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Relaxation processes in quantum systems coupled to external environments represent one of the most fundamental
nonequilibrium phenomena in condensed matter physics. The Lindblad master equation provides a powerful framework for
characterizing such open quantum dynamics. In this work, we systematically investigate how different types of quantum
jump operators and system geometries influence the Liouvillian gap and the properties of the nonequilibrium steady state
(NESS) in finite-size systems. We demonstrate that, due to the intricate structure of the Liouvillian superoperator, multiple
NESSs with unphysical characteristics can emerge. The physically meaningful steady state must instead be understood as
a superposition of these NESSs that collectively satisfy the required physical constraints. Furthermore, we find that the
Liouvillian gap does not necessarily increase monotonically with the system—environment coupling strength. Instead, it
can exhibit a nontrivial peak structure, corresponding to a minimum in the relaxation time. The magnitude of this peak is
closely related to the symmetry properties of the system. Our results provide a deeper understanding of nonequilibrium
behavior in finite quantum systems and offer new insights into the design and control of open quantum dynamics.
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1. Introduction

Recently, breakthroughs in quantum-simulation plat-
forms ranging from ultracold atoms in optical lattices to
superconducting qubit arrays have brought the nonequilib-
rium dynamics of open lattice systems into sharp experimen-
tal focus.!'! By engineering controlled coupling to external
reservoirs, these experiments access regimes in which coher-
ent many-body evolution competes directly with dissipation
and quantum jumps, enabling the observation of relaxation,
decoherence, and environment-induced transitions far from
thermal equilibrium.[7-1]

Open quantum lattices display a wealth of phenomena
with no counterpart in closed systems. Dissipation can sta-
bilize pure or mixed steady states that defy equilibrium classi-
fication, generate long-range coherence via reservoir engineer-
ing, and induce topological phases protected by nonunitary
symmetries.!'>13 Crucially, the long-time behavior is gov-
erned by the spectrum of the Liouvillian superoperator, which
serves as the generator of the Lindblad master equation. Of
particular importance is the Liouvillian gap, defined as the
magnitude of the real part of the first nonzero eigenvalue. This
gap determines the characteristic relaxation time toward the
nonequilibrium steady state (NESS) and closes at dissipative
critical points, indicating dynamical phase transitions and crit-
ical slowing down. [16-18]

For many-body quantum systems, the central challenge
lies in the exponential growth of the Hilbert space. Each ad-
ditional degree of freedom, whether in particle number or lat-
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tice size, leads to an exponential increase in the dimension of
the quantum state space. This fundamental scaling severely
limits both analytical tractability and experimental feasibility.
As a result, studying few-site systems has become a natural
and necessary approach. These small-size lattices not only of-
fer computational and experimental accessibility but also ex-
hibit heightened sensitivity to system parameters, enabling de-
tailed exploration of open-system dynamics. In finite lattices,
the coexistence of multiple zero modes, boundary-condition—
dependent spectral singularities, and non-Hermitian skin ef-
fects further complicates the selection and physicality of the
NESS. A systematic understanding of how dissipation config-
uration, symmetry, and boundaries conspire to shape both the
NESS and the relaxation spectrum is therefore essential for
controlling open-system dynamics and exploiting dissipation
as a resource.

In this work, we undertake a comprehensive study
of Liouvillian-gap engineering in finite one-dimensional
fermionic lattices subject to Lindblad dissipation. We classify
and analyze three key aspects.

(1) Jump-operator type and placement: we compare on-
site dephasing and directional incoherent hopping, and vary
their distribution (single-site, multi-site, and full-lattice).

(ii) Boundary conditions: we contrast open with periodic
geometries, revealing how parity and translation symmetries
block-diagonalize the Liouvillian and enforce spectral equiva-
lences.

(iii) Relaxation dynamics and NESS structure: we show
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that multiple Liouvillian zero modes may arise, some of which
are unphysical, and that the physically realized NESS is in-
stead the unique linear combination determined by its overlap
with the initial state.

Our main findings are as follows: (i) The Liouvillian gap
exhibits a nonmonotonic dependence on dissipation strength,
reaching a maximum at a finite value where the relaxation
time is minimized. (ii) The position and sharpness of this
maximum are governed by symmetry- and boundary-induced
spectral transitions, such as those from purely imaginary to
complex eigenvalues. This peak reflects an optimal interplay
between coherent dynamics and dissipation, in which the sys-
tem attains both the fastest relaxation and enhanced robustness
against perturbations. By exploiting parity and rotational sym-
metries, we derive analytic expressions for the Liouvillian gap
in both the weak-hopping and weak-dissipation regimes us-
ing non-Hermitian perturbation theory. These results provide
design principles for optimizing relaxation times and stabiliz-
ing target nonequilibrium NESSs in quantum simulators, and
shed light on the role of spectral singularities, symmetry, and
finite-size effects in nonequilibrium quantum criticality.

2. General formalism

Lindblad mas-
Born—Markov

We begin our analysis with the
19,20]

21

ter equation,[ derived under the

approximation.>! The time evolution of the density matrix

p is governed by

dp . T !
T = —ilt.p] +;§ (La.,jPLa.j —5 {ij,jL“J”’})

= L(p), D

where H denotes the system Hamiltonian, and Ly ; are the
Lindblad jump operators. Here, the index « labels the type
of dissipation, including dephasing (d) and asymmetric hop-
ping to the right (R) or left (L), while j indexes the lattice
sites on which these dissipative processes act independently
before summation. The commutator [A, B] = AB — BA and the
anticommutator {A,B} = AB+ BA are used in the standard
way. We set i = 1 throughout the paper. For computational
convenience, we vectorize the density matrix p by stacking
its columns into a single vector.!*?! In this representation, a
mixed-state density matrix p =Y ; p;|¢;)(@;| is mapped to

p— Y.pilo;)®9)). 2)
J

Under this mapping, the Liouvillian superoperator L takes the
form

* 1 r 1 T *
L = ;%(Lmj@l‘a] - §I®LZX,]LOCJ — ELOC-,jLOC,j@I)
J

—i(l®H-H™®I). 3)

Assuming the system Hilbert space has dimension N, we pro-
mote the space of linear operators acting on it to a new Hilbert
space of dimension N 2 endowed with the Hilbert—Schmidt in-
ner product. >3 The Liouvillian eigenvalue problem is then de-
fined as

LY =4pR, LT(pF) =A7pk, (j=0,1,....N>~1),4)

where A; are the generally complex eigenvalues, and pf and
p;“ are the corresponding right and left eigenmodes, forming
a biorthonormal basis (p}- |p;3> = §;,j, with the completeness
relation | pf)(p}“ | = 1. The adjoint Liouvillian £ is given
by

L (p) = ~i[p,H]

+Yy (L;Jpr = % {L;jLayj,p}> . 5)
o {j}

Unlike the Hamiltonian of closed quantum systems, the spec-
trum of £ typically contains complex eigenvalues.?>?*! The
trace-preserving nature of the dynamics ensures that the real
parts of all eigenvalues are non-positive, Re[4,] < 0.[252%] The
unique NESS pg is defined as the right eigenvector corre-
sponding to the zero eigenvalue?”): £(p) = 0. By sorting the
eigenvalues in descending order of their real parts, we write

0 =Re[A] >Re[Ai] = Re[Ay] =+ = Re[Ay2_y],  (6)
and define the Liouvillian gap A% as
A = [Re[Aq]]. (7

To investigate the interplay between dissipation and quantum
coherence, we consider a noninteracting spinless fermion sys-
tem governed by the Hamiltonian

H= 72 Z [tucjumcr +H.c/] JrZVrcIcr, (8)
T U=X,Y,2 r

where 7, and V,. denote the nearest-neighbor hopping am-
plitude and the local potential, respectively. The fermionic
creation and annihilation operators c). and ¢, obey the stan-
dard anticommutation relations: {c}.,c,/} = 8., {cp,cp} =
{c:,c:/} = 0. We consider three kinds of jump operators to
model different dissipative processes: (i) Lq, = \/Tac}.cr 2!
(dephasing); (ii) Lr, = \/ﬁci +uCr (rightward hopping);
(i) LL» = \/7ic)_yor 2% (leftward hopping). Here, %, .
and 1. denote the rates of dephasing, rightward hopping, and
leftward hopping, respectively. The operators Lq, represent
on-site dephasing, while Lg ,. and L , induce asymmetric in-
coherent hopping to adjacent sites. In the following sections,
we categorize these jump operators into two classes: local de-
phasing (o = d) and directional hopping (& = R,L). We then
examine their respective influences under both open boundary
conditions (OBC) and periodic boundary conditions (PBC).
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3. Type I: dephasing model (a = d)

We now consider a specific one-dimensional lattice sys-
tem to explore its NESS and Liouvillian spectral gap. The
Hamiltonian is given by

H=—tY clejy+He, )
7

where ¢ is the nearest-neighbor hopping amplitude. For sim-
plicity, we neglect any on-site potential. The lattice with open
boundary conditions naturally exhibits spatial inversion sym-
metry about its center. To analyze the system’s symmetries, we
define the parity operator P satisfying P> =1, PT = P~! =P,
where / is the identity operator. Its action on fermionic cre-

i (311 Similarly,

ation operators is given by ch»P_1 = cj\, e
on single-particle basis states, P|@g ;) = |@on+i1—;), Where
N is assumed to be an odd number for simplicity. The ket
|o,j) = c; |0) denotes a single-particle state localized at site j,
with |0) being the vacuum state. Applying P to the Hamilto-
nian yields PHP~! = H, indicating that the Hamiltonian is in-
variant under spatial inversion and thus possesses parity sym-
metry. We next examine whether the Liouvillian retains par-
ity symmetry under a specific dissipative process. Consider
the Lindblad jump operator Ly ; = \/%cj-c ;j acting only at the
middle site of the system, j = (N + 1)/2, and denote the cor-
responding Liouvillian as Ly, 1)/>. From the parity transfor-
mation, we find

[P.Lg(n+1)/2) =0, (10
[P, LZ’(N_,_l)/zLd,(NH)/z] =0, (11
[P’LdT,(N+1)/2L:l,(N+1)/2] =0. (12)

We now consider the action of the parity transformation on the
vectorized Liouvillian in Liouville space. For example,

[®H = (PIP"")® (PHP™")

= (PeP)IH) (P '@P™), (13)

Ly v @Lawv+nz = (POP) Ly (vi1)2 @ Lav+1)/2)
x (PP, (14)
I®LZ’(N+1)/2L¢(N+1)/2 = (P®P)(I®L§,(N+1)/2Ld,(1v+1)/2)
x (P 'e@P™). (15)

Therefore, the full Liouvillian obeys the transformation rule
(POP) L1y 2P~ @P™") = Linsry2s (16)

which motivates the definition of an extended parity operator
in Liouville space, P = P® P, with P-l=p P! TheLi-
ouvillian £y 1)/, thus satisfies [P, L(y,1)/2] = 0, confirming
that it preserves parity symmetry under this specific dissipa-
tive configuration. On the other hand, the action of P on the

density matrix p is given by

Pp =Y. piPloo;){oxlP~!
Tk

= ZPN+17j,N+17k|(PO.,j><(PO,k|- a7
ik

That is, the matrix elements of p are reflected about the center
of the chain.

3.1. The case of £,

For a concrete example with a three-site chain, the parity
transformation corresponds to

P11 P33
p21 P23
p31 P13
P12 P32
Po=P| pn|=]|p2], (18)
P32 P12
P13 P31
p23 P21
P33 P11

which corresponds to a spatial inversion of the density matrix
about its central element po»

P33 P32 P31
P23 P22 P21 | - (19)
P13 P12 P11

Pp =PpP =

Thus, parity acts on the density matrix as a mirror reflection
with respect to the central site, while preserving Hermiticity
and the trace.

(@) 1.0 B (b) 1.0 B
OBC " PBC N
0.8 — P22 0.8 — P22
o P33 o P33
2 0.6 2 0.6
2.0 ERll
2, 0.4F |/} ppons Z 04 lw .............
Qc: “\J CE W|
0.2 [(I" 0.2} Jf
0 0
0 25 50 75 100 0 25 50 75 100
Time Time

Fig. 1. Time evolution of the particle number densities p11, P22, and p33
under (a) OBC and (b) PBC, with system parameters N = 3, t = 1, and
Y2 = 1. Under PBC, the oscillation frequencies of pj; and ps3 are sig-
nificantly higher than under OBC and are also much more pronounced
than those of py;. The oscillation amplitude of py; shows little difference
between OBC and PBC. Regarding the relaxation dynamics, all three den-
sities relax at nearly the same rate under OBC, whereas under PBC, p;;
and p33 exhibit markedly slower relaxation than p;;, which reaches the
NESS more quickly. In the long-time limit, both p;; and p33 converge
to the same NESS value, which exceeds that of py;, indicating a NESS
particle distribution favoring the boundary sites.

We initialize the chain in pisi1 = |@0,1)(@0,1| and nu-
merically integrate the master equation dp/df = L,p under
both open (OBC) and periodic (PBC) boundary conditions.
Figure 1 plots the time evolution of site densities p;;(f) =
Tr[p (¢) c;c ;] for OBC (solid) and PBC (dashed). Although
small transients differ, both cases relax to the same long-time

010306-3



Chin. Phys. B 35, 010306 (2026)

profile. We also find two zero-eigenvalue right modes, ps(sl)

and pg ). Under OBC, their normalized matrix forms are

" 0375 0 —0.125
Ploje = | 0 025 0 |,
~0.125 0 0375
“ 001
Plojs = | 010]. (20)
100

The purity of p(((l))>SS is found to be Tr[(p(((l)))ss)2] =0375<1,

indicating that it represents a mixed state. In contrast, p(%))ss

yields a purity of Tr[(p(%iss)z] = 3 > 1, which violates the
(2)

physical requirement for density matrices. Hence, P0)ss is
unphysical. However, since the initial state has zero overlap
with this eigenstate (i.e., the projection coefficient by = 0), it

does not contribute to the dynamics. Consequently, the NESS
(1)

of the system is solely determined by P0)ss

—a.0W @ _ 0
Pss(0) = A1P(0)ss T L1P(0)5s = P(0)ss (21)

A similar analysis is performed under PBC, where two zero-
eigenvalue modes of the Liouvillian are found

(1)
p(P)ss
0.297 +0.0621 0 0.110—0.1861
= 0 0.406 — 0.124i 0 ,(22)
0.110—-0.1861 0 0.2974-0.062i
2)
p(P)ss
0.219-0.197i 0 0.3424-0.590i
= 0 0.562 +0.3931 0 .(23)
0.342 +0.5901 0 0.219 —-0.197i
Due to the degeneracy, the purities of p((]i;ss and pgzss are

found to be complex numbers, thus violating physicality.
However, the projections of the initial state onto these two zero
modes yield nonzero complex coefficients

ay = 0.49041 —0.39291,
by = —0.10599 +0.451471, (24)

indicating that the unphysical eigenvectors p((Il,))SS and p((;))ss, al-

though not valid density matrices on their own, contribute to
the NESS dynamics. The NESS of the system is then given by

o @ 0375 0 —-0.125
Pss(p) = a2p(p)ss =+ b2p(p)ss = 0 0.25 0 , (25)
—-0.125 0 0.375

which is a valid, Hermitian, and positive semi-definite mixed
state. This analysis demonstrates that, under both boundary
conditions, the NESS is not uniquely determined by the spec-
trum of the Liouvillian alone, but also depends sensitively on
the choice of the initial state. In the following, we present an
example that further illustrates this dependence.

(a) 1.0 " (b) 1.0 o
OBC " PBC "
0.8 — Pz 0.8 —P2
o P33 o P33
2 0.6 2 0.6
= =
3 0.4 3 0.4
& g
0.2 0.2} |
0 0
0 25 50 75 100 0 25 50 75 100

Time Time

Fig. 2. Time evolution of the particle number densities p11, P22, and p33
under (a) OBC and (b) PBC, with parameters N =3,¢ =1,and 3 =1. A
prominent feature in both cases is that the curves for py; and p33 overlap
exactly over the entire time interval. The oscillation amplitudes of py,
P22, and p33 are of comparable magnitude, although the oscillation ranges
of p1; and p33 overlap only partially with that of py>. Regarding relax-
ation behavior, all three densities reach their NESSs at approximately the
same time. In the long-time limit, p;; and p33 converge to equal values,
both lower than that of py;, forming a spatial distribution in which the
central site hosts a higher particle density than the edges.

(a) (b)
OBC| — £ 0.6 PBC| —  £»
1.0
0.4
< <
0.5 0.2
0 0
0 10 20 30 40 0 10 20 30 40
Ya Ya

Fig. 3. Liouvillian gap A as a function of the dissipation rate 93 under
(a) OBC and (b) PBC. The system parameters are fixed as N =3, ¢ =1,
and 74 € [0,40]. In both cases, the peak in A occurs within the range
Y4 € [5,10], marking a significant turning point in the spectral behavior.
However, the peak magnitude of A under OBC is larger than that un-
der PBC. Additionally, the shape of the peak under OBC is significantly
sharper, with steeper slopes on both sides, while the PBC case shows a
more gradual variation. This contrast suggests a more pronounced spec-
tral response to dissipation under OBC.

We now consider a different initial state pPjio =
|90,2)(@o,2| and examine the corresponding time evolution, as
shown in Fig. 2. Compared to the dynamics initialized from

Pini,1 = [90,1) (@01
tem relaxes to distinct NESSs

, the numerical results reveal that the sys-

025 0 025
0 05 0 |. (26)
025 0 0.25

Pss(0BC) = Pss(PBC) =

Next, we proceed to analyze the Liouvillian gap A under
both OBC and PBC. Figure 3 presents the behavior of the gap
as a function of the dephasing rate y3. In both cases, the Liou-
villian gap exhibits a nonmonotonic dependence on 7y: it ini-
tially increases, reaches a peak, and then decreases as ¥y con-
tinues to grow. Notably, the peak under OBC is sharper than
that under PBC. Since the Liouvillian in both boundary condi-
tions respects parity symmetry, we can exploit this symmetry
to block-diagonalize the Liouvillian and obtain analytical in-
sights into its spectrum. To proceed, we define the single-site
basis states

1 0 0
|(P0~,1> =101, |¢0,2> =11], |(P02> =(0]. @7
0 0 1

010306-4



Chin. Phys. B 35, 010306 (2026)

The parity operator P, defined to swap the outer two sites about
the center, takes the following matrix form in the site basis

001
p=|o010], 28)
100

and the corresponding P superoperator is given by P = P®
P. The Liouvillian £, commutes with the parity operator,
[£2,P] =0, and can thus be block-diagonalized in the eigen-
basis of P. The eigenvalues of P are £1, and the correspond-
ing eigenvectors form the following basis:

(i) Parity —1 subspace

ol o] o] [—-1]
0 0 —1 0
0 -1 0 0
—1 0 0 0
O, 0],] 0],| O [;(4dimensional). (29)
1 0 0 0
0 1 0 0
0 0 1 0
L0 ] Lo LO] [1]
(ii) Parity 41 subspace
07 [o] [o] [o] [1]
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1]1,{0],]10(,]0(,]|0]; (5-dimensional). (30)
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
1O [O] O] [O] [1]

The Liouvillian thus decomposes into two invariant subspaces
of dimensions 4 x 4 and 5 x 5, respectively. In the OBC case,
the NESS is found in the parity +1 (5-dimensional) subspace.
We then focus on the parity —1 (4-dimensional) subspace to
determine the first excited state, obtaining the following ana-
lytical expression for the Liouvillian gap A:

[1, 1
22—
16Yd ! 47d]

For the PBC case, a similar block-diagonalization yields the
NESS in the 5 x 5 subspace and the first excited state in the
4 x 4 subspace, with Liouvillian gap A:

A(OBC) = |Re . (31)

Aeppc) = |Re (32)

1 +i\/9,z_1i, 1,
1% R TR IR

From the above expressions, we can understand the origin of
the peak structure in the A—7y4 curves. In the OBC case, the ap-
pearance of a peak is due to a transition from purely imaginary
to complex eigenvalues. Before this transition point, the real
part of the eigenvalue is given by a linear function %yd, inde-
pendent of ¢, leading to a linearly increasing gap. Numerically,

the peak occurs at ¥yopc) = 5.6528, with Aopc) = 1.4107.
In contrast, for the PBC case, the peak in the gap arises
from a change in the slope of the real part of the eigenvalue.
Here, the transition is smoother, and the peak is reached at
Yacpee) = 5.3627, with Appc) = 0.6470.

At the same time, this reveals a possible underlying com-
petition mechanism in the system. Specifically, in the weak
dissipation regime, where 7y is small, the system dynamics
are predominantly governed by the coherent Hamiltonian H.
Here, the environment causes a slow “leakage” of information
but is insufficient to rapidly correct deviations induced by co-
herent evolution. As Yy increases, dissipation accelerates and
the system is driven back to the steady state more efficiently,
leading to a growth of the Liouvillian gap and a corresponding
decrease of the relaxation time. When 7y reaches an optimal
value, corresponding to the peak of the gap, the dissipation rate
precisely compensates for errors accumulated through coher-
ent evolution. At this point, dissipation and coherent dynam-
ics achieve an optimal balance, yielding maximal robustness
against perturbations. This manifests as the largest Liouvil-
lian gap and the shortest relaxation time. Beyond this opti-
mal dissipation strength, the system enters a strong-dissipation
regime. Frequent interactions with the environment strongly
suppress coherent evolution, causing perturbations away from
the target steady state to relax more slowly. Consequently,
the Liouvillian gap decreases and the relaxation time increases
with further growth of 7. This difference in peak sharpness re-
flects the distinct spectral structures under different boundary
conditions.

3.2. The case of £; and L3

We investigate the time evolution governed by the mas-
ter equation dp/dt = L£;p, where the jump operator is ap-
plied only at site j = 1. The system is initialized in the pure
state Pini.1 = |@0,1)(¢o,1|, and we numerically solve the dy-
namics under both OBC and PBC, as illustrated in Fig. 4. In
this configuration, the behavior of the NESS differs markedly
from that under the Liouvillian £;. Specifically, under £,
we observe that the NESS under OBC is unique and indepen-
dent of the initial condition, while under PBC, the NESS is
generally not unique and depends sensitively on the choice of
initial state. Under OBC, we find that the system relaxes to
the maximally mixed state, pss = /3, in which the probability
of occupation is uniformly distributed among all three lattice
sites. The corresponding purity is 1/3, corresponding to a to-
tally mixed state. Due to the underlying parity symmetry of
the system, the dissipators satisfy the following relations:

PLy P~' = Ly3, (33)
P(L§.1Ld,1)Pil =L§,3Ld,3, (34)
P(Lg,leki,l)lr1 = LdT,3L:;,3~ (35)
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These relations imply that the Liouvillians £ and £3 are con-
nected by a parity transformation PL;P~! = £3. Let pg1
and pg 3 denote the NESSs of £ and L3, respectively. It
then follows that Ppgs 1 = pgs 3. This demonstrates that un-
der OBC, the NESSs of the systems with localized dissipa-
tion at sites 1 and 3 are related by parity, and in fact coin-
cide in the case of a maximally mixed state. However, under
PBC, this symmetry no longer guarantees identical NESSs.
The presence of multiple zero modes in the Liouvillian spec-
trum under PBC leads to a dependence of the NESS on the
initial condition, and the parity relation between £; and L3
does not necessarily extend to their NESSs. To investigate the
dependence of the NESS on the initial condition, we numeri-
cally solved the dynamics generated by £; with three differ-
ent initial states: Pini.1 = [Q0,1)(®0,1 ], Pini2 = |¢0,2) (02|, and
Pini;3 = |903)(@o3|. The corresponding NESSs are found to
be

05 0 O
pss,l = 0 0.250.25 y psls,l = p;;l,
0 0.250.25
0.25 0 0
plo=| 0 0375 0125 (36)

0 -0.125 0.375

Similarly, for £3 under PBC, the NESSs corresponding to the
same three initial conditions are

0.375 —0.125 0
Pss3=| —0.125 0375 0 |, pis=psss,
0 0 025
0.250.25 0
plyi=1025025 0 (37)
' 0 0 05

These results reveal a classification of the NESSs into two dis-
tinct types, depending on whether the initial position of the
particle coincides with the location of the dissipative jump op-
erator. When the initial state is Pjpi 1 OF Pini 3, the NESSs of £
and L3 exhibit different spatial structures. In contrast, when
the initial state is pjy; 2, the NESSs are related by a parity trans-
formation. Specifically, denoting the parity operator in the
nine-dimensional Liouville space as P, one has Pp;SJ = pésﬁ.
This observation highlights the conditional relevance of sym-
metry relations under PBC: although the Liouvillians £; and
L3 are related by a parity transformation, their NESSs only
obey this symmetry when the initial condition is itself sym-
metric with respect to the jump location.

We now turn to an analysis of the A—Y; dependence of
the Liouvillians £ and £3, shown in Fig. 5 under both OBC
and PBC. Due to the parity symmetry relation PL;P~! = L3,
the curves for £ and L3 coincide exactly, regardless of the
boundary condition. In both OBC and PBC cases, the spectral
gap A exhibits a characteristic non-monotonic behavior with

increasing 7q, first increasing and then decreasing, similar to
what we previously observed for £,. This implies the exis-
tence of a peak in the spectral gap as a function of dissipation
strength. Moreover, from a dynamical perspective, the peak
thus corresponds to an optimal dissipation strength at which
the slowest relaxation mode is accelerated to the greatest ex-
tent and the overall relaxation time is minimized. Simulta-
neously, this peak indicates maximal system resilience to dis-
turbances, enabling the fastest relaxation from initial states to
the steady state. This highlights the beneficial role of prop-
erly tuned dissipation in optimizing quantum system dynam-
ics. Under OBC, the absence of translation or parity symmetry
renders an exact analytical solution of the Liouvillian spec-
trum intractable.

(@) 1.0 , (1.0 B
oBc| — ™ pBC| — ™
0.8 — P22 0.8 P22
o P33 o P33
£ 0.6 £ 0.6
3 ge
= =
2 04 204
5 ﬁﬁouooo........,,,,, — 2
0.2 0.2
0 0
0 25 50 75 100 0 25 50 75 100

Time

Fig. 4. Time evolution of particle number densities py1, P22, and p33
under (a) OBC and (b) PBC, with system parameters N = 3, t = 1, and
Y = 1. The oscillatory behavior exhibits clear differences between OBC
and PBC. Under OBC, although the curves for pij, p22, and p33 do
not overlap, all three densities oscillate within a similar amplitude range
throughout the relaxation process. In contrast, under PBC, the curves
of py; and ps3 are identical and overlap with p;; only briefly at the be-
ginning of the evolution. In terms of relaxation time, the system under
OBC exhibits a significantly longer relaxation time compared to that un-
der PBC, indicating that the PBC system reaches a NESS earlier. At
long times, the NESS distribution under OBC becomes uniform with
P11 = P22 = P33 = 1/3, while under PBC, p2y = p33 < p11, indicating
an asymmetric NESS particle distribution favoring site 1.

(a) 0.5F (b) A
\ OBC Ly 0.6 [ % PBC Ly
o4t [ Ly p X L,
b & [ %
= )\ = i ¥
Zos I y Soar 1%
el \ pe) 9
= p N = /| R
5 02 / N 8 0.2 / )
& oon l, . A I, ...............
(0] 8 ola
0 10 20 30 40 0 10 20 30 40

Time Time

Fig. 5. Liouvillian gap A associated with the Liouvillian operators £;
and £3 under (a) OBC and (b) PBC, with parameters N = 3, r = 1, and
Y4 € [0,40]. The curves for £ and L3 overlap exactly under both bound-
ary conditions. As Yy increases, the peak of the Liouvillian gap appears
at a lower 79y in the OBC case compared to the PBC case. However, the
peak height is larger under PBC than under OBC. In terms of shape, both
peaks exhibit slope changes on either side, but the peak under OBC is
notably sharper, while the peak under PBC is smoother.

Nevertheless, our numerical investigation indicates that
the peak in A persists even when the tunneling amplitude ¢
or the dissipation rate J; is small. Motivated by this obser-
vation, we treat ¢ and 4 as small perturbative parameters and

32331 to approximate the Liouvil-

employ perturbation theory!
lian eigenvalues. This approach allows us to qualitatively re-

produce the rise-and-fall structure of the A—yy curve and to
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gain insight into the underlying physical mechanisms driving
the spectral behavior.

Using these perturbative methods, we plotted two inter-
secting dashed lines in Fig. 6 to approximate the rise-and-fall
behavior of the spectral gap A as a function of Yy for the Li-
ouvillian £;. The results show that in the regimes where ei-
ther ¢ or 4 is small, the perturbative predictions agree well
with the exact numerical calculations. However, as the pa-
rameters approach the region near the peak, the perturbative
approximation gradually breaks down. At the peak itself, the
numerically obtained maxima are marked with distinct colored
“+” symbols to emphasize the discrepancies between different
peak values. A detailed derivation of the perturbative results
is provided in Appendix A.

1.0
. OBC L
0.8 / == Apea)
/ Avrange)
0.6 /
<
0.4
0.2 ~——_
0
0 5 10 15 20 25

Fig. 6. Comparison between the approximate and numerical solutions for
the Liouvillian gap A as a function of the dissipation rate 3 under OBC.
The red and orange dashed curves represent the perturbative approxima-
tions, while the blue solid curve shows the exact numerical solution. The
system parameters are N =3, r = 1, and 4 € [0,25]. The green and
black “+” symbols indicate the peak positions obtained from the numeri-
cal and approximate results, respectively. Specifically, the peak values are
(yEee Alereen)) — (3.5043,0.4864) and (", AkeR)) — (4,0.5).
The close agreement between the approximate and exact solutions across
a wide range of ¥4 provides strong evidence for the validity of the pertur-
bative approach. Furthermore, the successful reproduction of the increas-
ing and decreasing behavior of A in both the small and large 73 regimes
helps to clarify the physical origin and inevitability of the peak structure
in the Liouvillian spectrum of £;.

Before ending this part, we emphasize that under PBC,
the A—7yy curves for Ly, £,, and L3 coincide due to the sys-
tem’s rotational (i.e., translational) symmetry.3*33] This sym-
metry ensures that all three Liouvillian operators are related
by a unitary transformation, leading to identical spectra and,
consequently, the same Liouvillian gap. To make this explicit,

we define the rotation operator R, which acts on fermionic cre-
F

ke
particle states: R|@o ;) = |9, j+k). For simplicity, we consider

ation operators as RCW;R_I =c and similarly on the single-

the case N = 3 and take k = 1. Applying R to the dissipative
jump operators, we obtain

RLy 1R~ =R(y/Tac]c)R™" = Haces = Loz, (38)
RL4>R™ = Ly, (39)
RLy3R™ ' =Lq;. (40)

Extending this to the Liouvillian level, we define the rotation
superoperator as R = R®R with R~! = R"' @ R~!. The Li-

ouvillian operators then transform cyclically under

RLIR = L,, (41)
RLLR ™ = L3, (42)
RLR P =1L,. (43)

This establishes that £1, £,, and L3 are unitarily equivalent
under rotation. Consequently, their NESSs are related by the
rotation symmetry, and they share identical Liouvillian spectra
and gaps.

3.3. The case of L33

We now extend our analysis by modifying the position
and number of quantum jump operators such that the set {;}
spans all lattice sites. Numerically solving the evolution of
the system governed by dp/dr = L23p from the initial state
Pini,1 = |®0.1){(¢0,1|, we present the results in Fig. 7. It is ob-
served that, in this fully dissipative case, both the OBC and
PBC boundary systems converge to the same unique NESS,
which coincides with that of £;: the maximally mixed state
Pss = 1 /3. The condition for the NESS to be the identity ma-
trix can be derived directly from the structure of the Liouvil-
lian. If the NESS is pss = I/3, then the following condition
must hold:

) .
LY (Lasptly~ 5L Lasp}) =0, ~ilH0=0
o {j}

This implies that a necessary and sufficient condition for the
identity matrix to be a NESS is

7t 1=
[Lajs Lo, 1 =0 (44
(@) 1.0 () 1.0
OBC — P11 PBC — P11
0.8 — P22 0.8 — P22
= P33 = P33
£ 0.6 206
= =
Z 04 2 04
Sl s Sl
0.2 0.2
0 0
0 25 50 75 100 0 25 50 75 100
Time Time

Fig. 7. Time evolution of particle number densities pi1, p22, and ps3
under (a) OBC and (b) PBC, with system parameters N =3, t = 1, and
Ya = 1. The oscillation amplitudes and frequencies of all three densities
are comparable under both OBC and PBC, and the oscillations largely
occur within similar amplitude ranges. In both boundary conditions, the
relaxation times of p;1, P22, and p33 are very short, with the system reach-
ing its NESS after only a few rapid oscillations. At long times, the NESS
distribution is uniform across all three sites, with pj; = py = p33 = 1/3
under both OBC and PBC.

We next focus on the behavior of the Liouvillian gap A
under this fully dissipative setting (Fig. 8). As in previous
cases, A exhibits a peak as a function of 7y, indicating a trade-
off between dissipation and coherent dynamics. Notably, un-
der OBC, the peak value of A matches that found in the £,
scenario, while under PBC, the peak becomes sharper com-
pared to the single-jump-operator case. Using symmetry con-
siderations, we obtain analytic expressions for the first excited
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eigenvalue of the Liouvillian and hence for the Liouvillian gap
in both boundary conditions. For OBC, straightforward alge-

/1 1

For PBC, the exact results are

bra shows

A(oBc) =

Re |A = ——F—F— —

A ; (46)

Ya

321y 2
Appe) = 3

where

3
‘ I
A= C/;/‘;+\/27t63t47§+9t29é- (47)

From these analytic expressions, we see that in the OBC
case, the peak in A(ppc) originates from a transition in the
eigenvalue A; from purely imaginary to complex, consistent
with earlier analyses. Numerically, this transition occurs at
Ya(oBc) = 2.8214, yielding a peak value Appc) = 1.4107. In

contrast, for the PBC case, the term A — &%\j undergoes a
sharp change in its growth rate near the peak. The maximum
value of the Liouvillian gap is found at Y ppc) = 3.4709 with
Appc) = 1.7320.

(a)

—°LC —°L
OBC 123 1.5 PBC 123

1.0

1.0

< <

0.5

0.5

0 0

0 10 20 30 40 0 10 20 30 40
Ya Ya

Fig. 8. Liouvillian gap A as a function of the dissipation rate Y4 under (a)
OBC and (b) PBC, with system parameters N = 3,7 = 1, and 74 € [0,40].
In both cases, the peak of the Liouvillian gap occurs within the range
% € [0,5]. However, the peak under PBC is significantly higher than
that under OBC. Regarding the shape, the Liouvillian gap A under OBC
exhibits steep slope variations on both sides of the peak, resulting in a
sharper profile, while the peak under PBC is smoother.

3.4. The case of L3

Building on the previous configuration where the set {;j}
spans all lattice sites, we now weaken the dissipation on
the middle site by reducing its jump strength to zero, effec-
tively transitioning the system to the £13 configuration. Solv-
ing the master equation dp/dt = Ly3p from the initial state
Pini,1 = |90,1){®o,1]/, we obtain the time evolution shown in
Fig. 9. The results indicate that under both OBC and PBC, the
system evolves toward the same unique NESS, which remains

the maximally mixed state pss = I /3.

As before, we investigate how the Liouvillian gap A be-
haves under both boundary conditions as a function of 4, as
shown in Fig. 10. Numerically, we find that the A—yy curve
for £13 under OBC is identical to that of £,. We identified the

underlying mechanism by block-diagonalizing the Liouvillian
into symmetry sectors using parity symmetry. The first excited
states are confined within 4 x 4 subspaces, explicitly given as

—Jyit 0 —it

(4x4) it 0 it O
= ) ) , 48
) 0 ir—1y it 48

—it 0 it O

Ly it 0 —it

2

(4x4) it —y it 0
L= o i —ly it “9)

—ir 0 ir O
For £5§X4), we find that its first excited state is

4t 0 44—t 1\

( Y*“\/W V+4\/W > , which has
a zero component along the second basis vector. Conse-
quently, the second diagonal entry of the matrix (i.e., the
(2,2) element, whether it is 0 or —7) does not affect the eigen-
value of this state. This explains why variations in that matrix
element have no impact on the corresponding eigenvalue. In
both cases, the Liouvillian gap A is given analytically as

[1 5 5, 1
Rel Eyd—Zt N

In contrast, under PBC, the A—y, curves of L3 and £, dif-
fer. This discrepancy can be understood from the rotational

A(oBc) = : (50

symmetry previously discussed: when the jump operator acts
on a single site, the configurations £, £,, and L3 are related
via cyclic rotations, e.g., RLR Y =Lr, RELRY = L3, and
so on. As a consequence, their corresponding A—yy curves
are identical. However, L3 includes dissipation on two sites,
breaking this cyclic equivalence and leading to a distinct gap
behavior under PBC.

Interestingly, we also observe the relations RL1oR ™! =
L13, RL13R ™ = L3, and RLyy R~ = L2, where each con-
figuration corresponds to dissipation on two of the three sites.
This further confirms that for a fixed number of quantum jump
operators, the rotational symmetry ensures that the gap behav-
ior is independent of their specific positions. Furthermore, as
shown in Fig. 11, the peak of the Liouvillian gap becomes
sharper and larger in magnitude as the number of dissipative
sites increases. Using parity symmetry, we derive the analyt-
ical expression for the Liouvillian gap A in the PBC case for

L3 as
1 , 1
A(ch> = |Re Z ZYd +2A =72t — E}’d s (51)
where
A = /12961 5602 + 1. (52)

The numerical maximum of the gap is found at Yyppc) =
5.4000, with a peak value Appc) = 1.2939.
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(a) 1.0 o (b) 1.0 P
oBc| — ™ PBC "
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3 P33 3 P33
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= =
204 00- B g 04
o e | a
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Fig. 9. Time evolution of the particle number densities p11, p22, and p33
under (a) OBC and (b) PBC, with system parameters N =3, t = 1, and
%1 = 1. Notably, the amplitude ranges differ significantly: under OBC,
all three densities oscillate around the value 1/3, whereas under PBC,
p11 and pa; tend to oscillate above 1/3, while p33 oscillates below. The
relaxation times are short in both cases, with the system under OBC re-
laxing slightly more slowly than under PBC. In the long-time limit, all
three densities converge to the same NESS value, pj; = p2y = p33 = 1/3,
for both boundary conditions.

(a) (b) 1.25
OBC Lig : PBC Lig
1.00
1.0
0.75
< <
0.5 0.50
0.25
0 0
0 10 20 30 40 0 10 20 30 40
Yd Ya

Fig. 10. Dependence of the Liouvillian gap A on 93 under OBC (a) and
PBC (b), with N =3, r = 1, and 74 ranging from 0 to 40. The peak in
A appears near ¥3 = 5 for both OBC and PBC. The OBC case exhibits
sharper slope variations on either side of the peak compared to the PBC
case.

0 10 20 30 40
Ya

Fig. 11. Variation of the Liouvillian gap A for £, £13, and L3 as
a function of y4, with N =3, t = 1, and 7, ranging from O to 40. The
peaks in A occur at distinct values of ¥y for each case, with the curves for
L13 and L3 exhibiting an intersection. As the number of jump terms
increases, the peak in the Liouvillian gap A becomes more pronounced,
characterized by larger peak values and sharper profiles.

4. Type II: hopping model (¢ =R,L)

In this section, we turn to the second type of quantum
jump operator. For simplicity, our analysis is restricted to the
case of N = 3; however, the main conclusions remain valid for
larger systems.

4.1. The case of L3R 1)

We modify the structure of the quantum jump operators
such that both Lg ; and Ly ; act on all lattice sites. Figure 12
shows the time evolution of the system under both OBC and
PBC, starting from the initial state pini,1 = |@0,1)(@o0,1]-

It is evident that the two setups lead to distinct NESSs:
under OBC, the system exhibits a skin effect,>! where parti-

cles accumulate near the right boundary due to the asymmetry
T’ > 1. The corresponding NESS is

0.27136 —0.05397i —0.01199
Pwioc) = | 0.05397i  0.32683 —0.06297i |. (53)
—0.01199 0.06297i  0.4018

In contrast, under PBC, the NESS corresponds to a uni-
form particle distribution, pgppc) = /3, with equal popula-
tion probability 1/3 on each site.

We numerically solve the master equation under both
boundary conditions and plot in Fig. 13 the Liouvillian gap A
as a function of the ratio 91,/yr. In both OBC and PBC cases,
the A~/ curves exhibit a near-linear increasing trend, in
sharp contrast to the peak structures observed in type I. Due to
the lack of symmetry induced by asymmetric jump processes,
the Liouvillian spectrum is no longer analytically solvable. To
gain insight, we examine how the spectrum evolves as a func-
tion of the hopping amplitude ¢.

(a) 1.0 (b) 1.0
OBC — P11 PBC —P11
0.8 P22 0.8 P22
a P33 =l P33
2 0.6 206
3 o]
= =
B 04 2 04f|
£ f S
0.2 0.2 ‘
0 0
0 25 50 75 100 0 25 50 75 100
Time Time

Fig. 12. Time evolution of particle number densities p1, p22, and p33
under OBC (a) and PBC (b), with N =3, =1, )r =1, and , = 0.5.
The oscillation amplitudes of pi;, p22, and p33 under OBC are larger
than those under PBC, with non-overlapping ranges. The NESS under
OBC shows particles distributed across all three sites, with a skin effect
leading to accumulation near the right boundary. In contrast, under PBC,
the oscillation ranges overlap, and the NESS exhibits a uniform particle
distribution with probability 1/3 per site. The relaxation time under OBC
is longer than under PBC, indicating that the system reaches the NESS
more rapidly in the PBC case.

(a) 20 (b) 40
OBC PBC
15 30
<1 10 <1 20
5 10
0 0
0 10 20 30 40 0 10 20 30 40
/R /R

Fig. 13. Liouvillian gap A as a function of 9./ under OBC (a) and
PBC (b). Parameters: N = 3,7 =1, }x = 1, with y, varying from 0 to 40.
In both cases, A exhibits an approximately linear increase with y%./7R,
with the slope under PBC larger than that under OBC; specifically, the
slopes are 1 and 1/2, respectively.

Numerically, we observe that under OBC, the Aopc)—
1./ curve for small 7 (approaching zero) closely resembles
the r = 0 case, maintaining a linear growth pattern. This jus-
tifies using the exact analytical solution at + = 0 as a good
approximation for the behavior at small . Under PBC, the
Appc)~1./W curve remains exactly the same for all values
of ¢. Therefore, the r = 0 analytical solution precisely cap-
tures the behavior of the Liouvillian gap across the entire

parameter range. In this spirit, the Liouvillian gap A for
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OBC and PBC can be expressed as Aopc) = % (%, + ) and
Apc) = 1.+ IR, respectively. These analytical results per-
fectly describe the linear growth trends observed in Fig. 14.

Appendix A. As shown there, the solution corresponding to
the blue dashed line is given by

1 1
A = - - 56
@) 59 (®) 4o (blue) 4')1 + 4 )i (56)
OBC PBC
15 30 while the green dashed line corresponds to
/o —t=0
t=0.2 t=02
< 10 =021 a0 —t=oa 1 272
5 f’iigig 10 - 1=0.8 A(green) = 5711 + I 57)
——t=1.0 --t=10
o ——t=12 0 --t=12
0 10 20 30 40 0 10 20 30 40
/R YL/ TR (@) 1.0 M) 1.0
. N . oBc| — 1 pBC| — 1
Fig. 14. Liouvillian gap A as a function of 9 /% under OBC (a) and 0.8 — P2 0.8 P22
PBC (b). Parameters: N =3, 1 = 1, 11, € [0,40], and ¢ takes values g P33 = P33
. S 0.6 2 0.6
{0,0.2,0.4,0.6,0.8,1.0,1.2}. For OBC, the A curves as a function of g I g
M./ for different 7 values nearly overlap within a small range, closely 2 04r| Z 04
resembling the t = O curve. In contrast, under PBC, the curves are com- & 0.2 A £ 0.2
pletely unaffected by ¢ and remain identical to the t = 0 case. ml ’
0 0
0 25 50 75 100 0 25 50 75 100
4.2. The case of 513(1{_’]_‘) Time Time

Beyond the uniform coverage of jump operators over all
lattice sites, one can also design custom configurations of dis-
sipative processes. As an example, we consider a setup where
the indices j = 1 and 3 are selected — effectively imple-
menting a driving from both ends toward the center. Fig-
ure 15 shows the time evolution starting from the initial state
Pini,1 = [@0.1)(@o,1]-

ward driving from both ends dominates the dynamics, and the

Despite the asymmetry YR > 1, the in-

system converges to a NESS with enhanced population in the
center and lower occupation at the boundaries. The numeri-
cally obtained NESSs under OBC and PBC are

Pss(oBC) =
0.22295 0.111481 0.23607
—0.111481 0.51475 —0.065571 |, (54)
0.23607 0.065571 0.26230

Pss(PBC) =

0.249 —0.132-0.084i 0.11940.005i

—0.132+0.0841 0.536 —0.106 +0.0941
0.119—-0.0051 —0.106 —0.0941 0.215

(55)

As shown in Fig. 16, the resulting Liouvillian gap A dis-
plays qualitatively different behaviors under OBC and PBC:
under OBC, the gap shows a clear non-monotonic structure
with a peak; in contrast, the PBC case continues to show a
nearly linear increase in A as a function of % /y&. This is ex-
pected, since under PBC the structure effectively introduces
hopping between sites 1 and 3, maintaining a form of uniform
dissipation-induced mixing. Evidently, the Liouvillian spec-
trum remains analytically intractable. Therefore, as in earlier
sections, we adopt a perturbative approach!®233! to approxi-
mate the A—)./ ¥k behavior. This approximation remains valid
particularly in the small # limit, where dissipative effects dom-
inate the dynamics. The detailed derivation is provided in the

Fig. 15. Time evolution of particle number densities p1, P22, and p33
under OBC (a) and PBC (b). Parameters: N =3, =1, xR =1, 1. =0.5.
In both cases, the system reaches a NESS distribution with nonzero oc-
cupation on all three sites, characterized by a peak at the center py> and
lower values at the edges p;; and p33, forming a “center-high, edge-low”
profile. In terms of relaxation time, the system under OBC relaxes more
slowly compared to PBC, indicating that PBC facilitates faster conver-
gence to the NESS.

(a) () 49
0.8 OBC PBC
15
0.6
< < 10
0.4 5
0
0 10 20 30 40 0 10 20 30 40
/R Y/ TR

Fig. 16. Liouvillian gap A as a function of 9./ under OBC (a) and
PBC (b). Parameters: N =3,7=1, ® = 1, 1L € [0,40]. The A-% /R
curves exhibit starkly different behaviors: under OBC, A shows a peak
near 1,/Yr = 5, while under PBC, it displays a monotonically linear in-
crease. These differences highlight the distinct spectral responses induced
by boundary conditions in the presence of asymmetric dissipation.

1.50
! OBC £
1.25 Il == A(green)
——A
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N
.
< : [ AN
0.75 ', \\\ _
osof
|
0.25} !
0 10 20 30 40
YL/ TR

Fig. 17. Comparison of A as a function of % /% between approximate
and numerical solutions under OBC. Blue and green dashed lines denote
approximate solutions obtained via perturbation methods, while the or-
ange solid line represents the numerical solution. Parameters: N = 3,
t=1, m=1, i €[0,40]. Green and black “+” symbols mark the
peak values from the numerical and perturbative solutions, respectively,
with corresponding parameters %/ YRegreen) = 37675, A(greeny = 0.9 and
T/ Reblacky = 3-3723, Aplacky = 1.0931. The close agreement between
approximate and numerical solutions partially explains the origin of the
peak in the A=)/ curve for £13. In both the small and large % /%
regimes, A follows the trends predicted by the respective approximate
solutions, further validating the inevitability of the peak formation.
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The comparison between the numerical solution and the
analytical approximations is shown in Fig. 17, where we ob-
serve excellent agreement between the approximate expres-
sions and the numerical data. Under PBC, the Liouvillian gap
A can be approximately obtained in the limit ¢t = 0, yielding

Appc) = *J’L‘f' YR (58)

5. Summary

We have conducted a detailed study of relaxation dynam-
ics and NESS properties in finite one-dimensional fermionic
lattices subject to Lindblad dissipation. By systematically
varying both the form of the jump operators and the bound-
ary conditions, we have uncovered several key features.

(i) Multiple zero modes of the Liouvillian superoperator
may coexist, some yielding unphysical density matrices. We
demonstrated that the true NESS is the physically admissible
superposition of these modes, selected by the overlap of the
initial state with the Liouvillian eigenbasis.

(i1) Across all dissipation patterns, including single-site
dephasing, directional hopping, full-site coverage, and partial
coverage, the Liouvillian gap A exhibits a pronounced peak
as a function of the dissipation strength 3. This peak corre-
sponds to the shortest relaxation time and arises from spectral
transitions, such as the splitting of purely imaginary eigenval-
ues into complex conjugate pairs. It marks a regime where the
dissipation rate and coherent strength are optimally balanced.
This dynamic equilibration is governed by parity symmetry,
which is preserved under both PBC and OBC.

(iii) Parity and rotation symmetries enable analytic block-
diagonalization of £ and enforce identical A—}4 curves among
cyclically related jump configurations under PBC. While OBC
yields a unique, symmetry-determined NESS (often the max-
imally mixed state), PBC may support initial-state—dependent
mixtures of zero modes and, in asymmetric hopping, a pro-
nounced skin effect with particle accumulation.

(iv) In both the weak-hopping (t < 74) and weak-
dissipation (4 < ¢) limits, non-Hermitian perturbation theory
provides closed-form expressions for the first excited Liou-
villian eigenvalue A;. These simple formulas reproduce the
rising and falling segments of the A—y curves with excellent
accuracy. Our results deepen the understanding of how dissi-
pation geometry, coupling strength, and system symmetry col-
lectively shape nonequilibrium behavior in finite quantum sys-
tems. They further provide practical guidelines for engineer-
ing dissipative protocols, including the strategic placement of
quantum jump operators and the careful choice of boundary
conditions, 337! to effectively control relaxation times and
NESS preparation in quantum simulators and other open quan-
tum platforms.

Appendix A

Al. Derivation of the value of the peak in the dephasing
model

We first treat the tunneling amplitude 7 as a perturbation in
order to obtain approximate eigenvalues for £ (noting that £,
and L3 yield identical spectral behavior due to parity symme-
try, as discussed earlier). Using the vectorized representation
of the density matrix, the Liouvillian £; can be decomposed
into an unperturbed part £(°) and a perturbation £’

£y =947
000000000
0-% 0 0 00 0 00
00—%000000
00 0 -%000 00
£9=100 0o 000 0 00/,
00 0 000 O0O0O0
00 0 000-%00
00 0 000 O0O0O0
00 0 0000 O0O0
0 it 0 —it 0 0 0 0 O
it 0 it 0 —ir 0 0 0 O
0 it 0 0 0 —ir 0O 0 O
—it 0 0 0 ir 0 —ir 0 O
L=]10 —ir 0 it 0 ir 0 —it 0 |.(AD
0O 0 —ir 0 it 0 O 0 =—ir
0 0 0 —ir 0 0 0 ir O
0 0 0 0 —ir 0 ir O ir
0 0 0 0 0 —ir 0 ir O

When ¢ = 0, the eigenvalues of £ are Ay = 0 (fivefold
degenerate) and A; = —¥;/2 (fourfold degenerate). Projecting
L’ into the degenerate subspace of Ay yields a 5 x 5 effective

perturbative matrix

00 0 0 O
0 0 ir —it O
0—-it 0 0 it
0 0 —ir it O

(A2)

Diagonalizing this matrix gives first-order corrections lé: ) =
—2it, lé? = 2it, and a threefold degenerate eigenvalue 7L(§31) =
0. Since these are purely imaginary, they do not affect the Li-
ouvillian gap.
Second-order corrections are computed as
¢~ 3 LL1pe) ol Clpn)
m m

where |p;) and |p,) belong to the Ay subspace and |p,,) are
—%4/2. The resulting matrix is

(A3)

eigenstates with A,, =

42 42
—4? 722 0 0 0
1 1
" W 7% 02 O 0
L'=1 0 0 —% 0 0 (A4)
0 0 0 —%o
0 0 0 0 0
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. 2 .
Hence, the second-order corrections are lé1> =272 /Y4 (twice

degenerate), l(g) = —8t?/y4 (twice degenerate), and QLO(? =0.
The approximate Liouvillian gap is thus Aorange = |),(§?)| =
212 / Ya.

Treating 7y as a perturbation in the # > Y4 limit gives first-
order corrections Ml(m = 0.1257%4, which matches the left side

of the peak in Fig. 6.

A2. Derivation of the Liouvillian gap in the hopping model
for L 13(R,L)

In the weak-coupling limit (¢ as a perturbation), the Liou-
villian can be written as

0
Lizrr) = £(13)(R,L) + L3R (A5)
with unperturbed and perturbation matrices
(0) _ 2
£13(R,L) - : : . : )
w0 -
0ir---0
. ir0---0
BRL) = |- - . - (A6)
00---0
For t = 0, the eigenvalues are
0 0 0
1 1
A0 = ~ 5 (double), 29 = 5. (double),
1
A0 = 5 (L + ) (double). (A7)

First-order corrections vanish. Using second-order per-
turbation theory with biorthogonal eigenvectors, we obtain

l‘2
Ay = )*3<71:—2£»
(A8)

1
A2 = 2l A 02y 182%), (A9)
41 e T T GO

202 212
JR— + _
RN

In the weak-dissipation limit (. r < 1), the first-order
correction to the triply degenerate zero mode is

A =23 = (A10)

hoo1 1
120 )|:ZyL+Zyk. (Al1)

Hence, the Liouvillian gap is captured by
1 12 1 1
Agreen: §W+2£a Aplye = Z’YL"‘ 1’}@7 (A12)

matching the right and left sides of the peak in Fig. 17.
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