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Making full use of the operator ordering method and the integration within ordered products, we obtain the analytical
evolution law of a general quadratic state in the amplitude decay channel, and find that it is determined not only by the
decay rate of the amplitude decay channel but also by the coefficients of the initial quadratic state. Further, the quantum
statistical properties of the initial quadratic state for amplitude decay are investigated via its average photon number and
photon-counting distribution, and its Wigner distribution function evolution is discussed in detail.
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1. Introduction

Quantum decoherence is the consequence of quantum en-
tanglement between a quantum system and its environment.
It can also be understood as information leakage or quantum
state collapse caused by the interaction between the quantum
system and the external environment. This interaction may
cause quantum systems that were originally in a superposition
state to transform into classical mixed states, thereby losing
the advantage of quantum coherence.

Recently, the decoherence effects in open-interaction sys-
tems have attracted significant attention. It is known that the
evolution due to the interaction between a system and its en-
vironment can be described as the evolution from the initial
density operator pg to the time-dependent density operator p;.
In other words, the decoherence evolution of any open sys-
tem can be characterized by the master equation governing the
operator p; of the system. Usually, instead of solving these
master equations, the evolution laws of the systems are inves-
tigated by solving the equation for the P-representation of the
density operator or the Fock—Planck equation for the Wigner
function.!'-3] Here, we can use entangled state representation
and the operator-ordering method to directly solve the master
equation describing the amplitude decay channel, which is of
the form[4-°!

dp:

i =K (2aptaT — aTap, — p,aTa) , (D)

where K represents the cavity decay rate, and obtain the ana-
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lytical Kraus operator-sum solution of Eq. (1) as!’~"!

=

pi =Y MipoM;, @)
=0

where M; is the Kraus operator, i.e.,

1
M, = /Z;'e—xnfraal 3)

with 7 =1 — e 2%, One can check ¥y MM, = 1, thus

In this work, we focus on the decoherence and evolution
of a system with a general quadratic normally ordered den-
sity operator in an amplitude decay channel. The system is

described by the following density operator: ']

8

po=e’: exp(aa+Pa‘at+a‘a® +ya' +y'a):, 4

where the symbol : : denotes normal ordering, meaning
that all creation operators are located to the left of all the
annihilation operators in pg. & is determined by the other
three parameters o, B and ¥ since we should let trpy = 1,
and ¢' and a are the photon creation and annihilation oper-
ators, respectively. It is worth noting that the density oper-
ator po is general, since it can involve squeezing, displace-
ment, degenerate parametric amplification, etc. For example,
o =0, py becomes ed ¥’ ea'aln(B+Der'a = p. correspond-
ing to a mixture of thermal states, where we have used the
For ¢ = 0 and

B = —1, pp reduces to the coherent state |}) (Y| = Peon. In ad-

relation exp(va‘a) =: exp[(e’ —1)a’a] : .

dition, for y =0 and § = —1, pp becomes the squeezed state
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edeaa” |0) (0| e = Psqu- On the other hand, the operator-
ordering method offers a new way to investigate the decoher-
ence evolution of the state py for amplitude decay, which is
also suitable for solving quantum decoherence problems in
other systems. Since it is necessary to maintain good quantum
coherence and control quantum decoherence to perform quan-
tum operations, the research on decoherence evolution of a
general quadratic state in the amplitude decay channel is more
universal and meaningful for understanding decoherence the-
ory in implementing quantum computers.

The paper is arranged as follows. In Section 2, we prove
the normalization of a general quadratic state pg. In Section 3,
we obtain the analytical evolution law of the initial state pg in
the amplitude decay channel. In Sections 4 and 5, we exam-
ine the evolution of quantum statistical properties of py via its
average photon number and photon counting distribution, and
then discuss the Wigner distribution function evolution for am-
plitude decay. Our main results are presented in Section 6.

2. Normalization

Normalization ensures the correct description and calcu-
lation of quantum states, and thereby the correctness and relia-
bility of quantum computing. The normalization of the general

quadratic state py is represented as tr po = 1, thus using Eq. (4)
12-16] ;

and the completeness relation of coherent states |z),! ie.,
dZZ 1,2 +
[SRE=1 =t )

as well as the integration within ordered products,!'329 we
obtain

d’z 2,
trpg = e5/7exp(ﬁ l2? + az? + o' + y +7'2)

b ar? By oty
. —— e T |

2 —4laf?

; (6)

where we have used the integral formula

2
/d O‘eh|a\2+sa+na*+foc2+ga*2
/4

1 —h *g+n?
(VL)
Vh2—4fg h*—4fg

which holds for the convergence condition Re(h £ f £+ ¢g) < 0.
Therefore, the uniqueness of & is

oy’ Bty
B2 —4laf®

To ensure that this state pg is physically valid, the parameters

)

1
5:5111(/32—4|a|2) )
o, B must meet the following conditions:

B<0, B*—4laf*>0, ©
or equivalently,

B<0, B+2]al<0. (10)

3. Evolution of pg

In this section, we investigate how the general quadratic
state po evolves when it undergoes an amplitude decay chan-
nel. According to the Kraus operator-sum form of p; in Eq. (2),
we find that the antinormal ordering of pg is convenient for

obtaining its evolution for amplitude decay. So, using the

formulal?!!

d’z © e a—zatata
p= [ (elple)ieamatae (11)

that converts any boson operator p into its antinormal ordering
to derive the antinormal-ordering product of pg, that is

d’z.
p = e‘s/?: exp {—(ﬁ—kl)lz\z—i— (v —a')z
—(y—a)Z + ' +a? +d'a):
= e’ 2 exp[-G(B+1) (v —d') (y—a)
* 2 * N

+ag (v —a) +a'g(y-ay +d'ali,  (12)
where the symbol : : means antinormal ordering, which re-
quires that all the annihilation operators are to the left of all
the creation operators, and we have used the integration for-

mula (7), and G = [ (B + 1) -4 \(xm !, Therefore, substi-
tuting Eq. (12) into Eq. (2) and using Eq. (5) lead to

d? i
pr = e‘sgl/z/?zeﬂdze—mafa |Z> <Z‘C_Km a
xexp |-G (B+1)ly—2f
* %\ 2 * 2 2
+ag(y -+ oG (y—2) + ]
d*z
— 65g1/2/72 lzefK't><ZefKt’
T
xexp |-G (B+1)[y—2
+ag(y -V +a'G(y-2"+1d], (3
where we have used the identity
ey = e 2(1- e )l lae™").
Further, using the normal-ordering product, i.e.,
‘Zeim> <Z67Kl’ . ef\zlze’2’“+ze”“a1’+z*e”“a7a"'a:
and the integral formula (7), we thus obtain
pr =% exp(apa + Ba‘a+ o d® + ya" +ya):, (14)

where we have used the normal-ordering product of a vacuum,
ie.,

10) (0] =: e @', (15)
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and the parameters oy, B;, ¥ and &; are, respectively,

o = awe 2",

B=o[(B+1) (e —pT)
+4|a|27~]6721€t _ 1’
%=0[(c —BT)y+2ay Tle ™,
ed =o' Pexp {&T (¢ — BT) |y’
+oT? (ay?+a )},
1

o=1[(c>—-BT) —4laT?] " (16)

Equation (14) shows that the evolved density operator p; still
has the same form as the initial density operator py.
Obviously, in order to make p (¢) a valid state in physics,

we also need to check if the output state p; satisfies the condi-
tion B, +2|| < 0. Since 7 = 1 — e 2" increases monotoni-
cally with time ¢, lim7 =0and lim 7 =1, thatis0 <7 < 1.

t—0 t—r+o0
Further, using 8 +2 |ot| < 0, we can find the following inequal-
ity:

Qlal+B+1)T <T <1, (17)
or

e 2 BT —2|a|T >0, (18)

we thus have

o' = (e -BT) —4|af T
= (e_z’“fﬁ7'72|a|7')
x (72 — BT +2]a|T) > 0. (19)

It then follows that

o[(B+1) (e —BT) +4|af T]e >
+2|a we 2 —1
o (B+2]al) (e — BT +2]a|T) < 0.(20)

B +2 o]

Especially, for the case of o = 0, we therefore have

o :07 Bl = (J)(B+ l)e_zm - 17
%= w,},e—m7 e&, _ w1/265+wﬂy|2’

o=(c-pT)", Q1)
thus p; becomes the evolution of the state py, for amplitude
decay. Further, taking f = —1 in Eq. (21), thus o = 0,
B =—1, 7 =7y and e¥ = exp(e 2" |y|*), we thus give
pr = |ye *") {ye |, corresponding to the evolution of the
state pcop in the amplitude decay channel. For a squeezed co-
herent state

s(r)|z) = A2 efBa"'an(Afl)aTaJrBaz : )

_RBa? “Dat 2
_ Al/ze Ba™+(A—1)a"z+Bz |Z>

_ Al/267Iz\z/ZefBa"'anAa"'erBzz 0), (22)

where we have used the normal-ordering product of
the single-mode squeezing operator, that is s(r) =
Al/2; e=BaP+(A-Da'atBa® . A — sechr and B = (tanhr) /2.

Further, using Eq. (15), we therefore have

po = Ae 7l exp [-B (aT2 —|—a2) —a'a
+A(a"z+a") +B(Z+27)] . (23)

Comparing Eq. (23) with Eq. (4) leads to

a:_Ba ﬁ:_la Y:A27
65 :Aef\zlerB(zerz*z)’ (24)

thus using Egs. (16) and (24), we easily obtain the evolution
of the state s (r) |z) for amplitude decay. On the other hand, for
t — oo, thus @ — (ﬁ2—4|a\2)71, o —0,6—-1,%—0
and €% — 1,50 p; —>: e @ = |0) (0], that is, the state p;
completely loses its non-classicality after undergoing the am-
plitude decay channel, and thereby becomes a vacuum.

4. Quantum statistical properties of p;
4.1. Average photon number

The average photon number reflects the energy density of
a given light field and is an important parameter in many fields,
such as quantum optics, quantum information and quantum
computation. For the state py, its average photon number, i.e.,
(n) =tr(pra’a) =tr (a’pia) — 1, is given by

(n) = e¥tr [: a"exp(oya™ + Bra’a
+ofd +ypd +yfa)a: | -1 (25)

Inserting Eq. (5) into Eq. (25) and using the integral for-
mula (7), we have

d’z
) = 019} [ Eexp(ou® + B o>+ oy

+(n+5) T+ (492 g o1

- aalex (B 019
- s Vs 2
57— 4oy ? B —4la
+ (W—i_s)z (X[+(%+S1)2 al*> ’ _ 1 (26)
ﬁzz —4 |O‘t |2 s=s'=0
Further, using a new two-index, three-variable special
polynomial [>?!
Frm (x,;0)

= 0d;'dY exp (—s2 — T2+ 05T+ sx+ )|

s=7=0

CE (e ) o
=0
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. . . _2_L2 . . "
with the generating function e ™ ~% 05T+t e thus ob-
tain

S&+Ap
<n>:L23/zfu («41, T;—ﬁ’>—17 (28)
(B~ 4lau?) o

where

2 *
Ay = (Xtyrkz_ﬁt|7/t| "’at%z
= 5 ,
B? —4|oy

A= 2uW Py (29)

i fa/ (82 -4lar)

Obviously, the average photon number of p; is exactly related

to a (1, 1)-order special polynomial.

In Fig. 1, we present the average photon number (n) of p,
as a function of time 7 for different values of a, 8, ¥ and k.
Clearly, with the increase of ¢, (n) always decreases gradually
for any values of o, 3, k and smaller ¥ and, especially, first
decreases and then increases for larger y. As k increases, (n)
always decreases for small time ¢ and goes to a constant for
sufficiently large 7. In addition, (n) always increases with in-
creasing o or Y for all time ¢, however it increases for smaller
time ¢ and increases for larger ¢ with increasing 3.

10 pr———r

--"
-
-
. -
........

-
-
-
- -
--------

2.0
1.8 s
1.6F s A s ]
_14f S ]
£12 EN' ---------
1.0} St —
0.8}
0.6F

Fig. 1. The evolution of the average photon number of a general
quadratic state for amplitude decay as a function of time ¢ for dif-
ferent values of o, B, ¥ and k, where the values of (a, f3, ¥, k)
are, respectively, (0.2,—1,0.5,0.1) (thick black), (0.2,—1,0.5,1) (thick
red), (0.2,—1,0.5,5) (thick green), (0.2,—1,1,1) (dashed thick red),
(0.2,—1,1.2,1) (dashed thick green), (0.2,—1.5,0.5,1) (dotted thick
red), (0.2,-2,0.5,1) (dotted thick green), (0.3,—1,0.5,1) (dashed
thick black), (0.45,—1,0.5,1) (dashed thick blue).

4.2. Photon-counting distribution

The photon-counting distribution refers to the distribution
of the number of photons measured by photon counting tech-
nology at different times or under different conditions.?*! This

technology plays an important role in many fields, including
scientific research, medical imaging, security detection, etc.,
due to its high time resolution and accuracy. For a given quan-
tum state p, the formula of calculating its photon-counting dis-

tribution is defined as!?*

m d2 2
Pim,T) = (=5 2¢)" [ e 3L, () (cilple). G30)

where |Gz) is the coherent state, ¢ = /1 —&, and & is the
quantum-detection efficiency within the time interval T, L, (+)
is m-order Laguerre polynomial. Using Egs. (14) and (30), we
obtain the photon-counting distribution of p; as

_ m dZZ _El?
P(mT) =¥ (~g2¢)" [ Fedk

X Ly <|z|2> exp(oc?2? + B¢ |22
+ 0?7+ 16 + Y 62)
_ e (sg)" /dzzegzﬁ
m! T
X Hym (2,27) exp(04 6227 + Br6? |z

* 2 2

+ 067"+ 167" + ¥ 62), (31)

where we have used the relation between the two-variable
Hermite polynomial and the Laguerre polynomial, i.e.,
Lo (|Z\2) — CH,,, (z,z"). Further, using the differ-
ential form of a two-variable Hermite polynomial, that is

H,m (x,y) = 9]0 exp(—ss’ +sx+s'y)|—y—o and the integral
formula (7), as well as the new special polynomial (27), we
therefore obtain

/268 (g—zé)m

P(m,T) = p e
xexp [ (& —Bis”) (W +s) (s +5)
+oe(f o+ e+ (ns+5) 056y
2 1/2e8+0 (g—2§)m
- m!
% amar/rleAzsz+A§s’2+A3ss’+A4s+Ajs’| o
B J{1/265,+c5 <g72‘1’: |A2|)m
o m!
Ag A; Aj )
]:mm N P 5 y 32
X <1 4 iy A A G2
where
Ay = 5oy,
Az = %(é —ﬁtgz) -1,
Ay = 36 (5= Bic?) ¥ + 2367 o4,
o = 367 (E—Big?) N/ + 26" (y >+ %),
-1
= [(E-B) —4 ] . (33)

Therefore, the photon-counting distribution P(m, T') is also ex-
pressed in the form of new three-variable special polynomial
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Fom (x,y;0). Especially, for & = 1, the photon-counting dis-
tribution P(m,T) reduces to the familiar photon number dis-
tribution, that is

P(m) =

e((Srlat|m-7:'m,m ﬁ , Yt ;ﬁt—’_l . (34
m! ivo —ivor oyl

Figure 2 shows the photon-counting distribution P(m,T)
of p; as a function of m for different values of a, B3, 7, k., t
and &. It is clear from Fig. 2 that, with increasing o, the distri-
bution P(m,T) obviously exhibits even—odd oscillation as an
indicator of the non-classicality of p; because ¢ plays a role
as a squeezing parameter, and as 8 or ¥ increases, the distri-
bution P(m, T) appears in more photon number states because
B is a parameter describing thermal field and 7 is a displaced
parameter, and the maximum probability of finding photons

decreases.
a b
0.6 (a) (b)
g & 0.04
g 04 g
oo % 0.02 IIII
0 I' 777777 0
0 5 10 15 20 0 5 10 15 20
m m
(c)
i:004
QN - ‘l |III
10 15 20
m
0.8[F
e
= 0.6 )
£ 04
X
0.2
oLl
0 5 10 15 20
m
0.8 (g)
S 06
£ 04
~ 02
0 W__
5 10 15 20 0 5 10 15 20
m m

Fig. 2. The evolution of the photon-counting distribution of a
general quadratic state for amplitude damping as a function of m
for different values of a, B, ¥, k, t and &, where the values of
(a, B, 7. k, t, &) are, respectively, (a) (0.2,—1,0.5,0.5,0.1,0.4),
(b) (0.45,—1,0.5,0.5,0.1,0.4), (¢) (0.2,—0.5,0.5,0.5,0.1,0.4),
@ (0.2,-1,1,0.5,0.1,04), (¢) (0.2,—1,0.5,1,0.1,0.4),
# (0.2,-1,0.5,0.5,2,0.4), (g) (0.2,—1,0.5,0.5,0.1,0.1),
(h) (0.2,—1,0.5,0.5,0.1,0.8).

However, with the increase of x or ¢, the distribution
P(m,T) only appears in several smaller photon number states
and is almost zero for others, and the probability of finding
single-photon number state is maximum. Besides, with the in-
crease of the detection efficiency &, the distribution P(m,T)

appears in more photon number states, but the impact of £ on
the probabilities of finding any m photons is not very signifi-
cant.

5. Wigner distribution function for p;

The Wigner distribution function for a quantum state, like
its density matrix, contains its key information, such as proba-
bility distribution and phase, so studying the Wigner distribu-
tion function can more quickly and effectively obtain impor-
tant information about the state in its evolution process. Using
the coherent state representation of the Wigner operator, that is
A(z) = 26l [27 |7) (—' |2 =79V 25-29] and Eq. (14),
thus the Wigner distribution function w(z,1) = tr (A(z)p;) for

the state p; is obtained as

B +2) |7

2 )Z + al*Z/Z L Z/*Z]

2 d2ZI
w(z,1) = el +5’/?exp[—

+(y =227 — (v —
’CI/Z &
= = exp [~ (B+2) K|y — 2P

+ oK (3 —22°) + o7 K (% —22)°]
2
= Melg] |Z\2+Bzz+B§Z*+B3ZZ+B§Z*2, (35
V3

where we have used the integral formula (7), and

By = Koy — K (B +2) % + Kauy?,

B = 174K(ﬁ,+2),

By = 2K[(B+2)% —2noy],

By = 4Ka7, K=[(B+2> 4] (36

Obviously, the Wigner distribution function w(z,7) for the
state p; always remains Gaussian in the amplitude decay chan-
nel. Especially, substituting Eq. (21) into Eqgs. (35) and (36),
w(z,t) becomes the Wigner distribution function evolution for
the mixture of thermal states py, in the amplitude decay chan-
nel; however, using Eqs. (16), (24) and (36), we easily obtain
the evolved function w(z,t) for the state s () |z) for amplitude
decay.

Figure 3 shows the Wigner distribution function for the
state p; in the amplitude decay channel. With increasing o or
B, the function w(z,7) exhibits significantly greater squeezing
and its peak value gradually becomes smaller; however, w(z,t)
shows obvious displacement in the case of constant peak value
with the increase of y. As the parameters x or ¢ increases, the
initial state py gradually loses its coherence and finally be-
comes vacuum owing to the evolution of the function w(z,t)

for amplitude decay in the phase space.

024204-5
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Fig. 3.
quadratic state in the amplitude decay channel for different val-
ues of a, B, 7, x and 7, where the values of (@, B, 7, k, 1)
in (a), (b), (c), (d), (e), (f) are, respectively, (0.2,—1,0.5,0.5,0.1),
(0.45,-1,0.5,0.5,0.1), (0.2,—0.5,0.5,0.5,0.1), (0.2,—1,2,0.5,0.1),
(0.2,-1,0.5,3,0.1), (0.2,—1,0.5,0.5,2).

The Wigner distribution function evolution of a general

6. Conclusions

In summary, using the integration within ordered products
method, we obtain the normalization of the general quadratic
state po and find that the conditions B <O and B+2|ct| <O
can ensure that the state pg is valid in physics. According to
the Kraus operator-sum form of the time-dependent density
operator for amplitude decay, we obtain the analytical evolu-
tion law of the initial density operator py, which is just the
same form as the initial operator py. In addition, the analyti-
cal results show that the evolved density operator p; is deter-
mined by the decay factor k of the amplitude decay channel
and the coefficients o, § and ¥ of the initial quadratic state
Po, and the evolved operator p; for amplitude decay is always
valid in physics since we can also prove the conditions f3; < 0
and 3 +2|0y| < 0. As special cases, we obtain the evolutions
of the mixture of thermal states, the coherent states and the
squeezed coherent states. For a long time (# — oo), the initial
quadratic state pg reduces to vacuum as a result of amplitude
decay.

Additionally, the quantum statistical properties of the
state po in the amplitude decay channel are discussed, and
the analytical results show that the average photon number
and photon counting distribution are always related to the new

three-variable special polynomials, and the evolved Wigner
distribution function always remains Gaussian. Numerically
speaking, the larger o or B may lead to the stronger non-
classicality for the state pg and, with increasing the parameters
K or t, the state po undergoes decoherence in the amplitude de-
cay channel, as shown in the above analytical results.
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