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SPECIAL TOPIC — Heat conduction and its related interdisciplinary areas
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By combining neuroevolution potential (NEP) with phonon Boltzmann transport theory, we systematically inves-
tigate the thermal transport properties of three two-dimensional (2D) narrow bandgap semiconductors: Ca3N2, Ba3P2,
and Ba3As2. The room-temperature lattice thermal conductivities (κL) of Ca3N2, Ba3P2, and Ba3As2 considering only
three-phonon scattering are 6.60 W/mK, 11.90 W/mK, and 8.88 W/mK, respectively. When taking into account the higher-
order phonon (four-phonon) scattering processes, the κL of these three materials decrease to 6.12 W/mK, 9.73 W/mK and
6.77 W/mK, respectively. Among these systems, Ba3As2 undergoes the most pronounced suppression with a reduction of
23.8%. This is mainly due to the greater scattering phase space which enhances the four-phonon scattering. Meanwhile, it
is revealed that unlike the traditional evaluation using the P4/P3 ratio as an indicator of the strength of four-phonon interac-
tions, the thermal conductivity of Ba3P2 exhibits weaker four-phonon suppression behavior compared to Ba3As2, despite
hosting a higher P4/P3 ratio. That is to say, the strength of four-phonon scattering cannot be evaluated solely by the ratio of
P4/P3. These results presented in this work shed light on the thermal transport properties of such new 2D semiconductors
with narrow bandgaps.

Keywords: narrow-bandgap semiconductor materials, neuroevolution potential (NEP), four-phonon (4ph)
scattering, lattice thermal conductivity (κL)
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1. Introduction

In recent years, two-dimensional (2D) materials have
gained extensive attention in condensed matter physics and
materials science due to their unique electronic structures and
exceptional thermal transport properties.[1–6] Since the suc-
cessful mechanical exfoliation of graphene, emerging 2D ma-
terial systems, including hexagonal boron nitride (h-BN),[7,8]

black phosphorus,[9,10] and transition metal dichalcogenides
(TMDCs),[11,12] have demonstrated tremendous potential for
nanoscale thermal management applications. Within the realm
of two-dimensional functional materials, narrow-bandgap
semiconductors exhibit distinctive electron–phonon coupling
effects and tunable thermoelectric transport characteristics.
Compared with conventional wide-bandgap semiconductors,
narrow-bandgap materials demonstrate remarkable intrinsic
carrier excitation behavior near room temperature. Mean-
while, the thermal conductivity of narrow-bandgap materi-
als is highly responsive to changes in temperature, mechan-
ical strain, and dimensional scaling, thereby offering diverse

physical avenues for modulating the thermal transport be-
havior of narrow-bandgap semiconductors. Recent system-
atic investigations by the research group of Chen et al.[13]

on Ca3N2, Ba3P2, and Ba3As2 have revealed their distinctive
characteristics, including intrinsic narrow bandgaps, remark-
able electrical conductivity, and excellent energetic stability.
For instance, Ba3As2 exhibits an electron mobility as high as
1.37× 104 cm2·V−1·s−1 along the x-direction, highlighting
its potential for high-performance electronic applications. In
terms of stability, the cohesive energies of Ca3N2, Ba3P2, and
Ba3As2 are calculated to be 3.89 eV/atom, 3.39 eV/atom, and
3.24 eV/atom, respectively, indicating strong structural robust-
ness. These excellent properties emphasize the importance of
deeply investigating their heat transport properties to assess
their potential as next-generation, highly efficient semiconduc-
tor materials.

Combination of the density functional theory (DFT) sim-
ulations and phonon Boltzmann transport equation (PBTE)
represents one of the most reliable approaches for evaluating
the thermal conductivity of materials. However, incorporating
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four-phonon (4ph) scattering effects requires computationally
intensive calculations of anharmonic third- and fourth-order
force constants, often involving thousands of single-point en-
ergy evaluations, resulting in prohibitive resource and time
costs. In recent years, the emergence of machine learning po-
tentials (MLPs),[14,15] including Gaussian approximation po-
tentials (GAP),[16,17] atomic cluster expansion (ACE),[18,19]

deep learning potential (DP),[20,21] moment tensor potential
(MTP),[22,23] and neuroevolution potential (NEP),[24] has sig-
nificantly reduced such computational overhead while improv-
ing computational efficiency. Among these MLPs, NEP stands
out in thermal transport studies due to its exceptional accu-
racy, transferability, and computational efficiency.[25,26] NEP
is obtained by fitting a first-principles dataset, which predicts
force constants with the accuracy of DFT. Tang et al.[27] suc-
cessfully employed NEP to study lattice dynamics and phonon
thermal transport in cubic ScF3. Zhang et al.[28] used NEP to
study the thermal conductivity of GeTe, and the calculated re-
sults are consistent with experimental data and those obtained
from the Boltzmann transport method. These cases provide
strong evidence of the reliability of NEP models for thermal
transport studies.

Motivated by the above statements, combining the typ-
ical MLP of NEP with phonon Boltzmann transport theory
(PBTE), the thermal transport in 2D semiconductors with nar-
row bandgaps, namely Ca3N2, Ba3P2, and Ba3As2, is sys-
tematically investigated. The results reveal that the three
materials all have low thermal conductivities: only three-
phonon scattering considered are 6.60 W/mK, 11.90 W/mK,
and 8.88 W/mK, respectively. When taking into account the
fourth-order phonon scattering processes, the thermal conduc-
tivities are 6.12 W/mK, 9.73 W/mK, and 6.77 W/mK, respec-
tively. The most pronounced suppression among these sys-
tems occurs in Ba3As2, with a reduction of 23.8%, primar-
ily due to the enhanced four-phonon scattering caused by a
greater scattering phase space. This study reveals that, con-
trary to the conventional use of the P4/P3 ratio as an indicator
of four-phonon interaction strength, the thermal conductivity
of Ba3P2 exhibits weaker four-phonon suppression compared
to Ba3As2, despite having a higher P4/P3 ratio. Thus, the
strength of four-phonon scattering cannot be assessed solely
by the P4/P3 ratio. These findings provide new insights into
the thermal transport properties of novel 2D semiconductors
with narrow bandgaps.

2. Computational methods
In this work, the first-principles calculations are imple-

mented in the Vienna Ab initio simulation package (VASP).[29]

We use the projector-augmented wave (PAW) method[30,31]

for the ion–electron interactions, and the Perdew–Burke–
Ernzerhof (PBE) functional within the generalized gradi-
ent approximation (GGA) is employed as the exchange–

correlation potential.[32] The wave functions are expanded in
a plane-wave basis with a kinetic energy cutoff of 500 eV, and
a k-mesh of 9× 9× 1 is used to sample the Brillouin zone.
Structural relaxations are performed with convergence criteria
of 10−8 eV and 10−4 eV/Å for energy and forces, respectively.
A large vacuum region of 30 Å is set to avoid the interactions
between the monolayer and its periodic images induced by the
boundary conditions. For the thermal conductivity calcula-
tions, we accurately describe the phonon transport behavior
by rigorously solving the phonon Boltzmann transport equa-
tion. Within the framework of PBTE, the κL of the system can
be expressed as[33]

κ
αβ

L =
1

kBT 2V N ∑
λ

f 0
λ
( f 0

λ
+1)(}wλ )

2 V α

λ
Fβ

λ
. (1)

Here, kB is the Boltzmann constant, T is the temperature, V is
the volume of the unit cell, and N is the number of q-points
uniformly distributed in the discretized first Brillouin zone. f 0

λ

is the phonon occupation number for a given phonon mode λ

based on Bose–Einstein statistics. } is the reduced Planck con-
stant, wλ is the phonon frequency, and V α

λ
is the phonon group

velocity in the α direction. The finite difference method en-
ables the determination of interatomic force constants (IFCs)
of each order within the supercell. Notably, fourth-order force
constants are sensitive to the choice of the step size in the cal-
culation process.[34] We therefore set the displacement used
for fourth-order calculations to 0.04 Å to ensure robust energy
convergence. The software used for calculating the 2nd-, 3rd-,
and 4th-order IFCs are PHONOPY,[35] thirdorder vasp.py,[36]

and Fourthorder vasp.py,[37] respectively. The size of the su-
percell is 9 × 9 × 1. The cutoff distance for the 3rd-order
IFCs is set to the sixth nearest-neighbor atoms, while the cut-
off for the 4th-order IFCs is the third nearest-neighbor atoms.
We solve the BTE iteratively for three-phonon (3ph) scatter-
ing processes and use the relaxation time approximation for
four-phonon (4ph) scattering processes. Maximum likelihood
estimation is employed to estimate scattering rates from a lim-
ited sample of scattering processes. The sample size for four-
phonon interactions is set to 400000, which, according to Guo
et al.,[38] is sufficient to ensure computational accuracy while
enhancing computational efficiency. Taking Ca3N2 as an ex-
ample, the convergence of κL is rigorously analyzed and the
results are provided as follows. To balance computation cost
and accuracy, a phonon N-grid of 51 × 51 × 1 and a scale-
broad of 1.0 are used to compute the convergent three- and
four-phonon information.

The NEP is initially trained using a dataset derived from
ab initio molecular dynamics (AIMD) calculations, with the
work performed utilizing the NEP code, as implemented in
the GPUMD package.[26] Static self-consistent calculations
are conducted for these configurations, and basic information
such as atomic forces and energies is extracted into the train-
ing set to obtain the energy, force, and virial data for NEP
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training. The Nose–Hoover method as implemented in the
VASP package is used for temperature control in the AIMD
simulation at 300 K with the canonical ensemble (NVT). We
rigorously test each component separately to quantify their in-
dividual impacts. We then employ 100 configurations from
AIMD. A 5×5×1 supercell (with 125 atoms) is subjected to
a 3% random box deformation and a 0.1 Å random displace-
ment of each atom, producing 200 structures and resulting in a
total of 300 configurations for each structure. The radial (rR

c )
and angular (rA

c ) cutoff settings play a decisive role in the NEP
model’s precision. rR

c = 8 Å and rA
c = 4 Å are selected after the

individual impacts of each component are quantified through
rigorous isolated testing.

3. Results and discussion
Figure 1 displays the top- and side-view crystal structures

of Ca3N2, Ba3P2, and Ba3As2, which all belong to the P-3m1
space group (No. 164). As presented in Table 1, the lattice
vectors 𝑎 and 𝑏 are equal, and the corresponding lattice an-
gles are α = β = 90◦ and γ = 120◦. The calculations are in
good agreement with previously reported data,[13] confirming
the reliability of our computation. Owing to the high degree
of hexagonal symmetry, these three 2D materials are expected
to exhibit enhanced structural stability. As evidenced by pre-
vious research, all three 2D materials exhibit outstanding ther-

mal stability combined with ultrahigh ideal strength and supe-
rior ductility over the range from ambient to high temperatures
(300–600 K). This remarkable stability endows these three 2D
materials with broad application prospects.

(a) (b)

(c)

a

a

b

b
c

c

SideTop

Ba/Ca
As/P/N

Fig. 1. Top and side views of the monolayer structures of Ca3N2, Ba3P2,
and Ba3As2.

Table 1. Calculated lattice parameters in this work (previous study[13]

data are noted by *), total three-phonon scattering phase space (P3), to-
tal four-phonon scattering phase space (P4), square of the total Grüneisen
parameter (total γ2) (300 K) of Ca3N2, Ba3P2, and Ba3As2.

Structure Ca3N2 Ba3P2 Ba3As2

a = b (Å) 3.665(3.691∗) 4.782(4.811∗) 4.955(4.955∗)
a = b (Å) (without vdW) 3.665 4.782 4.953

α = β (◦) 90 90 90
γ (◦) 120 120 120

Total P3 1.226×10−2 8.371×10−3 1.278×10−2

Total P4 9.108×10−3 8.700×10−3 1.119×10−2

Total γ2 (300 K) 2.769 2.614 1.778
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Fig. 2. (a) Evolution of the loss functions (total, L1, L2, energy, force, and virial) during the training process. (b)–(d) Comparison of NEP-
calculated (b) forces, (c) energies, and (d) virials with DFT reference data for the initial training dataset of Ca3N2.
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Fig. 4. (a) Thermal conductivity convergence test (considering three- and four-phonon scattering processes) of Ca3N2, Ba3P2, and Ba3As2. (b)–
(d) The values of κ3ph and κ3ph+4ph at different temperatures, and the percentage reduction in κL due to 4ph scattering for (b) Ca3N2, (c) Ba3P2,
and (d) Ba3As2.

As illustrated in Fig. 2 for Ca3N2 (corresponding fig-
ures for Ba3P2 and Ba3As2 are provided as Figs. S1 and
S2 in the supplemental material), the small root-mean-square
errors (RMSEs) for both single-atom energies and atomic
forces across these compounds highlight the computational
accuracy of NEP (0.036 meV/atom, 0.020 meV/atom, and
0.041 meV/atom for Ca3N2, Ba3P2, and Ba3As2, respec-
tively), which is comparable to DFT results. Moreover, the
phonon dispersion obtained from the NEP-based calculation
is highly consistent with that obtained from the DFT calcula-
tions (shown in Fig. 3). This consistency in phonon dispersion
and atomic-level interactions ensures the reliability of subse-
quent thermal transport property calculations.

In Fig. 4(a), we depict the thermal conductivity as a func-
tion of the phonon N-grid for these three 2D materials (con-

sidering both three- and four-phonon scattering processes). To
ensure conciseness, only the plots including three- and four-
phonon scattering processes are shown in the main text, while
those considering only three-phonon scattering are provided
in the supplemental material. It is evident that as the phonon
N-grid increases, the thermal conductivity approaches a sta-
ble value, ensuring that converged phonon transport informa-
tion is obtained. Figures 4(b)–4(d) illustrate the lattice ther-
mal conductivity of Ca3N2, Ba3P2, and Ba3As2 considering
three-phonon scattering processes (denoted as κ3ph) and four-
phonon scattering processes (denoted as κ3ph+4ph). Clearly,
with increasing temperature, the thermal conductivity de-
creases, consistent with the expected temperature-dependent
relationship, indicating that the thermal conductivity is pre-
dominantly governed by anharmonic phonon–phonon interac-
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tions. The κ3ph of Ca3N2, Ba3P2, and Ba3As2 at 300 K were
calculated as 6.60 W/mK, 11.90 W/mK, and 8.88 W/mK, re-
spectively, whereas the corresponding κ3ph+4ph values were
6.12 W/mK, 9.73 W/mK, and 6.77 W/mK. κ3ph+4ph exhibits
reductions of 7.3%, 18.2%, and 23.8% relative to κ3ph. No-
tably, the suppression effect of four-phonon scattering on κL is
enhanced with increasing temperature; for example, in Ba3P2,

the reduction increases from 7.2% at 100 K to 35.3% at 800 K,

whereas Ba3As2 shows an even more pronounced trend, ris-

ing from 10.7% to 42.6% over the same temperature range.

These results clearly demonstrate that the four-phonon effect

is not negligible in these materials, particularly in the high-

temperature region.
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In order to further reveal the thermal transport proper-
ties in such 2D materials, phonon mode information, includ-
ing phonon group velocity (v) and lifetime (τ), are system-
atically investigated, and the results are plotted in Fig. 5. It
is well known that the phonon group velocity, defined as the
gradient of the phonon dispersion relation (v = ∂ωq/∂q), gov-
erns the propagation of vibrational energy. It can be observed
from Fig. 5(a) that although the Ca3N2 hosts higher group ve-
locities than Ba3P2 and Ba3As2 in almost all frequency re-
gions, its κL is the lowest at 300 K (6.12 W/mK) among the
three 2D materials. This paradox could be resolved by ana-
lyzing the phonon lifetimes, which are inversely proportional
to phonon scattering rates. As shown in Fig. 5(b), compared
to Ba3P2 and Ba3As2, the Ca3N2 exhibits markedly shorter
τ at the low-frequency region. It should be noted here that

the influence of high frequency phonon lifetime on thermal
conductivity becomes statistically significant primarily at el-
evated temperatures. That is to say, the lower thermal con-
ductivity of Ca3N2 mainly originates from the shorter phonon
lifetime in the low-frequency region. The phonon lifetime
is mainly determined by the phonon anharmonicity (scatter-
ing intensity) and scattering phase space (scattering proba-
bility). The scattering intensity could be reflected by the
Grüneisen parameter.[39,40] From Fig. 5(c), it can be noted that
the Ca3N2 possesses a larger γ2, and a larger γ2 represents
stronger scattering intensity and lower thermal conductivity.
For the scattering phase space, which is determined by energy
and momentum conservation rules, it also governs thermal re-
sistance. As shown in Fig. 5(d), Ca3N2 and Ba3As2 exhibit a
significantly larger three-phonon scattering phase space com-
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pared to Ba3P2, which means that Ca3N2 and Ba3As2 have a
greater possibility of anharmonic phonon scattering. The root
mean square displacement (RMSD) determines the distance
of atoms from the equilibrium position and the sensitivity to
the potential energy surface, which quantifies the anharmonic
effects.[41–43] As shown in Fig. 6, one can note that Ca3N2 ex-
hibits a larger RMSD value, implying stronger anharmonic-
ity. Consequently, the low thermal conductivity of Ca3N2

is predominantly attributed to the larger Grüneisen parame-
ter and scattering phase space. At lower temperatures, Ca3N2

(51.9 W/mK at 50 K) exhibits lower thermal conductivity than
Ba3P2 (82.2 W/mK at 50 K) and Ba3As2 (60.1 W/mK at 50 K).
As temperature increases, however, an opposite trend emerges,
where the thermal conductivity of Ca3N2, Ba3P2, and Ba3As2

are 2.1 W/mK, 2.9 W/mK, and 1.9 W/mK at 800 K, respec-
tively. This phenomenon is attributed to the synergistic ef-
fect of larger phonon lifetimes and higher group velocities in
the high-frequency region, which result in a slower decline of
thermal conductivity with temperature for Ca3N2, compared
to Ba3P2 and Ba3As2.

The discussion on anharmonicity should not be limited to
three-phonon scattering.[44] Four-phonon scattering also plays
a critical role in certain materials.[45,46] Our study reveals that
four-phonon interactions exert the most significant influence
on Ba3As2, as evidenced by its largest total P4 value shown in
Table 1. Notably, previous research has employed the P4/P3

ratio as a criterion to assess the impact of four-phonon ef-

fects, assuming that four-phonon effects are negligible when
P4 < P3. As shown in Fig. 7, the P4/P3 ratio of Ba3P2 is sig-
nificantly higher than that of Ba3As2. This behavior can be
observed more intuitively in Fig. 7(d). In this case, the four-
phonon scattering in Ba3P2 should exhibit a stronger suppres-
sion effect on lattice thermal conductivity than that in Ba3As2.
However, contrary to expectations, when four-phonon scatter-
ing is considered, the suppression rate of thermal conductivity
in Ba3P2 is actually smaller than in Ba3As2. That is to say, the
suppression of thermal conductivity by four-phonon scattering
cannot be evaluated solely from the ratio of P4/P3.
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4. Conclusion
In this work, we investigated the thermal transport prop-

erties of 2D narrow-bandgap semiconductors (Ca3N2, Ba3P2,
and Ba3As2) by combining the NEP with phonon Boltzmann
transport theory. All three materials exhibit intrinsically low
lattice thermal conductivity (κL). Specifically, the κ3ph values
of Ca3N2, Ba3P2, and Ba3As2 are 6.60 W/mK, 11.90 W/mK,
and 8.88 W/mK, respectively, which are further reduced to
6.12 W/mK, 9.73 W/mK, and 6.77 W/mK when four-phonon
(4ph) scattering is included. Among them, Ba3As2 exhibits
the strongest 4ph suppression effect (23.8% reduction), mainly
attributed to its larger scattering phase space that facilitates
stronger four-phonon interactions. In contrast, the low κL of
Ca3N2 originates from the combined effects of pronounced an-
harmonicity and short phonon lifetimes.

Previous studies commonly estimated the impact of four-
phonon scattering on thermal conductivity by comparing the
ratio of P4 to P3 scattering phase spaces. However, our re-
sults reveal that although Ba3P2 has a higher P4/P3 ratio than
Ba3As2, its four-phonon scattering produces a weaker sup-
pression effect on thermal conductivity. This finding demon-
strates that relying solely on the P4/P3 ratio is insufficient to
evaluate the strength of four-phonon scattering. Overall, this
work provides new insights into the thermal transport behavior
of emerging 2D narrow-bandgap semiconductors and offers a
theoretical foundation for their future applications in thermal
management and related technologies.
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[17] Bartók A P and Csányi G 2015 Int. J. Quantum Chem. 115 1051
[18] Lysogorskiy Y, van der Oord C, Bochkarev A, Menon S, Rinaldi M,

Hammerschmidt T, Mrovec M, Thompson A, Csányi G and Ortner C
2021 npj Comput. Mater. 7 97

[19] Bochkarev A, Lysogorskiy Y, Ortner C, Csányi G and Drautz R 2022
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