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This paper proposes a mixed game with finitely many leaders and follower populations. In such a game, two types of
equilibria are defined. First, a Nash equilibrium is introduced for the scenario in which leaders and follower populations
are in perfect competition, each maximizing its own payoff. Second, a cooperative equilibrium is proposed for the case
where leaders and follower populations, respectively, form coalitions and cooperate. Moreover, the existence of both
Nash and cooperative equilibria is proved under the condition that the payoff functions are continuous and quasi-concave.
Finally, we demonstrate the generic stability of cooperative equilibria in mixed games. More concretely, in the sense of
Baire category, the cooperative equilibria in most mixed games are stable under perturbations of the payoff functions. In
short, this paper presents two main contributions. On the one hand, we provide a novel mixed-game framework, which
differs from both classical leader—follower games and leader—follower population games. On the other hand, the Nash and
cooperative equilibria in our mixed games are distinct from those in existing leader—follower population games. The results

are further illustrated with examples.
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1. Introduction

The leader—follower game was initially proposed by
Stackelberg!!! and has been extensively employed to model
practical problems across various disciplines. For example,
in the field of quantum game theory, Refs. [2,3] developed a
quantum leader—follower game model to explore how quantum
entanglement affects the decision-making process between
leaders and followers. In power system research, Ref. [4] used
a leader—follower game model to effectively address the tech-
nical problem of integrating new energy into hybrid alternat-
ing current/direct current (AC/DC) power grids. In complex
networks, Ref. [5] applied the leader—follower game model
to investigate network synchronization issues involving differ-
ent types of network nodes. It is evident that leader—follower
games have extensive applications in interdisciplinary areas of
physics.

In classical leader—follower games, both types of
decision-makers consist of a finite number of individuals.
However, our research has found that, in many practical
decision-making scenarios, a large number of followers form
distinct populations due to their differing goals. Therefore,
more attention should be paid to population-based decisions.
For example, in Internet pricing!®, network users are divided
into k follower populations with a large number of individuals
according to the k links in the network. The payoff of each
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user depends not only on their own network usage behavior
but also on the behaviors of other users in the network. In
transportation, leaders are carrier companies allocating public
transport routes, and follower populations represent transport
flows of different types (e.g., individual or freight transport)
choosing among city routes to minimize travel delays. Thus,
a novel game model with finite leaders and follower popula-
tions is urgently needed. To the best of our knowledge, such a
mixed game has not yet been proposed.

For classical leader—follower games, a Nash equilibrium
characterizes the behavior of non-cooperative leaders and fol-
lowers. Since the introduction of the leader—follower game
model, scholars have conducted in-depth research on both
the model and its equilibria. Bagsar and Olsder!”! defined
multi-leader—follower games (MLFG) and studied the exis-
tence of their equilibria. Pang and Fukushima!® analyzed
MLFG via variational inequalities. Yu and Wang[®! pre-
sented an existence theorem of Nash equilibria for MLFG
in infinite-dimensional spaces. Ding!'%! introduced a more
general MLFG and provided existence results in non-compact
FC spaces. Jia et al.!'!l proposed weakly Pareto—Nash equi-
libria for generalized MLFG and proved their existence and
stability. In addition, uncertain leader—follower games have
been widely investigated. Mallozzi et al.!'?) studied the Nash
equilibria of MLFG under aggregative uncertainty. Liu et
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al."31% proposed single-leader—follower and multi-leader—
follower games with fuzzy goals involving fuzzy parameters.
They introduced the o-FNS equilibria and proved their exis-
tence. Wang et al.!">! defined robust weak Nash equilibria for
multi-objective leader—follower games with uncertainty and
proved their existence.

Population games were proposed by Sandholm!'®!, de-
rived from the “mass action” interpretation of mixed strategies
by Nash!!7). These games study strategic interactions among
populations with a large number of anonymous agents. Com-
pared with classical non-cooperative games with finitely many
players that focus on individual payoffs, population games em-
phasize how many agents choose a pure strategy and the corre-
sponding payoffs. Since their introduction, population games

have been extensively studied!!8-20]

. From a population per-
spective, all leaders and followers can be viewed as a leader
population and a follower population. Zhao®! constructed
leader—follower population games (LFPG) and proved the ex-
istence of Nash equilibria for such games.

Cooperation is a universal phenomenon in human soci-
ety. Research on cooperative equilibria and cooperative mech-
anisms has become a cross-disciplinary hotspot spanning bi-
ology, physics, and mathematics. From a dynamical perspec-
tive, Xia et al.'>!! investigated the evolution of cooperation
under various reciprocity and reputation mechanisms using
system modeling at the interface of physics and evolutionary

game theory. Zhu et al.!*?!

studied the best-response dynam-
ics of agents engaged in repeated multi-player games, where
mutual cooperation represents the global optimum. Wang et
al.'>3) examined the effect of consistency on the evolution of
cooperation in network games using a sampling learning ap-
proach. In Ref. [24], Wang et al. showed that conformity can
promote cooperation in complex coordination games. From
the perspective of static games, in normal-form games, a co-
operative equilibrium means that agents cooperate through
coalition formation, initially referred to as the a-core by

[25 26]

Aumann.[?> Subsequently, Scarf!?®! proved the existence of

the o-core under the continuity and quasi-concavity of payoff

[27] extended Scarf’s result to social coali-

functions. Ichiishi
tional equilibria, while Kajii*®! examined games with non-
ordered preferences and established the existence of a gener-
alized a-core. By treating cooperative players as leaders and
non-cooperative players as followers in an n-person normal-
form game, Mallozzi et al.’*”! constructed leader—follower
games. They studied the existence of partial cooperative equi-
Subse-

quently, many scholars3%-33] further analyzed partial coop-

libria and applied them to public goods problems.

erative equilibria in non-cooperative games by constructing
leader—follower frameworks and applying them to practical
issues such as international pollution abatement and strate-

gic network formation. Regarding cooperation among lead-
ers and followers in MLFG, Yang and Jul** proposed the
concept of cooperative equilibria and proved their existence
and generic stability, showing that cooperative equilibria differ
from non-cooperative ones. Focusing on cooperation among
populations, Yang and Zhang!*! studied the cooperative equi-
libria of population games and proved their existence and es-
sential stability, again showing the distinction between coop-
erative and non-cooperative equilibria. Zhang!*®! introduced
cooperative equilibria for multi-leader—multi-follower popu-
lation games (MLFPG) and proved their existence. Chen et
al.®7! introduced weakly and strongly cooperative equilib-
ria for multi-objective population games and provided corre-
sponding existence and stability results. They also analyzed
the distinction between weakly cooperative and weakly non-
cooperative equilibria. The concept of the o-core for multi-
leader—follower games with set-valued payoffs was first in-
troduced by Chen et al. 381 who also examined its existence
and stability. Wu et al.®®! proposed cooperative equilibria for
LFPG with one leader and finitely many follower populations,
proving their existence and stability.

On the other hand, the stability of equilibria represents
another key research focus. Considering perturbations of pay-
off functions in finite games, Wu and Jiang!*?! introduced the
notions of essential equilibria and essential games. Building
on this result, many scholars have obtained numerous related
findings.[11:18:19:34-36.39.41.42]

Inspired by Refs. [20,34-36], this paper first constructs
a mixed leader—follower game with finitely many leaders and
follower population games (LFMG). Then, a Nash equilibrium
and a cooperative equilibrium are proposed for such LFMG,
respectively. They differ from the Nash equilibria in Ref. [20]
and the cooperative equilibria in Ref. [36], as illustrated by ex-
amples 1 and 2 in Section 3. The existence of these two types
of equilibria constitutes the core of our work, while example 3
highlights the differences between the Nash and cooperative
equilibria of LFMG. Finally, under perturbations of the payoff
functions, the generic stability of the cooperative equilibrium
is analyzed and established.

Additionally, our work differs from Ref. [36] in two main
aspects. First, our model differs in structure: in our frame-
work, the leaders play an n-player non-cooperative game,
whereas in Ref. [36], the leaders form a population game.
Second, we investigate the stability of cooperative equilibria,
which Ref. [36] did not consider. The remainder of this paper
is organized as follows. Section 2 introduces the preliminaries.
Section 3 presents the LFMG model and defines the Nash and
cooperative equilibria. Section 4 establishes the existence of
these two equilibria. Section 5 focuses on the generic stability
of the cooperative equilibrium. Section 6 concludes the paper.
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2. Preliminaries

Definition 1“3 Let X and ¥ be two topological spaces,
and let F : X — 2Y be a correspondence.

(i) F is upper semi-continuous at x € X if, for any neigh-
borhood U (F(x)) of F(x), there exists a neighborhood O(x)
of x such that for all X' € O(x)

F(X') CU(F(x)).

(i1) F is lower semi-continuous at x € X if, for any y €
F(x) and any neighborhood U (y) of y, there exists a neighbor-
hood O(x) of x such that for all ¥’ € O(x)

F(X)NU(y) #0.

(iii) F is continuous at x € X if it is both upper semi-
continuous and lower semi-continuous.

Definition 2!“*! Let X and Y be two topological spaces. A
correspondence F : X — 2¥ is closed (or said to have a closed
graph) if its graph

graph(F) ={(x,y) e X xY :y € F(x)},

is a closed subset of X x Y.

Definition 31! (i) If c1(Q) = M, then the subset Q of M
is said to be dense.

(ii) If Q C M contains the intersection of a dense open
set in M, then Q is said to be a residual set in M.

Next, we introduce several important theorems relevant
to this study.

Lemma 144 (Berge’s maximum theorem) Let X and Y
be two topological spaces. Suppose that F : X — 2" is contin-
uous with nonempty compact values, and let f: X XY — R be
continuous. Define m : X — R by

m(x) = sup f(x,y),
YEF (x)

and define a correspondence u : X — 2¥ by

px) ={y e F(x): fx,y) = m(x)}.

Then:

(i) The value function m is continuous;

(i1) The correspondence u has nonempty compact values;

(iii) The correspondence U is upper semi-continuous.

Lemma 2441 (closed graph theorem) Let X and Y be two
topological spaces. A correspondence F : X — 2Y is closed if
and only if it is upper semi-continuous and closed-valued.

Lemma 3! (Kakutani’s fixed point theorem) Let X
be a nonempty compact and convex subset of R”, and let
F : X — 2% be an upper semi-continuous correspondence with
nonempty closed convex values. Then there exists x* € X such
that

X € F(x").

Lemma 4*°! (Fort’s theorem) Suppose that X is a com-
plete metric space and Y is a topological space. If F : X — Y is
a compact-valued and upper semi-continuous correspondence
with F(x) # 0 for all x € X, then there exists a dense residual
subset Q of X such that F is lower semi-continuous at every
point in Q.

3. Nash equilibria and cooperative equilibria of
LFMG

Consider the model of a LFMG, denoted by

NP AXiYien AV Y pep A fitien {GP }per

where N = {1,2,...,N} denotes the set of leaders. For each
i € NV, the strategy set of leader i is X; C R, where ¢; is a posi-
tive integer. The joint strategy set of all leaders is X =[;cnr Xi,
and for any given i € N, the strategy set of all other lead-
ers is X = [Trean(y Xe- P = {1,2,...,P} denotes the set
of follower populations. For each p € P, population p con-
sists of a continuum of agents with total mass m” > 0. Each
agent in population p chooses a pure strategy from the finite
set S ={1,2,...,kP}. The population state set of p is given
by

P
YP = {y” = (.5, ) ERY

£ -m}

JjESs?P

where y;’ represents the mass of agents in population p choos-
ing strategy j. The overall follower-population state set is

Y= HY”: {y:(y',yz,...7yP)ERﬁ :yper},
pEP
where k =} ,cp k”. For each leader i € N, the payoff func-
tion is f;j : X xY — R. For each population p € P and
each strategy j € SP, the payoff function is Gﬁ.’ X XY =R
The vector-valued payoff function of population p is G” =
(GV,GY,...,GY,), and the joint payoff function of all follower
populations is
G=(G',G%....G").

3.1. Nash equilibria of LFMG

Assume that the leaders and follower populations are non-
cooperative and exhibit complete rationality, aiming to maxi-
mize their own payoffs (they maintain an optimistic attitude
when making decisions).

The leaders first choose their actions x € X, after which
the follower populations play a parametric population game.
Define a correspondence N'C : X — 2¥, where N'C(x) denotes
the Nash equilibrium set of the follower populations’ paramet-
ric games for any x € X. Specifically, a Nash equilibrium for
the follower populations, denoted by y* = (y*!,y*2,...,y*F) €
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NC(x) withy*? = (yi”,y37,...,y,}), satisfies that for all p € P
and for all j € S?,

v’ > 0= Ghxy) > G (xy"), Vi esh

For each i € NV, leader i seeks to maximize their payoff
by choosing a strategy given y € NC(x), i.e.,

max max i\Xi, X—j .
Xi€X; LENC(x)fl( " “y)

Thus, we define the Nash equilibrium of the LFMG as
follows.

Definition 4 A strategy x* € X is a Nash equilibrium of
the LFMG if, for each i € N, there exists y; € NC(x;,x*;)
such that

fi(xf,x",,yf) =max  max

*
fi(xivx—ivyi)a
wi€Xi yieNC(x;ix";)

for all (x;,y;) € X; x NC(x;,x*;).

The Nash equilibrium of the LFMG is distinct from both
the Nash equilibrium of MLFG!®! and LFPG.[?"]

(i) For the followers: The Nash equilibrium of the fol-
lower populations in the LFMG describes the aggregate pop-
ulation behavior. It focuses on the mass of followers in each
population choosing a given pure strategy and the correspond-
ing payoffs. In contrast, the Nash equilibrium of the MLFG®!
concerns the individual strategy choices of followers and fo-
cuses on the payoffs received by each leader. Consequently,
there are clear distinctions between the Nash equilibria of
these two types of games.

(ii) For the leaders: The Nash equilibrium of the LFMG
focuses on each leader’s individual optimal choice and the cor-
responding maximum payoff. In contrast, the LFPG?? em-
phasizes the optimal population state of the leader populations.
Therefore, the Nash equilibrium of the LFMG differs concep-
tually and structurally from that of the LFPG?%.

The following example demonstrates that the Nash equi-
librium in Definition 4 of the LFMG differs from that of the
LFPG20L,

Example 1 Consider the following LFMG where N =
{1,2}, Xi =X, = [0,1], P = {1,2}, $' =82 = {1,2}, and
ml =m? = 1,

Yi={l=00y) eRE i+ =1},
Y2={?= (1) eRiyi+yi=1}.
The leaders’ payoff functions are given by
Silex,y ) =2, fale,x,y'y?) = x7,

and the follower populations’ payoff functions are

Gi(x1,x2,5"») = Gh(x1,22,",y%) = —1,

G%(Xl,xz,yl»yz) = G%(xlvx%ylayz) = 23

for all (x1,x2,y',y?) € X x Y.

Clearly, the Nash equilibrium set of the follower popula-
tions is NC(x) = Y! x Y2. The Nash equilibrium set of the
LFMG is [0, 1] x {1}, with y* € Y x {(0,1)}.

The state (y!,y?) = ((1,0), (0,1)) € NC(x) means that all
followers in population 1 choose pure strategy 1 of S, and all
followers in population 2 choose pure strategy 2 of S2. The
Nash equilibrium of the LFMG (%, 1) implies that leader 1
chooses strategy % € X1 and leader 2 chooses strategy 1 € X5.
The former reflects aggregate population behavior, while the
latter represents individual strategic choice.

From the viewpoint of the LFPG,?"! leaders 1 and 2 in
N = {1,2} are regarded as two anonymous agents in a sin-
gle leader population with pure strategy set S = {aj,a,}, total
mass m” = 1, and population state

X = {X= (Xay,%a,) € R |y, +30p = 1}.
The corresponding pure-strategy payoff functions are
fal :27 ﬁlz :xazy%'

The follower-population model remains the same as in the
LFMG above.

The Nash equilibrium set of the follower populations is
still VC(x) = Y' x Y2, but the Nash equilibrium set of the
LFPG is {(1,0)} x Y! x ¥2.

Therefore, the LEFMG differs from the LFPG[2% in its
game structure, and there is a clear distinction between their
respective Nash equilibria.

3.2. Cooperative equilibria of LFMG

In reality, leaders or follower-populations cooperate
through coalitions based on their interests. Now we suppose
leaders cooperate with each other in a coalition, so for every
coalition BC N, X8 = H X; is the strategy set for the coali-
tion B. The strategy setlg(ff leaders outside the coalition B is
denoted by X 2 = [] X;.

i¢B

i¢
Similarly, follower-populations can cooperate via coali-
tions. The population coalition S C P corresponds to the fea-
sible state set Zg as follows:

2 = {zse MR X Y- Zm”}.
peS pES jeSP peS
Since there is a coalition among populations, the Carte-
sian product of population state space and coalition state space
satisfies Y C Zp C Rﬁ. Thus, the payoff function needs to be
expanded to RX, as stated in Ref. [27], to establish the exis-
tence of cooperative equilibria. For eachi € NV, f;: X x Rﬁ —
R is the payoff function of leader i. For any p € P, Gf :

100202-4
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X x Rﬁ — R is the payoff function of strategy j for follower-
population p. Vector-valued function G? = (G},G5,...,G%,)
represents the payoffs of follower-population p.

LFMG differs from MLFG** and MLFPG. 3!

(i) With respect to followers: LFMG mainly consid-
ers cooperation within follower-populations, in contrast to
MLFGP4, which has finite leaders and followers and focuses
on cooperation among followers.

(i) With respect to leaders: Unlike MLFPG[*%!, which
has finite leader-populations and follower-populations and fo-
cuses on cooperation among leader-populations, LEFMG is
aimed at studying the cooperation among individual leaders.

In LFMG, leaders first choose a strategy x € X, and
follower-populations subsequently react to the leaders’ strat-
egy. Essentially, follower-populations play a parametric pop-
ulation game.

The y € Rﬁ is a cooperative equilibrium of follower-
populations for parametric population games if y € Zp, and
for each S C P, there is no zg € 25 such that

(z5)7GP(x,y) >Y'G"(x,3), Vp €S,

where Y7 G” (x,y) = %1 7,65 (x,3).

Clearly, the C(j)operative equilibrium set of follower-
populations depends on the leaders’ strategy x. Thus, we de-
fine the correspondence C : X — RX , where C(x) is the coop-
erative equilibrium set of follower-populations responding to
leaders’ strategy x € X.

Definition 5 A strategy X € X is called a cooperative equi-
librium of LFMG if, for each coalition B C N/, there is no
uB € XB such that

[P X7P3) > fi(xy), VWWeC(x), VieB.

Next, the following example illustrates the cooperative
equilibria of LFMG and the distinctions between the coopera-
tive equilibria of LFMG and MLFPG. 3!

Example 2 Suppose that cooperative behaviors exist
among leaders and follower-populations in example 1. Let
X2 =X x X, Zin = {(v1.32) €RL |y} +3) +)3+33 =
2}. All payoff functions are expanded to X X Rﬁ. For any
(x1,%2,91,5%) € X x Ri,

filxx,y'y) =2,
Flxrx,y'y7) = xi,
Gi(x1,x2,5",y%) = Gy (x1,%2,5" ") = —1,
Gi(x1,x2,5' ) = G (xix,y'P) =2,
The cooperative equilibrium set of follower-populations

is C(x) ={(y1,n) € Ri | y{ :y% = O,y%+y% = 2}. The co-
operative equilibrium set of LEMG is X 2.

From the viewpoint of MLFPG!3%!, suppose leaders 1
and 2 of N/ = {1,2} are anonymous agents of two leader
populations, respectively. Pure strategy sets are denoted by
S1 =8, ={ay,a>}, with masses m"1 = m2 = 1, and the leader
populations’ state sets are

w1 ~l_ s~ 2 0~ 4~
X = {x = (xapxuz) €R+ |xa1 +xu2 = 1}7
V2_[2_ (2 2 212 |2
X = {)C = (xalvxaz) €R+ |xal +xa2 = 1}7
with payoff functions
71 _ 7 2 2.2 2 2.2
fal :fa2 :27 fal =X, Y1 fa2 = Xap X1+
If the two leader populations form a coalition, the coalition
state set is

v 12 ~12 ~1 =1 =2 =2
X' = {X" = (X, Xay 1 Xy 1 Xa,) €

RY | %), 4%, +55, +%, =2}
The model of follower-populations is the same as described
above.
The cooperative equilibrium set of follower-populations
is C(x) = {(v1,52) € R} [ yi +»3 = 2,y] =y = 0}, and the
cooperative equilibrium set of MLFPG is X 2.

This the LFMG and
MLFPG® models are distinct. Their coalition strategy sets

example demonstrates that

differ: the coalition strategy set in LFMG is the Cartesian
product X'? of the two leaders’ strategies, while in MLFPG it
is expanded to a four-dimensional set X2, Finally, the mean-
ings of cooperative equilibria differ: the cooperative equilib-
rium in LFMG characterizes the decisions of coalition individ-
uals, whereas that in MLFPG describes the state distribution
of coalition populations. Specifically, the cooperative equi-
librium (1,1) € X'? of LEMG indicates that leader 1 chooses
strategy 1 € X and leader 2 chooses strategy 1 € X», whereas
the cooperative equilibrium (1,1,0,0) € X'2 of MLEPGI30]
represents that mass 1 of leader population 1 chooses a; and
mass 1 of leader population 2 chooses a;. Clearly, LFMG
more fully captures the decision-making behavior of individ-
ual leaders compared to MLFPG. 3!

4. Existence of equilibria for LFMG

In this section, we present the existence theorems for
Nash and cooperative equilibria of LFMG, respectively.

4.1. Existence theorem of Nash equilibria

According to Kakutani’s fixed point theorem, the exis-
tence theorem of a Nash equilibrium for LFMG is given as
follows.

Theorem 1 Suppose that X; is a nonempty, compact, and
convex subset of R’ for any i € A/, and the following condi-
tions hold:

100202-5
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()VieN, fi: X xY — Ris continuous on X x Y;

(i) Vi € N, Vx_; € X_;, the mapping (x;,y;) —
fi(xi,x—i,y:) is quasi-concave;

(iii) Vi € N, the correspondence NC : X; x X_; — 2V is
continuous, and Vx € X, NC (x) is a nonempty, bounded, com-
pact subset of Y;

(iv) Vx_; € X_;, the correspondence x; — NC(x;,x_;) is
convex.

Then, for each i € N, there exists (x],x*,,y;) € X XY,

i

Fi(x_i,y-i) = {(Xi%) € X; x NC(xj,x_) | filxi,x—i,yi) =

for each i € N (Y_; = H‘ A\{i} Y denotes the state set of
the follower populations belonging to other leaders (exclud-
ing leader ). |[AV'\{i}| denotes the cardinality of set N\ {i}]).

Since X; is compact and NC is a continuous correspon-
dence with compact-valued images, N'C(x;,x_;) is bounded
and closed for each i € N. By the continuity of f;, F;(x_;,y—_;)
is nonempty and closed, hence bounded and closed.

Next, we show that F;(x_;,y_;) is convex.
(x5 30), (5 y7) € Fi(x—i,y—i), we have

For any

ﬁ(x;7-x*i7y;) = I’?_E}?_(ﬁ(ui,-xfl',vi%
(A

filxd sxi,y!) = flf%?txﬁ(ui,xq,w)-
By convexity of X; and property (iv) of Theorem 1, for any
A €(0,1)

Axi+(1-2)x] € X;,
Ayi+ (1= A)y! € NC(Ax;+ (1 —A)x] ,x_;).
By quasi-concavity (ii)
SiAxi+ (1= A)x} x-i, Ay + (1= A)y)
> min{fi(x;,x-i,37), fi(x x-i,3])} = filwi,xoivi),

s0 Fi(x_;,y—;) is convex.

Now, define T(x_;) = {(u;,vi) € X; XY | u; € X;,v; €
NC(ui,x_;)}. T is continuous:

Firstly, let {x";} C X_;, X", — x_;. For any (u},V!) €
T(x";) with (u},v!') — (u;,vi), by upper semi-continuity and
compactness of N'C, we have (u;,v;) € T (x_;), i.e., T is closed.
By compactness of X; x Y and Lemma 2, T is upper semi-
continuous.

Furthermore, by lower semi-continuity of N'C, for any
(ui,vi) € T (x—;) there exists (u,v}) € T (x";) with (u?,v]) —
(u;,v;). Therefore, T is lower semi-continuous, and thus con-
tinuous with compact-valued images.

By Lemma 1, F; is upper semi-continuous with

nonempty, convex, compact-valued images. Define

F Xy XY X x Xy XY — 2K xXy=d

with y* € NC(x},x*;), such that

fi(X?,Xti,y;’k) = max

*
(i Xt i),
x,-eX,-,y,-eNC(x,-7xii)ﬁ( ! ! yl)
That is, there exists a Nash equilibrium (x},x*;) € X of
LFMG.
Proof First, we define a correspondence F; : X_; X Y_; —
XY forany x_; € X_jandy_; €Y,

max
u,-EX,-,v,-ENC(ui,x,,-)

fi(uiaxiavi)}a

\
]:(xly)’h---va»)’N) :—Fl(-x—lay—l) Xoees XfN(X—N7)’—N)~

Since X; X Y X --- x Xy X Y is nonempty, convex, and
compact, by Kakutani’s fixed point theorem, there exists
(x7,¥%,.--,Xxy, yN) such that

(‘xT’yT""VxX]?y;]) 6 f(xT7yT7""x]>k\,’y7V)'

Hence, for each i € NV, (x},y}) € Fi(x*;,y*;), and

ﬁ(x;kiniay;k) = max fi(xivxtivyi)a

X,‘GX,‘,y[ENC()C[ ,Xti)
so (x},x* ;) is a Nash equilibrium of LFMG.

4.2. Existence theorem of cooperative equilibria

We investigate the existence of cooperative equilibria for
LFMG as follows.
Theorem 2 Suppose that LFMG

NP AX Y ien AY P per s A fitien s {G Y per }

satisfies the following conditions:

(i) Vi € N, X; is a nonempty, compact, and convex subset
of RY:

(i) Vi € N, f; is continuous on X x RX ;

(iii) Vp € P, G? is continuous on X x R ;

(iv)Vie N,VyeY, fi(-,y) is quasi-concave on X.

Then the LFMG has at least one cooperative equilibrium.

Proof We divide the proof into two steps. First, we con-
struct the cooperative equilibrium correspondence of follower-
populations’ parametric games and show that it is nonempty,
compact, and upper semi-continuous. Second, we prove the
existence of a cooperative equilibrium for LFMG.

Step 1: Leta € R, such thata > Y. m?. Define

PEP
Y2 ={y" eRY |y} <avj}.

For any x € X and p € P, we construct a correspondence
FP(x,-) : YP — YP for follower-population p by

FP(x,y) ={z€ ¥ |GP(x,y) > y'GP(x,)}.
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Now we show that the generalized game
(P, (YL ,FP)pep,(Zs)scp) satisfies assumptions (A — 1) —
(A —4) in Proposition 2 of Ref. [28]:
(1) For any p € P, Y} is nonempty, compact, and convex.
(2) By definition, F? is irreflexive and convex. To show
that F? is open, suppose {(y,,z,)} is a sequence in ¥, x Y/

with (yu,2,) — (y,z) and z, & FP(x,y,). If z € FP(x,y), then

&GP (x,y) > y'GP(x,y), YpeP.

By continuity of G”, for n large enough, we would have
70 € FP(x,y,), a contradiction. Hence F? is open in Y x Y/

(3) Zs is independent of x for any S C P and y € ¥/, so
(A —3) holds.

(4) By Theorem 2.2 of Ref. [35], assumption (A —4) is
satisfied.

According to Proposition 2 of Ref. [20], for any x € X,
there exists y € Y, such that y € Zp and for any S C P, there is
no zs € Zs satisfying

(z5)PGP(x,y) > y’GP(x,y), VpE€ES.

Therefore, y € C(x), i.e., C(x) is nonempty.

Next, we prove that C is closed. Since Rﬁ is compact,
it suffices to show that graph(C) is closed in X x Rk. Let
{(xn,yn)} C X x RX with (x,0) — (x,y). Since y, € C(xy),
by continuity of G?, we have y € C(x). Hence C is upper semi-
continuous with nonempty compact-valued images.

Step 2: For each i € NV, define the preference correspon-
dence

Li(x) ={ueX| fi(u,y) > fi(x,y),Vy € C(x)}.

By Step 3 of the proof of Theorem 3.1 in Ref. [34], there exists
X € X such that for each B C N, there is no u® € X8 with

{uP} xX B C LX), VieB.

Therefore, X is a cooperative equilibrium of LEFMG.

Two special cases of Theorem 2: if N' = 0, the theorem
reduces to the existence of cooperative equilibria for popula-
tion games;m] if \V is a singleton, it reduces to the existence
result for single-leader-multi-follower-population games. 3!

Example 3 Consider two adjacent cities, city 1 and city
2, as leaders formulating environmental policies, such as car-
bon taxes or subsidies, to incentivize green industry invest-
ment. Local enterprise populations act as followers, deciding
the proportion of investment in two emission reduction tech-
nologies, A and B, based on cities’ policies.

Let X; = X, = [0, 1], where x; € X; represents city i’s sub-
sidy level. Follower enterprise strategy sets are S! = §% =

1

{A, B}, with populations m' = m? = 1. Their state sets are

Y ={"= (k) €R |yh+yp =1},

Y2 ={y* = (vi.vs) ER | va+yg =1},

where y? is the mass of enterprises in population p choosing
strategy j.
The payoffs are

A,y =x+yh, A x,y?) =x+2)3,
Gy=Gp=-1, Gi=Gp=2.

Since payoffs for technologies A and B are identical for
enterprises, any combination constitutes a Nash equilibrium.
Hence N'C(x) = Y' x ¥Y2. The Nash equilibrium for cities is
{(1,1)} with all enterprises choosing A.

Suppose cooperation exists between both cities and enter-
prise populations. Let X'> = X| x X, and the coalition state set
be

Zin={(" ") €RY [yh+yp+i +v5 =2}
Then there exists a cooperative equilibrium. For example,
C(x) ={(y",»*) € R [ vy =yp = 0,3 +yj = 2}. The total
payoff of cooperative equilibrium (0,0,1,1) is 4, higher than
the Nash equilibrium (1,0) x (1,0) with payoff 1.

Thus, cooperative equilibria can increase the total payoff
of enterprise populations and improve cities’ welfare. For in-
stance, the city’s total payoff in the cooperative equilibrium
(1,1) is 6, higher than 5 in the Nash equilibrium, illustrating
the benefits of cooperation.

5. Generic stability of cooperative equilibria

From the results of example 3, the cooperative equilib-
rium set may not be a singleton. To refine the cooperative set
of LFMG, we introduce the following concepts. Let a € R+
with a > Y mP, and define

pEP

Y2 ={ eRY [y <aVj}, Yo=T[Y¥/
PEP
Let M denote the set of LFMG, and for any Y = (f,G) €
M, assume Y satisfies all conditions of Theorem 2. De-
note the cooperative correspondence by H : M — X, where
H(Y) is the cooperative equilibrium set of Y. By Theorem 2,
H(Y) #£0.

Define the metric
pr,Y)=Y  sup
IEN (x,y)EX XYy

+ Z sup Z |G§(X,y)*G;p(X,y)‘~

peP (x,y)EX XYy jesP

[fi(x.y) = fi (x.y)]

It follows that the metric space (M, p) is complete.
Lemma 5 Given (Y,x) € M x X, for any € > 0, there
exists & > 0 such that

C'(x') CU(e,Cx)) == {y € Ya | d(y,C(x)) < £}
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for any (Y',x') € M x X with p(Y,Y’) +d(x,x') < &, where
C'(x') is the cooperative equilibrium set of the follower-
population for LFMG Y’ at leaders’ strategy x'.

Proof Assume, to the contrary, that there exists & > 0
and a sequence {(Y",x")} C M x X with (Y",x") — (T,x),
but C"(x") ¢ U(€,C(x)). Then there exists a sequence {z"}
with " € C"(x") and " ¢ U (&y,C(x)). By compactness of ¥,
assume 7" — z € ¥,. Then z ¢ U(g,C(x)).

Suppose z ¢ C(x). Then there exists a coalition S C P and
ys € Zs such that

(vs)?G" (x,z) > "GP (x,z), Vp€S.

Define
¢(x,2) = min{[(ys)" —2]- G’ (x,2)} > 0.
pe

By continuity, 36 > 0 such that ¢(x,z) > o. Since Y" — Y
and (x",7") — (x,z), Ing such that for all n > ny,

" (", 7") > % >0,

which implies 2" ¢ C"(x"), a contradiction. Hence z € C(x),
contradicting z ¢ U (&y,C(x)).

Lemma 6 The correspondence H : M — X is upper semi-
continuous and compact-valued.

Proof From the compactness of X and Lemma 2, it suf-
fices to show that the graph of H is closed. Let {(Y",x")}
satisfy x" € H(Y") and (Y",x") — (Y,x). Suppose x ¢ H(Y).
Then there exists a coalition B C A and #® € X® such that

L@ x7Py) > filx,y), VyeC(x),VieB.

By continuity and compactness arguments (see Lemma 1),
there exists € > 0 and neighborhoods such that

V(") > g >0, W'el'(x"),

contradicting x" € H(Y"). Hence x € H(Y'), showing the graph
is closed.

Definition 6 A cooperative equilibrium x € H(Y) is an
essential equilibrium if for any open neighborhood O(x) of
x, 36 > 0 such that O(x) NH(Y") # 0 for all Y/ € M with
p(Y,Y’) < 6. LFMG Y is essential relative to M if every co-
operative equilibrium of Y is essential.

Equivalently, x is essential iff the cooperative equilibrium
correspondence # is lower semi-continuous at x.

Theorem 3 There exists a dense residual subset A C M
such that every LFMG Y € A is essential relative to A.

Proof Since (M,p) is complete and H is upper semi-
continuous and compact-valued (Lemma 6), Lemma 4 implies
that there exists a dense residual subset A C M such that H is
lower semi-continuous at every Y € A. Hence, each T € A is
essential.

Because A is dense in M and of the second category in
the sense of Baire, the property of being essential is generic on

M.

6. Conclusion

This paper constructs a LFMG with finitely many lead-
ers and follower-populations, based on the distinctive char-
acteristics of non-cooperative games and population games.
Compared with existing models such as MLFG,°! LFPG, ]
and MLFPG!?%], the proposed LFMG better captures practical
modeling requirements.

For LEMG, we define both Nash equilibria and cooper-
ative equilibria, corresponding to complete competition and
coalitional cooperation, respectively. Example 1 illustrates the
difference between the Nash equilibrium of LFMG and that
of LFPG.[?"1 Example 2 highlights the distinctions between
the cooperative equilibrium of LFMG and that of MLFPG, 1]
considering model structure, coalition strategy sets, and equi-
librium implications. Example 3 further shows that the Nash
equilibrium set differs from the cooperative equilibrium set in
LFMG.

Finally, we prove that, in the sense of Baire category, co-
operative equilibria of the majority of LFMGs are generically
stable under small perturbations of the payoff functions.

Future research will focus on the computation of cooper-
ative and Nash equilibria for LFMG. We also plan to investi-
gate multi-objective extensions of this framework and explore
its applications in practical decision-making problems.
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