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Interval multiscale sample entropy:
A novel tool for interval-valued time series complexity analysis
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To analyze the complexity of interval-valued time series (ITSs), a novel interval multiscale sample entropy (IMSE)
methodology is proposed in this paper. To validate the effectiveness and feasibility of IMSE in characterizing ITS com-
plexity, the method is initially implemented on simulated time series. The experimental results demonstrate that IMSE
not only successfully identifies series complexity and long-range autocorrelation patterns but also effectively captures the
intrinsic relationships between interval boundaries. Furthermore, the test results show that IMSE can also be applied to
measure the complexity of multivariate time series of equal length. Subsequently, IMSE is applied to investigate interval
temperature series (2000–2023) from four Chinese cities: Shanghai, Kunming, Chongqing, and Nagqu. The results show
that IMSE not only distinctly differentiates temperature patterns across cities but also effectively quantifies complexity and
long-term autocorrelation in ITSs. All the results indicate that IMSE is an alternative and effective method for studying the
complexity of ITSs.
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1. Introduction

Entropy, as a measure of disorder, irregularity, uncer-
tainty, or randomness, was first introduced in the field of ther-
modynamics by the German physicist R. Clausius. In the
mid-20th century, Shannon proposed information entropy, also
known as Shannon entropy, based on the concept of thermo-
dynamic entropy.[1] Motivated by this, a multitude of entropy-
based methodologies have been developed and implemented
across diverse domains in recent decades.[2–9]

S. M. Pincus proposed approximate entropy (ApEn) in
1991,[10] which examines the discrepancy between the match-
ing situation of m-dimensional subfragments and the match-
ing situation of m+ 1-dimensional subfragments within a se-
quence through phase-space reconstruction. This method can
compute the extent of the time series’ irregularity and the self-
similarity of a sequence. A smaller ApEn value indicates
greater self-similarity in the time series.[11] However, J. S.
Richman et al. found that ApEn is sensitive to the length
of the data and lacks consistency. Therefore, based on this,
the concept of sample entropy (SE) was proposed.[12] Com-
pared to ApEn, this method eliminates the influence of vec-
tor self-matching, improves calculation speed, and ensures
consistency.[13]

However, ApEn and SE are limited to a single scale
and cannot accurately obtain dynamic information from a se-
quence. To overcome their shortcomings, multiscale entropy
(MSE) was proposed by M. Costa et al., which revealed the

changes in structural complexity shown by SE over multiple
timescales and effectively distinguished the physiological se-
quence dynamics of healthy and diseased individuals.[14,15] In
contrast to conventional entropic approaches, the MSE value
resembles an “inverted U” shape as system uncertainty in-
creases, indicating that both entirely ordered and entirely dis-
ordered sequences yield lower MSE values. This behavior
aligns with the definition of the second type of complexity.[16]

Moreover, it has been established that the MSE value of 1/ f
noise exceeds that of Gaussian white noise, signifying that the
sequence structure of 1/ f noise is more intricate than that of
Gaussian white noise.[17] This approach has been extensively
employed across multiple domains.[6,18,19]

MSE is restricted to the analysis of scalar time series, but
multivariate time series are often observed in experimental and
biological systems. M. U. Ahmed et al. introduced multivari-
ate multiscale sample entropy (MMSE)[20,21] and systemati-
cally discussed the effects of embedding the dimensions, time
delay, and amplitude magnitude of each signal channel on the
results. W. J. Li et al. found that the MMSE method had the
problems of missing relevant cross-channel data and unwanted
deviation of estimation results and introduced improved multi-
variable multiscale sample entropy (IMMSE).[22] Since then,
a variety of entropic methods for the complexity analysis of
multichannel signals have been proposed, such as multivari-
ate distance dispersion entropy[23] and cross-channel multi-
scale permutation entropy.[24] These methods provide a richer
toolset for analyzing the complexity of multivariate time se-
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ries.
In previous studies, most of the modeling has been done

for point-valued time series, but in recent years, researchers
have found that the results of studies using point-valued time
series are sometimes insufficiently precise, and it is difficult to
improve the accuracy of the forecasts.[25] On the other hand,
in some cases, scholars are interested in interval-type data
across various domains. For example, in economics, the max-
imum and minimum prices of stocks help determine optimal
times for buying and selling.[26] In meteorology, daily maxi-
mum and minimum temperatures serve as indicators to guide
people’s work and daily life.[27] Similarly, in medicine, daily
variations in diastolic and systolic blood pressure provide doc-
tors with important information for assessing patients’ health
conditions.[28]

In contrast to point-valued time series, interval-valued
time series (ITSs) not only encompass the precise values col-
lected at each time point but also capture the range of data
changes. In addition, ITSs have advantages such as contain-
ing more accurate and complete information,[29,30] including
more volatile data, being less influenced by outliers, and be-
ing robust in prediction.[31] These features have led ITSs to
receive widespread attention from scholars. At present, re-
search into ITSs focuses on the fields of prediction[32–36] and
clustering.[37–39] However, research into the complexity of ITS
systems is relatively scarce. As a key tool to measure system
complexity, entropic methods have attracted great interest in
recent years.

C. Y. Hu et al. introduced the concept of entropy in
interval-valued datasets into the field,[40] and they found that
utilizing interval-valued data significantly improves the effi-
ciency and effectiveness of information processing and uncer-
tainty management. Furthermore, they applied this entropic
concept to stock market data,[41] and the results showed that
the information entropy of interval-valued data was signifi-
cantly higher than that of traditional point-valued data. The
greater the information entropy, the more information can be
obtained from it, which proves the superiority of ITSs in terms
of information theory.[41] However, this method mainly relies
on the hypothesis of interval distribution and is not directly
applicable to multiscale analysis.

Inspired and motivated by MSE and IMMSE, the inter-
val multiscale sample entropy (IMSE) method is proposed in
this paper to quantify the complexity of ITS. Through sim-
ulation experiments, interval sample entropy (ISE) is evalu-
ated on different timescales, revealing that the IMSE method
can not only identify long-term autocorrelations in ITSs but
also capture relevant information between the upper and lower
bounds of intervals. The IMSE method is also suitable for
multivariate time series of the same length. In an analysis of
interval temperature data from different cities, IMSE demon-

strates its ability to comprehensively capture the complexity of
ITSs and distinctly differentiate their characteristics. In sum-
mary, the contributions of this paper are as follows: (i) A novel
IMSE method is proposed to measure the complexity of ITSs.
(ii) The interval is reconstructed as a whole, the Frobenius
norm is introduced to measure the distance of the embedding
matrix, and the difference between the two matrices is mea-
sured from the perspective of the overall size of the matrix.
The test results show that IMSE can also be applied to mea-
sure the complexity of multivariate time series of equal length.

IMSE takes ITSs as research objects and explores their
dynamic complexity across multiple scales. IMSE considers
both time and numerical information in ITSs and does not need
to assume an interval distribution. Overall, IMSE is more con-
venient to use. This paper aims to provide a new perspective
on the complexity analysis of ITSs and to introduce a new an-
alytical tool for researchers and practitioners in related fields.

The paper is organized as follows. Section 2 introduces
the MSE and IMMSE. Section 3 introduces the computational
steps of the IMSE method. Section 4 analyzes the complex-
ity of ITS through simulation experiments and real-world data
and demonstrates the performance of the IMSE method. Sec-
tion 5 presents the conclusions.

2. Established entropy methods
The IMSE method proposed in this paper is derived from

MSE and IMMSE. Therefore, in this section, the calculation
steps of the MSE and IMMSE methods are first introduced.

2.1. Multiscale entropy

As a meaningful physiological complexity measure, MSE
is used to evaluate the relative complexities of normalized
time series on multiple scales.[14] The MSE process comprises
two primary steps: (1) coarse granulation of the time series;
(2) computation of the SE for the coarse-grained sequences.
The calculation of SE and the coarse-granulation process are
two largely independent methods. The process for calculating
the SE is outlined below.

For a given one-dimensional discrete time series X =

{x1,x2, . . . ,xN} of length N, given the embedding dimension
m and the time delay τ , the delay vector Xτ

m (i) is generated by
phase space reconstruction,[42] denoted by

Xτ
m (i) =

{
xi,xi+τ , . . . ,xi+(m−1)τ

}
. (1)

In Eq. (1), 1 ≤ i ≤ N − (m−1)τ . In general, the time de-
lay is fixed at τ = 1, and the embedding dimension is set to
m = 2.[10–12,15] Next, define the distance between any two de-
lay vectors as

dis(i, j) = ‖Xτ
m (i)−Xτ

m ( j)‖∞, (2)

where ‖·‖∞ stands for the infinite norm, 1 ≤ i, j ≤ N −
(m−1)τ and i 6= j.
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Given a tolerance threshold of r, for a fixed Xτ
m (i), let

the number of other vectors whose distance from Xτ
m (i) is less

than r be Bi; then, the probability that the sequence is within
the threshold is

Bm
i (r) =

Bi

N− (m−1)τ−1
. (3)

Further, for all Xτ
m (i), 1 ≤ i ≤ N− (m−1)τ , the mean value

of Bm
i (r) is

Bm (r) =
1

N− (m−1)τ

N−(m−1)τ

∑
i=1

Bm
i (r) . (4)

In general, the tolerance threshold r ∈ [0.1× std,0.25× std],
std is the standard deviation of the sequence.

Next, the embedding dimension is increased by one. This
ensures that two vectors that exhibit similarity at m points
retain the conditional probability of similarity at subsequent
points. The previous process is then repeated to compute
Bm+1 (r). The SE of the sequence X can now be defined as

SE(X ,m,τ,r) =− ln
Bm+1 (r)
Bm (r)

. (5)

MSE is the SE of the coarse-grained sequence. The
following describes the coarse-grained processing process.
For a given one-dimensional discrete time series X =

{x1,x2, . . . ,xN} of length N, given a scale factor ε , the coarse-
grained series is defined as

{
yε

j
}
=

1
ε

jε

∑
i=( j−1)ε+1

xi, (6)

where n = bN
ε
c and 1 ≤ j ≤ n. Clearly, the length of the

coarse-grained sequence is 1/ε times the length of the original
sequence. We now calculate the SE of the coarse-granulated
sequence,

{
yε

j

}
, and obtain the MSE

MSE(X ,ε,m,τ,r) = SE
(
yε

j ,m,τ,r
)
. (7)

In general, the more unpredictable or irregular a time se-
ries, the higher its entropy value, indicating that it is more
complex. A consistently high entropy value across several
scale factors signifies that the time series exhibits substan-
tial complexity. If the entropy value consistently declines
with variations in scale factors, it signifies that the information
within the time series diminishes as the scale grows.[14] Real-
world time series frequently encompass information across
several scales, and in many instances, MSE is proficient at ex-
tracting important features.[6,18,19]

2.2. Improved multivariate multiscale sample entropy

MSE is confined to examining scalar time series, whereas
multivariate time series are more common in experimental

and biological contexts. Each variable can be treated as an
independent time series only when all variables are statisti-
cally independent or at least uncorrelated. Ahmed et al. ex-
tended MSE to multivariate cases by proposing the MMSE
method.[20,21] Subsequently, W. J. Li et al. proposed the
IMMSE method, which addresses the deficiencies of MMSE
regarding the absence of cross-channel correlation information
and biased estimate outcomes.[22] Similar to the MSE algo-
rithm, this algorithm can be executed by applying the follow-
ing steps:

1. For a p-element time series
{

xi,k
}N

i=1 of length N, a
coarse-grained sequence is defined with respect to a scaling
factor ε, i.e.,

{yεi,k}=
1
ε

jε

∑
i=( j−1)ε+1

xi,k, (8)

where k = 1,2, . . . , p, 1≤ j ≤ N
ε .

2. Let n = bN
ε
c; then, the coarse-grained sequence {yεi,k}

is a p-element time series of length n, denoted by
{

yi,k
}n

i=1,
and the multivariate time series is reconstructed in phase space
to generate q composite delay vectors, i.e.,

YM (i) = [yi,1,yi+τ1,1, . . . ,yi+(m1−1)τ1,1, . . . ,

yi,p,yi+τp,p, . . . ,yi+(mp−1)τp,p
], (9)

where 1 ≤ i ≤ q, M = [m1,m2, . . . ,mp] ∈ Rp denotes the em-
bedding vector, while τ = [τ1,τ2, . . . ,τp] ∈ Rp represents the
time delay vector, and YM (i) ∈ Rm

(
m = ∑

p
k=1 mk

)
.

3. For a given YM (i) and threshold r, the distance between
any two composite delay vectors YM (i) and YM ( j) is defined
as the infinite norm. Let Ai represent the number of vectors
in the reconstruction space that are situated within a threshold
distance from YM (i); thus, the probability that the sequence
remains inside this threshold is

AM
i (r) =

Ai

q−1
, (10)

where 1 ≤ j ≤ q and j 6= i, the threshold r ∈
[0.1× tr(S) ,0.25× tr(S)], and tr(S) denotes the sum of the
diagonal elements of the covariance matrix for the multivari-
ate time series.

4. For all Ym (i), the mean value of AM
i (r) is

AM (r) =
1
q

q

∑
i=1

AM
i (r) . (11)

5. In contrast to the univariate embedding dimension m,
which increases by one, the embedding dimension M in the
multivariate SE algorithm is a vector. Consequently, we in-
crease M to M+ p, specifically by increasing each mi in M by
one, where i = 1,2, . . . , p. Repeat steps 3 and 4 to obtain the
probability that the distance between any two composite delay
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vectors YM+p (i) and YM+p ( j) is less than a threshold value in
the M+ p dimension, as follows:

AM+p (r) =
1
q′

q′

∑
i=1

AM+p
i (r) , (12)

where 1≤ i, j ≤ q′ and i 6= j.
6. IMMSE is defined as

IMMSE(M,τ,r,N) =− ln
AM+p (r)

AM (r)
. (13)

3. Interval multiscale sample entropy
Compared with point-valued time series, ITSs contain

richer information. Consequently, scholars have conducted
extensive research on them.[43] Moore was the first to propose
research on interval data;[44] thereafter, the modeling of inter-
val data has developed rapidly. The IMSE method proposed
in this paper takes ITS data as the entry point to explore the
complexity of ITSs. In this section, the definition of ITS is
introduced, and the computational steps of the IMSE method
are detailed.

3.1. Interval-valued time series

An interval number can be expressed as a fuzzy number
as x̃ = [xL,xR], where xL,xR ∈ R and xL ≤ xR. Here, xL and
xR represent the bottom and upper limits of the interval, re-
spectively. x̃ can also be expressed in center, radius form as
x̃ = (c,r), where r = (xR− xL)/2 is the radius of the interval
and c = (xL + xR)/2 is the center of the interval.

On this basis, an ITS is a series composed of a set of
interval numbers arranged in chronological order, where each
interval represents the numerical range of a specific time point.
An ITS with length n is defined as follows:[45]

x̃t =
{[

xL
t ,x

R
t
]
, t = 1,2, . . . ,n

}
. (14)

In Eq. (14), n represents the number of time points in the ITS
{x̃t}, referred to as the length; t is a unit of time, which may be
seconds, minutes, or days; and the interval

[
xL

t ,x
R
t
]

denotes the
interval value of {x̃t} at time t, where xL

t ,x
R
t ∈ R and xL

t ≤ xR
t ,

t = 1,2, . . . ,n. ITSs can be partitioned into an interval lower-
bound sequence

{
x̃L
}

and an interval upper-bound sequence{
x̃R
}

:

x̃L =
{

xL
t , t = 1,2, . . . ,n

}
, x̃R =

{
xR

t , t = 1,2, . . . ,n
}
. (15)

3.2. Interval multiscale sample entropy

The existing MSE method is primarily aimed at univariate
scalar time series analysis and has been adapted to multivariate
time series analysis. However, in fields such as meteorology
and finance, time series often appear in the form of interval
data, which are arranged over time to form ITSs. For example,

in meteorology, daily temperature values are often represented
by intervals, with the lowest temperature serving as the lower
bound and the highest temperature as the upper bound of the
interval. Although it is possible to reduce ITSs to univariate
time series by calculating the mean or to view the interval up-
per and lower bounds as a bivariate time series, both of these
methods may lose some information. Therefore, it is particu-
larly necessary to extend the MSE and IMMSE approaches to
the analysis of ITSs. To this end, the concept of ISE is first
introduced, which aims to capture and analyze the complexity
of ITSs more comprehensively.

First, the phase space of the ITS is reconstructed, the
univariate embedding vectors are generalized to the ITS,
and the interval embedding matrix is generated. For a
given ITS of length N, we denote the series as [X ] =

{[x1,1,x1,2] , [x2,1,x2,2] , . . . , [xN,1,xN,2]}. Here, the interval at
time t is [xt,1,xt,2], where the interval’s lower bound is xt,1 and
the upper bound is xt,2. At this time, each interval can be re-
garded as a bivariate vector, and the ITS can be represented
as

[X ] =


x1,1 x1,2
x2,1 x2,2

...
...

xN,1 xN,2

 . (16)

The phase space reconstruction of [X ] is different from the re-
construction used in the IMMSE method. An ITS, although it
can be viewed as a bivariate data treatment, is essentially two
dimensions of the same variable. Therefore, it is reconstructed
as a whole; then, the interval-embedding matrix [Xτ

m (i)] is de-
noted by

[Xτ
m (i)] =


xi,1 xi,2

xi+τ,1 xi+τ,2
...

...
xi+(m−1)τ,1 xi+(m−1)τ,2

 , (17)

where m represents the embedding dimension, τ represents the
time delay, [Xτ

m (i)] is an m× 2 matrix, i represents the time
unit, and i = 1,2, . . . ,N− (m−1)τ .

It is now necessary to calculate the distance between any
two interval-embedding matrices in the reconstructed space.
Compared with the delay vectors obtained from traditional
univariate time series reconstruction, the interval-embedding
matrix not only records the values of the time points but also
includes the range, i.e., the upper and lower limits, of each
time point. Therefore, the interval-embedding matrix contains
richer information. Here, the Frobenius norm is introduced to
measure the distance between two embedding matrices. The
Frobenius norm of a matrix is defined as the square root of the
sum of the squares of all its elements.[46] It provides a com-
prehensive perspective on the overall size of the matrix and
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measures the difference or similarity between two matrices.
Compared to other norms, the Frobenius norm takes into ac-
count the information of all matrix elements and thus more
comprehensively reflects the differences between two matri-
ces. Based on these advantages, the Frobenius norm of the
difference between two interval embedding matrices is defined
as their distance, that is,

D(i, j) = ‖[Xτ
m (i)]− [Xτ

m ( j)]‖F, (18)

where ‖·‖F denotes the Frobenius norm, [Xτ
m (i)] and [Xτ

m ( j)]
represent two different interval embedding matrices, i, j =
1,2, . . . ,N− (m−1)τ , and i 6= j.

Given a tolerance threshold r∗, for a given [Xm
τ (i)], cal-

culate the probability that the distance between [Xτ
m (i)] and

[Xτ
m ( j)] is within the tolerance as follows:

Cm
i (r∗) =

Ci

N− (m−1)τ−1
, (19)

where Ci denotes the number of all embedding matrices with
a separation of less than r∗, i = 1,2, . . . ,N − (m−1)τ and
i 6= j. In the ISE method, we invoke the threshold range in the
IMMSE method and set r∗ ∈ [0.1× tr(S) ,0.25× tr(S)], where
tr(S) denotes the trace of S, and S is the covariance matrix of
[X ].

For all i, the probability that the sequence is within the
threshold range is

Cm (r∗) =
1

N− (m−1)τ

N−(m−1)τ

∑
i=1

Cm
i (r∗). (20)

Finally, increasing the embedding dimension m to m+ 1 and
repeating the steps of Eqs. (18)–(20), we obtain

Cm+1 (r∗) =
1

N−mτ

N−mτ

∑
i=1

Cm+1
i (r∗). (21)

Therefore, we define the ISE of [X ] as

ISE([X ] ,m,τ,r∗) =− ln
Cm+1 (r∗)
Cm (r∗)

. (22)

Taking the ITS as a bivariate time series, the coarse-
granulated processing method is the same as the IMMSE
method (see formula (8)); we therefore set k = 1,2, 1≤ i≤ N

ε .
Then, the ISE of the coarse-granulated sequence {yεi,k} is cal-
culated as follows:

IMSE([X ] ,ε,m,τ,r∗) = ISE
(
{yεi,k},m,τ,r∗

)
, (23)

where IMSE denotes the interval multiscale sample entropy.

4. Interval complexity analysis
To investigate the relative complexity of ITS, the ISE

is calculated across various scales. Consistent with MSE

theory,[14] it is assumed that the relative complexity of ITS
data can be assessed based on the following criteria: (1) if the
ISE value of one ITS is higher than that of another at most
scales, it is considered more complex; (2) if the ISE value de-
creases monotonically with the scale factor, it indicates that
the main information of the sequence resides at the smallest
scale; (3) if the ISE monotonically increases or remains con-
stant with scale, the sequence is considered to exhibit long-
term autocorrelation.

In this part, three sets of simulation experiments are de-
signed and conducted. The effectiveness of IMSE is illus-
trated, and the above assumptions are verified by using the
IMSE method on various synthetic signals. We then use an
interval temperature time series to evaluate the performance
of IMSE. All the following experimental data have been nor-
malized and standardized. To ensure that the upper bound of
the interval is always greater than the lower bound, we add a
quantity ∆ to the upper bound sequence of the interval, where
∆ = max

{
x̃L− x̃R

}
. Here, x̃L and x̃R denote the normalized

lower and upper bound sequences, respectively.

4.1. Simulation analysis

First, univariate MSE analyses show that the sample en-
tropy value for uncorrelated random white noise decreases
consistently with increasing scale. However, the sample en-
tropy for remotely correlated 1/ f noise remains stable across
all scales. This suggests that 1/ f noise is structurally more
complex than random white noise.[14]

To demonstrate that this conclusion also holds in the case
of interval data, we generate four sets of interval data: (a) the
two interval boundary sequences are mutually independent
random white noise signals; (b) the two interval boundary se-
quences are 1/ f noise signals that are independent of each
other; (c) the upper interval boundary sequence is a white
noise signal, and the lower interval boundary sequence is a
1/ f noise signal; (d) the upper interval boundary sequence is
a 1/ f noise signal, and the lower interval boundary sequence
is a white noise signal. Additionally, to evaluate the effec-
tiveness of IMSE in complex systems more comprehensively,
four groups of independent interval sequences are simulated
and generated: (a) interval white noise; (b) interval 1/ f noise;
(c) interval Brown noise; (d) interval blue noise. The embed-
ding dimension m = 2, the time delay τ = 1, the threshold
r∗ = 0.25× tr(S), and the data length N = 5000 are config-
ured. The ISE values of the interval data at different scales are
then calculated, with the results displayed in Fig. 1.

Figure 1(a) illustrates that the four sets of interval data
exhibit varying trends as the scale factor increases. The inter-
val 1/ f noise series exhibits the smallest entropy value when
the scale is one but maintains a stable value as the scale fac-
tor increases. For interval mixed noise, the pink line (upper
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bound of the interval is white noise) and the green line (upper
bound of the interval is 1/ f noise) essentially coincide. Their
entropy is intermediate at a scale factor of one and decreases
monotonically with increasing scale factor. In contrast, the
interval white noise sequence exhibits maximum entropy at a
scale of one, which diminishes swiftly as the scale factor es-
calates. This shows that white noise has the highest degree of
randomness and irregularity at the smallest scale; as the scale
factor increases, the random details are gradually smoothed
out, and its complexity decreases. As the white noise sequence
decreases, the 1/ f noise sequence increases, and its complex-
ity increases at larger scales. This is because the power spec-
tral density of 1/ f noise is inversely proportional to frequency,
exhibiting long-range correlation and a self-similar structure.
These properties enable 1/ f noise to maintain a certain level
of complexity at larger scales.
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Fig. 1. (a) IMSE results for interval white noise, interval 1/ f noise, and
interval mixed noise. (b) IMSE results for interval white noise, interval
1/ f noise, interval Brown noise, and interval blue noise. The curves
represent the mean of 20 independent realizations and the error bars
represent the standard deviation.

In Fig. 1(b), it can be observed that Brown noise ex-
hibits the lowest entropy, whereas white noise shows the high-
est entropy at a scale factor of one. As the scale increases,
the entropy of both white and blue noise declines rapidly —
with blue noise decreasing more steeply. In contrast, 1/ f
noise maintains stable entropy across all scales, and Brown
noise’s entropy increases slightly with scale. This is attributed

to the spectral density function and fractal characteristics of
Brown noise and 1/ f noise, which resemble those of complex
signals.[47] These experimental results demonstrate that IMSE
can effectively distinguish between different types of noise.

Second, the MSE algorithm can only consider the long-
term autocorrelation of a single piece of data, whereas ISE
considers the interval as a whole. Therefore, it is also neces-
sary to consider the correlation between the upper and lower
bound sequences. To validate the efficacy of IMSE in deter-
mining the correlation between the upper and lower bound sig-
nals of the interval, four groups of bivariate interval time series
are simulated using the method described in Ref. [21]: (a) the
upper and lower bound sequences of the interval are corre-
lated white noise sequences; (b) the upper and lower bound se-
quences of the interval are uncorrelated white noise sequences;
(c) the upper and lower bound sequences of the interval are
correlated 1/ f noise sequences; (d) the upper and lower bound
sequences of the interval are unrelated 1/ f noise sequences.
The embedding dimension m = 2, the time delay τ = 1, the
threshold r∗ = 0.25× tr(S), and a data length of N = 5000 are
configured. The computation results are presented in Fig. 2.
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Correlated interval 1/f noise
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Fig. 2. IMSE results for correlated interval white noise, uncorrelated
interval white noise, correlated 1/ f noise, and uncorrelated 1/ f noise.
The curves represent the mean of 20 independent realizations, and the
error bars represent the standard deviation.

Figure 2 shows that when the upper and lower bound se-
quences of the interval are 1/ f noise, the entropy remains
stable as the scale factor increases, regardless of correlation,
and the entropy of the correlated 1/ f noise is always lower
than that of the uncorrelated 1/ f noise. When the upper and
lower bound sequences are correlated or uncorrelated white
noise, their entropy decreases monotonically with increasing
scale factor, and the entropy of correlated white noise is always
lower than the entropy of uncorrelated white noise. When the
scale is sufficiently large, the entropy of 1/ f noise is higher
than the entropy of white noise, regardless of whether the up-
per and lower sequences are correlated. The above results are
consistent with the fact that when the upper and lower bounds
are related, the interval value time series is more regular. Thus,
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IMSE demonstrates the capability to find long-term autocorre-
lations within the sequence and to capture pertinent informa-
tion within the upper and lower boundaries of the interval.

Finally, the utility of the IMSE is further demonstrated
by calculating the IMSE results for different orders of bivari-
ate vector autoregressive (AR) processes. The pth-order AR
model can be expressed as

Xt =
p

∑
i=1

ϕiXt−i +εt , (24)

where εt denotes Gaussian white noise and ϕi is the autocor-
relation coefficient. The AR model delineates the correlation
between the present value and its historical counterparts, uti-
lizing earlier temporal data of the variable to forecast its future
values. Thus, as the order p increases, the number of historical
values associated with the current value increases, the correla-
tion increases, and it becomes easier to predict. In this paper,
the process of generating three sets of bivariate AR is simu-
lated (the parameters are the same as those used above). The
correlation coefficients used in this simulation of AR are the
same as those in Ref. [22]. The results are shown in Fig. 3.

Figure 3 clearly demonstrates that the IMSE approach can
differentiate between AR processes of varying orders. The
IMSE values of these three sets of bivariate AR models de-
crease with increasing regression order, and all show a ten-
dency to decrease and then increase with increasing scale fac-
tor. This precisely satisfies the properties of AR processes,
where as the regression order increases, correlation increases,
complexity decreases, and entropy decreases.

The above simulated data can be treated as equal-length
bivariate time series. Thus, the results of using IMMSE[22]

to calculate their entropy are shown in Fig. 4. The results in
Figs. 1–3 are largely consistent with those in Fig. 4, which
shows that IMSE can be used for equal-length bivariate time
series. According to Eq. (18), the Frobenius norm can also
calculate the distance between multivariate time series embed-
ding matrices. From the calculation process of SE,[10] we infer
that IMSE can be used for equal-length multivariate time se-
ries.
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Fig. 3. IMSE results for different bivariate AR processes. The curves
represent the mean of 20 independent realizations and the error bars
represent the standard deviation.

Next, the steps of the IMSE method can also be extended
to the case of equal-length multivariate time series. For a p-
element time series

{
xi,k
}N

i=1(k = 1,2, . . . , p) of length N, the
values of different elements at the same time are reconstructed
by considering them as a whole to generate the embedding
matrix, denoted by

Xτ
m (i) =


xi,1 xi,2 . . . xi,p

xi+τ,1 xi+τ,2 . . . xi+τ,p
...

...
. . .

...
xi+(m−1)τ,1 xi+(m−1)τ,2 . . . xi+(m−1)τ,p

 , (25)

where Xτ
m (i) is a matrix of m× p. The following algorithm

steps are the same as those of IMSE, as shown in Eqs. (18)–
(23).

To verify the applicability of the algorithm to equal-
length multivariate time series, two sets of equal-length three-
variable time series are generated. The first set initially con-
tains three independent white noise channels; the number of
white noise channels is then gradually reduced while the num-
ber of 1/ f noise channels is increased. The second set is com-
posed of three-variable AR processes with different orders.
The parameters are the same as those used above, and the ex-
tended multivariable IMSE algorithm is tested. The results are
shown in Fig. 5.
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Fig. 4. (a) IMMSE results for bivariate data containing white noise and 1/ f noise. (b) IMMSE results for correlated and uncorrelated white noise and
1/ f noise. (c) IMMSE results for different bivariate AR processes. We set the embedding dimension M = [2,2], the time delay τ = [1,1], and the
threshold r = 0.25× tr(S). The curves represent the mean of 20 independent realizations and the error bars represent the standard deviation.
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Fig. 5. (a) IMSE results for three-variable white noise, three-variable
1/ f noise, and three-variable mixed noise. (b) IMSE results for three-
variable AR processes. The curves represent the mean of 20 indepen-
dent realizations, and the error bars represent the standard deviation.

From Fig. 5, it can be observed that applying the IMSE
algorithm to three-variable time series basically gives the same
results as those of IMMSE.[22] Therefore, we believe that
IMSE is also applicable to equal-length multivariate time se-
ries.

4.2. Real-world data analysis

In this section, we select an interval temperature series
comprising daily maximum and minimum temperatures from
Shanghai, Kunming, Chongqing, and Nagqu in China, span-
ning the period 2000–2023. Missing data are input using lin-
ear interpolation. These data are provided by NOAA. First,
the data are normalized and standardized. Then, the IMSE of
the interval temperature series and the IMMSE of the bivari-
ate time series composed of minimum and maximum temper-
atures are calculated. The results are presented in Fig. 6.

In Fig. 6, SH, KM, CQ, and NQ stand for Shanghai, Kun-
ming, Chongqing, and Naqu, respectively. From Fig. 6(a), it
can be observed that the IMSE values for Shanghai, Kunming,
and Chongqing exhibit an overall decreasing trend. This is
due to the greater volatility of temperature data on smaller
timescales. Kunming’s IMSE values are higher than those
of the other three cities across all scales, showing the high-
est complexity. This phenomenon is likely due to Kunming’s

unique geographical and climatic conditions. Kunming is lo-
cated in a low-latitude plateau, with complex topography and
a humid subtropical climate, featuring four mild seasons, but
with distinct wet and dry seasons and a large temperature dif-
ference between day and night. These factors collectively con-
tribute to the high complexity observed in Kunming’s climate.
The IMSE values for the city of Nagqu are lower than those
of the other three cities across all scales, showing low com-
plexity. Moreover, the values remain stable across all scales,
indicating that the series has long-term autocorrelation. These
specifics are related to the geographic location of the city of
Nagqu. Nagqu is located in the Qinghai-Tibet Plateau, with
an average altitude of more than 4500 m, and the terrain is
simple, mainly plateau. Affected by altitude and plateau to-
pography, the climate is always cool and shows strong regu-
larity and stability. Therefore, the interval temperature series
in Nagqu shows strong regularity compared to the other three
cities. Figure 6(b) shows a trend similar to that in Fig. 6(a).
However, when the scale reaches a larger range, IMSE shows
better differentiation ability than IMMSE. In summary, IMSE
can effectively capture the complexity differences in tempera-
ture sequences between these four city intervals.
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Fig. 6. (a) IMSE results for interval temperature time series in each
city. (b) IMMSE results for bivariate temperature time series in each
city. The parameter settings are consistent with those in the simulation
experiment.

5. Conclusions
This article proposes the IMSE method for analyzing the

complexity of ITSs, inspired by MSE and IMMSE. Through
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simulation experiments and real-world data analysis, we vali-
date the effectiveness and feasibility of IMSE.

In the simulation experiments, we generated different
types of ITS. The results show that the IMSE method is able
to accurately capture the complexity changes of these series
across different scales. Sequences with long-term autocorrela-
tion maintain high entropy values at all scales, whereas those
with high stochasticity exhibit a monotonic decrease in en-
tropy as the scale factor increases. Additionally, the IMSE
method can distinguish whether the signals at the upper and
lower bounds of the intervals are correlated or not, further val-
idating its advantages in analyzing ITSs. From the results in
Figs. 1–5, it can be observed that our IMSE method is also
applicable to multivariate time series.

In the analysis of real-world data, interval temperature se-
ries comprising daily maximum and minimum temperatures
from Shanghai, Kunming, Chongqing, and Naqu in China,
spanning the period 2000–2023, are selected as the research
object. Our findings indicate that the IMSE method is able to
clearly distinguish the temperature series of each city. The
IMSE values of Shanghai, Kunming, and Chongqing show
an overall decreasing trend, suggesting that these three cities
have greater volatility and complexity of temperature data at
smaller timescales. The IMSE values for Kunming are higher
than those of the other three cities across all scales, showing
the highest complexity. The IMSE values for Naqu are lower
than those of the other three cities across all scales, showing
lower complexity, and remain stable at all scales, suggesting
long-term autocorrelation of the series. Comparing the IMSE
results for interval temperature sequences with the IMMSE
results for bivariate temperature sequences, it is found that
IMSE shows better discriminatory ability than IMMSE when
the scale reaches a large range.

Overall, our IMSE approach has been effectively vali-
dated using both simulation data and real data. The IMSE
method is able to effectively capture the complexity and long-
term autocorrelation of ITSs. It can also clearly distinguish the
characteristics of the temperature series in each city. Thus, it
provides a novel alternative tool for the study of ITSs.
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