Fig. 7. The CNOT gate[39] can be represented as a combination of rotation operations Ry(θ),Rz(θ) and the
√

SWAP gate.
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5. Conclusion
In this paper, we present a comprehensive investiga-

tion of quantum entanglement in TTQD systems. Our anal-
ysis systematically examines four critical parameters gov-
erning entanglement dynamics: interdot coupling strength t,
Coulomb interaction U , temperature T , and electrode coupling
Γ . Through comparative studies with a parallel triple quan-
tum dot structure, we demonstrate that the triangular geome-
try exhibits significantly enhanced concurrence under identical
conditions, attributed to its inherent geometric frustration and
optimized quantum interference pathways. Numerical simu-
lations further reveal a robust parameter regime for sustaining
high entanglement (concurrence ≥ 0.9). These findings es-
tablish the triangular structure as a superior architecture for
entanglement generation and provide concrete guidelines for
experimental realization of tunable entangled states in semi-
conductor quantum dot platforms.

Finally, we theoretically demonstrate the implementation
of three-qubit quantum gates within a TTQD architecture.
Through detailed analysis of the system dynamics, we present
a complete realization scheme for the Toffoli gate, including
its decomposition into native operations and the corresponding
pulse sequences. Numerical simulations of the gate operation
yield a total execution time of 37 ps, demonstrating the poten-
tial for high-speed quantum operations in this configuration.
This result suggests that the triangular quantum dot structure
could serve as a viable platform for scalable multi-qubit quan-
tum information processing.

Appendix A
When there is exactly one electron on each of the

two quantum dots (referred to as the (1,1) subspace),
concurrence[33,43] can be expressed as

Ci j(tt) = max
{

0,−1
2
−2〈−→Si ,

−→
S j 〉
}
, (A1)

where Ns
i = ni↑+ni↓−2ni↑ni↓, Ns

i represents the projection op-
erator indicating the presence of a single electron on the QDi.

The subspace projection operator is constructed as P =

Ns
i Ns

j , when quantum state |Ψ(tt)〉 is projected onto the (1,1)
subspace, the normalized quantum state becomes

|Ψ(1,1)(tt)〉=
Ns

i Ns
j |Ψ(tt)〉√

〈Ψ(tt)|
−→
Si ·
−→
S j |Ψ(tt)〉

. (A2)

In the normalized subspace, the expected value of the spin
dot product is

〈−→Si ,
−→
S j 〉(1,1) =

〈Ψ(tt)|〈
−→
Si ·
−→
S j Ns

i Ns
j |Ψ(tt)〉

〈Ψ(tt)|Ns
i Ns

j |Ψ(tt)〉

=
Si j(t)

〈Ψ(tt)|Ns
i Ns

j |Ψ(tt)〉
. (A3)

Through substitution of formula (A3) into formula (A1),
we obtain the resultant expression

Ci j(tt) = max
{

0,−1
2
−2

Si j(tt)
〈Ψ(tt)|Ns

i Ns
j |Ψ(tt)〉

}
. (A4)
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