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We devote ourselves to finding exact solutions (including perturbed soliton solutions) to a class of semi-linear
Schrödinger equations incorporating Kudryashov’s self-phase modulation subject to stochastic perturbations described by
multiplicative white noise based on Stratonvich’s calculus. By borrowing ideas of the sub-equation method and utilizing
a series of changes of variables, we transform the problem of identifying exact solutions into the task of analyzing the
dynamical behaviors of an auxiliary planar Hamiltonian dynamical system. We determine the equilibrium points of the
introduced auxiliary Hamiltonian system and analyze their Lyapunov stability. Additionally, we conduct a brief bifurcation
analysis and a preliminary chaos analysis of the auxiliary Hamiltonian system, assessing their impact on the Lyapunov
stability. Based on the insights gained from investigating the dynamics of the introduced auxiliary Hamiltonian system,
we discover ‘all’ of the exact solutions to the stochastic semi-linear Schrödinger equations under consideration. We obtain
explicit formulas for exact solutions by examining the phase portrait of the introduced auxiliary Hamiltonian system. The
obtained exact solutions include singular and periodic solutions, as well as perturbed bright and dark solitons. For each
type of obtained exact solution, we pick one representative to plot its graph, so as to visually display our theoretical results.
Compared with other methods for finding exact solutions to deterministic or stochastic partial differential equations, the
dynamical system approach has the merit of yielding all possible exact solutions. The stochastic semi-linear Schrödinger
equation under consideration can be used to portray the propagation of pulses in an optical fiber, so our study therefore lays
the foundation for discovering new solitons optimized for optical communication and contributes to the improvement of
optical technologies.

Keywords: stochastic semi-linear Schrödinger equations, self-phase modulation, soliton solutions, Straton-
vich’s calculus

PACS: 42.65.Tg, 42.65.Sf

DOI: 10.1088/1674-1056/ade664 CSTR: 32038.14.CPB.ade664

1. Introduction

Deterministic or stochastic nonlinear Schrödinger equa-
tions (NLSEs) describe a wide range of physical phenom-
ena, including the well-known Bose–Einstein condensates and
plasma physics.[1–4,6–10] For example, a model based on (de-
terministic) NLSEs was recently proposed by Kudryashov[2]

to portray the soliton propagation in optical fibers. Ex-
act solutions, including (perturbed) soliton solutions of de-
terministic or stochastic nonlinear partial differential equa-
tions (NLPDEs) not only offer insights into their solvability
but also enhance our understanding of these equations’ dy-
namical behaviors.[1,11–16] It was discovered in the literature
that in (deterministic or stochastic) nonlinear dispersive wave
PDEs (the Korteweg–de Vries equations, for instance), the del-
icate interplay between dispersion and nonlinearity enables
the potential formation of traveling wave solutions, known
as soliton solutions, which can retain their shape and energy

over long distances. Thanks to this property, these types of
PDEs, as with NLSEs, have extremely wide applicability in
the real world.[17–20] As a consequence, various determinis-
tic and stochastic NLPDEs have been extensively and inten-
sively studied for their exact solutions, including (perturbed)
soliton solutions, in recent years.[21–40,43–51] For example,
Refs. [1,4–6,15,20,27,28,30–33,35–42] focused on NLSEs,
while Refs. [19,24] investigated Fokas–Lenells equations.
References [20,29] explored Schrödinger–Hirota equations,
and Ref. [43] addressed the modified Korteweg–de Vries equa-
tion. References [17,21,45,46] examined Ginzburg–Landau
equations, while Ref. [47] focused on the Biswas–Milovic
equation. Reference [48] studied the Camassa–Holm equa-
tion, and Ref. [49] analyzed the Davey–Stewartson equation.
Reference [50] investigated Gardner’s equation, and Ref. [51]
explored the Zakharov–Kuznetsov equation.

A model (based on deterministic NLSEs) proposed in
Ref. [2] was shown to display self-phase modulation (SPM).
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Inspired by results given in Ref. [2], Zayed et al.[25] stud-
ied stochastic NLSEs with Kudryashov’s form of SPM hav-
ing multiplicative white noise in terms of Itô’s calculus. In
Ref. [2], an algorithm based on the transformations for de-
pendent and independent variables was utilized to find soli-
ton solutions, and exact-soliton solutions in the form of kinks
and optical solitons were given as the implicit functions. In
Ref. [25], several soliton solutions were found via using a new
mapping approach. Inspired by the interesting results reported
in Refs. [2,25], we are concerned, in this paper, with a class
of stochastic NLSEs with Kudryashov’s form of SPM hav-
ing multiplicative white noise based on Stratonvich’s calculus.
That is, we are focused on search for exact solutions (includ-
ing perturbed soliton solutions) to the stochastic semi-linear
Schrödinger equations (SSLSEs)

iψt +βψxx +(b0|ψ|4α + c0|ψ|3α +b1|ψ|2α + c1|ψ|α

+b2)ψ + ic2ψx + c3ψxt +σ(ψ− ic3ψx)◦
dW (t)

dt
= 0, (1)

in which the complex number i =
√
−1 is the imaginary unit,

the parameters α , β , σ , b j and ck are assumed to be real
throughout this paper, j = 0,1,2, k = 0,1,2,3, the complex
valued function ψ = ψ(x, t) is the wave profile, (x, t) ∈ R2,
βψxx is the chromatic dispersion (CD) term, b0|ψ|4α , c0|ψ|3α ,
b1|ψ|2α and c1|ψ|α are SPM terms, {W (t)}t∈[0,+∞) is a given
one-dimensional standard Brownian motion, the integration of
the stochastic processes in this paper is understood in Stra-
tonvich’s sense. From now on, for any given function ϕ , we
write formally ϕx (resp. ϕt ) for the partial derivative of ϕ

with respect to the space (resp. time) variable. Please refer to
Refs. [2,25] for a more in-depth explanation of optical solitons
having Kudryashov’s self-phase modulation from the point of
view of physics. The constant α , required to satisfy the con-
dition 1 < α < 2, reflects the strength of the power-law non-
linearity of the SPM. The constant σ , required to obey the re-
striction σ 6= 0, is the intensity of the stochastic perturbations
described by the Brownian motion {W (t)}t∈[0,+∞).

As with Itô’s calculus, Stratonovich’s calculus is per-
vasive in theoretical research and applications.[52] It is well
known that, in certain cases, Stratonovich’s calculus is more
applicable than Itô’s calculus.[52,53] On the other hand, these
two types of stochastic calculus formally obey the following
rule:

� X(t)◦ dW (t) =� X(t)dW (t)+
�2

2
X(t)dt,

where X(t) is a suitable stochastic process, W (t) is, as above,
a given one-dimensional standard Brownian motion, � is a
given complex number, X(t)dW (t) represents Itô’s calculus,
and X(t)◦ dW (t) represents Stratonovich’s calculus. As far as
the authors know, no research results have been reported in the

literature on finding exact solutions to stochastic Schrödinger
equations with Kudryashov’s SPM structure having multi-
plicative white noise based on Stratonvich’s calculus.

The main ingredient for studying exact solutions to the
SSLSE in this paper is the dynamical system method. Our ap-
proach to this study can be described as follows. To obtain
the desired exact solutions, we first apply a series of transfor-
mations of the dependent and independent variables to convert
the concerned SSLSE into a second-order semi-linear ordinary
differential equation (ODE), as in Refs. [2,25]. We then incor-
porate ideas from the sub-equation method to transform the re-
sulting semi-linear ODE into an auxiliary planar Hamiltonian
dynamical system. Next, we compute the equilibrium points
of this Hamiltonian dynamical system and analyze their local
Lyapunov stability, bifurcations, and chaotic behavior. Finally,
we derive several exact solutions to the SSLSE under consid-
eration by examining the dynamical properties of the auxil-
iary Hamiltonian system. Interested readers can refer to the
extensive literature, such as Refs. [11,12,48], for more exam-
ples of applying the dynamical system method to find exact
solutions to NLPDEs. In the literature, various other meth-
ods were devised to unveil exact solutions to (deterministic
or stochastic) NLPDEs.[6,21,25,36,37,54–61] For example, Srivas-
tava et al.[61] applied the modified Kudryashov method to the
study of traveling wave solutions of nonlinear directional cou-
plers, and Murad et al.[37] combined the Kudryashov method
and Bernoulli’s equation approach to study soliton solutions
to higher-order NLSEs. Readers can also consult Ref. [55]
for the tanh method, Ref. [56] for the modified extended tanh-
function, Refs. [57,58] for the G′

G -expansion method, Ref. [60]
for the (G′

G , 1
G )-expansion method, Ref. [59] for the complete

discrimination systems for polynomials method, Refs. [6,54]
for the algebraic method, and Ref. [67] for the physics-
informed neural network method. Compared to other meth-
ods for finding exact solutions to NLPDEs, the dynamical sys-
tem method has the advantage of yielding all possible exact
solutions.[11,12,48]

During the process of investigating the dynamical behav-
iors of the aforementioned Hamiltonian system, we identify all
the equilibrium points which can help us find all possible exact
solutions to the concerned SSLSE, as alluded previously. A bi-
furcation is a phenomenon in a nonlinear (ordinary or partial)
differential equation where a slight variation in a parameter
leads to a significant qualitative shift in the long-term behav-
ior of the solution.[62–64] Chaos in a dynamical system refers
to the phenomenon where small changes in the starting state
lead to drastically different large-term behavior, making the
system unpredictable despite being deterministic.[62,64,65] All
the above dynamical system analyses help us gain a deeper
understanding of the complexity of the exact solutions to the
SSLSE (1) under consideration.
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Apart from the introduction section, i.e., Section 1, which
provides background information and objectives, the remain-
der of this paper is divided into five main sections, each cov-
ering a specific aspect of this study. In Section 2, we clearly
formulate our problem, for SSLSE (1). In Section 3, we ana-
lyze in detail the dynamics of a planar Hamiltonian dynamical
system associated with SSLSE (1). In Section 4, we provide
several exact solutions to SSLSE (1) based on the results ob-
tained in Section 3. In Section 5, we visualize some typical
examples of the obtained soliton solutions to SSLSE (1) in
Section 4. In Section 6, we offer several concluding remarks.

2. Statement of the concerned problem
In this section, we formulate the problem tackled in this

paper through a sequence of variable changes. We are seeking
exact solutions to SSLSE (1) in the form

ψ(x, t) =Ψ(x− vt)e i(λx−(ω+σ2)t+σW (t)), (2)

in which Ψ =Ψ(ξ ), ξ ∈ R, denotes the amplitude of the pro-
file function, the parameters λ , ω and v (v 6= 0) indicate the
frequency, the wave number and the wave speed of the trav-
eling solution Ψ(x, t), respectively. Plugging Eq. (2) into the
primal SSLSE (1), we obtain an auxiliary ODE involving Ψ as
its unknown. Taking the imaginary part of the newly obtained
auxiliary ODE, we obtain(

v− c2−2βλ + c3(λv+ω +σ
2)
)
Ψ
′ = 0, (3)

and taking the real part of the newly obtained auxiliary ODE,
we arrive at

(β − c3v)Ψ ′′− c3

2
σ

2
Ψ
′+b0Ψ

4α+1

+c0Ψ
3α+1 +b1Ψ

2α+1 + c1Ψ
α+1

+
(
b2 +(1+λc3)(ω +σ

2)− c2λ −βλ
2)

Ψ = 0. (4)

To continue with our investigation, we impose the restrictions
c3 = 0 (resulting in the vanishing of the damping or anti-
damping term − c3

2 σ2Ψ ′ ) and

v− c2−2βλ + c3(λv+ω +σ
2) = 0, (5)

or, equivalently, assume

v = c2 +2βλ ,

c3 = 0,

}
(6)

to simplify Eqs. (3) and (4) into the following equation:

βΨ
′′+b0Ψ

4α+1 + c0Ψ
3α+1 +b1Ψ

2α+1 + c1Ψ
α+1

+(b2 +ω +σ
2− c2λ −βλ

2)Ψ = 0. (7)

As in Ref. [25], we put

Ψ(ξ ) =
(

p(ξ )
) 1

2α , or equivalently, p(ξ ) =
(
Ψ(ξ )

)2α
, (8)

where p(ξ ), required to be positive-valued, is yet to be deter-
mined. Plugging Eq. (8) into Eq. (7), we obtain

2αβ pp′′−β (2α−1)p′2 +4b0α
2 p4

+4c0α
2 p

7
2 +4b1α

2 p3 +4c1α
2 p

5
2

+4α
2(b2 +ω +σ

2− c2λ −βλ
2)p2 = 0. (9)

Inspired again by Ref. [25], we also assume that

c0 = c1 = 0. (10)

Thus, we can simplify Eq. (9) to

2αβ pp′′−β (2α−1)p′2 +4b0α
2 p4 +4b1α

2 p3

+4α
2(b2 +ω +σ

2− c2λ −βλ
2)p2 = 0. (11)

Enlightened by the principle of homogeneity, we are tempted
to assume now that a solution p(ξ ) to Eq. (11) automatically
satisfies the following ‘sub-equation’:

p′′ = h0 p3 +h1 p2 +h2 p+h3, (12)

of which the first integral is

1
2

p′2 =
h0

4
p4 +

h1

3
p3 +

h2

2
p2 +h3 p+h4. (13)

Substituting Eqs. (12) and (13) into Eq. (11), and then rear-
ranging the terms, we obtain

3(8b0α
2 +2h0αβ +h0β )p4

+4(6b1α
2 +h1αβ +h1β )p3

+6
(
βh2 +4α

2(b2 +ω +σ
2−βλ

2− c2λ )
)

p2

−12βh3(α−1)p−12h4β (2α−1) = 0. (14)

Setting all the coefficients of Eq. (14) to zero, and then carry-
ing out some routine calculations, we arrive at

h0 =−
8b0α2

β (2α +1)
, (15)

h1 =−
6b1α2

β (α +1)
, (16)

h2 =
4α2(βλ 2 + c2λ −b2−ω−σ2)

β
, (17)

h3 = h4 = 0. (18)

3. Dynamical properties of Eq. (12)
In this section, we are focused on the analysis of the dy-

namical properties of ODE (12) fulfilling Eq. (13). To achieve
this goal, it is extremely helpful to view the second-order
ODE (12) as the Hamiltonian dynamical system{

p′ = q,

q′ = h0 p3 +h1 p2 +h2 p,
(19)
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where the associated Hamiltonian H(p,q) is given by

H(p,q) =
h0

4
p4 +

h1

3
p3 +

h2

2
p2− 1

2
q2, (20)

in which the constants h0, h1, h2, h3 and h4 are given as in
Eqs. (15), (16), (17) and (18). For instance, we can gain some
insight into nonlinear ODE (12) by contemplating the phase
portraits, some of which are shown in Figs. 6–9 of planar
Hamiltonian dynamical system (19).

3.1. Stability of the equilibrium points of Hamiltonian sys-
tem (19)

In this subsection, we shall briefly analyze the equi-
librium points of Hamiltonian system (19) and their Lya-
punov stability via using some well-known dynamical system
theory.[66] For this purpose, let us recall here that for a given
point (p,q), the Jacobian matrix associated with dynamical
system (19) is given as follows:

J(p,q) =

(
0 1

3h0 p2 +2h1 p+h2 0

)
. (21)

Let us define

∆ = h2
1−4h0h2, (h0,h1,h2) ∈ R3. (22)

It is obvious that if ∆ > 0 and h2 6= 0, then Hamiltonian sys-
tem (19) has three equilibrium points:

É(ṕ,0), E(0,0), È(q̀,0), (23)

with the constants ṕ and p̀ given by

ṕ =
−h1−

√
∆

2h0
=
−h1−

√
h2

1−4h0h2

2h0
, (24)

p̀ =
−h1 +

√
∆

2h0
=
−h1 +

√
h2

1−4h0h2

2h0
. (25)

For Hamiltonian system (19), the Jacobian determinants
detJÉ , detJE and detJÈ play important roles in analyzing
the dynamics near the equilibrium points É, E and È, where
detJÉ , detJE and detJÈ are given by

detJÉ = ṕ
√

∆ = ṕ
√

h2
1−4h0h2, (26)

detJE =−h2, (27)

detJÈ =−p̀
√

∆ =−p̀
√

h2
1−4h0h2. (28)

Theorem 1 If h0 6= 0, ∆ > 0 and h2 6= 0 with ∆ given by
Eq. (22), then Hamiltonian dynamical system (19) has three
equilibrium points, that is, É(ṕ,0), E(0,0), È(q̀,0). In addi-
tion, we have:

(i) When h0 > 0, h1 > 0 and h2 > 0, É and E are topolog-
ical saddles, È is a center.

(ii) When h0 > 0, h1 ∈ R and h2 < 0, É and È are topo-
logical saddles, E is a center.

(iii) When h0 > 0, h1 < 0 and h2 > 0, É is a center, E and
È are topological saddles.

(iv) When h0 < 0, h1 > 0 and h2 < 0, É and E are centers,
È is a topological saddle.

(v) When h0 < 0, h1 ∈R and h2 > 0, É and È are centers,
E is a topological saddle.

(vi) When h0 < 0, h1 < 0 and h2 < 0, É is a topological
saddle, E and È are centers.

If h0 6= 0, ∆ = 0 and h2 6= 0 with ∆ given by Eq. (22), then
the Hamiltonian dynamical system (19) has two equilibrium
points, that is, E(0,0), Ẽ(− h1

2h0
,0). In addition, we have:

(vii) When h0 > 0, then E is a topological saddle, Ẽ is a
cusp.

(viii) When h0 < 0, then E is a center, Ẽ is a cusp.
If h0 6= 0, h1 6= 0 and h2 = 0, then the Hamiltonian dynam-

ical system (19) has two equilibrium points, that is, E(0,0),
Ĕ(− h1

h0
,0). In addition, we have:

(ix) When h0 > 0, then Ĕ is a topological saddle, E is a
cusp.

(x) When h0 < 0, then Ĕ is a center, E is a cusp.
If h0 6= 0, h1 = 0 and h2 = 0, or if ∆ < 0 with ∆ given

by Eq. (22), then the Hamiltonian dynamical system (19) has
a unique equilibrium point, that is, E(0,0). In addition, we
have:

(xi) When h0 > 0, then E is a topological saddle.
(xii) When h0 < 0, then E is a center.
Sketchy proof Let us consider the case (i) where h0 > 0,

h1 > 0 and h2 > 0. In this situation, the Hamiltonian dy-
namical system (19) has three equilibrium points, namely,
É(ṕ,0), E(0,0), È(q̀,0). With the aid of Eqs. (26)–(28), we
obtain detJÉ < 0, detJE < 0 and detJÈ > 0. By the Hartman–
Grobman theorem and the stable manifold theorem, this, to-
gether with trJÉ = trJE = 0, implies that the equilibrium
points É and E of the dynamical system (19) are saddles. Be-
sides, it is well-known that a non-degenerate equilibrium point
of the Hamiltonian dynamical system (19) is either a saddle or
a center. We can prove by a contradiction argument that È is a
center. To this end, we assume, on the contrary, that È is not
a center, or equivalently, È is a saddle. By again applying the
Hartman–Grobman theorem and the stable manifold theorem,
we can prove that detJÈ < 0. This obviously contradicts that
detJÈ > 0. As a consequence, we conclude that È is indeed a
center. Cases (ii)–(vi) can be proved in an analogous manner.
In summary, cases (i)–(xii) are proved.

We assume in this paragraph that h0 6= 0, ∆ = 0 and
h2 6= 0. The equilibrium point E(0,0) of Hamiltonian dy-
namical system (19) is non-degenerate and its classification
result follows by an argument utilized previously. The equi-
librium point Ẽ(− h1

2h0
,0) is degenerate. By scrutinizing the

phase portrait of dynamical system (19) near the equilibrium
point Ẽ(− h1

2h0
,0), we conclude that Ẽ is a cusp. We can sim-
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ilarly prove the result for the case h0 6= 0, h1 6= 0 and h2 = 0.
Thus, cases (vii)–(x) are proved.

If ∆ < 0, then the equilibrium point E(0,0) of Hamilto-
nian dynamical system (19) is non-degenerate and its classifi-
cation result follows by an argument utilized previously. Thus,
cases (xi)–(xii) are proved.

3.2. Bifurcation analysis of the Hamiltonian system (19)

In this subsection, we shall conduct a brief bifurcation
analysis of Hamiltonian system (19) by fixing h0 and h1 as
nonzero constants, while choosing h2 as the bifurcation pa-
rameter.

For h0 > 0 and h1 > 0, the equilibrium point É(ṕ,0) of
the Hamiltonian system (19) remains unstable, the equilibrium
points E(0,0) and È(p̀,0) of the Hamiltonian system (19)
(please see Eqs. (24) and (25) for the definitions of ṕ and p̀,
respectively), in contrast, a stability exchange occurs as the
parameter h2 varies across the critical point h2 = 0 in its vicin-
ity; the equilibrium point E(0,0) persists, whereas the equi-
librium points É(ṕ,0) and È(p̀,0) vanish as the parameter h2

increases across the critical point h2 =
h2

1
4h0

in its vicinity; con-
sult Fig. 1(a).

For h0 > 0 and h1 < 0, the equilibrium point È(p̀,0) re-
mains unstable. The equilibrium points É(ṕ,0) and E(0,0), in
contrast, alter their stability as the parameter h2 varies across
the critical point h2 = 0 in its vicinity. The equilibrium point
E(0,0) persists, whereas the equilibrium points É(ṕ,0) and
È(p̀,0) disappear as the parameter h2 increases across the crit-

ical point h2 =
h2

1
4h0

in its vicinity; consult Fig. 1(b).
For h0 < 0 and h1 > 0, apart from the equilibrium point

E(0,0), the equilibrium points É(ṕ,0) and È(p̀,0) appear as

the parameter h2 increases across the critical point h2 =
h2

1
4h0

in
its vicinity. The equilibrium point É(ṕ,0) remains stable, the
equilibrium points E(0,0) and È(p̀,0), in contrast, undergo a
stability exchange as the parameter h2 varies across the critical
point h2 = 0 in its vicinity; consult Fig. 1(c).

For h0 < 0 and h1 < 0, aside from the equilibrium point
E(0,0), the equilibrium points É(ṕ,0) and È(p̀,0) emerge as

the parameter h2 increases across the critical point h2 =
h2

1
4h0

in
its vicinity. The equilibrium point È(p̀,0) remains stable, but
the equilibrium points É(ṕ,0) and E(0,0), in contrast, switch
their stability as the parameter h2 varies across the critical
point h2 = 0 in its vicinity; consult Fig. 1(d).
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O
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p

O

h2

p
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↼ ↪ ↽
p/p

p/ p/p
∋


h

hh1
2

h0
-

↼ ↪ ↽
h

hh1
2

h0
-

↼ ↪ ↽
h

hh1
2

h0
-↼ ↪ ↽

h

hh1
2

h0
-

p/p p/
p/p

∋



p/p

p/

p/p

∋



p/p

p/ p/p
∋



(a) (b)

(d)(c)

Fig. 1. Bifurcation phenomena of the Hamiltonian system (19) derived from Eqs. (1), (2) and (8) with h2 as the bifurcation parameter. (a) h0 > 0,
h1 > 0; (b) h0 > 0, h1 < 0; (c) h0 < 0, h1 > 0; (d) h0 < 0, h1 < 0.

3.3. Chaos analysis of the Hamiltonian system (19)

In this subsection, we are going to perform a brief chaos
analysis of Hamiltonian system (19). To this end, let us intro-
duce the following perturbed Hamiltonian system:{

p′(t) = q(t),

q′(t) = h0 p(t)3 +h1 p(t)2 +h2 p(t)+h5 cos(h6t),
(29)

in which h5 cos(h6t) represents the perturbation term, where

the constant h5 denotes the intensity of the perturbation, and

the constant h6 represents its time frequency. By conducting

a series of numerical investigations, we find that the Hamilto-

nian system (19) can exhibit chaotic dynamical behavior; see

Figs. 2–5.
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(a) (b)

Fig. 2. Visual illustration of chaos in the Hamiltonian system (19). (a)
and (b) The orbit (in the phase space) and the state trajectory (in the
augmented phase space) of the solution (p(t),q(t)), through the point
(− 1001

1000 ,0), of perturbed Hamiltonian system (29) with h0 = 1, h1 = 3,
h2 = 2, h5 =

23
787 and h6 =

786
787 .
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(b)

Fig. 3. Visual illustration of chaos in the Hamiltonian system (19). (a)
and (b) The orbit and the state trajectory of the solution (p(t),q(t)),
through the point (− 39

1000 ,
39

1000 ), of perturbed Hamiltonian system (29)
with h0 = 1, h1 =

1575
787 , h2 =− 788

787 , h5 =
23
787 and h6 =

786
787 .
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q

(b)(a)

Fig. 4. Visual illustration of chaos in the Hamiltonian system (19). (a)
and (b) The orbit and the state trajectory of the solution (p(t),q(t)),
through the point ( 1

1000 ,0), of perturbed Hamiltonian system (29) with
h0 =−1, h1 =−3, h2 =−2, h5 =

23
787 and h6 =

786
787 .

-.
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q
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Fig. 5. Visual illustration of chaos in the Hamiltonian system (19). (a)
and (b) The orbit and the state trajectory of the solution (p(t),q(t)),
through the point ( 1

1000 ,0), of perturbed Hamiltonian system (29) with
h0 =−1, h1 = 0, h2 = 0, h5 =

23
787 and h6 =

786
787 .

4. Exact solutions of SSLSE (1)
In this section, our principal aim is to find exact solutions

to SSLSE (1) based on the analysis on the dynamical behav-
iors of the planar Hamiltonian dynamical system (19). For the

sake of convenience of our later presentation, we introduce as
in Eq. (22)

∆̃ = 2h2
1−9h0h2, (h0,h1,h2) ∈ R3, (30)

analogously, we introduce respectively ˜́p and ˜̀p by

˜́p =
−2h1−

√
2∆̃

3h0
=
−2h1−

√
4h2

1−18h0h2

3h0
, (31)

˜̀p =
−2h1 +

√
2∆̃

3h0
=
−2h1 +

√
4h2

1−18h0h2

3h0
. (32)

p

q

O

(a)

p

q

O

(b)

p

q

O

(c)

p

q

O

(d)

p

q

O

(e)

p

q

O

(f)

Fig. 6. Phase portrait of the Hamiltonian system (19) derived from
Eqs. (1), (2) and (8) with (a) h0 > 0 and h1 = h2 = h3 = 0, (b) h0 > 0,
h1 > 0 and ∆ < 0, (c) h0 > 0, h1 < 0 and ∆ < 0, (d) h0 > 0, h1 > 0 and
∆ = 0, (e) h0 > 0, h1 < 0 and ∆ = 0, (f) h0 > 0, h1 < 0 and h2 = 0.
Consult Eq. (22) for the definition of ∆ .

Case 1. ℎ0 > 0 and ℎ1 = ℎ2 = ℎ3 = ℎ4 = 0.
In this case, the dynamical system (19) has a unique

equilibrium point, namely, O(0,0), and Eq. (13) simplifies

to ± p′

p2 =
√

h0
2 . By scrutinizing Fig. 6(a), we find that the

dynamical system (19) has only one exact solution satisfy-
ing p(ξ ) > 0 and Eq. (13). Now let us begin to calculate
the function p(ξ ) corresponding to the solid curve in the first
quadrant of the pOq plane. For this purpose, we assume that
lim

ξ→ξ
−
0

p(ξ ) = +∞. As a result, we have

∫ +∞

p

du
u2 =

√
h0

2

∫
ξ0

ξ

dη , ξ ∈ (−∞,ξ0). (33)
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After some routine calculations, we have

p(ξ ) =− 1√
h0
2 (ξ −ξ0)

, ξ ∈ (−∞,ξ0). (34)

Let us calculate the function p(ξ ) corresponding to the solid
curve in the fourth quadrant of the pOq plane and, as previ-
ously, we assume that lim

ξ→ξ
+
0

p(ξ ) = +∞. Similar to Eq. (33),

we have

−
∫ p

+∞

du
u2 =

√
h0

2

∫
ξ

ξ0

dη , ξ ∈ (ξ0,+∞), (35)

or we have equivalently

p(ξ ) =
1√

h0
2 (ξ −ξ0)

, ξ ∈ (ξ0,+∞). (36)

Combining Eqs. (34) and (36), we arrive at

p(ξ ) =
1√

h0
2 |ξ −ξ0|

, ξ ∈ R\{ξ0}. (37)

This, as well as Eq. (8), implies

Ψ1(ξ ) =

(
h0

2

)− 1
4α

|ξ −ξ0|−
1

2α , ξ ∈ R\{ξ0}. (38)

By recalling Eq. (2), we obtain an exact singular solution
ψ1(x, t) of SSLSE (1):

ψ1(x, t) =
(

2
h0

) 1
4α

|x− vt−ξ0|−
1

2α e i(λx−(ω+σ2)t+σW (t)). (39)

Case 2. ℎ0 > 0 and 𝛥< 0 with 𝛥 given by Eq. (22).
In this case, the dynamical system (19) has a unique equi-

librium point, namely, O(0,0), and it is straightforward to

show that ∆̃ =
9∆−h2

1
4 < 0 with ∆̃ given as in Eq. (30). Based

on this finding and by scrutinizing Figs. 6(b) and 6(c), we find
that the dynamical system (19) has only one exact solution

satisfying p(ξ ) > 0 and Eq. (13). To find the exact solution
corresponding to the solid curve in the first quadrant of the
pOq plane, assume that lim

ξ→ξ
−
0

p(ξ ) = +∞. In analogy with

Eq. (33), it follows straightforwardly that∫ +∞

p

du√
h0
2 u4 + 2h1

3 u3 +h2u2
=
∫

ξ0

ξ

dη ,

which, together with some routine calculations, implies

1√
h2

arcsinh
(

h1√
− ∆̃

2

)
− 1√

h2
arcsinh

(
3h2 +h1 p

p
√
− ∆̃

2

)
= ξ −ξ0,

or, equivalently,

p(ξ )=
3h2√

− ∆̃

2 sinh(arcsinh
(

h1√
− ∆̃

2

)
+
√

h2(ξ0−ξ ))−h1

,

ξ ∈ (−∞,ξ0). To find the exact solution corresponding to the
solid curve in the fourth quadrant of the pOq plane, assume
that lim

ξ→ξ
+
0

p(ξ ) = +∞, similar to Eq. (35), we have

−
∫ p

+∞

du√
h0
2 u4 + 2h1

3 u3 +h2u2
=
∫

ξ

ξ0

dη ,

which, alongside with some routine calculations, implies

p(ξ ) =
3h2√

− ∆̃

2 sinh(arcsinh
(

h1√
− ∆̃

2

)
+
√

h2(ξ −ξ0))−h1

,

ξ ∈ (ξ0,+∞). Therefore, we have

p(ξ ) =
3h2√

− ∆̃

2 sinh(arcsinh
(

h1√
− ∆̃

2

)
+
√

h2|ξ −ξ0|)−h1

,

which, as well as Eq. (8), implies

Ψ2(ξ ) =

(
3h2√

− ∆̃

2 sinh
(

arcsinh
(

h1√
− ∆̃

2

)
+
√

h2|ξ −ξ0|
)
−h1

) 1
2α

, ξ ∈ R\{ξ0}.

By recalling Eq. (2), we obtain an exact singular solution ψ2(x, t) to SSLSE (1):

ψ2(x, t) =

(
3h2√

− ∆̃

2 sinh
(

arcsinh
(

h1√
− ∆̃

2

)
+
√

h2|x− vt−ξ0|
)
−h1

) 1
2α

e i(λx−(ω+σ2)t+σW (t)). (40)

Case 3. ℎ0 > 0, 𝛥= 0, ℎ2 6= 0 with 𝛥 given by Eq. (22).
In this case, the dynamical system (19) has two equilibrium points, namely, O(0,0) and (− h1

2h0
,0), and it is straightforward

to show that ∆̃ =
9∆−h2

1
4 < 0 with ∆̃ given as in Eq. (30). Based on this finding and by scrutinizing Figs. 6(d) and 6(e), we find

that the dynamical system (19) has only one exact solution satisfying p(ξ )> 0 and Eq. (13). By utilizing Eq. (40), we obtain an
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exact singular solution ψ3(x, t) of SSLSE (1) given by

ψ3(x, t) =
(

6h2√
2h0h2 sinh(sgn(h1) ln(

√
2+
√

3)+
√

h2|x− vt−ξ0|)−2h1

) 1
2α

e i(λx−(ω+σ2)t+σW (t)), (41)

in which the identity ∆̃ = 2∆ −h0h2 =−h0h2 was utilized.
Case 4. ℎ0 > 0, ℎ1 < 0 and ℎ2 = 0.
In this case, the dynamical system (19) has two equi-

librium points, namely, O(0,0) and (− h1
h0
,0). By examining

Fig. 6(f), we find that the dynamical system (19) has a unique
exact solution satisfying p(ξ ) > 0 and Eq. (13). The exact
solution corresponds to the solid curve, passing through the
point (− 4h1

3h0
,0), in the right half of the pOq plane. Based on

the above analysis, we have∫ p

− 4h1
3h0

du√
h0
2 u4 + 2h1

3 u3
=
∫

ξ

ξ0+
3k
√

2h0
h1

dη ,

ξ ∈
[

ξ0 +
3k
√

2h0

h1
,ξ0 +

3k
√

2h0

h1
− 3
√

2h0

2h1

)
, (42)

−
∫ − 4h1

3h0

p

du√
h0
2 u4 + 2h1

3 u3
=
∫

ξ0+
3k
√

2h0
h1

ξ

dη ,

ξ ∈
(

ξ0 +
3k
√

2h0

h1
+

3
√

2h0

2h1
,ξ0 +

3k
√

2h0

h1

]
. (43)

We have by some more routine computations

− 3
h1

√
3h0 p+4h1

6p
=

∣∣∣∣ξ −ξ0−
3k
√

2h0

h1

∣∣∣∣, (44)

Or, equivalently, we have

p(ξ ) =
12h1

2h2
1(ξ −ξ0− 6k

√
2h0

h1
)2−9h0

,

ξ ∈
(

ξ0 +
3k
√

2h0

h1
+

3
√

2h0

2h1
,ξ0 +

3k
√

2h0

h1
− 3
√

2h0

2h1

)
. (45)

Along with Eq. (8), this implies

Ψ4(ξ ) =

(
12h1

2h2
1(ξ −ξ0− 6k

√
2h0

h1
)2−9h0

) 1
2α

,

ξ ∈
(

ξ0 +
3k
√

2h0

h1
+

3
√

2h0

2h1
,ξ0 +

3k
√

2h0

h1
− 3
√

2h0

2h1

)
. (46)

By recalling Eq. (2), we obtain an exact singular and perturbed
periodic solution ψ4(x, t) of SSLSE (1):

ψ4(x, t) =

(
12h1

2h2
1

(
x− vt−ξ0− 6k

√
2h0

h1

)2
−9h0

) 1
2α

×e i(λx−(ω+σ2)t+σW (t)). (47)

Case 5. ℎ0 > 0, ℎ1 > 0 and ℎ2 = 0.

As with Case 4, the dynamical system (19) has two equi-
librium points, namely, O(0,0) and (− h1

h0
,0). By examining

Fig. 7(a), we find that the dynamical system (19) has a unique
exact solution satisfying p(ξ ) > 0 and Eq. (13) in the right
half of the pOq plane. We assume first that lim

ξ→ξ
−
0

p(ξ ) = +∞.

With this, we have∫ +∞

p

du√
h0
2 u4 + 2h1

3 u3
=
∫

ξ0

ξ

dη , ξ ∈ (−∞,ξ0).

By some simple calculations, we have immediately

3
h1

√
h0

2
− 3

h1

√
3h0 p+4h1

6p
= ξ −ξ0, ξ ∈ (−∞,ξ0),

or, equivalently, we have

p(ξ ) =
2h1

3
(( h1

3 (ξ0−ξ )+
√

h0
2

)2− h0
2

) , ξ ∈ (−∞,ξ0). (48)

We assume now that lim
ξ→ξ

+
0

p(ξ ) = +∞ and have similarly

−
∫ p

+∞

du√
h0
2 u4 + 2h1

3 u3
=
∫

ξ

ξ0

dη , ξ ∈ (ξ0,+∞),

or, equivalently,

p(ξ ) =
2h1

3
(( h1

3 (ξ −ξ0)+
√

h0
2

)2− h0
2

) , ξ ∈ (ξ0,+∞). (49)

Combining Eqs. (48) and (49), we arrive at

p(ξ ) =
2h1

3
(( h1

3 |ξ −ξ0|+
√

h0
2

)2− h0
2

) , ξ ∈ R\{ξ0}.

This, along with Eq. (8), implies

Ψ5(ξ ) =

(
2h1

3
(( h1

3 |ξ −ξ0|+
√

h0
2

)2− h0
2

)) 1
2α

, ξ ∈ R\{ξ0}.

Using Eq. (2), we get an exact singular solution ψ5(x, t) to
SSLSE (1):

ψ5(x, t) =

(
2h1

3
(( h1

3 |x− vt−ξ0|+
√

h0
2

)2− h0
2

)) 1
2α

×e i(λx−(ω+σ2)t+σW (t)). (50)
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Fig. 7. Phase portrait of the Hamiltonian system (19) derived from
Eqs. (1), (2) and (8) with (a) h0 > 0, h1 > 0 and h2 = 0, (b) h0 < 0,
h1 > 0 and h2 = 0, (c) h0 > 0, h1 < 0 and ∆̃ > 0, (d) h0 > 0, h1 < 0
and ∆̃ = 0, (e) h0 > 0, h1 < 0, ∆ > 0 and ∆̃ < 0, (f) h0 > 0, h1 > 0
and ∆̃ > 0. Consult Eqs. (22) and (30) for the definitions of ∆ and ∆̃ ,
respectively.

Case 6. ℎ0 < 0, ℎ1 > 0 and ℎ2 = 0.
In this case, the dynamical system (19) has two equi-

librium points, namely, O(0,0) and (− h1
h0
,0). By examining

Fig. 7(b), we infer that dynamical system (19) possesses a
unique exact solution that satisfies p(ξ )> 0 and also meets the
conditions of Eq. (13). The exact solution corresponds to the
solid curve, passing through the point (− 4h1

3h0
,0), in the right

half of the the pOq plane. We have by some computations
similar to those in Case 4

p(ξ ) =
12h1

2h2
1(ξ −ξ0)2−9h0

, ξ ∈ R, (51)

Ψ6(ξ ) =

(
12h1

2h2
1(ξ −ξ0)2−9h0

) 1
2α

, ξ ∈ R, (52)

which, together with Eq. (2), yields an exact singular solution
ψ6(x, t) to SSLSE (1):

ψ6(x, t) =

(
12h1

2h2
1(x− vt−ξ0)2−9h0

) 1
2α

× e i(λx−(ω+σ2)t+σW (t)). (53)

Case 7. ℎ0 > 0, ℎ1 < 0, ℎ2 > 0 and 𝛥̃ > 0 with 𝛥̃

given by Eq. (30).
In this case, ∆ =

4∆̃+h2
1

9 > 0 and therefore the dynamical
system (19) has three equilibrium points, that is, E(0,0), (ṕ,0)
and (p̀,0) with 0 < ṕ < ˜́p < p̀ < ˜̀p. By examining Fig. 7(c),
we find that dynamical system (19) has two exact solutions
that satisfies p(ξ ) > 0 and also meets the condition (13); the
exact solutions correspond to the solid curve, passing through
the points ( ˜́p,0) and ( ˜̀p,0), respectively, in the right half of the
pOq plane. Let us compute the exact solution corresponding
to the solid curve passing through the point ( ˜́p,0). Assume
that p(ξ0) = ˜́p. We have∫ ˜́p

p

du√
h0
2 u4 + 2h1

3 u3 +h2u2
=
∫

ξ0

ξ

dη , ξ ∈ (−∞,ξ0],

−
∫ p

˜́p

du√
h0
2 u4 + 2h1

3 u3 +h2u2
=
∫

ξ

ξ0

dη , ξ ∈ [ξ0,+∞),

which, altogether, imply

1√
h2

arccosh

(
3h2 +h1 p

p
√

∆̃

2

)
= |ξ −ξ0|, ξ ∈ R,

or, equivalently,

p(ξ ) =
3h2√

∆̃

2 cosh(
√

h2(ξ −ξ0))−h1

, ξ ∈ R.

This, along with Eq. (8), implies

Ψ7(ξ ) =

(
3h2√

∆̃

2 cosh(
√

h2(ξ −ξ0))−h1

) 1
2α

, ξ ∈ R.

By recalling Eq. (2), we obtain an exact solution ψ7(x, t) (cor-
responding to a perturbed bright soliton) of SSLSE (1):

ψ7(x, t) =

(
3h2√

∆̃

2 cosh(
√

h2(x− vt−ξ0))−h1

) 1
2α

× e i(λx−(ω+σ2)t+σW (t)). (54)

Let us compute the exact solution corresponding to the solid
curve passing through the point ( ˜̀p,0). Assume that p(ξ0) = ˜̀p.
We have

−
∫ ˜̀p

p

du√
h0
2 u4 + 2h1

3 u3 +h2u2
=
∫

ξ0

ξ

dη , ξ ∈ (−∞,ξ0].

By some routine but tedious calculations, we have immedi-
ately

1√
h2

arccosh

(
− 3h2 +h1 p

p
√

∆̃

2

)
= ξ0−ξ , ξ ∈ (−∞,ξ0],
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or, equivalently, we have

p(ξ ) =− 3h2√
∆̃

2 cosh(
√

h2(ξ −ξ0))+h1

, ξ ∈ (−∞,ξ0]. (55)

In addition, we have∫ p

˜̀p

du√
h0
2 u4 + 2h1

3 u3 +h2u2
=
∫

ξ

ξ0

dη , ξ ∈ [ξ0,+∞),

or, equivalently, we have

p(ξ ) =− 3h2√
∆̃

2 cosh(
√

h2(ξ −ξ0))+h1

, ξ ∈ [ξ0,+∞),

which, alongside Eq. (55), implies

p(ξ ) =− 3h2√
∆̃

2 cosh(
√

h2(ξ −ξ0))+h1

, ξ ∈ R.

This, along with Eq. (8), implies

Ψ8(ξ ) =

(
− 3h2√

∆̃

2 cosh(
√

h2(ξ −ξ0))+h1

) 1
2α

, ξ ∈ R.

By recalling Eq. (2), we obtain an exact solution ψ8(x, t) (cor-
responding to a perturbed dark soliton) to SSLSE (1):

ψ8(x, t) =

(
− 3h2√

∆̃

2 cosh(
√

h2(x− vt−ξ0))+h1

) 1
2α

× e i(λx−(ω+σ2)t+σW (t)). (56)

Case 8. ℎ0 > 0, ℎ1 < 0, ℎ2 > 0 and 𝛥̃ = 0 with 𝛥̃

given by Eq. (30).
In this case, ∆ =

4∆̃+h2
1

9 > 0 and therefore the dynami-
cal system (19) has three equilibrium points, that is, E(0,0),
(ṕ,0) and (p̀,0) with 0 < ṕ < p̀ = ˜́p = ˜̀p = − 2h1

3h0
. By ex-

amining Fig. 7(d), we find that dynamical system (19) has
three exact solutions that satisfies the conditions p(ξ ) > 0
and Eq. (13). The exact solutions correspond to the solid

curves, two of which pass through the points
(
− h1

3h0
,

h2
1

9
√

2h3
0

)
and

(
− h1

3h0
,− h2

1

9
√

2h3
0

)
, respectively, in the right half of the pOq

plane. Let us compute the exact solution corresponding to the

solid curve passing through the point (− h1
3h0

,
h2

1

9
√

2h3
0

). Assume

that p(ξ0) =− h1
3h0

. The equation

∫ p

− h1
3h0

du√
h0
2 u4 + 2h1

3 u3 +h2u2
=
∫

ξ

ξ0

dη , ξ ∈ R (57)

can be reduced to√
2
h0

∫ p

− h1
3h0

du

u
(
− 2h1

3h0
−u
) = ξ −ξ0, ξ ∈ R, (58)

which, as well as some routine calculations, implies

3
√

2h0

h1
arctanh

(
3h0 p+h1

h1

)
= ξ −ξ0, ξ ∈ R, (59)

or, equivalently,

p(ξ ) =
h1 tanh

( h1
3
√

2h0
(ξ −ξ0)

)
−h1

3h0
, ξ ∈ R. (60)

This, along with Eq. (8), implies

Ψ9(ξ ) =

(
h1 tanh

( h1
3
√

2h0
(ξ −ξ0)

)
−h1

3h0

) 1
2α

, ξ ∈ R. (61)

By recalling Eq. (2), we obtain an exact solution ψ9(x, t) (cor-
responding to a perturbed dark soliton) to SSLSE (1):

ψ9(x, t) =

(h1 tanh
( h1

3
√

2h0
(x− vt−ξ0)

)
−h1

3h0

) 1
2α

× e i(λx−(ω+σ2)t+σW (t)). (62)

Let us compute the exact solution corresponding to the

solid curve passing through the point
(
− h1

3h0
,− h2

1

9
√

2h3
0

)
. To

this end, we assume that p(ξ0) =− h1
3h0

. We have

−
∫ p

− h1
3h0

du√
h0
2 u4 + 2h1

3 u3 +h2u2
=
∫

ξ

ξ0

dη , ξ ∈ R,

or, equivalently, we have

p(ξ ) =−
h1 tanh

( h1
3
√

2h0
(ξ −ξ0)

)
+h1

3h0
, ξ ∈ R. (63)

Combining Eqs. (8) and (63), we arrive at

Ψ14(ξ ) =

(
−

h1 tanh
( h1

3
√

2h0
(ξ −ξ0)

)
+h1

3h0

) 1
2α

, ξ ∈ R.

By recalling Eq. (2), we obtain an exact solution ψ10(x, t) (cor-
responding to a perturbed dark soliton) to SSLSE (1):

ψ10(x, t) =

(
−

h1 tanh
( h1

3
√

2h0
(x− vt−ξ0)

)
+h1

3h0

) 1
2α

× e i(λx−(ω+σ2)t+σW (t)). (64)

Let us compute the exact solution corresponding to the
solid curve in the half plane p > − 2h1

3h0
. We assume now that

lim
ξ→ξ

−
0

p(ξ ) = +∞. The following expression

∫ +∞

p

du√
h0
2 u4 + 2h1

3 u3 +h2u2
=
∫

ξ0

ξ

dη , ξ ∈ (−∞,ξ0),

simplifies to

−
√

2
h0

∫ +∞

p

du

u( 2h1
3h0

+u)
=
∫

ξ0

ξ

dη , ξ ∈ (−∞,ξ0),
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which, together with some routine calculations, implies

−3
√

2h0

h1
arctanh

(
h1

3h0 p+h1

)
= ξ0−ξ , ξ ∈ (−∞,ξ0),

or, equivalently,

p(ξ ) =−
h1 coth

( h1
3
√

2h0
(ξ0−ξ )

)
+h1

3h0
, ξ ∈ (−∞,ξ0). (65)

We assume that lim
ξ→ξ

+
0

p(ξ ) = +∞. The following expression

∫ p

+∞

−du√
h0
2 u4 + 2h1

3 u3 +h2u2
=

√
2
h0

∫ p

+∞

du

u
( 2h1

3h0
+u
)

=
∫

ξ

ξ0

dη , ξ ∈ (ξ0,+∞),

can be converted into

p(ξ ) =−
h1 coth

( h1
3
√

2h0
(ξ −ξ0)

)
+h1

3h0
, ξ ∈ (ξ0,+∞),

which, together with Eq. (65), implies

p(ξ ) =−
h1 coth

( h1
3
√

2h0
|ξ −ξ0|

)
+h1

3h0
, ξ ∈ R\{ξ0}.

This, along with Eq. (8), implies

Ψ11(ξ ) =

(
−

h1 coth
( h1

3
√

2h0
|ξ −ξ0|

)
+h1

3h0

) 1
2α

, ξ ∈ R\{ξ0}.

By recalling Eq. (2), we obtain an exact singular solution
ψ11(x, t) to SSLSE (1):

ψ11(x, t) =

(
−

h1 coth
( h1

3
√

2h0
|x− vt−ξ0|)+h1

3h0

) 1
2α

× e i(λx−(ω+σ2)t+σW (t)). (66)

Case 9. ℎ0 > 0, ℎ1 < 0, ℎ2 > 0 and 𝛥𝛥̃ < 0 with 𝛥

and 𝛥̃ given by Eqs. (22) and (30), respectively.
In this case, ∆̃ < 0 < ∆ and therefore dynamical system

(19) has three equilibrium points, that is, E(0,0), (ṕ,0) and
(p̀,0) with 0 < ṕ < p̀. By scrutinizing Fig. 7(e), we conclude
that dynamical system (19) has only one exact solution that
satisfies p(ξ ) > 0 and also meets the condition (13) in the

right half of the pOq plane. By mimicking the calculations in
Case 2, we can obtain an exact solution ψ2(x, t) to SSLSE (1)
given by Eq. (40).

Case 10. ℎ0 > 0, ℎ1 > 0, ℎ2 > 0 and 𝛥̃ > 0 with 𝛥̃

given by Eq. (30).
In this case, ∆ =

4∆̃+h2
1

9 > 0 and therefore dynamical sys-
tem (19) has three equilibrium points: E(0,0), (ṕ,0), and
(p̀,0), where ṕ < p̀ < 0. By examining closely Fig. 7(f), we
conclude that dynamical system (19) has a unique exact solu-
tion that satisfies p(ξ )> 0 and the restriction (13) in the right
half of the pOq plane. We assume that lim

ξ→ξ
−
0

p(ξ ) = +∞. We

immediately have∫ +∞

p

du√
h0
2 u4 + 2h1

3 u3 +h2u2
=
∫

ξ0

ξ

dη , ξ ∈ (−∞,ξ0),

which, together with some routine computations, implies

1√
h2

arccosh

(
3h2 +h1 p

p
√

∆̃

2

)
− 1√

h2
arccosh

(
h1√

∆̃

2

)
= ξ0−ξ ,

or, equivalently,

p(ξ ) =
3h2√

∆̃

2 cosh
(√

h2(ξ0−ξ )+ arccosh
( h1√

∆̃
2

))
−h1

, (67)

ξ ∈ (−∞,ξ0). We now assume that lim
ξ→ξ

+
0

p(ξ ) =+∞ and have

−
∫ p

+∞

du√
h0
2 u4 + 2h1

3 u3 +h2u2
=
∫

ξ

ξ0

dη ,

which can be transformed into

p(ξ ) =
3h2√

∆̃

2 cosh
(√

h2(ξ −ξ0)+ arccosh
( h1√

∆̃
2

))
−h1

, (68)

ξ ∈ (ξ0,+∞). Combining Eqs. (67) and (68) yields

p(ξ ) =
3h2√

∆̃

2 cosh
(√

h2|ξ −ξ0|+ arccosh
( h1√

∆̃
2

))
−h1

,

ξ ∈ R\{ξ0}. This, along with Eq. (8), implies

Ψ12(ξ ) =

(
3h2√

∆̃

2 cosh
(√

h2|ξ −ξ0|+ arccosh
( h1√

∆̃
2

))
−h1

) 1
2α

, ξ ∈ R\{ξ0}.

By recalling Eq. (2), we obtain an exact singular solution ψ12(x, t) to SSLSE (1):

ψ12(x, t) =

(
3h2√

∆̃

2 cosh
(√

h2|x− vt−ξ0|+ arccosh
( h1√

∆̃
2

))
−h1

) 1
2α

e i(λx−(ω+σ2)t+σW (t)). (69)

124205-11



Chin. Phys. B 34, 124205 (2025)

p

q

O

(a)

p

q

O

(b)

p

q

O

(c)

p

q

O

(d)

p

q

O

(e)

p

q

O

(f)

Fig. 8. Phase portrait of the Hamiltonian system (19) derived from Eqs. (1),
(2) and (8) with (a) h0 > 0, h1 > 0 and ∆̃ = 0, (b) h0 > 0, h1 > 0 and ∆̃ < 0,
(c) h0 > 0, h1 > 0 and h2 < 0, (d) h0 > 0, h1 = 0 and h2 < 0, (e) h0 > 0,
h1 < 0 and h2 < 0, (f) h0 < 0, h1 < 0 and h2 > 0. Consult Eqs. (22) and (30)
for the definitions of ∆ and ∆̃ , respectively.

Case 11. ℎ0 > 0, ℎ1 > 0, ℎ2 > 0 and 𝛥̃ = 0 with 𝛥̃

given by Eq. (30).
In this case, ∆ =

4∆̃+h2
1

9 > 0 and therefore dynamical sys-
tem (19) has three equilibrium points: E(0,0), (ṕ,0), and
(p̀,0), where ṕ < p̀ < 0. By closely examining Fig. 8(a), we
conclude that dynamical system (19) has a unique exact solu-
tion that satisfies p(ξ )> 0 and the restriction (13) in the right
half of the pOq plane. We assume that lim

ξ→ξ
−
0

p(ξ ) = +∞. The

following expression∫ +∞

p

du√
h0
2 u4 + 2h1

3 u3 +h2u2
=
∫

ξ0

ξ

dη , ξ ∈ (−∞,ξ0),

simplifies to√
2
h0

∫ +∞

p

du

u
( 2h1

3h0
+u
) = ∫ ξ0

ξ

dη , ξ ∈ (−∞,ξ0),

which, together with some routine calculations, implies

3
√

2h0

h1
arctanh

(
h1

3h0 p+h1

)
= ξ0−ξ , ξ ∈ (−∞,ξ0),

or, equivalently,

p(ξ ) =
h1 coth

( h1
3
√

2h0
(ξ0−ξ )

)
−h1

3h0
, ξ ∈ (−∞,ξ0). (70)

We assume that lim
ξ→ξ

+
0

p(ξ ) = +∞. The following expression

−
∫ p

+∞

du√
h0
2 u4 + 2h1

3 u3 +h2u2
=
∫

ξ

ξ0

dη , ξ ∈ (ξ0,+∞),

can be converted into

p(ξ ) =
h1 coth

( h1
3
√

2h0
(ξ −ξ0)

)
−h1

3h0
, ξ ∈ (ξ0,+∞).

This, along with Eq. (70), implies

p(ξ ) =
h1 coth

( h1
3
√

2h0
|ξ −ξ0|

)
−h1

3h0
, ξ ∈ R\{ξ0}.

Thanks to Eq. (8), this implies further that

Ψ13(ξ ) =

(
h1 coth

( h1
3
√

2h0
|ξ −ξ0|

)
−h1

3h0

) 1
2α

, ξ ∈ R.

We thus obtain an exact singular solution ψ13(x, t) to
SSLSE (1):

ψ13(x, t) =

(
h1 coth

( h1
3
√

2h0
|x− vt−ξ0|

)
−h1

3h0

) 1
2α

×e i(λx−(ω+σ2)t+σW (t)). (71)

Case 12. ℎ0 > 0, ℎ1 > 0, ℎ2 > 0 and 𝛥𝛥̃< 0 with 𝛥

and 𝛥̃ given by Eqs. (22) and (30), respectively.
In this case, ∆̃ < 0 < ∆ and therefore dynamical sys-

tem (19) has three equilibrium points, namely, E(0,0), (ṕ,0)
and (p̀,0) with ṕ < p̀ < 0. By scrutinizing Fig. 8(b), we con-
clude that dynamical system (19) has solely one exact solution
that satisfies p(ξ ) > 0 and meets condition (13) in the right
half of the pOq plane. By following the calculations in Case 2,
we can obtain the exact solution ψ2(x, t) to SSLSE (1), given
by Eq. (40).

Case 13. ℎ0 > 0, ℎ1 ∈ R and ℎ2 < 0.
In this case, the dynamical system (19) has three equilib-

rium points, i.e., E(0,0), (ṕ,0) and (p̀,0) with ˜́p < ṕ < 0 <

p̀ < ˜̀p. By contemplating Figs. 8(c)–8(e), we find that dynami-
cal system (19) possesses a unique exact solution that satisfies
p(ξ ) > 0 and Eq. (13). The exact solution corresponds to the
solid curve passing through the point ( ˜̀p,0) in the right half of
the pOq plane. We assume now that p(ξ0) = ˜̀p. We immedi-
ately have∫ p

˜̀p

du√
h0
2 u4 + 2h1

3 u3 +h2u2
=
∫

ξ

ξ0

dη , ξ ∈ [ξ0,+∞),

which, along with some calculations, implies

π√
−h2
− 1√
−h2

arccos

(
3h2 +h1 p

p
√

∆̃

2

)
= ξ −ξ0,
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ξ ∈ [ξ0,+∞),

or, equivalently,

p(ξ ) =− 3h2√
∆̃

2 cos(
√
−h2(ξ −ξ0))+h1

, ξ ∈ [ξ0,+∞). (72)

Analogously, we have

−
∫ ˜̀p

p

du√
h0
2 u4 + 2h1

3 u3 +h2u2
=
∫

ξ0

ξ

dη , ξ ∈ (−∞,ξ0],

which can be transformed into

p(ξ ) =− 3h2√
∆̃

2 cos(
√
−h2(ξ0−ξ ))+h1

, ξ ∈ (−∞,ξ0]. (73)

Combining Eqs. (72) and (73), we obtain

p(ξ ) =− 3h2√
∆̃

2 cos(
√
−h2(ξ −ξ0))+h1

, ξ ∈ R.

By virtue of Eq. (8), this implies

Ψ14(ξ )=

(
−3h2

max
(
0,
√

∆̃

2 cos(
√
−h2(ξ −ξ0))+h1

)) 1
2α

, ξ ∈ R.

By recalling Eq. (2), we obtain an exact singular and perturbed
periodic solution ψ14(x, t) to SSLSE (1):

ψ14(x, t) =

(
−3h2

max
(
0,
√

∆̃

2 cos(
√
−h2(x− vt−ξ0))+h1

)
) 1

2α

× e i(λx−(ω+σ2)t+σW (t)). (74)

p

q

O

(a)

p

q

O

(b)

Fig. 9. Phase portrait of the Hamiltonian system (19) derived from Eqs. (1),
(2) and (8) with (a) h0 < 0, h1 = 0 and h2 > 0, (b) h0 < 0, h1 > 0 and h2 > 0.

Case 14. ℎ0 < 0, ℎ1 ∈ R and ℎ2 > 0.
In this case, dynamical system (19) has three equilibrium

points; that is, E(0,0), (ṕ,0) and (p̀,0) with ˜̀p < p̀ < 0 < ṕ <
˜́p. By closely examining Figs. 8(f) and 9(a), 9(b), we conclude
that dynamical system (19) admits a unique exact solution that
satisfies p(ξ )> 0 and meets the condition of Eq. (13); the ex-
act solution corresponds to the solid curve, passing through the
point ( ˜́p,0), in the right half of the pOq plane. By perform-
ing calculations as in Case 7, we can obtain the exact solution
ψ7(x, t) to SSLSE (1) given by Eq. (54).

Remark 2 We find all possible exact solutions, i.e.,
ψk (k = 1,2, . . . ,14) given by Eqs. (39), (40), (41), (47),

(50), (53), (54), (56), (62), (64), (66), (69), (71) and (74),
to SSLSE (1) by examining the dynamical properties of
the previously introduced auxiliary Hamiltonian system (19).
Here by ‘all’, we mean the totality of the exact solutions to
SSLSE (1) satisfying the additional restriction (12). Further-
more, we can obtain visual clues to determine the exact solu-
tions ψk (k = 1,2, . . . ,14) by examining the phase portraits of
Hamiltonian system (19), i.e., Figs. 6–9.

Remark 2 Our obtained exact solutions to SSLSE (1)
can be classified into singular solutions, periodic solutions,
and perturbed bright as well as dark solitons. For example, ψ2

given by Eq. (40) is a singular solution, ψ7 given by Eq. (54)
represents a perturbed bright soliton, ψ9 given by Eq. (62) rep-
resents a perturbed dark soliton, ψ14 given by Eq. (74) is a
periodic solution.

5. Numerical simulations
In Section 4, we obtained four types of exact solutions

to SSLSE (1) and noted that they can be classified into four
groups. In this section, we aim to visualize a representative
example from each type and illustrate the impact of stochas-
tic perturbation on the exact solutions. To this end, we com-
pute specific exact solutions ψ̂2(x, t), ψ̂7(x, t), ψ̂9(x, t) and
ψ̂14(x, t), in the forms (40), (54), (62) and (74), respectively,
to SSLSE (1). Accordingly, we present graphs of the specific
exact solutions mentioned above.

Let us fix b0 = −2/27, b1 = −55/459, b2 = −247/108,
c0 = c1 = c3 = 0, c2 = −1, α = 3/2 and β = 1, we have
by some computations that h0 = 1/3, h1 = 11/17, h2 = 1/3,
h3 = h4 = 0, ξ0 =−2, σ = 1, λ = 1, ω = 1 and v= 1. With the
help of these parameters, we can obtain by some calculations
that

Ψ̂2(ξ ) =
6√108664

3
√

sinh
(

arcsinh
( 11
√

94
47

)
+
√

3
3 |ξ +2|

)
− 22√

94

. (75)

Recall Eq. (40), we obtain

ψ̂2(x, t) = Ψ̂2(x− t)e i(x−2t+W (t))

=
6√108664

3
√

sinh(arcsinh( 11
√

94
47 )+

√
3

3 |x− t +2|)− 22√
94

× e i(x−2t+W (t)). (76)

Please consult Fig. 10 for the graph of Ψ̂2(ξ ) and ψ̂2(x, t).
Let us fix b0 =−2/9, b1 = 20/27, b2 =−7/3, c0 = c1 =

c3 = 0, c2 =−1, α = 3/2 and β = 1, we have by some calcu-
lations that h0 = 1, h1 =−4, h2 = 3, h3 = h4 = 0, ξ0 =−15/2,
σ = 1, λ = 1, ω = 1 and v = 1. With these parameters at our
disposal, we can get

Ψ̂7(ξ ) =
6
√

3240
3
√

cosh(
√

3(ξ + 15
2 ))+ 8√

10

; (77)
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Fig. 10. Visualization of Ψ̂2, Ψ̂7, Ψ̂9 and ψ̂2 given in Eqs. (75), (77), (79) and (76), respectively. (a) The graph of Re(ψ̂2). (b) The graph of Ψ̂7.
(c) The graph of Ψ̂9. (d) The graph of Im(ψ̂2). (e) The graph of Ψ̂2.
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Fig. 11. Visualization of the specific solution ψ̂7 given by Eq. (78).
(a) The graph of Re(ψ̂7). (b) The graph of Im(ψ̂7).

see Fig. 10(b) for its visualization. By recalling Eq. (54), we
obtain (see Fig. 11 for its visualization)

ψ̂7(x, t) =
6
√

3240
3
√

cosh(
√

3(x− t + 15
2 ))+ 8√

10

e i(x−2t+W (t)). (78)

Let us fix b0 =−2/9, b1 = 5/9, b2 =−89/36, c0 = c1 =

c3 = 0, c2 = −1, α = 3/2 and β = 1, we have by some com-
putations that h0 = 1, h1 =−3, h2 = 2, h3 = h4 = 0, ξ0 =−5,
σ = 1, λ = 1, ω = 1 and v = 1. What’s more, we have

Ψ̂9(ξ ) =
3

√
1+ tanh

(
ξ +5√

2

)
; (79)

see Fig. 10(c) for its visualization. By recalling Eq. (62), we

obtain (see Fig. 12 for its visualization)

ψ̂9(x, t) = 3

√
1+ tanh

(
x− t +5√

2

)
e i(x−2t+W (t)). (80)
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Fig. 12. Visualization of ψ̂9 given by Eq. (80). (a) The graph of Re(ψ̂9).
(b) The graph of Im(ψ̂9).

Let us fix b0 = −2/9, b1 = −10/27, b2 = −5/3, c0 =

c1 = c3 = 0, c2 = −1, α = 3/2 and β = 1, we have by some
computations that h0 = 1, h1 = 2, h2 = −3, h3 = h4 = 0,
ξ0 = −5, σ = 1, λ = 1, ω = 1 and v = 1. In addition, we
can get the profile

Ψ̂14(ξ ) = 3

√
18

max(0,
√

70cos(
√

3(ξ +5))+4)
. (81)

By recalling Eq. (74), we obtain (see Fig. 13 for its visualiza-

124205-14



Chin. Phys. B 34, 124205 (2025)

tion)

ψ̂14(x, t) = Ψ̂14(x− t)e i(x−2t+W (t))

= 3

√
18

max(0,
√

70cos(
√

3(x− t +5))+4)

× e i(x−2t+W (t)). (82)
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Fig. 13. Graphical illustration of Ψ̂14 and the specific solution ψ̂14 given
in Eqs. (81) and (82), respectively. (a) The graph of the profile Ψ̂14. (b)
The graph of Re(ψ̂14). (c) The graph of Im(ψ̂14).

Remark 3 As in Ref. [46], to plot the graphs of the spe-
cific exact solutions ψ̂2(x, t), ψ̂7(x, t), ψ̂9(x, t) and ψ̂14(x, t),
given by Eqs. (76), (78), (80) and (82), respectively, i.e.,
Figs. 10–13, we simulated the Brownian motion W (t), via
adapting the classical Euler–Maruyama scheme[52] developed
to solve numerically stochastic ODEs. Please see Ref. [46] for
more details on the simulation of Brownian motion W (t).

Remark 4 As revealed clearly in Figs. 10–13, the
stochastic perturbation, described by multiplicative white
noise based on Stratonvich’s calculus, causes the graphs of
the exact solutions to SSLSE (1) to wrinkle. As pointed in
Refs. [45,46], we can infer that the larger the coefficient σ of
the stochastic perturbation term σ(ψ − ic3ψx) ◦ dW (t)

dt is, the
more wrinkled the graphs of the exact solutions of SSLSE (1)
become.

6. Conclusion
In this paper, we studied the exact solutions to SSLSE (1)

in which the calculus is taken in Stratonvich’s sense. By
mainly applying a series of changes of variables, we converted
our primary problem of finding exact solutions (including soli-
ton solutions) to SSLSE (1) into the task of finding exact solu-
tions of a planar Hamiltonian dynamical system (see Eq. (19)).

We studied the dynamical behaviors of planar Hamiltonian dy-
namical system (19). Aided by these obtained dynamics re-
sults, we computed exact solutions, of 14 forms and collected
in Section 4, of SSLSE (1). In accordance with the exact so-
lutions results presented in Section 4, we conducted several
numerical simulations to validate the theoretical findings. As
remarked in Ref. [2], SSLSE (1) can be used to model the
propagation of pulses in optical fiber. Thus, our research lays
the foundation for discovering new exact solutions optimized
for optical communication and contributes to advancing opti-
cal technologies. As with Ref. [25], our model includes multi-
plicative white noise, which offers insights into both determin-
istic dynamics and random fluctuations within these complex
systems.
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