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A stochastic predator–prey system with Markov switching is explored. We have developed a new chasing technique
to efficiently solve the Fokker–Planck–Kolmogorov and backward Kolmogorov equations. Dynamic balance and reliability
of the switching system are evaluated via stationary probability density function and first-passage failure theory, taking
into account factors such as switching frequencies, noise intensities, and initial conditions. Results reveal that Markov
switching leads to stochastic P-bifurcation, enhancing dynamic balance and reducing white-noise-induced oscillations. But
frequent switching can heighten initial value dependence, harming reliability. Further, the influence of the subsystem on
the switching system is not proportional to its action probabilities. Monte Carlo simulations validate the findings, offering
an in-depth exploration of these dynamics.
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1. Introduction
Since the Lotka–Volterra system was proposed in 1926,

various mathematical models have been developed to pre-
dict predator–prey interactions and help prevent species
extinction.[1–5] However, most predator–prey models assume
constant coefficients, neglecting environmental fluctuations
caused by natural disasters and human activities. These fluc-
tuations, often modeled as telegraph noise, are better repre-
sented by Markov switching processes with continuous time
and discrete states.[6–8] This approach turns constant coeffi-
cients into time-varying ones, leading to the development of
Markov switching systems that more accurately capture eco-
logical dynamics.

Markov switching systems, a subset of regime-switching
systems, use Markov chains to model stochastic transitions
among finite environmental states.[9–11] Recent research on
their application to predator–prey systems mainly centers on
species persistence and extinction. For instance, Liu et al.
established theoretical conditions for persistence and extinc-
tion in terms of time average and proposed optimal har-
vest strategies.[6,7] Sun et al. employed the energy envelope
stochastic average method to analyze system responses and
designed feedback control to restore switching systems.[12]

Some works combined the Lyapunov function and Khasmin-
skii stability theory to study asymptotic stability of the station-
ary distribution.[13–15]

However, current research on switching systems has
mainly relied on theoretical derivations to determine species

coexistence conditions. In fact, switching frequency, initial
conditions, and noise intensity, which are vital for species co-
existence, need further numerical exploration. For instance,
day–night species interactions with different durations can be
seen as two-subsystem stochastic switching,[16,17] and sea-
sonal variations as four-subsystem switching.[18–20] Studies
have indicated that lions hunt better at night because zebras
and some prey are more vigilant in daylight.[21] Arctic foxes
and red foxes have different seasonal hunting strategies.[22]

These highlight the need to study how Markov switching fre-
quency impacts predator–prey dynamics.

Dynamic balance, defined as the stable coexistence of
species over time, is crucial for ecosystem reliability. Yet,
random environmental changes can disrupt this balance, caus-
ing species extinction and reducing system reliability.[23,24]

First-passage failure theory has been used to analyze stochas-
tic predator–prey systems, exploring the impact of system pa-
rameters and white noise on dynamic balance.[23–26] Markov
switching has then been introduced. The stationary response
has been solved using the stochastic averaging of the energy
envelope method or the splitting method.[8,27] The Fokker–
Planck equation, k-core method, and spectral early warning
signals have been applied to determine the tipping time of
dynamic balance.[28–30] Nevertheless, many studies primarily
focus on system dynamic balance in non-switching environ-
ments, leaving the influence of Markov switching on dynamic
balance largely unexplored.

To fill this research gap, we introduce Markov switch-
†Corresponding author. E-mail: leiyouming@nwpu.edu.cn
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ing into a stochastic predator–prey system. Against the back-
drop of day–night cycles and seasonal variations, the effects of
Markov switching frequency, noise intensity, and initial con-
ditions on the dynamic balance system are analyzed. The pat-
terns of their effects on system reliability are identified, and
some rational control strategies are proposed. The paper is
structured as follows: Section 2 presents a stochastic predator–
prey system with Markov switching. Section 3 examines the
dynamic balance of the switching system from the stationary
probability density function perspective, while Section 4 ex-
plores the reliability through first-passage failure theory. Fi-
nally, Section 5 gives the conclusions.

2. Stochastic predator–prey system
2.1. Markov switching system

Cai et al. analyzed a predator–prey system incorporating
white noise and Holling type-II functional response[31]

Ẋ(t) = aX(t)− sX(t)2− bX(t)Y (t)
1+mX(t)

+d1X(t)W1(t),

Ẏ (t) =−cY (t)+
f X(t)Y (t)
1+mX(t)

+d2Y (t)W2(t),
(1)

where X(t) and Y (t) denote the population densities of prey
and predators, respectively. The parameters a (intrinsic
growth rate), s (prey self-competition rate), b (capture rate),
m (predator-dependent saturation coefficient), c (mortality
rate), and f (consumption rate) are positive constants. Wi(t)
(i = 1,2) are independent Gaussian white noises in the con-
text of the Stratonovich sense with auto-correlation functions
E [WiWi(t + τ)] = δ (τ). Here, δ (t) is the Dirac delta function,
and di are noise intensities.

All coefficients in system (1) are constant. Environmental
mutations often lead to abrupt and random changes in ecosys-
tems. So the system (1) can be extended to the following
Markov switching form:

Ẋ(t) = a(r(t))X(t)− s(r(t))X(t)2− b(r(t))X(t)Y (t)
1+m(r(t))X(t)

+d(r(t))
1 X(t)W1(t),

Ẏ (t) =−c(r(t))Y (t)+
f (r(t))X(t)Y (t)
1+m(r(t))X(t)

+d(r(t))
2 Y (t)W2(t).

(2)

For the Markov switching process {r(t)}t>0, its values are
drawn from a finite set S = {1,2, . . . ,n}. Let r(t) be a right-
continuous Markov chain governed by the transition matrix
Γ =

{
γi j
}

for i, j = 1,2, . . . ,n. The transition probability of
r(t) is given by

P{r(t +∆t) = j | r(t) = i}=
{

γi j∆t +o(∆t), j 6= i,
1+ γii∆t +o(∆t), j = i, (3)

where γi j is the transition rate from i to j, with γi j > 0 for i 6= j
and γii =−∑i6= j γi j for all i∈ S. Given a state space S= {1,2},
then the transition matrix Γ is given by

Γ =

[
γ11 γ12
γ21 γ22

]
=

[
−γ12 γ12
γ21 −γ21

]
: = (γ12,γ21). (4)

2.2. Probability-weighted system

Since the state (X ,Y ) of system (2) is no longer a Markov
diffusion process. Traditional stochastic methods cannot di-
rectly handle the complexity of this discrete-state switch.
Hence, consider the following transformation:[8,27]

Q(t) =− ln(X(t)), P(t) = ln(Y (t)). (5)

System (1) can then be rewritten as
Q̇(t) =−a+ se−Q(t)+

beP(t)

1+me−Q(t)
+d1W1(t),

Ṗ(t) =−c+
f e−Q(t)

1+me−Q(t)
+d2W2(t).

(6)

Based on the method described in Eqs. (8)–(16) of Ref. [31],
the conservative system corresponding to system (6) can be
derived as q̇(t) =−a+

sc
f − cm

+
be p( f − cm)

f
,

ṗ(t) =−c+( f − cm)e−q.

(7)

Define f̃ = f − cm, then the Hamiltonian function of sys-
tem (7) can be constructed as

F(q, p) = f̃ e−q− c− c ln
f̃ e−q

c
+

f̃ be p

f
−a+

sc
f̃

− a f̃ − sc
f̃

ln
(

f̃ be p)+ a f̃ − sc
f̃

ln
f (a f̃ − cs)

f̃
. (8)

The system (7) exhibits the same equilibrium as sys-
tem (6) under noise-free conditions. Thus, the dynamics of
system (6) can be studied through the Hamiltonian function
F(q, p). Rewrite the system (2) in the following way:

Q̇ =
∂F(i)

∂P
+M(i)

Q (Q,P)+d(i)
1 W1(t),

Ṗ =−∂F(i)

∂Q
+M(i)

P (Q,P)+d(i)
2 W2(t),

i ∈ S= {1,2, . . . ,n} , (9)

where F(i) is the Hamiltonian function for state r(t) = i, and
the correction terms M(i)

Q and M(i)
P are

M(i)
Q =

m(i)
(

f̃ (i) e−Q + c(i)
)

m(i)+ e−Q
,

M(i)
P =

(
f̃ (i) e−Q− c(i)

)
s(i)

f̃ (i)

−

(
f̃ (i) e−Q− c(i)

)
b(i)m(i) eP

f (i)(1+m(i) e−Q)
. (10)
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In line with the treatment in Refs. [8,27], the system (9) can
be rewritten as

Q̇ =
∂ F̄
∂P

+ M̄Q + d̄1W1(t),

Ṗ =−∂ F̄
∂Q

+ M̄P + d̄2W2(t),
(11)

where F̄ is the probability-weighted Hamiltonian function,
and

F̄(Q,P;𝜇) =
n

∑
i=1

µ(i)F
(i),

d̄1(𝜇) =
n

∑
i=1

µ(i)d
(i)
1 , d̄2(𝜇) =

n

∑
i=1

µ(i)d
(i)
2 ,

M̄P(Q,P;𝜇) =
n

∑
i=1

µ(i)M
(i)
P ,

M̄Q(Q,P;𝜇) =
n

∑
i=1

µ(i)M
(i)
Q , (12)

where 𝜇=
[
µ(1),µ(2), . . . ,µ(n)

]
, with µ(i) being the stationary

probability of the Markov switching process r(t) in the i-th
state. Based on the Markov switching theory,[12,27] we get

n

∑
i=1

µ(i)γi j = 0, ∀ j ∈ S,
n

∑
i=1

µ(i) = 1. (13)

2.3. Stationary probability density function

The probability density function (PDF) p(x) describes the
distribution of a random variable x, indicating the likelihood of

x taking values within a specific range.[32–34] Specifically, the
stationary probability density function (SPDF) ps(x) charac-
terizes a stochastic process where p(x) is time-invariant, i.e.,
d ps(x)/dt = 0.

To verify the approximation of systems (9) and (11), we
employ the Monte Carlo method to simulate their marginal
SPDFs ps(Q) and ps(P), and the fitting results are good, as
depicted in Figs. 1(a) and 1(b). We set n = 2 and define the
switching parameters as follows: a(1) = 0.9, b(1) = 1, c(1) =
0.5, f (1) = 0.5, s(1) = 0.15, m(1) = 0.1, d(1)

1 = d(1)
2 = 0.1;

a(2) = 0.85, b(2) = 0.9, c(2) = 0.5, f (2) = 0.5, s(2) = 0.1,
m(2) = 0.3, d(2)

1 = d(2)
2 = 0.1.[31,35] Three transition matrices

are considered: Γ1 : = (γ12,γ21) = (1,9), Γ2 : = (γ12,γ21) =

(6,3), and Γ3 : = (γ12,γ21) = (9,1). In this work, Monte
Carlo simulations are carried out using stochastic Runge–
Kutta algorithms.[36] We randomly select 100 points as initial
values for the variables Q and P within their allowed ranges,
with a time step size of 10−2 (e.g., the initial values in Fig. 1
lie within the domain [−3,3]× [−3,3]). For each sample tra-
jectory, we discard the first N = 106 steps as transient and sub-
sequently perform N = 2× 107 iterative steps to collect data.
The simulation is deemed converged when the normalized L2-
norm difference between consecutive probability distributions
falls below 10−3, ensuring statistical stability.

↩ ↩ ↩    
Q



.

.

.
(a)

↩ ↩ ↩    
P



.

.

.

p
s↼

P
↽

p
s↼

Q
↽

(b) 





 

   
Time (s)

   
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   
Time (s)




Γ3

Γ2

Γ1
(c)

(d)

(e)

r
↼t

↽
r
↼t

↽
r
↼t

↽

MSΓ

MSΓ

MSΓ

PWΓ

PWΓ

PWΓ

MSΓ

MSΓ

MSΓ

PWΓ

PWΓ

PWΓ

Fig. 1. (a)–(b) Marginal SPDFs ps(Q) and ps(P) of the system (9) and system (11) under transition matrices Γi (i = 1,2,3). (c)–(e) Time series
of transition matrices Γ1, Γ2, and Γ3.

The Monte Carlo method used above is time-consuming
because it requires a large sample size to obtain reliable re-
sults. To improve research efficiency, we improved a numer-
ical approach that combines the splitting method[37,38] and
chasing technique[23,24] to obtain the dynamic characteristics
of SPDF in a short computation time.

Returning to system (11) and applying the Itô differential
rule, we obtain its Itô form

dQ =

(
∂ F̄
∂P

+ M̄Q

)
dt + d̄1 dB1(t),

dP =

(
−∂ F̄

∂Q
+ M̄P

)
dt + d̄2 dB2(t),

(14)

where B1(t) and B2(t) are independent Brownian motions. In
the context of stochastic dynamical system theory, the tran-

sition probability density p(Q,P, t|Q0,P0, t0) of system (9)
can be approximated using the Fokker–Planck–Kolmogorov
(FPK) equation associated with system (14):

∂ p
∂ t

=−∂ (a1 p)
∂Q

+
1
2

∂ 2 (b11 p)
∂Q2 − ∂ (a2 p)

∂P
+

1
2

∂ 2 (b22 p)
∂P2 , (15)

with

a1 =
n

∑
i=1

µ(i)

(
−a(i)+ s(i) e−Q +

b(i) eP

1+m(i) e−Q

)
,

a2 =
n

∑
i=1

µ(i)

(
− c(i)+

f (i) e−Q

1+m(i) e−Q

)
,

b11 =

( n

∑
i=1

µ(i)d
(i)
1

)2

, b22 =

( n

∑
i=1

µ(i)d
(i)
2

)2

. (16)
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The initial condition and boundary condition of Eq. (15) are

p(Q,P, t|Q0,P0, t0) = δ (Q−Q0,P−P0) , t = t0,

p(Q,P, t|Q0,P0, t0) = 0, (Q,P) ∈ ∂Ω , (17)

where ∂Ω denotes the boundary surface.
Utilizing the splitting method on the FPK equation (15),

we can obtain

pk+1/2− pk

∆t
= − ∂

∂Q

(
a1

pk+1/2 + pk

2

)
+

1
2

∂ 2

∂Q2

(
b11

pk+1/2 + pk

2

)
,

pk+1− pk+1/2

∆t
= − ∂

∂P

(
a2

pk+1 + pk+1/2

2

)
+

1
2

∂ 2

∂P2

(
b22

pk+1 + pk+1/2

2

)
, (18)

where pk, pk+1/2, and pk+1 signify the values that the func-
tion p(Q,P, t|Q0,P0, t0) attains at t = k∆t,(k + 1/2)∆t, and
(k+1)∆t, respectively. In particular, we enhance the splitting
method and chasing technique (SMCT) from Refs. [23,24]
and replace the LU decomposition with the Thomas algo-
rithm, significantly reducing the calculation time of solving
the Eqs. (15)–(18) (see Appendix A). A numerical example
shows the accuracy of the new method in Fig. 2.

p
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P
↽

p
s↼

Q
↽

Γ
Γ

Γ
Γ

Q
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




.

.
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.
(a)

P
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↩






.

.

.

.
(b)

Γ
Γ

Γ
Γ

Fig. 2. Marginal SPDFs ps(Q) and ps(P) of the system (14) under various
transition matrices: Γ1 : = (1,0), Γ2 : = (1,7), Γ3 : = (7,1), and Γ4 = (0,1).
Dots from Monte Carlo simulations and lines represent SMCT results.

3. Dynamic balance analysis based on SPDF
Random environmental disturbances can lead to extreme

population densities. When densities fall below 20% or ex-

ceed 80% of equilibrium levels,[8,24,39] the dynamic balance
of the system is disrupted, potentially leading to species
extinction.[23,40] Therefore, it is important to study the impacts
of Markov switching on the dynamic balance of system (14).

Assume the system (14) operates in four distinct en-
vironments, with parameters specified as follows:[24,31] For
r(t) = 1: a(1) = 0.9, b(1) = 1, c(1) = 0.5, f (1) = 0.5, s(1) = 0.2,
m(1) = 0.25, d(1)

1 = d(1)
2 = 0.1; for r(t) = 2: s(2) = 0.15,

m(2) = 0.5, with other parameters identical to r(t) = 1; for
r(t) = 3: a(3) = 0.85, b(3) = 0.9, c(3) = 0.5, f (3) = 0.5,
s(3) = 0.12, m(3) = 0.15, d(3)

1 = d(3)
2 = 0.1; for r(t) = 4:

s(4) = 0.1, m(4) = 0.3, and the rest are the same as r(t) = 3.
Based on the above analysis, we define the rectangular domain
Ω = (−1,1)× (−1,0.5) as the safe domain for system (14) in
Fig. 3.
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O

A

B C

D

Safe domain Ω

Fig. 3. Safe domain Ω and periodic trajectories. Point O satisfies F̄ = 0.
Dynamic balance breaks when Q or P lies outside Ω . Cyan curves show
inverse correlation between dynamic balance and energy F̄ .

3.1. No Markov switching

In the absence of Markov switching, the system parame-
ters remain constant and correspond directly to one of the four
subsystems (r(t) = 1,2,3,4). The marginal SPDFs ps(Q) and
ps(P) of the system (14) under four cases are given in the fol-
lowing Fig. 4.
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Fig. 4. Marginal SPDFs ps(Q) and ps(P) of the system (14) for four subsystems without Markov switching. (a)–(b) r(t) = 1,2,3. (c) r(t) = 4.
ΩQ (ΩP) denotes the safe domain corresponding to Q (P). Lines represent SMCT simulations, and symbols indicate Monte Carlo simulations.

In Figs. 4(a) and 4(b), all marginal SPDFs exhibit unimodal distributions. The peak points lie within the safe domain Ω ,
hinting at a greater chance of dynamic balance. The higher peak amplitude for r(t) = 1 compared to r(t) = 3 suggests higher
system reliability. However, for r(t) = 2, only the peak point of ps(P) is in Ω , while that of ps(Q) is not. In Fig. 4(c), ps(Q) and
ps(P) are bimodal and outside Ω . Thus, dynamic balance may break when r(t) = 2,4.

To better understand Fig. 4, examine the cases of r(t) = 1,4. Figure 5 shows the surface plots of the joint SPDF ps(Q,P)
along with its projections. For r(t) = 1, the joint SPDF forms a conical shape, projecting as a divergence point in the Q–P
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plane, falling within Ω . While for r(t) = 4, the SPDF is asymmetric and crater-like, with a diverging loop projection outside Ω ,
representing the system break-out.
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Fig. 5. Surface and contour plots of the joint SPDFs ps(Q,P) for the system (14) in states r(t) = 1 and r(t) = 4. (a) SMCT simulation for r(t) = 1. (b) Monte
Carlo simulation for r(t) = 1. (c) SMCT simulation for r(t) = 4. (d) Monte Carlo simulation for r(t) = 4. The black dashed rectangle in the Q–P plane is the
boundary of the safe domain Ω .

3.2. With Markov switching

According to Eqs. (4) and (13), the effect of Markov

switching on the system (2) equals the influence of station-

ary probability on the system (14). For example, as sys-

tem (14) switches randomly between two subsystems, like

the day–night cycle,[16,17] we obtain µ1 = γ21/(γ12 + γ21) and
µ2 = 1− µ1 = γ12/(γ12 + γ21). Let Si j (i = 1,2, j = 2,4,
i 6= j) denote system parameters switching from state r(t) = i
to r(t) = j with µi + µ j = 1. The marginal SPDFs ps(Q) of
system (14) with different stationary probabilities are shown
in Fig. 6.
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Fig. 6. Surface and contour plots of the marginal SPDF ps(Q) for system (14) under switching between two subsystems. (a) Switching from
r(t) = 1 to r(t) = 2. (b) Switching from r(t) = 1 to r(t) = 4. (c) Switching from r(t) = 2 to r(t) = 4. SPDF exhibits unimodal or bimodal
shapes as µ1 or µ2 changes. Black dotted lines are the boundary of ΩQ.

In Fig. 6(a), ps(Q) remains unimodal as the system
switches from r(t) = 1 to r(t) = 2. For µ1 = 0, the system
becomes subsystem r(t) = 2, with its peak point outside Ω

(losing balance). When µ1 = 1, it is subsystem 1 with a peak
point in Ω (maintaining balance). As µ1 increases from 0
to 1, the peak point of ps(Q) moves from outside Ω to in-
side Ω , with a narrower, higher-peaked distribution, indicat-
ing Markov switching boosts reliability. In Fig. 6(b), µ1 = 0
gives subsystem 4 with a bimodal SPDF (peak outside Ω ),
and µ1 = 1 gives subsystem 1 with a unimodal one (peak
inside Ω ). As µ1 varies from 0 to 1, the two peaks merge
into a higher single peak, triggering a stochastic P-bifurcation

phenomenon.[8] In Fig. 6(c), a similar bifurcation emerges, ac-

companied by a lower and wider distribution. This is due to the

lower reliability of subsystem 2 than subsystem 1, underscor-

ing the importance of subsystems to the dynamics of switching

systems.

Next, we analyze the impact of Markov switching on sys-

tem reliability for system (14) switching among four subsys-

tems (r(t) = 1,2,3,4), akin to the seasonal variations.[18,20]

We assume pairwise equal stationary probabilities, giving

three cases: S12−34, S13−24, and S14−23. The marginal SPDFs

of the system (14) for these cases are presented in Fig. 7.
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Fig. 7. Surface and contour plots of the marginal SPDF ps(Q) for system (14) under switching among four subsystems. (a) µ1 = µ2 = µ̄12,µ3 =
µ4 = 0.5− µ̄12. (b) µ1 = µ3 = µ̄13,µ2 = µ4 = 0.5− µ̄13. (c) µ1 = µ4 = µ̄14,µ2 = µ3 = 0.5− µ̄14.

Compared with Fig. 6, the ps(Q) in Fig. 7 features

lower peaks and broader distributions, indicating that frequent

switching weakens system stability. In Fig. 6, the peak of

ps(Q) may be outside Ω , yet in Fig. 7, it is more likely to be

inside Ω , suggesting the system is more likely to achieve dy-

namic balance during frequent switching. Moreover, the uni-
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modal SPDFs in Fig. 7 imply a lower likelihood of stochastic
P-bifurcation. That means frequent switching can diminish the
probability of periodic oscillations.

4. Reliability analysis based on first-passage fail-
ure
The above research shows that the solution of system (14)

may either stay within the safe domain Ω (dynamic balance)
or escape it (system failure). To mitigate the latter scenario,
it is crucial to analyze both the failure probability and failure
time of the Markov switching system.[41] We adopt the first-
passage failure theory to assess system reliability. In particu-
lar, the first-passage time T is defined as the time at which the
system first reaches the boundary of the safe domain Ω .

Assume the system starts within the Ω with initial values
(Q0,P0). We define the conditional reliability function (CRF)
R(t|Q0,P0) as the probability that the population densities Q
and P remain within the safe domain during the interval (0, t].
Mathematically,

R(t|Q0,P0) = Probability [T > t|Q0,P0] . (19)

The conditional probability distribution function for T , which
can be called the failure probability, is expressed as

Pf (t|Q0,P0) = Probability [T < t|Q0,P0]

= 1−R(t|Q0,P0) . (20)

The conditional probability density (CPD) for T is

p(T |Q0,P0) =
∂Pf (t|Q0,P0)

∂ t

∣∣∣∣
t=T

= − ∂R(t|Q0,P0)

∂ t

∣∣∣∣
t=T

. (21)

The n-th moment of T can be derived as

φn = E [T n] =−
∫

∞

0
tn ∂R(t | Q0,P0)

∂ t
dt

= n
∫

∞

0
tn−1R(t | Q0,P0) dt, n = 1,2, . . . . (22)

Based on Markov process theory, the CRF R(t|Q0,P0)

follows the backward Kolmogorov equation for system (14):

∂R
∂ t

= a1
∂R

∂Q0
+a2

∂R
∂P0

+b11
∂ 2R
∂Q2

0
+b22

∂ 2R
∂P2

0
, (23)

where a1,a2,b11, and b22 are obtained by substituting (Q0,P0)

for (Q,P) in Eq. (16). The initial condition and boundary con-
dition of Eq. (23) are

R(0|Q0,P0) = 1, (Q0,P0) ∈Ω ,

R(t|Q0,P0) = 0, (Q0,P0) ∈ ∂Ω . (24)

Analogous to Eq. (15), with the splitting method, equa-
tion (23) can be expressed as

Rk+1/2−Rk

∆t
= a1

∂

∂Q0

(
Rk+1/2 +Rk

2

)

+
1
2

b11
∂ 2

∂Q2
0

(
Rk+1/2 +Rk

2

)
,

Rk+1−Rk+1/2

∆t
= a2

∂

∂P0

(
Rk+1 +Rk+1/2

2

)

+
1
2

b22
∂ 2

∂P2
0

(
Rk+1 +Rk+1/2

2

)
, (25)

where Rk,Rk+1/2, and Rk+1 represent the values of the CRF
R(t | Q0,P0) when t = k∆t, (k+1/2)∆t, and (k+1)∆t. Equa-
tion (25) is solved analogously to Eq. (18). When the CRF
R(t|Q0,P0) is determined, the CPD p(t | Q0,P0) can be com-
puted via Eq. (21). By multiplying Eq. (23) by tn and integrat-
ing over t, we obtain the Pontryagin equations of the moments
of T

(n+1)φn +a1
∂φn+1

∂Q0
+a2

∂φn+1

∂P0

+b11
∂ 2φn+1

∂Q2
0

+b22
∂ 2φn+1

∂P2
0

= 0, (26)

with

φn = 0, (Q0,P0) ∈ ∂Ω ;

φn = finite , (Q0,P0) ∈Ω . (27)

Equation (26) can be solved via the finite difference
method from the lower order to the higher order given that
φ0 = 1. The first-order moment, i.e., φ1, which is the mean
first-passage time (MFPT), represents the average time re-
quired for the system to first reach ∂Ω .

4.1. Effects of Markov switching on the CRF

In this part, we explore the impacts of Markov switching
on the CRF R(t|Q0,P0) for system (14) switching between two
or four subsystems, as shown in Fig. 8.

In Fig. 8, as time t increases, R(t|Q0,P0) initially drops
sharply and then slowly to zero, meaning noise will sig-
nificantly weaken system reliability in the initial stage. In
Fig. 8(a), µ1 = 1 makes the system operate as subsystem 1,
with R(t|Q0,P0) reaching zero last. µ1 = 0 gives subsystem
2, where it reaches zero first. For µ1 ∈ (0,1), zero-reaching
time is in-between, showing Markov switching can neutralize
the dynamic characteristics of the subsystem. Similar trends
are in other subgraphs. Additionally, by comparing the time
when R(t|Q0,P0) approaches 0 under two-subsystem and four-
subsystem switching, it can be concluded that frequent switch-
ing can delay the system failure time to a certain extent.

On the other hand, the CRF R(t|Q0,P0) of the switching
system may align more closely with that of a certain subsys-
tem, indicating the contribution of the subsystem may not be
proportional to its action probability. To verify this, figure 9
shows ε(t), the difference between the CRF R(t|Q0,P0) of the
switching system and its subsystems at each t.
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Fig. 8. CRF R(t|Q0,P0) of system (14) for various stationary probabilities with (Q0,P0) = (−0.5,−0.1). (a)–(b) Switching between two
subsystems. (c)–(d) Switching among four subsystems. Lines denote SMCT simulations, and * symbols are Monte Carlo simulations.
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In Fig. 9, a smaller ε(t) means the CRF of the switching
system is closer to that of the subsystem. In Figs. 9(a) and
9(d), subsystems are either in dynamic balance or break out.
The CRF of the switching system first closely follows the CRF
of the balanced subsystem (t < tA or t < tB), then that of the
broken-out subsystem (t > tA or t > tB). In contrast, when all
subsystems break out (Fig. 9(b)), system reliability depends
on the least reliable one. When all maintain dynamic balance
(Fig. 9(c)), it is determined by the more reliable subsystem.
This provides an effective basis for maintaining population co-
existence through ecological environment management.

4.2. Effects of Markov switching on the CPD

According to the previous analysis, we use switching
cases S12 and S12−34 as examples to explore the effects of
Markov switching on the CPD p(t|Q0,P0), and the results are
illustrated in Fig. 10.

In Fig. 10, p(T |Q0,P0) indicates the probability density
of the first-passage time T . The quasi-periodic nature of the
system accounts for the oscillation patterns of the CPD curve.
In Figs. 10(a) and 10(c), the CPD p(T |Q0,P0) of subsystem 2

(µ1 = 0) rapidly attains a high value, suggesting a high sys-
tem failure likelihood, in line with Fig. 8(a). For µ1 = 0.5,
there are more peaks with lower amplitudes. This means
Markov switching can decrease the probability of premature
failure, thereby enhancing system reliability. As noise inten-
sity increases from 0.05 to 1, CPD curves exhibit fewer but
larger peaks, indicating excessive noise can severely under-
mine system reliability, leading to brief but continuous break-
outs. While frequent switching can somewhat weaken this
negative impact. The same is true in Figs. 10(b) and 10(d).
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Fig. 10. CPD p(T |Q0,P0) of the system (14) with different stationary prob-
abilities and noise intensities. Here, d(i)

1 = d(i)
2 = d (i = 1,2,3,4). (a)–

(b) d = 0.05. (c)–(d) d = 0.1. Lines are SMCT simulations, and * symbols
stand for Monte Carlo simulations.

4.3. Effects of Markov switching on the MFPT

Since the mean first-passage time is usually determined
by initial conditions, we examine how Markov switching af-
fects the MFPT under different initial values to assess its im-
pact on the reliability of system (14).

In Fig. 11, when Q0 = −1 or Q0 = 1 (boundary of ΩQ),
φ1 is zero. In Fig. 11(a), as Q0 moves from −1 to 1, φ1

exhibits three phases: sharp rise, stabilization, and decline.
In Fig. 11(b), φ1 first increases, peaks, and then decreases.
Clearly, φ1 is smaller near the boundary, and two-subsystem
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switching may be less affected by the initial value than fre-
quent switching. The φ1 of the switching system is intermedi-
ate but closer to subsystem 2 (µ1 = 0) in Fig. 11(a), indicating
its reliability may be more vulnerable to a break-out subsys-
tem. In addition, the overall value of MFPT φ1 in Fig. 11(b) is
small yet exceeds the minimum curve value in Fig. 11(a). This
implies that frequent switching can prevent the system from
breaking out prematurely. In particular, for Q0 ∈ [−0.2,0.4],
the φ1 of the switching system exceeds that of subsystems,
suggesting enhanced reliability.
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Fig. 11. MFPT φ1 of the system (14) with different initial values Q0 and sta-
tionary probabilities. (a) Switching between two subsystems. (b) Switching
among four subsystems. Here, P0 = −0.1. The inset in panel (b) shows the
amplification of the curve intersection relationship.

5. Conclusions
This paper studies a stochastic predator–prey system with

Markov switching. Considering day–night cycles and seasonal

variations, we investigate the dynamic balance and reliability
of the switching system under the joint effects of switching
frequency, noise intensity, and initial conditions. We devel-
oped a Hamiltonian function and a probability-weighted sys-
tem. By applying the Thomas algorithm, we enhance the split-
ting method and chasing technique, which notably improves
research efficiency.

The results show that Markov switching induces stochas-
tic P-bifurcations. Whether these bifurcations result in dy-
namic balance depends on subsystem distributions. Frequent
switching reduces the bifurcation probability and mitigates
population oscillations caused by environmental noise. How-
ever, it increases the initial-value dependence of the switching
system, harming stability. Specifically, the impact of subsys-
tem dynamics on the switching system is not proportional to
its occurrence probability. In poor environments (where all
subsystems break out), improving the worst environment helps
restore balance; in favorable environments (where all subsys-
tems are in dynamic balance), enhancing the better ones is
more beneficial. Future research will develop control strate-
gies to optimize the Markov switching, enhancing the reliabil-
ity of the stochastic predator–prey system in complex network
environments.

Appendix A: The solving process of FPK equation
The first equation in Eq. (18) can be expressed as

pk+1/2
i, j − pk

i, j

∆t
=−1

2

a1,i+1, j p
k+1/2
i+1, j −a1,i−1, j p

k+1/2
i−1, j +a1,i+1, j pk

i+1, j−a1,i−1, j pk
i−1, j

2∆Q


+

1
4

b11,i+1, j p
k+1/2
i+1, j −2b11,i, j p

k+1/2
i, j +b11,i−1, j p

k+1/2
i−1, j +b11,i+1, j pk

i+1, j−2b11,i, j pk
i, j +b11,i−1, j pk

i−1, j

(∆Q)2 . (A1)

By defining

u1 =
∆t
∆Q

, v1 =
∆t

(∆Q)2 , αi =−
u1a1,i−1

4
−

v1b11,i−1

4
,

βi = 1+
v1b11,i

2
, θi =

u1a1,i+1

4
−

v1b11,i+1

4
,

ηi = 1−
v1b11,i

2
,

the implicit difference equation is derived as

αi p
k+1/2
i−1, j +βi p

k+1/2
i, j +θi p

k+1/2
i+1, j

=−αi pk
i−1, j +ηi pk

i, j−θi pk
i+1, j. (A2)

The right side of Eq. (A2) represents the probability density
function at time k. By defining δi =−αi pk

i−1 +ηi pk
i −θi pk

i+1,
equation (A2) can be rewritten as

αi p
k+1/2
i−1 +βi p

k+1/2
i +θi p

k+1/2
i+1 = δi. (A3)

Notably, the subscript j is omitted since it does not affect
the partial derivatives with respect to Q. Equation (A3) can be
expressed in the following tridiagonal form Ap = δ , where A
is a tridiagonal matrix:

Ap =



β1 θ1 0 · · · 0 0 0
α2 β2 θ2 · · · 0 0 0
0 α3 β3 · · · 0 0 0
...

...
...

...
...

...
0 0 0 · · · αn−1 βn−1 θn−1
0 0 0 · · · 0 αn βn





pk+1/2
1

pk+1/2
2

pk+1/2
3

...
pk+1/2

n−1

pk+1/2
n


=



δ1
δ2
δ3
...

δn−1
δn

 .

(A4)

Different from the LU decomposition method in
Refs. [23,24], we employ the Thomas algorithm to solve
Eq. (A4), leveraging the tridiagonal structure of A to enhance

010507-8
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computational efficiency. The solution begins with forward
elimination to transform matrix A into an upper triangular
form. Specifically, eliminating α2 is achieved by adding the
first row multiplied by −α2/β1 to the element of the sec-
ond row. To eliminate α3, the modified second row is multi-

plied by
−α3

β̃2

(
−α3

β̃2
=

α3β1

α2θ1−β1β2

)
and added to the third

row. This iterative process continues for each subsequent row,
with corresponding adjustments to the δ vector. Once all αi

(i = 1,2, . . . ,n) are zero, equation (A4) is transformed into

Ãp = δ̃ ⇒



β̃1 θ1 0 · · · 0 0 0
0 β̃2 θ2 · · · 0 0 0
0 0 β̃3 · · · 0 0 0
...

...
...

...
...

...
0 0 0 · · · 0 β̃n−1 θn−1

0 0 0 · · · 0 0 β̃n





pk+1/2
1

pk+1/2
2

pk+1/2
3

...
pk+1/2

n−1

pk+1/2
n



=



δ̃1

δ̃2

δ̃3
...

δ̃n−1

δ̃n


, (A5)

where β̃1 = β1, β̃i = βi − αiθi−1/β̃i−1 and δ̃1 = δ1, δ̃i =

δi−αiδ̃i−1/β̃i−1.
Next, the back substitution is performed on the upper tri-

angular matrix Ã, starting with the last equation β̃n pk+1/2
n = δ̃n.

Substituting pk+1/2
n = δ̃n/β̃n into the second-to-last equation to

obtain

pk+1/2
n−1 =

δ̃n−1−θn−1 pk+1/2
n

β̃n−1
. (A6)

This process is generalized to solve for pk+1/2
i (i= 1,2, . . . ,n−

2) using the formula

pk+1/2
i =

δ̃i−θi p
k+1/2
i+1

β̃i
. (A7)

Therefore, we obtain the value of the probability density func-
tion in the Q direction at time k+ 1/2. The methodology for
deriving values step by step from one instant to the next by us-
ing the Thomas algorithm is regarded as a new chasing tech-
nique. Similarly, the solution in the P direction can be ob-
tained by solving the second equation in Eq. (18), rewritten
as

pk+1
i, j − pk+1/2

i, j

∆t
=−1

2

a2,i, j+1 pk+1
i, j+1−a2,i, j−1 pk+1

i, j−1 +a2,i, j+1 pk+1/2
i, j+1 −a2,i, j−1 pk+1/2

i, j−1

2∆P


+

1
4

b22,i, j+1 pk+1
i, j+1−2b22,i, j pk+1

i, j +b22,i, j−1 pk+1
i, j−1 +b22,i, j+1 pk+1/2

i, j+1 −2b22,i, j p
k+1/2
i, j +b22,i, j−1 pk+1/2

i, j−1

(∆P)2 . (A8)

By setting u2 = ∆t/∆P, v2 = ∆t/(∆P)2, α j =

−u2a2,i, j−1/4 − v2b22,i, j−1/4, β j = 1 + v2b22,i, j/2, θ j =

u2a2,i, j+1/4− v2b22,i, j+1/4 and η j = 1− v2b22,i, j/2, the im-
plicit difference equation becomes

α j pk+1
j−1 +β j pk+1

j +θ j pk+1
j+1 = δ j, (A9)

where δ j = −α j p
k+1/2
j−1 +η j p

k+1/2
j − θ j p

k+1/2
j+1 . Then we use

the same forward elimination and back substitution Thomas
algorithm as above to solve for pm+1. In this way, the transi-
tion probability density at t = (k+1)∆t is obtained, leading to
the joint PDF p(Q,P). As t→ tn (a sufficiently large time), the
marginal probability density functions are

p(Q) =
∫

∞

−∞

p(Q,P)dP, p(P) =
∫

∞

−∞

p(Q,P)dQ. (A10)
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