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Energy-regenerative suspension combined with piezoelectric and electromagnetic transduction has evolved into a core
technological pathway in advancing automotive design paradigms. With the aim of improving energy harvesting perfor-
mance, time-delayed feedback control is widely used in an energy-regenerative suspension system under different external
disturbances in this paper. Meanwhile, limited research has addressed the stochastic dynamics of time-delayed nonlin-
ear energy-regenerative suspension systems. Different from previous studies, this work studies the stochastic response
and P-bifurcation of the nonlinear energy-regenerative suspension system with time-delayed feedback control. Firstly, an
approximately equivalent dimension reduction system is established by the variable transformation method, and then the
stationary probability density function of amplitude is obtained by the stochastic averaging method. Secondly, the precision
of the method used in this work is verified by comparing the numerical solutions with the analytical results. Finally, based
on the stationary probability density function, the influence of system parameters on stochastic P-bifurcation and the mean
output power is discussed.

Keywords: energy-regenerative suspension, stochastic P-bifurcation, stochastic resonance, time-delayed feed-
back control
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1. Introduction

With the rapid development of economy and automo-
bile industry, cars have become a convenient means of per-
sonal transportation and have entered thousands of house-
holds. However, the explosive growth of automobiles has also
brought a series of problems, such as huge energy consump-
tion, serious waste of resources, and increased environmental
pollution. About 10% to 16% of the fuel energy used to drive
a vehicle is wasted due to road friction and thermal exhaust
resistance,[1] and kinetic energy loss in suspension shock ab-
sorbers is one of the main energy consumption phenomena.[2]

At the same time, vehicles on the road are subject to different
disturbances, such as road irregularities, braking force, accel-
eration and centrifugal force on curved roads. These distur-
bances inevitably input external excitations to the car wheels,
leading to vibrations of the whole body. This type of vi-
bration not only increases additional energy consumption and
causes damage to mechanical components, but also greatly af-
fects driving comfort and stability. Especially for electric ve-
hicles powered by battery packs, normal use can be compro-
mised by bumping, extrusion, collision, and high temperature
caused by vibration. This can reduce the service life and en-

durance of the battery, or cause serious safety accidents due
to excessive temperature and fire.[3] Over the past 40 years,
researchers have conducted extensive research on active and
semi-active suspensions, showing improved vehicle dynamic
performance at the cost of complexity and additional energy
consumption.[4–6] However, reducing vehicle energy loss is
necessary to improve fuel economy, reduce emissions, and
meet the power needs of other systems.[7–9] From the point of
view of actual demand, if vibration energy can be efficiently
harvested and converted into electric energy while suppress-
ing vibrations, not only can the dynamic performance of the
suspension be guaranteed, but the on-board electronic equip-
ment and battery pack can also be charged. This has signifi-
cant application value in extending battery life, improving en-
durances, and many other aspects. Therefore, automotive sus-
pension with energy regeneration will become an important
development direction in the future.[10,11]

The vibration excitation of automobile suspension mainly
comes from the complex road environment, so the road rough-
ness is closely related to the vibration energy recovered by au-
tomobile suspension. Many researchers have carried out dy-
namic analysis and experiments on energy-regenerative sus-
pension system under different excitation.[12–21] Zhang[22]
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built a dynamic simulation model of the suspension system to
test the average recoverable energy. Wang et al.[23] designed
a new regenerative hydraulic shock absorber system. Under
sinusoidal excitation of 1-Hz and 25-mm amplitude, the sys-
tem achieved a recoverable power of 260 W with an efficiency
of about 40%. Zou et al.[24] mainly focused on the model-
ing and compliance analysis of the 7-DOF vehicle suspension
model integrating the energy recovery damper, and gave the
characteristics of the system according to the parameter anal-
ysis under sinusoidal excitation. Using a predetermined ex-
citation with a given frequency and amplitude is sufficient to
evaluate the performance of the suspension system. However,
the actual road surface may be random and variable, it is nec-
essary to fully consider the actual road excitation to maintain
good synchronous vibration suppression and energy harvest-
ing of the system. Gaussian white noise is an ideal choice to
simulate the road environment for vehicle excitation.

According to the different vibration-electric energy con-
version mechanisms, the vibration energy harvesting technol-
ogy used for automotive suspension is mainly piezoelectric[25]

and electromagnetic.[26] The mechanism of piezoelectric vi-
bration energy harvesting technology is based on the posi-
tive piezoelectric effect of piezoelectric materials to convert
vibration energy into electric energy. Wang[27] proposed a
piezoelectric sensor with high power and density to harvest
vibration energy of spring suspension system. Zhao[28] de-
signed and proposed a new piezoelectric harvester for vehi-
cle suspension system by combining the piezoelectric power
generation model, the rotor dynamics model and the tradi-
tional 2-DOF suspension model, and obtained a power of up
to 332.4 W in the study. Xie et al.[29] researched a dual-
mass piezoelectric rod collector used for vehicle suspension
vibration energy recovery, and further discussed the influence
of the width, speed and road roughness of the piezoelectric
rod on the root mean square of power generation. Xiao et
al.[30] investigated the practicability of integrating a piezoelec-
tric energy harvester into a quarter-vehicle suspension model.
Electromagnetic energy recovery shock absorbers are mainly
divided into linear and rotating types. Kou[31] proposed a
novel electromagnetic linear hybrid active suspension with in-
tegrated linear motor and solenoid valve shock absorber. Zuo
et al.[32] used rare earth permanent magnets and high perme-
ability magnetic rings to configure a four-phase linear elec-
tromagnetic shock absorber. The rotating electromagnetic en-
ergy recovery damper converts the linear vertical vibration into
the rotating vibration of the generator and generates electrical
energy based on a linear to rotating transmission mechanism.
According to the motion conversion mechanism of shock ab-
sorber proposed in the public literature, the rotating structure
is mainly divided into hydraulic type and mechanical type. Li
et al.[33] proposed a hydraulic damper for simultaneous vibra-

tion suppression and energy recovery. The mechanical mo-
tion converter mainly includes rack and pinion, ball screw and
their improved structure.[34–37] In recent years, with the aim
of integrating the merits of different energy-harvesting shock
absorber designs, the research community has turned its at-
tention to compound regenerative damper technologies. Sat-
pute et al.[38] investigated a hybrid energy-regenerative shock
absorber system combining a linear electromagnetic genera-
tor with a hydraulic damper. Taghavifar[39] connected the hy-
draulic damper in parallel with the electromagnetic generator,
and estimated through Monte Carlo simulation that the vehicle
speed at 54 km/h could generate 48 W of electric energy.

Although the composite energy-regenerative suspension
is beneficial to improve the performance of the system, it is
not enough in terms of power consumption and system control.
Compared with other control methods, time-delayed feedback
control demonstrates dual benefits of enhancing system stabil-
ity while effectively suppressing undesirable oscillations and
limit cycles in dynamic systems.[40,41] The implementation
of time-delay feedback control in nonlinear vibration systems
demonstrates synergistic advantages for concurrent vibration
management and energy harvesting optimization.[42–45] Jin[46]

studied the dynamic behavior of the optimal speed model
with time-delayed feedback control, and the proposed con-
trol strategy can effectively suppress traffic congestion and
significantly enhance the stability of traffic flow. Zhang[47]

demonstrated that the implementation of time-delayed feed-
back control in stochastic rotational environments can signif-
icantly improve energy harvesting performance. Owing to its
superior control performance, time-delayed feedback control
has found widespread application in vibration energy harvest-
ing systems.[48,49]

In this paper, the probability distribution and P-
bifurcation of a nonlinear energy-regenerative suspension sys-
tem with time-delayed feedback control under Gaussian white
noise excitation are studied. The rest of this paper is summa-
rized as follows. Section 2 is devoted to the description of
the system with model equation. In Section 3, the approxi-
mate stationary solution of the system is derived from using
stochastic averaging method. Section 4 verifies the effective-
ness of the proposed method and further discusses the influ-
ence of system parameters on P-bifurcation and mean power
of the system. Finally, some finds are drawn in Section 5.

2. System setup and simplification
As shown in the Fig. 1, the dynamics model of the energy-

regenerative suspension system for a quarter of a vehicle can
be simplified to a single degree of freedom system coupled
with electromagnetic and piezoelectric energy harvesting cir-
cuits. Nguyen and Fokou[50,51] found that damping strongly
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affects frequency hopping in frequency sweep, so the non-
linear damping force model in the form of velocity and dis-
placement polynomial is introduced to understand the vibra-
tion suppression and energy harvesting behavior of the suspen-
sion system under various working conditions. The governing
equations of system can be given as follows:

MẌ +(b3X4−b2X2−b1)Ẋ + kX +αk′X3

+ r1 Ī + r2V̄ =−MẌb,

L ˙̄I +(RL +RI)Ī = r1Ẋ ,

Cp
˙̄V +

V̄
RV

= r2Ẋ , (1)

of which the relative displacement of mass M is denoted by X ,
while Xb accounts for the stochastic displacement excitation
originating from road surface irregularities. The system’s stiff-
ness characteristics are characterized by coefficients k and k′.
b1, b2, and b3 are the damping coefficients. The electromag-
netic component is characterized by several key parameters: L
for inductance, Ī representing output current, RI denoting coil
resistance, RL as load resistance, and r1 quantifying the linear
electromechanical coupling coefficient. Four primary param-
eters are defined for the piezoelectric component: the capaci-
tance is denoted by Cp, the load resistance by RV, the output
voltage by V̄ , and the electromechanical coupling coefficient
by r2.

RI RV

Cp

V

L

r1X
.

+

+-

-

r2X
.

r1I
-

r2V
-

(a)

(b)

(b)

X⇁Xb

Xb

k↪k′

M

u b3X
4↩b2X

2↩b1

Fig. 1. (a) The equivalent circuit for electromagnetic element. (b) The equiv-
alent circuit for piezoelectric element. (c) A quarter of nonlinear vehicle
suspension with the time-delayed feedback control u.

Introduce the following dimensionless variables:

τ = ω0t, ω0 =

√
k
M
,

c3 =
b3

Mω0
, c2 =

b2

Mω0
, c1 =

b1

Mω0
,

ε =
αk′

k′
, ρ =

r1

kL
, µ =

r2

kCp
,

ξ1 =
RL +RI

Lω0
, η1 = r1, ξ2 =

1
CpRVω0

, η2 = r2,

V =CpV̄ , I = LĪ. (2)

The coupled equations in dimensionless form are ob-
tained as follows:

Ẍ +(c3X4− c2X2− c1)Ẋ +X + εX3

+ ρI +µV =−Ẍb, (3a)

İ +ξ1I = η1Ẋ , (3b)

V̇ +ξ2V = η2Ẋ . (3c)

Here, letting−Ẍb = hw(t), h denotes random excitation ampli-
tude, and w(t) represents Gaussian white noise with intensity
D. Herein correlation function E[w(t + l)w(t)] = 2Dδ l, δ (·)
is Dirac delta function.

By introducing time-delayed feedback control u, the
mathematical equations for the energy-regenerative suspen-
sion system are formulated as follows:

Ẍ +(c3X4− c2X2− c1)Ẋ +X + εX3

+ ρI +µV +u = hw(t), (4a)

İ +ξ1I = η1Ẋ , (4b)

V̇ +ξ2V = η2Ẋ , (4c)

u = λ1Xτ +λ2Ẋτ . (4d)

Compared with the system state, the initial phase θ , fre-
quency ω , and displacement amplitude A are all random slow
processes. The system displacement and velocity by the gen-
eralized harmonic transformation[52–54] can be expressed as

X(t) = A(t)cosϕ(t),

Ẋ(t) =−A(t)ω(A,ϕ)sinϕ(t),

ϕ(t) = φ(t)+θ(t),

ω(A,ϕ) = dφ(t)/dt.

(5)

Assume that the time delay τ is small enough, after har-
monic transformation, the time delay terms Xτ and Ẋτ can be
approximated as

X(t− τ)
.
= Acos[ω(A,ϕ)(t− τ)+θ(t)]

= X(t)cos[ω(A,ϕ)τ]− Ẋ(t)
sin[ω(A,ϕ)τ]

ω(A,ϕ)
, (6a)

Ẋ(t− τ)
.
= −Aω(A,ϕ)sin[ω(A,ϕ)(t− τ)+θ(t)]

= X(t)ω(A,ϕ)sin[ω(A,ϕ)τ]

+ Ẋ(t)cos[ω(A,ϕ)τ]. (6b)

Equations (4b) and (4c) can be rewritten in the following
form:[55]

I(t) = Q1(t)e−ψ1t +
∫ t

0
e−ψ1t Ẋ(ts)dts,

V (t) = Q2(t)e−ψ2t +
∫ t

0
e−ψ2t Ẋ(ts)dts, (7)
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where Q1(t)e−ψ1t and Q2(t)e−ψ2t are exponential decay
terms with negligible effects on the stationary response. Us-
ing integration by parts and the transformation of variables
s = t− ts, equation (7) can be approximated as

I(t) .
=
∫ t

0
e−ψ1t Ẋ(t− s)ds,

V (t) .
=
∫ t

0
e−ψ2t Ẋ(t− s)ds. (8)

According to Eq. (6(b)), Ẋ(t− s) can be approximated by

Ẋ(t− s) .
= X(t)ω(A,ϕ)sin[ω(A,ϕ)s]

+ Ẋ(t)cos[ω(A,ϕ)s]. (9)

Substituting Eq. (9) into Eq. (8), we can obtain

I(t) .
=

Aη1ω

ξ1
2 +ω2

[ω cosϕ−ξ1 sinϕ]

=
η1ω2

ξ1
2 +ω2

X +
η1ξ1

ξ1
2 +ω2

Ẋ , (10a)

V (t) .
=

Aη2ω

ξ2
2 +ω2

[ω cosϕ−ξ2 sinϕ]

=
η2ω2

ξ2
2 +ω2

X +
η2ξ2

ξ2
2 +ω2

Ẋ . (10b)

Owing to ω cosϕ − ξ1 sinϕ =

√
ξ1

2 +ω2 cos(ϕ +

tan−1 ξ1
ω
), equations (10a) and (10b) can be rewritten as

I(t) .
=

Aη1ω

ξ1
2 +ω2

[ω cosϕ−ξ1 sinϕ]

=
Aη1ω√
ξ1

2 +ω2
cos
[

ϕ + tan−1 ξ1

ω

]
, (11a)

V (t) .
=

Aη2ω

ξ2
2 +ω2

[ω cosϕ−ξ2 sinϕ]

=
Aη2ω√
ξ2

2 +ω2
cos
[

ϕ + tan−1 ξ2

ω

]
. (11b)

Substituting Eqs. (6), (6b), (10a), and (10b) into Eq. (4a)
leads to the following equivalent uncoupled mechanical equa-
tion:

Ẍ +(c3X4− c2X2− c1 +u2 +d2)Ẋ

+(1+u1 +d1)X + εX3 = hw(t), (12)

where

u1 = λ1 cos(ωτ)+λ2ω sin(ωτ),

u2 = λ2 cos(ωτ)− λ1 sin(ωτ)

ω
,

d1 =
ρη1ω2

ξ1
2 +ω2

+
µη2ω2

ξ2
2 +ω2

,

d2 =
ρη1ξ1

ξ1
2 +ω2

+
µη2ξ2

ξ2
2 +ω2

.

3. Stochastic averaging method
Substituting Eq. (5) into Eq. (12) gives the result

Ȧ = −c3A5 cos4
ϕ sin2

ϕ + c2A3 cos2
ϕ sin2

ϕ

−(u2 +d2− c1)Asin2
ϕ

+
(1+u1 +d1)Asin2ϕ

2ω
+

εA3 cos3 ϕ sinϕ

ω

− Aω sin2ϕ

2
− hsinϕ

ω
W (t),

θ̇ = −c3A4 cos5
ϕ sinϕ + c2A2 cos3

ϕ sinϕ

− (u2 +d2− c1)sin2ϕ

2

+
(1+u1 +d1)cos2 ϕ

ω
+

εA2 cos4 ϕ

ω

− ω(1+ cos2ϕ)

2
− hcosϕ

Aω
W (t), (13)

where

u1 = λ1 cos(ωτ)+λ2ω sin(ωτ),

u2 = λ2 cos(ωτ)− λ1 sin(ωτ)

ω
,

d1 =
ρη1ω2

ξ1
2 +ω2

+
µη2ω2

ξ2
2 +ω2

,

d2 =
ρη1ξ1

ξ1
2 +ω2

+
µη2ξ2

ξ2
2 +ω2

.

Based on the stochastic averaging method, we can derive
the Itô differential equation of the amplitude A

dA = m(A)dt +σ(A)dW (t). (14)

Letting

F1 = −c3A5 cos4
ϕ sin2

ϕ + c2A3 cos2
ϕ sin2

ϕ

−(u2 +d2− c1)Asin2
ϕ

+
(1+u1 +d1)Asin2ϕ

2ω

+
εA3 cos3 ϕ sinϕ

ω
− Aω sin2ϕ

2
,

F2 = −c3A4 cos5
ϕ sinϕ + c2A2 cos3

ϕ sinϕ

− (u2 +d2− c1)sin2ϕ

2

+
(1+u1 +d1)cos2 ϕ

ω

+
εA2 cos4 ϕ

ω
− ω(1+ cos2ϕ)

2
,

G1 = −hsinϕ

ω
, G2 =−

hcosϕ

Aω
, (15)

the average drift coefficient m(A) and diffusion coefficient
σ(A) can be expressed as

m(A) =
1

2π

∫ 2π

0

(
F1 +G1

∂G1

∂A
D+G2

∂G1

∂ϕ

∂ϕ

∂θ
D
)

dϕ

= − 1
16

c3A5 +
1
8

c2A3− 1
2

A(u2 +d2− c1)+
1
2

h2D
Aω2 ,
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σ
2(A) =

D
π

∫ 2π

0
G2

1 dϕ =
Dh2

ω2 . (16)

Therefore, equation (14) can be written as

dA = − 1
16

c3A5 +
1
8

c2A3− 1
2

A(u2 +d2− c1)

+
1
2

h2D
Aω2 dt +

√
Dh
ω

dW (t). (17)

in which

u2 = λ2 cos(ωτ)− λ1 sin(ωτ)

ω
,

d2 =
ρη1ξ1

ξ1
2 +ω2

+
µη2ξ2

ξ2
2 +ω2

.

The FPK equation related to Eq. (17) takes the following
form:

∂P(A, t)
∂ t

=
1
2

∂ 2
[
σ2(A) ·P(A, t)

]
∂A2 − ∂ [m(A) ·P(A, t)]

∂A
. (18)

The stationary probability density function of the ampli-
tude A can be obtained as

P(A) = N−1 · 1
σ2(A)

exp
[∫ 2m(A)

σ2(A)
dA
]

= N−1 ·Aexp
[

ω2

Dh2

(
− 1

48
c3A6 +

1
16

c2A4

− 1
2
(u2 +d2− c1)A2

)]
, (19)

where N−1 is the normalized constant.

4. Discussion
4.1. Effectiveness of the method

In the goal to compare the analytical results obtained via
the stochastic averaging method, the numerical simulation is
made for the steady-state probability density functions of am-
plitude A, displacement X and velocity Ẋ . Fixed system pa-
rameters as: h = 1.00, c3 = 0.01, ε = 0.01, λ1 = 0.01, λ2 =

0.02, ρ = 0.05, µ = 0.05, η1 = 0.01, η2 = 0.01, ξ1 = 0.01,
ξ2 = 0.01, ω = 1.00. The solid lines represent analytical re-
sults obtained by the stochastic averaging method, and the
discrete points are Monte Carlo numerical simulation results.
Figures 2–5 show a good agreement between the analytical
and numerical results. Therefore, the proposed method can
maintain high precision.
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(c) velocity Ẋ .

4.2. Stochastic P-bifurcation

Studying stochastic P-bifurcation can help design a more
robust suspension system and reduce the risk of abnormal vi-
bration induced by noise. A stochastic P-bifurcation occurs
when the mode of the stationary probability density function
changes, which represents a jump in the distribution of the ran-
dom variable in a probabilistic sense.[56–58] This section fo-
cuses on judging the occurrence of stochastic P-bifurcation by
single and double peak changes in the stationary probability
density function. The critical conditions for the occurrence of
P-bifurcation can be obtained from the following equation:[59]

∂P(A)
∂A

= 0. (20)

Substituting Eq. (19) into Eq. (20), we can obtain

∂P(A)
∂A

= N−1 · exp
[

ω2

Dh2

(
− 1

48
c3A6 +

1
16

c2A4

− 1
2
(u2 +d2− c1)A2

)]
×
[

1+
ω2

Dh2

[
(c1−u2−d2)A2

+
1
4

c2A4− 1
8

c3A6
]]

, (21)

let ∂P(A)/∂A = 0, the following expression can be obtained:

1+
ω2

Dh2

[
(c1−u2−d2)A2 +

1
4

c2A4− 1
8

c3A6
]
= 0, (22)

where

u2 = λ2 cos(ωτ)− λ1 sin(ωτ)

ω
,

d2 =
ρη1ξ1

ξ1
2 +ω2

+
µη2ξ2

ξ2
2 +ω2

.

The boundary curves B1 and B2 obtained from Eq. (22)
divide the system parameter plane into two parts: regions S1

and S2. The points in region S1 correspond to the steady-
state probability density function of one peak, and the points
in region S2 correspond to the steady-state probability density
function of two peaks. Fixed system parameters as: h = 1.00,
ε = 0.01, λ1 = 0.01, λ2 = 0.02, ρ = 0.05, µ = 0.05, η1 = 0.01,
η2 = 0.01, ξ1 = 0.01, ξ2 = 0.01, ω = 1.00.

Firstly, figure 6(a) shows that regions S1 and S2 in the
(c1,D) plane are delineated by the boundaries B1 and B2, and
the structure of the steady-state probability density function is
unimodal and bimodal in the S1 and S2 regions, respectively.
Select these points (−0.30,0.2), (−0.15,0.2), (−0.05,0.2) in
the parameter plane and mark these points with a red five-
pointed star. The graphical representation of steady-state prob-
ability density functions for points in Fig. 6(b) shows their na-
ture. Obviously, the stationary probability density functions
of (−0.30,0.2), (−0.05,0.2) ∈ S1 are unimodal, while that of
(−0.15,0.2) ∈ S2 is bimodal. This shows that as c1 increases
from −0.30 to −0.05, the shape of the steady-state probabil-
ity density function changes from unimodal to bimodal and
back again. It implies that the variation of system parameter
c1 causes stochastic P-bifurcation.
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D

A

(a)

c1

Fig. 6. The parameter plane (c1,D) with c2 = 0.12, c3 = 0.01, τ = 0.5:
(a) Bifurcation diagram, (b) stationary probability density of amplitude
A for three values of c1.

Secondly, figures 7(a) and 6(a) depict the same parameter
plane, but figure 7(a) selects parameter points (−0.185,0.12),
(−0.185,0.3), (−0.185,0.59). The steady-state probability
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density function images corresponding to the parameter points
are drawn in Fig. 7(b). We can know that the stationary proba-
bility density function of (−0.185,0.12) and (−0.185,0.59) ∈
S1 is unimodal, while the stationary probability density func-
tion of (−0.185,0.3) ∈ S2 is bimodal. The analysis reveals
a D-dependent modal transition in the stationary probabil-
ity density function exhibiting sequential unimodal–bimodal–
unimodal characteristics with increasing D. This shows that
the change of system parameter D induces the occurrence of
stochastic P-bifurcation.
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Fig. 7. The parameter plane (c1,D) with c2 = 0.12, c3 = 0.01, τ = 0.5:
(a) bifurcation diagram, (b) stationary probability density of amplitude
A for three values of D.
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Fig. 8. The parameter plane (c2,D) with c1 = −0.15, c3 = 0.01, τ = 0.5:
(a) bifurcation diagram, (b) Stationary probability density of amplitude A for
three values of c2.
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Fig. 9. The parameter plane (c3,D) with c1 = −0.15, c2 = 0.12,
τ = 0.5: (a) bifurcation diagram, (b) stationary probability density of
amplitude A for three values of c3.
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Fig. 10. The parameter plane (τ,D) with c1 = −0.15, c2 = 0.12, c3 = 0.01:
(a) bifurcation diagram, (b) stationary probability density of amplitude A for
three values of τ .

Third, figures 8(a) and 9(a) are stochastic P-bifurcation
diagrams of the parameter planes (c2,D) and (c3,D), respec-
tively. Figure 8(b) depicts the probability density function im-
age have a unimodal-bimodal-unimodal transition with c2 in-
creasing from 0.05 to 0.2. As can be seen from Fig. 9(b), when
c3 increases from 0.004 to 0.016, the corresponding steady-
state probability density function changes from unimodal to
bimodal and back to unimodal. The above interpretation of
Figs. 8 and 9 depicts that stochastic P-bifurcation appears ac-
companying the variation of parameters c2 and c3.
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Finally, the stochastic P-bifurcation diagram induced by
time delay τ and noise intensity D is shown in Fig. 10(a). The
points (0.5,0.2) and (4.5,0.2) ∈ S2, (2.5,0.2) ∈ S1 are se-
lected from the parameter plane (τ,D), and the corresponding
probability density function images are shown in Fig. 10(b).
From the observation of the images, it can be seen that the
steady-state probability density function of the amplitude A
suffers a change from single peak shape to the shape of the
twin peaks and back to single peak shape when τ changes from
0.5 to 4.5. The analysis reveals that modifying the time delay
τ can cause stochastic P-bifurcation to occur.

4.3. Analysis of system performance

This section mainly discuss the effect of some important
parameters on the system energy recovery performance. Fixed
system parameters as: h = 1.00, c3 = 0.01, c2 = −0.05, c1 =

−0.05, ε = 0.01, λ1 = 0.01, λ2 = 0.02, ρ = 0.05, η1 = 0.01,
ξ1 = 0.01. Figures 11 and 12 reveal how the mean output
power changes as system parameters change.

Based on Eqs. (11a) and (11b), in stationary conditions,
the current and voltage take the following form:

I0 =
η1ω√
ξ 2

1 +ω2
A V0 =

η2ω√
ξ 2

2 +ω2
A. (23)

As derived in Eq. (23), the mean squared current and volt-
age take the form

E[I2] = E[I2
0 ] =

η2
1 ω2

ξ 2
1 +ω2

∫ +∞

0
A2P(A)dA,

E[V 2] = E[V 2
0 ] =

η2
2 ω2

ξ 2
2 +ω2

∫ +∞

0
A2P(A)dA. (24)

The average harvested power can be expressed as

E[P] = E[PI]+E[PV] = ρξ1E[I2]+µξ2E[V 2]. (25)

Figure 11 shows the influence of system parameters η2,
ξ2, and µ on the mean output power under different noise in-
tensity D. As can be seen from Fig. 11, the mean output power
increases with the increase of parameters D, η2, µ , while the
mean output power increases first and then decreases slightly
with the increase of parameter ξ2.

Figure 12 depicts the effect of system parameters η2, ξ2,
and µ on the mean output power for different values of time
delay τ . It can be observed from Fig. 12 that the mean out-
put power increases with the increase of parameters η2 and
µ , while as parameter ξ2 increases, the mean output power
increases first and then decreases slightly. In addition, time
delay τ from 0.5 to 1.0 and then to 1.5, the mean output power
first increases and then decreases.
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Fig. 11. The mean output power E(P) varies with system parameters under different noise intensity D: (a) η2 (ξ2 = 0.01, µ = 0.05, τ = 0.5,
ω = 1.00), (b) ξ2 (η2 = 0.01, µ = 0.05, τ = 0.5, ω = 1.00), (c) µ (η2 = 0.01, ξ2 = 0.05, τ = 0.5, ω = 1.00).
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5. Conclusions

In this paper, the probability distribution and P-
bifurcation of a nonlinear energy-regenerative suspension sys-
tem with time delay were investigated. In the beginning,
mathematical model with approximate equivalent was derived

through conversion of the time delay, electrical parameters

(current and voltage) into mechanical terms (displacement and

velocity). Then the steady-state probability density function

of the amplitude was obtained by using stochastic averag-

ing method. Thirdly, the analytical solutions of steady-state
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probability density functions of amplitude, displacement and
velocity agreed well with the numerical solutions simulated
by Monte Carlo method, which verified the validity of the
stochastic averaging method. In the end, how the system pa-
rameters affect the stochastic P-bifurcation and the average
output power was analyzed and some conclusions were ob-
tained.

By drawing the bifurcation diagram of the parameter
plane and the corresponding probability density function im-
ages, it indicates that the changes in damping coefficient, noise
intensity and time delay can lead to stochastic P-bifurcation.
And then proceeds to discuss how the time delay, noise in-
tensity, and electromechanical coupling coefficient affect the
average output power. It was revealed that the average out-
put power increases first and then decreases at any time in a
period, the mean output power exhibits a positive correlation
with both noise intensity and the electromechanical coupling
coefficient.

The findings of this study establish a theoretical foun-
dation for initial design considerations and parameter opti-
mization in energy-regenerative suspension incorporating both
piezoelectric and electromagnetic transduction.
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