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We present a theoretical investigation of the electromagnetically induced absorption (EIA) due to transfer of popula-
tion (TOP) in the double two-level system (TLS). It shows that one TLS is responsible for the sub-natural absorption part of
EIA, and the other TLS is responsible for the natural absorption part of EIA. We propose a scheme in which the sub-natural
absorption part of EIA is governed by the effect of coherent hole burning (CHB) and achieves an enhancement of at least
two orders of magnitude with the detuned coupling field, while the natural absorption part is dominated by the effect of
Mollow absorption (MA) and does not change with the detuned coupling field. Due to the effects of CHB and MA, the
magnitude of four-wave mixing (FWM) achieves a significant increase for double TLS. We show in detail the evolution of
the magnitude of the FWM signal with coupling detuning and Rabi frequency. It is demonstrated that strong resonances
occur in the FWM profile at frequencies symmetrically displaced from the frequency of the coupling field by coupling
detuning.

Keywords: electromagnetically induced absorption, coherent hole burning, Mollow absorption, four-wave
mixing
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1. Introduction
Quantum coherences of electromagnetically induced

transparency (EIT)[1,2] and electromagnetically induced ab-
sorption (EIA)[3–7] have become important techniques for
quantum manipulation, simulation, and information process-
ing. Compared with EIT created by destructive interference
in the interaction between atoms and lights, EIA with con-
structive interference has shown an increased sub-natural ab-
sorption and has been widely used in atomic clock,[8,9] mi-
crowave measurements,[10,11] atomic magnetometry,[12] fre-
quency stability,[13,14] and manipulation of the speed of light
pulse.[15–17] The EIA was firstly discovered in degenerate
two-level atoms involving multiple Zeeman sublevels cou-
pled with polarized pump beams.[3] It was also investigated
in metal–insulator–metal waveguides,[18–22] microresonator
systems,[23–26] and one-dimensional photonic crystals.[27]

There are typically two types of EIA due to transfer of pop-
ulation (TOP)[28,29] and transfer of coherence (TOC),[29–31] in
which the polarizations of the probe and pump beams played
a key role and were arranged in parallel or perpendicular.
Moreover, considering the complexity of the degenerate two-
level system with multiple Zeeman sublevels, the EIA ef-
fects in degenerate two-level systems can therefore be sim-
plified as a double two-level scheme corresponding to EIA-
TOP[28] and an N-type four-level scheme corresponding to
EIA-TOC.[32–35] The different mechanisms of TOP and TOC

were then revealed due to the collisional induced TOP between
ground states[29] and optical pumping induced TOC between
excited and ground states.[28]

Mollow absorption (MA)[36,37] is a classical spectral
phenomenon and was theoretically predicted by Mollow
in 1969[38] and experimentally confirmed in 1974.[39] Co-
herent hole burning (CHB) is also a classical spectral
phenomenon[40] and was first discovered in experiments by
Bloembergen et al. and theoretically explained by them. Boyd
et al. theoretically analyzed a two-level atomic system driven
by a coupling light and monitored by a probe light, and demon-
strated the acquisition of MA under pure spontaneous emis-
sion broadening and the acquisition of CHB under rapid colli-
sion dephasing.[41] To study the mutual influence of EIT and
CHB, Berman et al. introduced this two-level model into the
Λ-type three-level system and studied the four-wave mixing
(FWM) signal spectrum.[42] Gu et al. also introduced it into
the tripod-type four-level system, which is evolved from the
degenerate two-level system subject to a magnetic field. They
studied the linear absorption spectrum and explored the ap-
plication potential in slow light and fast light,[43] and multi-
peaked structure of the FWM spectra that was explained as
resonant emission between the ‘virtual states’ in the dressed
picture.[44] Goren et al. introduced this two-level model into
the double TLS of EIA due to TOP, where one TLS corre-
sponds to the sub-natural absorption part of EIA and the other
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TLS corresponds to the natural absorption part of EIA. Our
recent work has also studied the tripod-type four-level system
and discovered the double EIA effect under the joint participa-
tion of EIT and CHB.[45]

Although EIA-TOP showed a narrower peak in the pres-
ence of Doppler broadening, this kind of EIA peak is still
far from that of EIA-TOC in the N-type model, and is often
overlooked in experiments.[28,29] It is noted that some inter-
esting results regarding FWM nonlinearity have been demon-
strated: the FWM signal spectrum of EIA-TOC is similar to
its absorption spectrum, while that of EIA-TOP exhibits char-
acteristics of the EIT absorption spectrum, with the magni-
tude of its FWM signal constrained. Lezama et al. exam-
ined FWM in a degenerate two-level system that is driven by
a coupling field and probed by a weak field, and found two
symmetric sidebands displaced by twice of the generalized
Rabi frequency.[46] In this paper, we investigate EIA-TOP and
FWM in double TLS. The widths of the sub-natural and nat-
ural absorption are determined by spontaneous emission rates
of two excited states. The sub-natural absorption part of EIA is
governed by CHB while the natural absorption part of EIA is
managed by MA. We propose a scheme in which the EIA and
FWM can be greatly enhanced through the detuned coupling
field.

This paper is organized as follows. In Section 2, we study
the model of EIA due to TOP with optical Bloch equations.
By inserting the Fourier amplitudes of density matrix elements
into the Bloch equations, their Fourier amplitudes including
the linear and nonlinear responses are attained. In Section 3,
we discuss the enhanced EIA under the detuned pumping field.
In Section 4, we discuss the FWM spectra of the enhanced
EIA, and show their dependence on the coupling detuning and
Rabi frequency. Finally, a summary is given in Section 5.

2. Model and theoretical approach
The EIA-TOP occurs in a degenerate TLS, where the

Fe = Fg + 1 and Fg > 0, which is coupled and probed by
fields of the same circular polarization. Figure 1(a) shows a
degenerate TLS for transition Fg = 2→ Fe = 3, whose Zee-
man sublevels of excited states are |e−3〉, |e−2〉, |e−1〉, |e0〉,
|e1〉, |e2〉, and |e3〉 for me = −3,−2,−1,0,1,2,3, and Zee-
man sublevels of ground states are |g−2〉, |g−1〉, |g0〉, |g1〉, and
|g2〉 for mg = −2,−1,0,1,2. The coupling and probe fields
with the same circular polarization σ+ interact with the tran-
sitions mg = i→ me = i+ 1 (i = 0,±1,±2), and five TLSs
are involved. For the five TLSs, some TLSs play a role in the
transfer of population and can be ignored, so the coherent sys-
tem can be modeled by a double TLS, as shown in Fig. 1(b),
where the double TLS have different hyperfine dipole matrix
elements and are linked by a spontaneous emission. The states
|2〉 and |4〉 correspond to two excited states, while the states

|1〉 and |3〉 correspond to two ground states. The transition
between |4〉 and |1〉 is forbidden due to selection rules. A cou-
pling field ωc with the circular polarization σ+ simultaneously
interacts with the transitions |1〉 ↔ |2〉 and |3〉 ↔ |4〉 with the
Rabi frequencies V1 and V2, respectively, where V1 = AV2 with
A2 being the branching ratio. A weak probe field ωp with the
same circular polarization as the coupling field probes the tran-
sitions |1〉 ↔ |2〉 and |3〉 ↔ |4〉 with the Rabi frequencies Vp1

and Vp2 , respectively, where Vp1 = AVp2 . To trace the role of
either TLS in the double TLS, we denote the detuning of the
coupling field to the TLS |1〉 ↔ |2〉 as ∆1, which is defined by
∆1 = ω1−ω21, and denote the detuning of the coupling field
to the TLS |3〉↔ |4〉 as ∆2, which is defined by ∆2 =ω2−ω43,
where ω1 = ω2 due to from the common coupling field. Gen-
erally, since the Zeeman sublevels have ω21 = ω43, the two
coupling detunings usually have ∆1 = ∆2 = ∆ . The detun-
ing of the probe field to either of the double TLS is equal and
denoted as δ . The two-photon detuning of the probe field to
the coupling field is δ −∆ or ωp−ωc. The spontaneous de-
cay rates from excited state |2〉 to ground states |1〉 and |3〉
are A2Γ2 and B2Γ2, respectively, where A2 +B2 = 1 with Γ2

being the spontaneous emission rate of the excited state |2〉.
The spontaneous decay rate from the excited state |4〉 to the
ground state |3〉 is denoted as Γ4. Population transferring due
to collisions between the two ground states are γ13 and γ31, re-
spectively, while those between two excited states are γ24 and
γ42, respectively.
















B2Γ2
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Fig. 1. Schematic energy level diagram of coherent systems of EIA-
TOP. Solid lines represent the coupling field and dashed lines are for
probe field. (a) The EIA system of a degenerate two-level atomic sys-
tem (Fg = 2→ Fe = 3) interacts with coupling and probe fields, where
the two fields have the same circular polarization σ+. (b) Simplified
EIA model from the degenerate two-level EIA system.

Under dipole and rotating-wave approximation, Bloch
equations for the double TLS can be written as

ρ̇21 = −(iω21 +Γ2 + γ13 + γ24)ρ21− iV21(ρ11−ρ22), (1)

124201-2
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ρ̇43 = −(iω43 +Γ4 + γ31 + γ42)ρ43− iV43(ρ33−ρ44), (2)

ρ̇11 = −2γ13ρ11 +2A2
Γ2ρ22 +2γ31ρ33

− iV ∗21ρ21 + iV21ρ12, (3)

ρ̇22 = −2(Γ2 + γ24)ρ22 +2γ42ρ44− iV21ρ12 + iV ∗21ρ21, (4)

ρ̇33 = 2γ13ρ11 +2B2
Γ2ρ22−2γ31ρ33 +2Γ4ρ44

+ iV43ρ34− iV ∗43ρ43, (5)

ρ̇44 = −2(Γ4 + γ42)ρ44 +2γ24ρ22− iV43ρ34 + iV ∗43ρ43. (6)

In Eqs. (1)–(6), the density matrix elements are constrained
by the relation ρi j(ωk) = ρ∗ji(−ωk) and population conserva-
tion formula ρ11 +ρ22 +ρ33 +ρ44 = 1. Ignoring the effect of
spatial amplitude, the interaction energy for double transitions
can be expressed as

V21 = −h̄V1(ω1)exp(−iω1t)− h̄Vp1(ωp)exp(−iωpt), (7)

V43 = −h̄V2(ω2)exp(−iω2t)− h̄Vp2(ωp)exp(−iωpt), (8)

where 2V21(ω1) = µ21E21(ω1)/21/2h̄ and 2V43(ω1) =

µ43E43(ω1)/21/2h̄ are the Rabi frequencies for the interac-
tions between the coupling field and the atomic transitions
|1〉 ↔ |2〉 and |3〉 ↔ |4〉, respectively. While 2Vp1(ωp) =

µ21Ep(ωp)/21/2h̄ and 2Vp2(ωp) = µ43Ep(ωp)/21/2h̄ are the
Rabi frequencies for the interactions between the probe field
and the atomic transitions |1〉 ↔ |2〉 and |3〉 ↔ |4〉, respec-
tively. µ21 and µ43 are hyperfine dipole matrix elements for
transitions |1〉 ↔ |2〉 and |3〉 ↔ |4〉, respectively, and have
different values in double TLS. If we restore double TLS to
the degenerate two-level system as shown in Fig. 1(a), the
hyperfine dipole matrix elements are governed by

〈Fg mg|er|Fe me〉 = (−1)Fe−1+mg〈Fg||er||Fe〉

×
√

2Fg +1
(

Fe 1 Fg
−me 1 mg

)
. (9)

Notice that in the 3- j symbol, the Zeeman sublevels satisfy
me−mg = 1 due to circular polarization σ+.

In the following Fourier series expansion is to be used.
We treat the coupling field to all orders and the probe field to
the first order. In the steady state, the elements of the density
matrix are expressed as the terms of Fourier amplitudes. For
example, the density matrix element ρ21 can oscillate at three

frequencies: the pump frequency ω1, the probe frequency ωp,
and the four-wave mixing frequency 2ω1−ωp. So the density
matrix elements can be written as

ρ21 = ρ21(ω1)exp(−iω1t)+ρ21(ωp)exp(−iωpt)

+ρ21(2ω1−ωp)exp[−i(2ω1−ωp)t], (10)

ρ43 = ρ43(ω2)exp(−iω2t)+ρ43(ωp)exp(−iωpt)

+ρ43(2ω2−ωp)exp[−i(2ω2−ωp)t], (11)

ρ11(22) = ρ
dc
11(22)+ρ11(22)(ω1−ωp)exp[−i(ω1−ωp)t]

+ρ11(22)(ωp−ω1)exp[−i(ωp−ω1)t], (12)

ρ33(44) = ρ
dc
33(44)+ρ33(44)(ω2−ωp)exp[−i(ω2−ωp)t]

+ρ33(44)(ωp−ω2)exp[−i(ωp−ω2)t]. (13)

In above equations, the terms ρ21(ωp) and ρ43(ωp) are re-
lated with the absorption spectra for the TLS |1〉 ↔ |2〉 and
|3〉 ↔ |4〉, respectively, while the terms ρ21(2ω1 −ωp) and
ρ43(2ω2−ωp) are linked with the FWM spectra of the double
TLS, respectively. We insert the interaction energy Eqs. (7)
and (8), and Fourier amplitudes of density matrix elements
Eqs. (10)–(13) into Eqs. (1)–(6) so that a series of equations for
Fourier amplitudes can be obtained. We solve these equations
in two stages. In the first stage, the system interacts solely
with the coupling field, so the following equations for Fourier
amplitudes are involved:

ρ̇
0
21 = [i∆1− (Γ2 + γ13 + γ24)]ρ21(ω1)+ iV1(ρ

dc
11−ρ

dc
22), (14)

ρ̇
0
43 = [i∆2− (Γ4 + γ31 + γ42)]ρ43(ω2)+ iV2(ρ

dc
33−ρ

dc
44), (15)

ρ̇
0
11 = iV ∗1 (−ω1)ρ21(ω1)− iV1(ω1)ρ12(−ω1)

+2A2
Γ2ρ

dc
22−2γ13ρ

dc
11 +2γ31ρ

dc
33 , (16)

ρ̇
0
22 = iV1(ω1)ρ12(−ω1)− iV ∗1 (−ω1)ρ21(ω1)

−2(Γ2 + γ24)ρ
dc
22 +2γ42ρ

dc
44 , (17)

ρ̇
0
44 = iV2(ω2)ρ34(−ω2)− iV ∗2 (−ω2)ρ43(ω2)

−2(Γ4 + γ42)ρ
dc
44 +2γ24ρ

dc
22 . (18)

In a steady state, the time derivatives in Eqs. (14)–(18) are
zero. The above linear equations can be solved based on the
closed condition. In the second stage, the probe field is in-
cluded to the first order. We can further write out the equations
about Fourier amplitudes as follows:

ρ̇21(ωp) = [iδ − (Γ2 + γ13 + γ24)]ρ21(ωp)+ iVp1(ωp)(ρ
dc
11−ρ

dc
22)+ iV1(ω1)[ρ11(ωp−ω1)−ρ22(ωp−ω1)], (19)

ρ̇21(2ω1−ωp) = [i(−δ +2∆1)− (Γ2 + γ13 + γ24)]ρ21(2ω1−ωp)+ iV1(ω1)[ρ11(ω1−ωp)−ρ22(ω1−ωp)], (20)

ρ̇43(ωp) = [iδ − (Γ4 + γ31 + γ42)]ρ43(ωp)+ iVp2(ωp)(ρ
dc
33−ρ

dc
44)+ iV2(ω2)[ρ33(ωp−ω2)−ρ44(ωp−ω2)], (21)

ρ̇43(2ω2−ωp) = [i(−δ +2∆2)− (Γ4 + γ31 + γ42)]ρ43(2ω2−ωp)+ iV2(ω2)[ρ33(ω2−ωp)−ρ44(ω2−ωp)], (22)

ρ̇11(ω1−ωp) = [i(∆1−δ )−2γ13]ρ11(ω1−ωp)+ iV ∗1 (−ω1)ρ21(2ω1−ωp)+ iV ∗p1
(−ωp)ρ21(ω1)

− iV1(ω1)ρ12(−ωp)+2A2
Γ2ρ22(ω1−ωp)+2γ31ρ33(ω1−ωp), (23)

ρ̇22(ω1−ωp) = [i(∆1−δ )−2(Γ2 + γ24)]ρ22(ω1−ωp)− iV ∗1 (−ω1)ρ21(2ω1−ωp)− iV ∗p1
(−ωp)ρ21(ω1)

124201-3
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+ iV1(ω1)ρ12(−ωp)+2γ42ρ44(ω1−ωp), (24)

ρ̇44(ω2−ωp) = [i(∆2−δ )−2(Γ4 + γ42)]ρ44(ω2−ωp)− iV ∗2 (−ω2)ρ43(2ω2−ωp)− iV ∗p2
(−ωp)ρ43(ω2)

+ iV2(ω2)ρ34(−ωp)+2γ24ρ22(ω2−ωp). (25)

The constant terms in the above equations are provided by the
solution of the equations without the probe field.

The probe absorption spectra and refractions are pro-
portional to the imaginary and real parts of the susceptibil-
ity χ(ωp) ∝ [µ21ρ21(ωp)/Vp1 +µ43ρ43(ωp)/Vp2 ], where µ21 =

Aµ43, V1 = AV2 and Vp1 = AVp2 . The probe Rabi frequency is
very small and in this paper is always fixed in Vp2 = 0.01Γ4.
A value of A = 0.816 is used, which corresponds to σ+ transi-
tions of the Fg = 2→ Fe = 3 cycling transition in 87Rb.[28] In
addition, atomic decay rates, detunings of the optical field and
Rabi frequencies are expressed by the spontaneous emission
rate Γ4. In the double TLS, the relaxation rates between two
ground states γ13 and γ31 are different from those between two
excited states γ24 and γ42.

3. Enhanced EIA by detuned coupling field
Figure 2 illustrates the enhanced EIA in the presence of a

detuned coupling field where ∆ = ∆1 = ∆2. In the case where
the coupling detuning is zero, it can be seen that the EIA effect
is quite weak. From the inset image, it can be seen that at the
top of the absorption peak is a small dip, which is the mani-
festation of the CHB effect. However, as the coupling field is
detuned to ∆ = 0.5Γ4, the sub-natural absorption increases sig-
nificantly. It can be seen that the magnitude of the sub-natural
absorption part of the EIA enhances by at least one order of
magnitude compared to the case when the coupling detuning
is zero, and reaches 80% that of the natural absorption part of
the EIA (where the magnitude of the natural absorption part
keeps roughly fixed in the varying coupling detunings because
of the fixed population in the state |3〉, which can be inter-
preted in Fig. 7), in sharp contrast to only 2% the magnitude
of the natural absorption part when the coupling detuning is
zero. As ∆ = 2Γ4, the magnitude of sub-natural absorption
is 67% that of natural absorption, still in sharp contrast to the
case without detuning. However, with the increase of coupling
detuning, the magnitude of sub-natural absorption has a slow-
down. We find that when coupling detuning ∆ = 9Γ4 which
cannot be shown in Fig. 2, the magnitude of the sub-natural
absorption part reduces to 66% that of the natural absorption
part, still about 30 times that when coupling detuning is zero.

We attribute the enhancement of EIA to the fact that the
pumping efficiency of the coupling field drops with the de-
tuned coupling field. In this double TLS, populations are
pumped to states |3〉 and |4〉 from states |1〉 and |2〉 under cou-
pling field. As the coupling field is detuned, the pumping be-
comes weakened, resulting in a rapid reflux of the population

at the state |1〉. Since TLS |1〉 ↔ |2〉 is responsible for the
sub-natural absorption part of the EIA (this will be shown in
Fig. 4), the rise of population at state |1〉 leads to the growth
of the sub-natural absorption part of the EIA. In addition, we
notice that although there is a certain coupling detuning, the
absorption spectra of EIA maintain good symmetry, and we
attribute it to the equal frequency shift of the sub-natural and
natural absorptions of EIA. We also notice that the enhanced
EIA appears at the position of −∆ , opposite to the sign of the
coupling detuning. The cause for this phenomenon is the def-
inition of the two-photon detuning δ −∆ , where the negative
sign before the term ∆ makes the enhanced EIA occur in the
negative two-photon detuning.

(δ−∆)/Γ4
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Fig. 2. Probe absorption spectra for different coupling detunings where
∆ = ∆1 = ∆2 at V2 = 0.1Γ4, A = 0.816, Vp2 = 0.01Γ4, γ24 = γ42 =
0.01Γ4, Γ2 = 0.05Γ4, γ13 = 0.005Γ4, and γ31 = 0.0001Γ4. The sub-
natural absorption of EIA is greatly increased under the detuned cou-
pling field.

Figure 3 illustrates the impact of the parameter A on the
EIA. It is clear that the EIA effect is enhanced with the in-
crease of the parameter A, in which sub-natural absorption
assumes nearly all the enhancement while natural absorption
does not. In terms of refraction, according to the Kramers–
Kronig relation, the magnitude of the refractive index en-
hances with the increase of the parameter A. Besides, the
sub-natural absorption part corresponds to a steep anomalous
dispersion while the natural absorption part corresponds to an
anomalous dispersion. This steep dispersion is useful in super-
luminal and even negative group velocities. Although different
A are shown in this discussion, they are actually related to the
hyperfine dipole matrix elements of Zeeman sublevel transi-
tions, shown in Eq. (9). In the circular transition of 87Rb the
parameter A is not only related to the total angular momenta
of the excited state and the ground state, but also related to
the polarization of the applied optical field. In the D2 line
Fg = 2→ Fe = 3, the parameter A reaches 0.816 for the σ+
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transition. While in the D2 line Fg = 1→ Fe = 2, it becomes
A = 0.707 for the same circular polarization. Thus, at least
two different values of A can be obtained in the same atomic
medium. In the experiment, based on the D2 line of the 87Rb
atom, we can use the same right-handed circularly polarized
field for the orbital angular momenta Fg = 1→ Fe = 2 and
Fg = 2→ Fe = 3 to obtain A = 0.707 and A = 0.816, respec-
tively.
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Fig. 3. The absorption and dispersion of EIA at coupling detuning
∆ = 0.5Γ4 with ∆ = ∆1 = ∆2 for different A. The other parameters are
the same as those in Fig. 2. The sub-natural absorption of EIA enhances
with the increase of A.

Now we discuss the individual behavior of either probe
absorption spectrum. We consider that the coupling field has
different detunings from the double TLS and define the de-
tuning of the coupling field from the TLS |1〉 ↔ |2〉 as ∆1,
and the detuning of the coupling field from the TLS |3〉 ↔ |4〉
as ∆2. If detuning ∆2 = 0 and letting detuning ∆1 vary, the
role of coupling field in TLS |1〉 ↔ |2〉 can be found. Fig-
ure 4(a) illustrates the absorption spectra of EIA in different
detunings ∆1 with ∆2 = 0. It is seen that the natural absorption
remains fixed, while the sub-natural absorption moves with
the detuning ∆1. So we can deduce that the coupling field
in TLS |1〉 ↔ |2〉 governs the sub-natural absorption part of
the EIA. It can be further verified by Fig. 4(b), in which the
absorption spectrum of the probe field Vp1 corresponds to a
pure sub-natural absorption, and the absorption spectrum of
the probe field Vp2 corresponds to a natural absorption. Thus,
TLS |1〉↔ |2〉 and |3〉↔ |4〉 are responsible for the sub-natural
and natural absorption parts of EIA, respectively. The widths
of the sub-natural and natural absorption are determined by
spontaneous emission rates Γ2 and Γ4, respectively.

Next, we examine the impact of coupling Rabi frequency
on EIA. In Fig. 5, we plot the absorption spectra of EIAs in
different coupling Rabi frequencies at ∆ = 0.5Γ4. It is clear
that with the increase of the coupling Rabi frequency, the sub-
natural absorption of the EIA becomes broadened and fades
away gradually, and the magnitude of the absorption spectra
decreases significantly, while the absorption spectra of the EIA

lose symmetry. The natural absorption of EIA is governed by
the detuned MA, while the sub-natural absorption of EIA is
governed by the detuned CHB. It can be seen that when the
coupling Rabi frequency increases to V2 = 0.7Γ4, the magni-
tude of the absorption spectrum is 0.63 which only 37% that
of absorption when V2 = 0.1Γ4, and the sub-natural absorption
part of the EIA is gone. The EIA due to TOC also degrades
with the increase of the coupling Rabi frequency and turns into
an absorption spectrum with four peaks.[28] Therefore, large
coupling Rabi frequencies should be avoided for the presence
of EIA.
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Fig. 4. (a) Probe absorption spectra with ∆2 = 0 and different cou-
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∆2 = 0 for TLS |1〉 ↔ |2〉, |3〉 ↔ |4〉 and double TLS, respectively. The
other parameters are the same as those in Fig. 2. TLS |1〉 ↔ |2〉 is re-
sponsible for the sub-natural absorption part of EIA, and TLS |3〉↔ |4〉
for the natural absorption part of EIA.
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in Fig. 2. EIA decreases and loses symmetry with the increase of the
coupling Rabi frequency.

Another area of interest is the impact of the transit time of
the optical field in the thermal atoms on the EIA. In this sys-
tem, the relaxation rates from atomic collisions have the same
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function as decay due to the transit time. γ31 and γ13 are the
relaxation rates between the two ground states and γ42 and γ24

are the relaxation rates between the two excited states. The
values of the relaxation rates γ42 and γ24 are generally differ-
ent from those of the relaxation rates γ31 and γ13 because of the
unbalanced states. The function of the relaxation rate γ13 is to
transfer populations from the state |1〉 to |3〉, while γ31 is just
the opposite. Figure 6 shows the absorption and dispersion of
the EIA at different relaxation rates γ31. It can be seen that the
magnitude of the sub-natural absorption part of the EIA en-
hances with the increase of the relaxation rate γ31, while that
of the natural absorption remains almost unchanged. This pro-
cess is closely related to the population of the state |1〉. With
the increase of γ31 the population of state |1〉 undergoes an in-
crease as well. The increase of population directly leads to the
growth of the sub-natural absorption part of the EIA. In the
following, the influence of the variation in populations on EIA
will be specifically described.
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Fig. 6. Absorption and dispersion of EIA with collisional decay rates
γ42 = γ24 = 0.01Γ4, γ13 = 0.005Γ4 and different γ31. The other parame-
ters are the same as those in Fig. 2. EIA is significantly enhanced with
the increase of the collisional decay rate γ31.

The detuned coupling field leads to an enhanced EIA. We
now examine the impact of coupling detuning on populations
in four states of the system. Figure 7 shows the populations of
the four states as functions of coupling detuning. As ∆ = 0,
atoms are pumped to state |3〉 because of the pumping effect of
the coupling field. It can be seen that there are ρ11 = 0.0016,
ρ22 = 5.4×10−4 and ρ44 = 0.0096, while the population ρ33

reaches 0.9883, which is much larger than those at states |1〉,
|2〉 and |4〉. However, as the coupling field is detuned, the
population ρ11 has a rapid rise, reaching the maximum 0.0290
at ∆ = 0.38Γ4, and then has a slowdown. However, the pop-
ulation at state |3〉 exhibits a contrary evolution. Initially, it
undergoes a rapid decline until it reaches its minimum 0.9630,
and then has a gradual growth. The population at state |2〉
or |4〉 has a monotonic decrease due to the three-photon ef-
fect (as shown in Fig. 8(b)). The magnitude of the natural ab-
sorption part of the EIA is nearly unchanged because there are

only small changes in the population at state |3〉. However, the
population at state |1〉 is closely related to the enhanced sub-
natural absorption part of the EIA because the more atoms at
state |1〉 the more probe field will be absorbed to reach state
|2〉. With the further increase of coupling detuning, the rise of
the population is replaced by a slowdown which also makes
the magnitude of the sub-natural absorption part have a slow-
down. We attribute slowdown of the population at state |1〉
to the role of the three-photon effect, which strengthens the
pumping efficiency of the coupling field.
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Fig. 7. Populations of double TLS as functions of coupling detuning.
The other parameters are the same as those in Fig. 2. The population
ρ11 has an enormous increase in the initial increase of coupling detun-
ing, which leads to enhanced absorption of EIA.

4. FWM signal spectra for enhanced EIA
The probe FWM spectra are described by the terms

ρ21(2ω1 −ωp) and ρ43(2ω2 −ωp), respectively. They cor-
respond to two FWMs and the overall FWM is the sum of
these two FWMs. Figure 8(a) exhibits the FWM spectra
of the enhanced EIA in parameters V2 = 0.3Γ4, ∆ = 0.5Γ4

and other parameters are the same as those in Fig. 2. In
Fig. 8(a), we let FWM1 and FWM2 represent |ρ21(2ω1 −
ωp)| and |ρ43(2ω2−ωp)|, respectively, and let FWM denote
|ρ21(2ω1 −ωp)|+|ρ43(2ω2 −ωp)|. It can be seen from the
figure that FWM1 shows three sharp peaks, while FWM2

shows a peak with Lorentzian distribution. The FWM signal
at δ −∆ = 0 corresponds to a degenerate FWM. It is noted
that the sub-natural absorption part of the EIA corresponds to
two symmetric sidebands in the FWM1 spectrum due to the
effect of CHB. To interpret the phenomenon, we plot a model
of states, as shown in Fig. 8(b). At low coupling Rabi fre-
quency, the detuned coupling field induces two virtual states,
which are located above the ground state and below the ex-
cited state as the coupling detuning ∆ < 0, or which are lo-
cated below the ground state and above the excited state as the
coupling detuning ∆ > 0, with a frequency shift of |∆ | from
the solid state. The energy level diagram corresponds to the
case where the coupling detuning ∆ < 0. It can be seen that
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the energy difference between the ground virtual state and the
ground state |1〉 is −h̄∆ , while the energy difference between
the excited virtual state and the excited state |2〉 is also −h̄∆ .
The probe field with frequency ωp = ωc (δ = ∆ ), drives pop-
ulation of the ground state to the excited virtual state. Sub-
sequently, due to the instability of the virtual state, a photon
with frequency ωp +∆ is radiated to the ground virtual state.
Then the probe field with frequency ωp = ωc, drives popula-
tion of the ground virtual state to the excited state. Finally, a
photon with frequency ωp−∆ is radiated to the ground state.
In the process of three-photon effect two FWM signals in fre-
quency ωp±∆ is generated, corresponding to two FWM side-
bands. It is noted that at large coupling Rabi frequencies, the
distance between the two sidebands becomes twice the gen-
eralized Rabi frequency. Symmetrical sidebands of the FWM
signal were also found in the degenerate two-level system.[46]
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Fig. 8. (a) FWM spectra of TLS |1〉↔ |2〉, |3〉↔ |4〉, and double TLS in
parameters V2 = 0.3Γ4, ∆ = 0.5Γ4, A = 0.618. The other parameters are
the same as those in Fig. 2. (b) Schematic diagram of the three-photon
effect for TLS |1〉↔ |2〉 where ∆ < 0. The two sidebands are displaced
from the coupling frequency by coupling detuning.

Next, we examine the impact of coupling detuning on the
FWM spectra. In Figs. 9(a)–9(c), we plot the FWM spectra
in parameters V2 = 0.1Γ4 and A = 0.816. It is clear that the
increase in coupling detuning leads to modification not only
in the magnitude of the FWM signal, but also in the distri-
bution of the FWM spectrum. It can be observed that when
∆ = 0.1Γ4 (where ∆ = ∆1 = ∆2), the magnitude of FWM1

exceeds that of FWM2 by a factor of 3.5. At a detuning of
∆ = 0.4Γ4, however, the magnitude of FWM has a significant
reduction, where the magnitude of FWM1 has only 57% that
of FWM2. And at ∆ = 0.7Γ4, the magnitude of FWM1 is only
36% that of FWM2. On the other hand, the frequency distance
in the sidebands increases with the rise of coupling detuning,
and thus changes the distribution of the FWM spectrum. In the
above three scenarios, it appears that the increase in coupling
detuning leads to a decrease in FWM magnitude. To exam-
ine the evolution of FWM with coupling detuning, we plot
Fig. 9(d). It illustrates that the magnitudes of the FWM spec-
tra with the increasing coupling detuning initially have a rapid
increase, and then a slowdown with their maximums between
∆ = 0–0.5Γ4. Due to the fact that the magnitude of the FWM
is governed by the quantum interference of CHB and MA, a
large coupling Rabi frequency is not necessarily detrimental
to a large FWM magnitude.
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Fig. 9. FWM spectra for TLS |1〉 ↔ |2〉, |3〉 ↔ |4〉 and double TLS in
the coupling detunings (a) ∆ = 0.1Γ4, (b) ∆ = 0.4Γ4 and (c) ∆ = 0.7Γ4.
The other parameters are the same as those in Fig. 2. (d) The magni-
tude of the FWM signal as a function of coupling detuning in different
coupling Rabi frequencies.

Because the sub-natural and natural absorption parts of
EIA are governed by the effects of CHB and MA, respectively,
the magnitude of the FWM signal is related to the effects of
CHB and MA, even when the EIA vanishes in the absorp-
tion spectrum. In Figs. 10(a)–10(c), we plot the FWM spec-
tra in different coupling Rabi frequencies with the parameters
∆ = 0.3Γ4 and A = 0.816. When V2 = 0.1Γ4, the FWM mag-
nitude is 28, as shown in Fig. 10(a). Further, when V2 = 0.4Γ4,
the FWM magnitude reaches 265, which then rises to 340
when V2 = 0.7Γ4, as shown in Figs. 10(b) and 10(c). In the
above three scenarios, it appears that the increase in coupling
Rabi frequency leads to an increase in FWM magnitude. To
examine the evolution of FWM with the coupling Rabi fre-
quency, we plot Fig. 10(d). It illustrates that the FWM mag-
nitude initially has a rise and then a slowdown. It is clear that
the growth in Figs. 10(a)–10(c) is a localized event. The above
three cases happen precisely during the period of increase.
As the coupling Rabi frequency grows further, the CHB and
MA are replaced by Autler–Townes (A-T) splitting, and then
the FWM becomes small. By comparing the three evolution
curves, it can be observed that for a small coupling Rabi fre-
quency, a large coupling detuning is associated with a small
FWM response, while for a large coupling Rabi frequency, a
large coupling detuning is associated with a large FWM re-
sponse.

To obtain a more complete picture of the impact of cou-
pling detuning and Rabi frequency on the FWM signal, we
plot the magnitude of the FWM spectra as a function of cou-
pling detuning and Rabi frequency in Fig. 11. This global map
includes the magnitudes of the FWM signals with coupling
detuning in Fig. 9(d), and the magnitudes of the FWM signals
with the coupling Rabi frequency in Fig. 10(d). The figure
shows that the detuned coupling field and the increase in the
coupling Rabi frequency can bring enhancements to FWM. It
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is worth noting that a strong coupling field can cause the EIA
to disappear due to the reduction of the magnitude and the
broadening of the absorption spectrum, but in terms of the re-
sponse of the FWM nonlinearity, it is not synchronous with
the enhancement of EIA, because the magnitude of the FWM
signal is governed by the the coherent effects of CHB and MA.
It can be seen that when there is a large coupling detuning but
no large coupling Rabi frequency, the FWM signal will still be
very small, so an appropriate coupling Rabi frequency com-
bined with an appropriate coupling detuning can bring a large
magnitude of FWM. With the further increase of the coupling
Rabi frequency, however, the coherent effects of CHB and MA
will be replaced by A-T splitting, and in this case the quantum
interference of CHB and MA and the enhanced FWM non-
linearity will completely disappear. This result is also consis-
tent with literature in which the magnitude of the FWM signal
first increases and then decreases with the increasing Rabi fre-
quency of the coupling field.[46]
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(c) V2 = 0.7Γ4. The other parameters are the same as those in Fig. 2.
(d) The magnitude of the FWM signal as a function of coupling Rabi
frequency in different coupling detunings.

In addition to the coupling detuning and Rabi frequency
that have an obvious influence on the magnitude of the FWM,
there are other parameters that have a significant effect on the
FWM. The first parameter is the parameter A that decides the
branching ratio of spontaneous emission rate. As the parame-
ter A is very small, the magnitude of the FWM signal is also
very small. When A increases near the maximal value of 1, the
magnitude of FWM will be significantly enhanced. The sec-
ond parameters are the relaxation rates between ground states.
The relaxation rate γ13 plays a role of increasing the popula-
tion ρ33 and reducing the population ρ11, so it is unfavorable to
the enhancement of EIA. On the contrary, the relaxation rate
γ31 plays a role of increasing the population ρ11 and reduc-
ing the population ρ33, so it is favorable to the enhancement
of EIA and FWM. This paper does not consider the impact of

the Doppler effect on EIA. In fact, at room temperature, the
Doppler effect has a devastating impact on EIA, so we sug-
gest that the experiment should be carried out in the medium
of cold atoms.
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Fig. 11. (a) 3D image and (b) contour map of the magnitude of the
FWM versus the detuning and Rabi frequency of the coupling field.
The other parameters are the same as those in Fig. 2.

5. Conclusion
We have theoretically explored EIA due to TOP and

FWM response in double TLS, where each TLS is simulta-
neously driven by the coupling and probe fields. Due to the
difference in spontaneous emission and population, the CHB
effect occurs in TLS |1〉 ↔ |2〉, which is responsible for the
sub-natural absorption part of EIA, and the MA effect occurs
in the other TLS |3〉 ↔ |4〉, which is responsible for the nat-
ural absorption part of EIA. Due to the pumping effect of the
coupling field, the vast majority of atoms are pumped into the
state |3〉. Therefore, the detuning of coupling field will reduce
the pumping efficiency of the coupling field and thus restore
the atomic population to state |1〉. It was found that when the
coupling field is detuned the sub-natural absorption part of the
EIA has a rise by two orders of magnitude. In addition to the
detuned coupling field that can change the population at the
state |1〉, the relaxation rates between states |1〉 and |3〉 also
have a crucial influence on the population at state |1〉. The re-
laxation rate γ13 will reduce the population on state |1〉, while
the relaxation rate γ31 is the opposite. Therefore, an increased
γ13 will reduce EIA, while an increased γ31 will increase EIA.
It was found that there is a significant enhancement of EIA
with a small increase in the relaxation rate γ31. In addition,
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we explored the FWM of the enhanced EIA. It was found that
the sub-natural absorption of EIA corresponds to the two side-
bands of FWM, which are related to the three-photon process,
while the natural absorption part of EIA does not. We have
explored the magnitude of the FWM signal with coupling de-
tuning and Rabi frequency. Studies have shown that the mag-
nitude of the FWM first increases and then decreases with the
increase of detuning and Rabi frequency of the coupling field.
This theoretical work may provide a reference for experimen-
tal research.
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