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Adiabatic holonomic gates possess the geometric robustness of adiabatic geometric phases, i.e., dependence only on
the evolution path of the parameter space but not on the evolution details of the quantum system, which, when coordinated
with decoherence-free subspaces, permits additional resilience to the collective dephasing environment. However, the pre-
vious scheme [Phys. Rev. Lett. 95 130501 (2005 )] of adiabatic holonomic quantum computation in decoherence-free
subspaces requires four-body interaction that is challenging in practical implementation. In this work, we put forward a
scheme to realize universal adiabatic holonomic quantum computation in decoherence-free subspaces using only realisti-
cally available two-body interaction, thereby avoiding the difficulty of implementing four-body interaction. Furthermore,
an arbitrary one-qubit gate in our scheme can be realized by a single-shot implementation, which eliminates the need to

combine multiple gates for realizing such a gate.
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1. Introduction

In 1984, Berry!!! found that a quantum system initially
prepared in a nondegenerate eigenstate of the Hamiltonian
evolving adiabatically and cyclically along a circuit in the pa-
rameter space will acquire a geometric phase in addition to
the familiar dynamical phase. In the degenerate case, the geo-
metric phase acquired for the adiabatic and cyclic evolution in
the space of degenerate eigenstates should be a matrix-valued
operator, termed non-Abelian geometric phases./?! Different
from the dynamical phase that depends on the eigenenergy
and evolution timing, the geometric phase is dependent only
on the evolution path along a circuit in the parameter space
but independent of the evolution details of the quantum sys-
tem. Due to this geometric robustness, geometric phases are
used to realize quantum computation, in which the scenario
based on Berry phases is known as adiabatic geometric quan-
tum computation3! and the scenario based on adiabatic non-
Abelian geometric phases is known as adiabatic holonomic
quantum computation. [4.3]

The further extension of geometric phases is from adi-
abatic evolution to nonadiabatic evolution, leading to the
proposals of nonadiabatic Abelian geometric phases!®! and
nonadiabatic non-Abelian geometric phases.!”l The corre-
sponding quantum computation is referred to as nonadiabatic
geometric quantum computation!®”! and nonadiabatic holo-
nomic quantum computation.!'%!!] By avoiding the require-
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ment of adiabatic evolution, nonadiabatic holonomic quan-
tum computation permits high-speed implementation. To
date, many protocols of nonadiabatic holonomic quantum
computation have been proposed, such as the single-shot
scheme,['%13] the single-loop scheme!'*! and the general con-
struction scheme.!'>!161 A large number of theoretical re-
alizations were also developed based on various physical
systems.!!7-2%] Besides these theoretical advances, the experi-
mental investigation of nonadiabatic holonomic quantum com-
putation has been highly successful.**=°1 Although nonadia-
batic evolution allows for high-speed implementation, the ge-
ometric feature between the adiabatic geometric phase and
nonadiabatic geometric phase is different, i.e., the adiabatic
geometric phase depends on the parameter-space evolution
path!!2! while the nonadiabatic geometric phase depends on
the state-space evolution path. %7 This results in the adiabatic
approach***1 of holonomic gates possessing some unique
advantages, e.g., the quantum gates are only related to the ra-
tio of parameters and hence robust against fluctuations of their
absolute values, *>~* which is not shared by the nonadiabatic
holonomic gates. It is the main reason that adiabatic holo-
nomic quantum computation is still an ongoing research topic.

The aforementioned geometric robustness focuses pri-
marily on the control errors in the quantum computation.
Taking the environment noises into account, it is necessary
to integrate the decoherence-mitigation methods into geo-

metric quantum computation. For this consideration, adi-

© 2025 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

090308-1


https://doi.org/10.1088/1674-1056/adeb5e
https://cstr.cn/32038.14.CPB.adeb5e
mailto:qiaolei@buaa.edu.cn
mailto:pzzhao@sdu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 34, 090308 (2025)

abatic holonomic quantum computation in decoherence-free
subspaces was proposed.[®l It combines the geometric ro-
bustness of adiabatic geometric phases and the coherence
stabilization of decoherence-free subspaces, thus represent-
ing great progress in the community of geometric quantum
computation. However, the realization of this scheme re-
quires implementing four-body interaction, which is challeng-
ing in an actual physical system with a realistic control. Note
that in the nonadiabatic domain, the decoherence-free sub-
space has been integrated into holonomic quantum computa-
tion through the two-body interaction because of the simple

[47.48] Also for this reason, nonadi-

three-level configuration.
abatic holonomic quantum computation has been combined
with other decoherence-mitigation methods, such as noise-

1301 and quantum er-

less systems,[*”! dynamical decoupling,
ror correction.®!l But regarding the adiabatic approach to
holonomic quantum computation, the construction of holo-
nomic gates needs quite complicated level configurations and
hence the previous methods cannot be directly translated to
the realization of universal holonomic quantum computation
in decoherence-free subspaces.

In this work, we tackle this problem through construct-
ing realistically available two-body interaction to realize a
universal set of adiabatic holonomic gates protected by the
decoherence-free subspace encoding. Our scheme therefore
avoids the difficulties in the implementation of adiabatic holo-
nomic quantum computation in decoherence-free subspaces
with the four-body interaction. Furthermore, an arbitrary one-
qubit gate in our scheme can be realized by a single-shot im-
plementation, thus eliminating the need to combine multiple
gates to implement an arbitrary one-qubit gate. The paper is
organized as follows. In Section 2, we illustrate the physi-
cal model used in our scheme. In Section 3, we present the
realization of an arbitrary one-qubit gate by a single-shot im-
plementation. In Section 4, we demonstrate the two-qubit gate
with the two-body interaction. Section 5 is our conclusion.

2. Physical model

Let us first illustrate the physical model used in our im-
plementation of adiabatic holonomic quantum computation in
decoherence-free subspaces. Consider a quantum system con-
sisting of N physical qubits and interacting collectively with a
dephasing environment. The driving Hamiltonian of the quan-
tum system is given by

Hy =Y [V (oioi +0;0)) + 7 (0] —apof)] . (D
k<l

where G,f((ly)) represents the Pauli x(y) operator acting on the
k(I)-th physical qubit.

describes the XY coupling between two qubits and the sec-

The first term of this Hamiltonian

ond term describes the Dzialoshinski—-Moriya coupling, with

the corresponding coupling strengths J;; and le'[52’53] This
Hamiltonian is experimentally accessible. For example, it
can be realized by using trapped ions with the Sgrensen—
Mglmer setting.>*3>! Specifically, we apply a blue sideband
laser with Rabi frequency Q;(¢) and detuning —(v + ) to
the k-th ion, and another blue sideband laser with Rabi fre-
quency £2,(¢) and the same detuning to the [/-th ion, where v
is the vibrational frequency and § is an additional detuning. In
the rotating frame and with the rotating-wave approximation,
the Hamiltonian of this quantum system is given by H(z) =
inexp(—idt)(Q;(t)a’ 1), (0|+ Q2 (t)a’|1),(0]) +H.c. in the
Lamb-Dicke regime. Here, a and a’ are the annihilation
and creation operators of the vibrational mode, and 1 de-
notes the Lamb-Dicke parameter. If the large detuning ap-
proximation 8 >> N (1), N2 (¢) is satisfied, the Hamiltonian
yields an effective one H(t) = Qe(r)|01) (10| + H.c. with
Qest(t) = N2Q; (1)Q2(t) /8. Here, we have ignored the Stark
shift terms that can be easily compensated by using additional
lasers. The effective Hamiltonian describes the XY interaction
if Qeg(¢) is a real number, and it describes the Dzialoshinski—
Moriya interaction if Qe (¢) is an imaginary number. There-
fore, the aforementioned interactions are realistically available
in trapped ions.

The environmental noise under consideration is the col-
lective dephasing shared by all physical qubits, with the inter-
action Hamiltonian between the quantum system and its envi-

ronment given by

H = (Z"15> ®B, ()
k

where the first term represents the system spin, while the sec-
ond term denotes the corresponding environment. In the fol-
lowing, we shall demonstrate how to use the driving Hamilto-
nian described in Eq. (1) to realize a universal set of adiabatic
holonomic gates in decoherence-free subspaces, including an
arbitrary one-qubit gate and a nontrivial two-qubit gate.

3. One-qubit gates

For realizing adiabatic holonomic one-qubit gates pro-
tected by decoherence-free subspaces, we need to consider
a quantum system consisting of four physical qubits. In this
case, there exists a four-dimensional subspace, given by

S = Span{|1000) , 0100} , [0010) , [0001)}. 3)

Clearly, the quantum states in this subspace are immune to the
collective dephasing [induced by the interaction Hamiltonian
defined in Eq. (2)] shared by the four physical qubits. There-
fore, we can use the basis states in the subspace to encode a
logical qubit in order to mitigate decoherence. To this end, we
encode the computational logical qubit into a smaller subspace

St = Span{|0001),]0010)}. “4)
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Here, the last two qubits are used as the data qubits that rep-
resent the quantum information while the first two qubits act
as auxiliary qubits. As a consequence, the logical-qubit encod-
ing corresponding to the computation subspace reads |0001) =
|00) ® |0), and |0010) = |00) ® |1),.
gard the remaining basis states in the four-qubit decoherence-
|0100) and

Meanwhile, we re-

free subspace as auxiliary states, denoted as |a) =
le) ={1000).

Having accomplished the logical-qubit encoding with the
decoherence-free subspace, we now design the adiabatic holo-
nomic operation in this subspace. Let us consider the Hamil-
tonian in Eq. (1) with N = 4. For our purpose, the nonzero
parameters of the Hamiltonian are taken as

alr)

2 )

= —J(0sin Y
of(t)

, 0
Ji; = J(t)sinTcosgsinﬁ(t),

T4 = —J(f)sin %t) sin 6 cos(B(t)+ @),

2
Jiy = J(1) sin@singsin(ﬁ(t)—i—(p), 3)

where 0 and ¢ are the time-independent parameters, and

Ji, = —J(t)cos ——=

cosacosﬁ( ),

o(t) and B(t) are the time-dependent parameters, as indi-
cated in the above equation. The remaining parameter J ()
can be either time-independent or time-dependent. In the ba-
sis {|00) ®0),,]00) ®|1), ,|a),|e)}, the above Hamiltonian
can be briefly represented as

Hi = J(t) (sm @) B0 |¢) (p)
—cos ( |><a|—|—Hc> (6)

in which |b) denotes the state

\b)zsinge_iq’|00>®\0> —cos — |00>®|1> (7

For this Hamiltonian, there exist two dark states
0 0,
|d) =cos 5 |00) ® |0>L+s1n§e ?100) ®11), ,

|D) :cos#|b>+sin#eiﬁ(’)|a>. (8)

They span a time-dependent space of degenerate eigenstates
with a common zero-energy eigenvalue. As seen below, the
existence of the space spanned by two zero-energy eigenstates
is the key point for the construction of adiabatic holonomic
gates. For this, we need a driving Hamiltonian correspond-
ing to the space containing at least four dimensions, as indi-
cated in Eq. (6). The decoherence-free subspace of the four-
qubit physical system depicted by Eq. (3) can provide pre-
cisely such a space. The driving Hamiltonian determined by

the parameters in Eq. (5) then mediates the couplings of two
basis states |00) ®|0), and |00) ® |1); along with an auxil-
iary state |a) to another auxiliary state |¢). Among the cou-
plings, the XY interaction generates a Pauli X-like operation
acting on |01) and |10) and the Dzialoshinski-Moriya interac-
tion produces a Pauli Y-like operation. It follows that the XY
interaction and the Dzialoshinski-Moriya interaction applied
to the first and third physical qubits facilitate the transition
|00) ® |1), <+ |e) and the similar interactions applied to the
first and fourth qubits facilitate the transition |00) ®|0), < |e).
The remaining XY interaction applied to the first and second
physical qubits facilitates the transition between two auxiliary
states |a) and |e). As such, we construct the Hamiltonian in
Eq. (6), thereby producing the degenerate subspace contain-
ing two zero-energy eigenstates in Eq. (8). This is the main
consideration that we choose the decoherence-free subspace
defined in Eq. (3) and the parameters in Eq. (5) to generate the
desired holonomic gates.

To realize adiabatic holonomic gates, we let the param-
eters o(r) and B(¢) transport slowly along a circuit in the
parameter space with the starting and ending points a(0) =
o(7) = 0. In this case, the quantum system prepared in the
initial eigenstate (i.e., the state |b)) corresponding to the dark
state |D) will undergo an adiabatic and cyclic evolution, con-
sequently acquiring a geometric phase after the time evolution.
The geometric phase is given by y¢ = — §.(1 —cosc)df /2.
Meanwhile, the quantum system prepared in the other dark
state |d) remains unchanged because all the parameters in this
state are time independent. As a result, the holonomic matrix
confined to the subspace S reads

U =|d)(d|+e'" |b) (b]. ©

Acting on the logical-qubit space spanned by {|0),,|1),},
this operator is equivalent to U, = exp(—iycn - o /2), up to
an unimportant global phase factor exp(iy/2). Here, o =
(0y,0y,0;) is the standard Pauli operator with respect to the
logical qubit, n = (sin 0 cos @, sin 0 sin ¢, cos 0) is an arbitrary
unit vector determining the orientation of a rotation axis, and y
represents the rotation angle. Therefore, the realized operator
is an adiabatic holonomic gate around an arbitrary axis with an
arbitrary angle. Additionally, it is realized by a single-shot im-
plementation, hence eliminating the need for the combination
of multiple one-qubit gates to realize an arbitrary one-qubit
gate. It is worth emphasizing that the Dzialoshinski—-Moriya
interaction in Eq. (1) plays an indispensable role in the real-
ization of geometric gates because it provides an additional
degree of freedom, thereby creating the geometric phase. This
can be seen from the fact that if the parameter 3(¢) is absent,
the Berry connection (D(¢)|D(t)) is equal to zero and hence
the geometric phase 7 is zero. Additionally, the parameter ¢
induced by the Dzialoshinski-Moriya interaction is also im-
portant, because if there is no @, the rotation axis along an
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arbitrary orientation yields an axis in the x-z plane. This is the
main reason that our scheme needs the Dzialoshinski-Moriya
coupling.

Before ending this section, let us briefly outline
the realization of adiabatic holonomic one-qubit gates in
decoherence-free subspaces based on the previous scheme!*6]
to highlight the advantages of our approach. In the previ-
ous scheme, the first holonomic gate is the rotation gate
around the z axis. It is implemented by letting 6 = 0, im-
plying that the nonzero parameters in Eq. (5) are taken as
J, =—J(t)cos(e(t)/2), Ji3 = —J(t)sin(a(t)/2) cos B(t) and
Jiy =J(t)sin(a(t)/2)sin B (t). In this case, the first dark state
of the Hamiltonian is reduced to |d) = |00) ® |0), and the
second dark state is reduced to |D) = —cos(a(t)/2)]|00) ®
1), + sin(a(t)/2) exp(iB (1)) |a).
and PB(r) transport slowly along a circuit in the parame-
ter space with (0) = a(t) = 0, the dark state |D) starting

from |00) ® |1), will acquire a geometric phase ¥ while the

If the parameters o(t)

dark state |d) = |00) ® |0); remains unchanged. As a con-
sequence, the quantum gate confined to the computational
subspace is reduced to U = |0) (0] +exp(iy:) |1) (1|, which
is nothing but a rotation gate around the z axis with the an-
gle 7 up to an unimportant global phase. The second one-
qubit gate is the rotation gate around the y axis. It is imple-
mented by letting ¢ = 8 = 0 but requiring a(¢) and 0(¢) to
be time-dependent parameters. As such, the dark states are re-
duced to |d) = cos(0(r)/2)|00) ® |0), + sin(0(¢)/2)|00) @
|1), and |D) = cos(a(t)/2)sin(6(z)/2)]|00) ® |0), —
cos(a(r)/2)cos(0(r)/2)]00) @ |1), +sin(et(t)/2)|a). If we
require the parameters o(¢) and () to transport slowly along
a circuit in the parameter space with a(0) = a(7) = 0, the
quantum system will acquire a non-Abelian geometric phase.
Acting on the computational subspace, it is just a holonomic
gate around the y axis. For realizing an arbitrary one-qubit
gate, we need to combine multiple implemented holonomic
gates around the z and y axes. Compared with this kind of
realization, our present scheme allows an arbitrary one-qubit
gate to be realized by a single-shot implementation and hence
eliminates the need to combine multiple gates to implement
an arbitrary one-qubit gate. This clearly simplifies the process
for the implementation of a general one-qubit gate.

4. The nontrivial two-qubit gate

To realize universal quantum computation, we also need
a nontrivial adiabatic holonomic two-qubit gate protected by
decoherence-free subspaces in addition to the arbitrary one-
qubit gate described above. To this end, let us consider a quan-
tum system consisting of six physical qubits. When two physi-
cal qubits reside in the |1) state while the remaining four reside
in the |0) state, there exists a fifteen-dimensional decoherence-

free subspace, given by

S = Span{]000101),|000110}),]001001),|001010),]010010),
|000011),]010001),|011000),]010100),|101000) ,
[100100) ,|100001), |001100) ,|100010), |110000) }. (10)

The quantum states in this subspace are immune to the col-
lective dephasing shared by all the six physical qubits. The
computational logical qubit is encoded into a smaller subspace
(spanned by the first four basis states), given by

S, = Span{|000101),]000110),]001001),|001010)}. (11)

Here, the last four qubits act as the data qubits while the first
two qubits play the role of auxiliary qubits. It is compati-
ble with the one-logical-qubit encoding and the specific two-
logical-qubit encoding is [000101) = |00) ®|00),, [000110) =
|00) ®101),, |001001) = |00) ®|10),, and |001010) = |00) @
1),

To realize a nontrivial two-qubit gate, we need to con-
struct an equivalent three-level quantum system (see the first
line in Eq. (14) below) to produce the dark state |d) in Eq. (15).
In this way, a cyclic change of the parameters (¢) and ()
attaches a 7 phase to the state |00) ® |11}, . For this, we resort
to the basis states |¢) = |010010) and |a) = |000011) (i.e., the
fifth and sixth basis states in the decoherence-free subspace
S), and then mediate the couplings |e) <+ |00) ® |11), and
le) <> |a) through facilitating the interactions between the sec-
ond and third physical qubits and between the second and sixth
physical qubits. This can be done by considering the Hamil-
tonian described in Eq. (1) with N = 6 and then setting the
nonzero parameters of this Hamiltonian as

B = ugm@«:os (),

By = z(;)sm@smu(z),
B = —l(t)cos#, (12)

where @(¢) and pu(¢) are time-dependent parameters while
A(t) can be either time dependent or time independent, as in-
dicated in the above equation. It is worth noting that the above
driving Hamiltonian not only facilitates the desired couplings
le) <> |00) ®|11); and |e) <+ |a) but also unavoidably mediates
the transitions [00) ® |10); < |a;), |00) ® [10); < |az), and
100) ® [00), > |as) with |a;) = [010001), |a;) = |011000),
and |az) = |010100) (i.e., the seventh to ninth basis states in
the decoherence-free subspace &). This in turn implies that

the other six basis states are decoupled from the quantum sys-
tem. Therefore, the closed decoherence-free subspace that re-
ally works is given by

& = Span{|000101),|000110), 001001}, |001010) ,
|e>a|a>a|al>7|02>a|a3>}' (13)

090308-4
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In this basis, the Hamiltonian can be briefly recast as
w(t)
Halt) = l(t)(siné)e‘”(t) le) (00| @ (11,

o(t)
—c0s ——= le) (a +H.c.>

A1) (sinwét)ei”(’) 100) @ |10), (a1 |

—cos ? |00) ®110), (az|+ H.c.)

(t
—A(t)cos #QOO) ®100), (a3]+H.c.), (14)
where H.c. represents the corresponding Hermitian conjugate

term. For this Hamiltonian, there exist two dark states

@) = cos 2 jo0) & 1), + sin A ¢4 ),
|d) = cos@ |a1>+sin$e_i“m |az) . (15)

Clearly, for the quantum system initially residing in the com-
putational subspace Sy and then undergoing an adiabatic evo-
lution, the dark state |d) governs the time evolution of the
quantum system while the dark state |d) is decoupled from
this system. As a consequence, when the parameters (¢) and
w(z) transport slowly along a circuit in the parameter space
with the starting and ending points ©(0) = w(t) = 0, the ba-
sis state |00) ® |11), acquires an adiabatic geometric phase
Yo = —$o(1 —cosw)du /2. For the other basis states in the
computational subspace, |00) ® |00}, and |00) ® |10}, cannot
acquire purely geometric phases while |00) ® |01), is decou-
pled from the quantum system and hence acquires no phase.
To eliminate the non-geometric parts in the adiabatic evolu-
tion, we additionally require A(¢) to be an asymmetric func-
tion and () to be a symmetric function in the sense of evo-
lution time. As such, the quantum system initially residing
in the basis states |00) ©|00), and |00) ©|10), will undergo
the spin echo evolution, leading to the phases acquired by
|00) ® |00), and |00) ® |10), being compensated with each
other during the time evolution. This technique has been reg-
ularly used to remove the dynamical phases in adiabatic geo-
metric manipulation.’®8] After operating as above, the uni-
tary operator acting on the subspace S” yields a holonomic
matrix. The resulting quantum gate with respect to the two
logical qubits is nothing but a controlled-phase gate. This
completes our demonstration of the nontrivial adiabatic holo-
nomic two-qubit gate in decoherence-free subspaces.

5. Conclusion

In conclusion, we have put forward a scheme for the
realization of adiabatic holonomic quantum computation in
decoherence-free subspaces. Our scheme is based on real-

istically available two-body interactions for coupling qubits.

It is worth emphasizing that the previous scheme relied on
four-body interactions to realize adiabatic holonomic quantum
computation in decoherence-free subspaces, which is chal-
lenging in practical implementation. Our scheme thus avoids
the difficulties of implementing four-body interactions in a re-
alistic physical system. This makes adiabatic holonomic quan-
tum computation in decoherence-free subspaces more acces-
sible in practice. Furthermore, an arbitrary one-qubit gate in
our scheme can be realized by a single-shot implementation,
which eliminates the need to combine multiple gates in or-
der to realize an arbitrary one-qubit operation. This addition-
ally enhances the practicality of our scheme. Further inves-
tigation may lie in how to speed up such an adiabatic holo-
nomic scheme while maintaining its geometric robustness de-
termined by the evolution path in parameter space rather than
on the evolution details of the quantum system.
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