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Thermal entanglement, as influenced by interaction parameters, is investigated within the general Heisenberg XYZ
model. We calculate the relationship between entanglement and the system interaction parameters, including spin—spin
interaction parameters (SSIPs) and spin—orbit interaction parameters (SOIPs). By considering various parameter orienta-
tions, we identify four optimal combinations of the SSIPs and find that the optimal vector of the spin—orbit interaction aligns
with the coordinate axis corresponding to the maximal SSIP component. Furthermore, we obtain three effective optimal
combinations of the SOIPs corresponding to the optimal SSIPs, which can maximize the system entanglement when the
parameters are tuned accordingly. To demonstrate the feasibility of our results under realistic experimental conditions, we

propose an optical lattice scheme with tunable parameters.
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1. Introduction

Entanglement has been extensively studied in recent years
due to its fascinating nonclassical nature in quantum mechan-
ics and its key role in quantum information processing.!!~7]
Recently, the Heisenberg model has been extensively studied.
As a simple model, it is considered an ideal candidate for the
generation and manipulation of entangled states. This model
has been used to simulate various solid-state physical sys-

10-12] quantum

tems, such as nuclear spins, (8.9] optical lattices,
dots, 3181 and superconductors.!'*2%] To quantitatively and
qualitatively characterize entanglement in solid-state systems
and exploit it for quantum information applications, thermal
entanglement properties in the Heisenberg model have been

(23-291 Byilding on this work, we fur-

extensively investigated.
ther explored the impact of parameter directions on system
entanglement.*%-33] In particular, in Ref. [31], we found that
higher entanglement can be achieved by tuning the direction
of the external magnetic field.

In this paper, to thoroughly explore the influence of pa-
rameters on entanglement, we conduct a detailed study of the
correlation between parameter directions and system entangle-
ment. We identify the optimal combinations of various pa-
rameters, namely, four optimal combinations of spin—spin in-
teraction parameters (SSIPs) and three optimal combinations
of spin—orbit interaction parameters (SOIPs) corresponding to
the optimal SSIPs. Furthermore, we establish the criteria for

Corresponding author. E-mail: x1zong725@foxmail.com
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determining optimal SOIP combinations: the optimal direc-
tion of the spin—orbit interaction vector is parallel to the co-
ordinate axis along which the SSIP has the maximal compo-
nent. Therefore, for given parameter values, the maximal sys-
tem entanglement can be obtained by adjusting the parameters
to their optimal combinations. Moreover, we propose a physi-
cal scheme for tuning system parameters in an optical lattice.

This paper is organized as follows. In Section 2, we in-
vestigate the optimal combinations of SSIPs and identify four
optimal cases. In Section 3, we study the optimal combina-
tions of SOIPs and obtain three effective cases. In Section 4,
we construct the general Heisenberg model in an optical lat-
tice and discuss the experimental feasibility of parameter ad-
justment. Finally, in Section 5, we present a discussion and
conclusion.

2. Optimal combination of SSIPs

The Hamiltonian H for the general two-qubit Heisenberg
XYZ model is

H = J,0103 +J,0] 05 + J.0{03, (1)

where ¢’ (i = x,y,7) are Pauli matrices, and J; (i = x,y,z) de-
notes the SSIP along the i-axis. All parameters in this pa-
per are dimensionless. For convenience in illustrating our
ideas, the set of SSIPs can be regarded as a vector J with

|J| =1, where J; (i = x,y,z) is the i-axis component of .J.
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Thus, according to Fig. 1, the components J; can be ex-
pressed in the spherical coordinate system as J, = sin 6y cos ¢y,
Jy, = sin By sin ¢y, and J, = cos 6.

In the standard basis {|00),]01),|10),|11)}, a straight-

%(|00> +[11)) and |¥5 4) = %(|01> +10)), with the corre-
sponding eigenvalues given by Ej > = cos 8y % sin 6y cos ¢o F
sin@psingy and E3 4 = — cos By % sin 6y cos ¢ £ sin B sin ¢y.
In this case, the thermal equilibrium state of the system can be

forward calculation yields the eigenstates of H: |¥j,) =  written as
|
E E E E
e T 4e T 0 0 e T —e T
E3 Ey E3 Ey
p(T) = 1 0 e T +e T e T —e T 0 @
N> E E )
2Z 0 e T fe_E*TA e_%+e_E*4 0
£y ) £ )
e T —e T 0 0 e T +e T

where

cos 6 1 — g1
PR (smGo(costpo sm¢o))

T
+2e e cosh < sin 6y (cos ¢ + sin ¢ ) >
T )

which represents the partition function of the system.

ZA

Fig. 1. Spin—spin interaction vector J represented in the spherical co-
ordinate system.

In the following, we employ the negativity introduced by
Vidal and Werner!*#! as the entanglement measure. The nega-
tivity N of a state p is defined as N(p) = m = %,
where p7l is the partial transpose of the density matrix p
with respect to the first subsystem, and A; are the eigenval-
ues of p71 given by A, = i(e_ETl + e Fte T F e_ET4)

£ L) E Ey
and Az4 = %(ie’f Fe T +e T +e 7). Based on
the above calculation, we plotted Fig. 2 to analyze the opti-
mal combination of SSIPs. Theoretically, the negativity varies
periodically with the variables 6y and ¢, implying infinitely
many optimal combinations. However, due to the restricted
ranges of these variables, i.e., 6y € [0, 7] and ¢y € [0,27], only
four optimal combinations of SSIPs can be identified from
Fig. 2. The specific values of these four optimal parameter
combinations, denoted as A, B, C, and D, are listed in Ta-
ble 1. Here, N = 0.3567 represents the maximal entanglement
of the system at T = 0.8 with |J| = 1. In addition, the pa-
rameters corresponding to the maximal entanglement remain

unchanged across different temperatures. Thus, maximal en-
tanglement can be achieved by tuning the relative proportions
of the SSIP components to the optimal combination.

2.0 0.35
1.8
0.30
1.6
1.4 0.25
1.2 0.20
1.0
0.8 0.15
0.6 0.10
0.4
0.2 0.05
0
0 0.2 0.4 0.6 0.8 1.0

by ()

Fig. 2. Contour map of the negativity as a function of 6y and ¢ for
T=0.8and|J|=1.

¢o ()

Table 1. Four sets of optimal spin—spin coupling parameters.

0o do N
A 0.30367 0.25019 0.3567
B 0.69614 0.74962 0.3567
C 0.30367 1.25 0.3567
D 0.69614 1.7504 0.3567

3. Optimal combination of SOIPs

In this section, we consider the general anisotropic
Heisenberg XY Z model with Dzyaloshinskii-Moriya (DM) in-
teraction parameters. The Hamiltonian is given by

H' = J.0{05 +J,0{0) +J.6{05 + D- (01 x 02)
= J,0{05 +J,0,0) +J.0{05 + D,(0] 05 — 6{03)
+Dy(0{0; — 0{03) + D (0705 — 0] 03), 3)
where J; has the same form as in Section 2, D is the DM vec-
tor (arising from spin—orbit interaction),3>-38! and D; denotes

the i-axis component of D. For simplicity, we set |[D| =1 and
express the components in spherical coordinates as

D, =sinBcos¢, Dy=sinfOsing, D,=cosb.
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Using the same approach as in the previous section, we
obtain the eigenstates and eigenvalues of H’, calculate the
eigenvalues of the partial transpose of the thermal state, and
thus determine the negativity as a measure of thermal entan-
glement. (The detailed derivation is omitted here due to its
complexity.) To analyze the dependence of thermal entangle-
ment on 6 and ¢, we have generated numerous plots under a
wide range of (6y, @) values. From these results, we identify
the optimal SOIPs corresponding to arbitrary SSIPs.

By systematically analyzing these figures, we find a gen-
eral rule for determining the optimal SOIP: the optimal spin—
orbit interaction vector is always parallel to the coordinate axis
along which the SSIP has the largest component.

To illustrate this rule, Fig. 3 presents the evolution of ther-
mal entanglement with DM parameters (6,¢) in three rep-
resentative cases. When J; is the largest SSIP component,
Fig. 3(a) shows that the entanglement reaches its maximum
only when the DM vector is aligned with the x-axis (i.e.,
0 =0.57, ¢ =0 or 7). Similarly, when J, is the largest com-
ponent, Fig. 3(b) shows the maximum occurs when the DM
vector aligns with the y-axis (i.e., 0 =0.57, ¢ =0.57 or 1.57).
Finally, when J, is dominant, Fig. 3(c) indicates the maximum
entanglement arises when the DM vector aligns with the z-axis
(i.e., 8 =0or 7).

@ ® . © .
057 e 057" -
0.4 ' 0.4
0.31 - ’ 0.3
Z
0.2 0.2

~0.5
0 (m)

1 0.5 1 1
om VY o ¢m 00 ¢ (m)

Fig. 3. Negativity plotted as a function of 8 and ¢ for different SSIPs (8
and ¢p) at T = 0.8: (a) 6p = 0.97, ¢p = 0.17; (b) 6y = 0.57, ¢ = 0.67;
(c) 6p =0.27, ¢g = 1.57.

Furthermore, we plot Fig. 4 to provide a more detailed
analysis of various SSIPs through regional division. In Fig. 4,
the curve passing through point B corresponds to J, = J;, the
curve through point D corresponds to Jy, = J;, and the straight
line passing through points A and C corresponds to J; = J,.
Using these boundaries, the diagram can be divided into three
parts.

(a) In this region, J, is the largest SSIP component, and
the optimal spin—orbit interaction vector is parallel to the x-
axis. This case includes two subregions: II (J, > J; > J,) and
I (Jx > Jy > J,).

(b) In this region, J, is the largest SSIP component, and
the optimal spin—orbit interaction vector is parallel to the y-
axis. This case includes two subregions: II' (Jy > J; > Jy) and
1 (Jy, > J, > Jy).

(c) In this region, J; is the largest SSIP component, and
the optimal spin—orbit interaction vector is parallel to the z-

axis. This case includes two subregions: I (J; > Jy > J,) and I
(J > Jy > ).

Thus, we can determine the optimal combination of
SOIPs corresponding to any arbitrary set of SSIPs. In par-
ticular, to achieve higher entanglement, we focus on the opti-
mal SOIP combinations associated with the four optimal SSIP
combinations, denoted as points A, B, C, and D in Fig. 4 (cor-
responding to those in Table 1). At point A, where J, =J, = J,,
the system theoretically attains the same maximum entangle-
ment for a DM vector in any direction. However, this scenario
is difficult to realize in practice. Since point A lies at the in-
tersection of the three regions, even a slight perturbation of
the SSIP values can shift the system into a different region,
thereby changing the corresponding optimal DM vector. By
contrast, points B, C, and D lie in regions (b), (c), and (a),
respectively. Consequently, for these three optimal SSIP com-
binations, the optimal spin—orbit interaction vectors are paral-
lel to the y-, z-, and x-axes, respectively. Therefore, maximal
entanglement can also be achieved by tuning the interaction
parameters to align with these optimal directions.

1.0
0.9}
0.8}
0.7}
T 0.6}

$ 0.5
041
0.3} S
0.2} A c

o1l I r I
0

II1 IIr III

0 02 04 06 08 1.0 1.2 14 1.6 1.8 2.0
by ()

Fig. 4. Diagram showing the regions defined by SSIP components. The
curve through point B corresponds to J, = J;, the curve through point
D corresponds to J, = J;, and the straight line through points A and C
corresponds to J, = Jy.

4. Demonstration of adjusting parameters in an
optical lattice

In this section, we apply the theoretical results obtained
above to practical systems. In solid-state systems, spin—spin
coupling arises from the Heisenberg exchange interaction,
which is typically difficult to control. However, recent ad-
vances have proposed various methods for controlling spin—
spin interactions. In ultracold atomic systems, adjustable spin
interactions are usually realized by manipulating the wave
function overlap between neighboring sites. In an optical lat-
tice, the spin coupling can be tuned by varying external light
or magnetic fields.3%#?!

We consider an atomic gas trapped in an optical lattice
formed by two m-polarized laser beams counter-propagating
along the y-axis, with frequencies below the atomic transition

100308-3
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frequency (i.e., a red-detuned lattice). An external static mag-
netic field B is applied along the z-axis, strong enough to po-
larize the ground-state spins along the quantization axis. The
spinor system trapped in the lattice thus simulates a spin chain

with an effective Hamiltonian 3943
H=-Y Y (FSSi+ 2085 +2808)) . @
T i

with the coupling parameters
J;-“j = J;J‘_’Pt} _ Ji(;nag) /2, Ji] _ Jl_(Jf)pt) _ Ji(;nag) /2,
_ s(mag)
and

where denote the static magnetic dipole—

(mag) (opt)
Jij Jij
dipole interaction and light-induced dipole—dipole interaction,
respectively.

For simplicity, we consider a lattice consisting of only

two sites, yielding
H = —2J},5{85 — 20,8185 — J5,55S5. (6)

This reduces to a two-qubit Heisenberg XYZ model corre-
sponding to Eq. (1) with parameters J, = —2J7, = sin 6y cos ¢y,
Jy= —2J]y2 = sin 6 sin ¢, and J, = —J, = cos 6. In this sys-
tem, the angle ¢y is restricted to 0.257 or 1.257.141]

As shown in our previous works, *>*!] both dipole—dipole
interactions can be tuned by adjusting the transverse trapping

widths and external laser parameters:
Jl(r2nag)0(1/w)(71/WZ7 Jl(;pt)ocl/wxal/WZ)U7

where w, (w;) is the trapping width along the x (z)-axis.
There is no external trapping potential along the y-axis, ex-
cept for the lattice potential. The laser intensity is defined as
U =1|Q|*/(64), where Q is the Rabi frequency and A rep-
resents the laser detuning.

20 0.42

0.40
0.38
0.36
0.34
0.32
0.30
0.28
0.26
0.24
0.22

15
U

Fig. 5. Contour map of the angle 6 as a function of the trapping width
and laser intensity, with wy = w,.

Figure 5 shows that the angle 6y can be tuned by adjust-
ing the external optical fields. To achieve the optimal SSIP,
we can realize 6y = 0.30367x, which is close to the angles of
points A and C in Table 1, by adjusting the transverse trap-
ping potential and the intensity of the external laser. In fact,
many parameters can be tuned, including the laser frequency
and the magnetic field. The optical lattice system thus pro-
vides a versatile platform for demonstrating the optimization
of the parameter combination.

5. Discussion and conclusion

In the previous section, we proposed a feasible scheme for
adjusting SSIPs in an optical lattice. Furthermore, when DM
interactions are present, the SSIPs can also be tuned to achieve
the optimal parameter combination according to the direction
of the DM vector. To control the DM vector direction, Ederer
et al.'"** have proposed a scheme to invert the DM vector by
modulating the electric field. In addition, Refs. [45-49] dis-
cuss various methods for adjusting the DM vector.

In summary, we have investigated the effects of inter-
action parameters on thermal entanglement in the general
Heisenberg XYZ model. By analyzing the relation between
parameter directions and entanglement, we identified the rule
for the optimal spin—orbit interaction vector and obtained four
optimal SSIP combinations and three effective SOIP combi-
nations. Thus, the maximal entanglement of the system can
be achieved by tuning the system parameters to these opti-
mal combinations, which is feasible with current experimental
technology.
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