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A model of intra-grain fission gas bubble growth in U3Si2 coupled with defect microstructure is generalized to take
into account the influence of point defect sinks and defect clustering. The dynamics of bubble growth and defect structure
properties are studied under different irradiation conditions. The influence of temperature and flux on bubble growth,
defect ensemble evolution, and changes in material properties (elastic moduli and thermal degradation factor) are examined
in detail. The universality of the bubble size distribution and the crossover of dynamical regimes of bubble growth are
studied under various irradiation conditions. It is shown that a change in the dominant (fission gas atom- or vacancy-
mediated) mechanism of bubble growth results in a crossover from a parabolic to a sub-parabolic bubble size growth law.
The proposed modification of the rate theory model provides more accurate predictions and more detailed insight into fuel
performance, especially fission gas behavior in crystalline U3Si2.
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1. Introduction
Challenges to enhancing both the safety and performance

of light water reactors (LWRs) have remained an active area
of research in recent years (see Ref. [1] and citations therein).
U3Si2 is considered a promising alternative to UO2 as an
accident-tolerant fuel for commercial LWRs. Its higher ther-
mal conductivity compared to UO2 implies a reduction in
stored thermal energy within the fuel, which is a critical factor
during loss of coolant accidents (LOCA).[2–4] These excep-
tional properties lead to reduced thermal energy storage and
lower enrichment requirements, positioning U3Si2 as a mate-
rial with excellent accident tolerance. Additionally, it offers
advantages for the fuel cycle, such as decreased enrichment
needs and the potential for extended fuel life. Consequently,
U3Si2 is considered a highly promising candidate for accident-
tolerant fuel. Several advantages of U3Si2 compared to UO2,
especially regarding its swelling behavior, remain under active
discussion.[5,6]

The performance of U3Si2 fuel under research reactor
conditions has been thoroughly studied.[1,7–11] In research re-
actors, where typical fuel temperatures are below 523 K, U3Si2
becomes amorphized by irradiation at as low as 0.3 dpa, mean-

ing it loses crystallinity within the first days of reactor opera-
tion. Fission-induced amorphization, which affects swelling,
can be suppressed at the higher operating temperatures typ-
ical of LWRs, where U3Si2 temperature remains well above
523 K and the crystalline phase is retained. The scarcity
of experimental data on gas bubble growth and swelling un-
der LWR conditions motivates the development of theoretical
models and simulation codes to predict fuel performance at el-
evated temperatures. For example, GRASS-SST simulations
have been employed to study fission gas behavior in LWRs
and in comparison to conventional oxide LWR fuels.[12] It
was noted that these studies heavily rely on experimental data
from reactors.[13] Fission gas behavior under various LOCA
conditions (temperatures from 600 K to 1600 K) in LWRs
was simulated using rate theory (GRASS-SST code) coupled
with thermomechanics (BISON code[14]). It was shown that
at T < 1000 K, swelling is mainly due to intragranular bub-
bles, whereas at elevated temperatures, grain boundary bub-
bles form and become the primary contributors to swelling.
Further temperature increases lead to interconnection of in-
tragranular bubbles, formation of gas release channels, and a
dramatic reduction in swelling. According to these simulation
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results, under normal LWR conditions, the overwhelming ma-
jority of fission gas is retained in intragranular bubbles.[15]

In the crystalline phase, bubbles consist of both fission
gas atoms and vacancies.[16] This leads to an increase in fuel
porosity, causing macroscopic effects such as gas swelling,
reduction in thermal conductivity,[17] and changes in elastic
moduli.[5] Analysis of bubble size distributions from GRASS-
SST simulations showed that small intragranular bubbles sat-
urate at a size of about 1.5 nm, with their number density in-
creasing with burnup. Larger intragranular bubbles with sizes
Rb > 2 nm, which emerge at elevated temperatures due to
enhanced fission gas (Xe) diffusion, saturate in number den-
sity at approximately 2× 1022 m−3. However, their size
continues to grow with burnup, resulting in swelling up to
5% at temperatures up to 900 K.[15] When considering bub-
ble growth in crystalline systems at intermediate temperatures
(600 K< T < 900 K), it is important to account for evolving
sinks such as dislocations, dislocation loops, and grain bound-
aries. These sinks cause the formation of cellular dislocation
structures that transform into subgrains,[18] thereby affecting
bubble distribution and resulting in local variations of macro-
scopic fuel properties inside grains.

In this paper, we aim to study changes in the character-
istics of ensembles of both bubbles and defects. We gen-
eralize previous rate theory models for U3Si2 under LWR
conditions[19] by incorporating point defect and gas atom
sinks, which influence the absorption of gas atoms from the
matrix and govern bubble growth rates. We discuss thermal
and flux effects at moderate temperatures. It will be shown that
the bubble size distribution exhibits universal features charac-
terized by heavy tails. Our study considers the so-called auto-
model regime, enabling time-dependent bubble size distribu-
tion functions and direct derivation of scaling laws for mean
bubble size. We demonstrate that the scaling dynamics mani-
fest a crossover between dynamical regimes governing bubble
growth.

The paper is organized as follows. In Section 2, we
briefly describe the model and introduce modifications to the
rate theory model related to defect clustering, cellular dislo-
cation structures, and dislocation loop growth inside grains.
Section 3 discusses the main results of the rate theory mod-
eling. Here, we analyze data obtained under different condi-
tions and consider the dynamics of both mean bubble size and
mean dislocation loop size at various irradiation scenarios. At
the end of this section, we propose a procedure to obtain the
universal bubble size distribution and scaling asymptotics for
bubble growth. It will be shown that the crossover between
dynamical regimes of bubble growth is related to competition
between two governing mechanisms: fission gas atom accu-
mulation versus vacancy accumulation. Conclusions are pre-
sented in Section 4.

2. Main governing equations

When considering gas bubble growth in a crystalline sys-
tem, one must account for point defects, their sinks, and gas
atoms (Xe). In the following mathematical model, we include
evolving point defect sinks such as network dislocations, dis-
location loops, and gas bubbles, as well as stationary sinks
related to grain boundaries. Experimental evidence shows that
gas atoms can migrate to grain boundaries and dislocations.[20]

We assume that network dislocations can form a cellular dislo-
cation structure, which limits the growth of dislocation loops
and influences the dynamics of bubble growth.[18,21,22]

Following the approach developed in Ref. [23], the dy-
namics of interstitial and vacancy concentrations (ci, cv) are
described by the equations

∂tci = K− k2
i Dici−αrcicv−

√
2

Ω
2/3
0

Dic2
i

+
Ω

1/3
0 bvDv

π

NLcv

RL
,

∂tcv = K− k2
vDvcv−αrcicv

−
Ω

1/3
0 bvDv

π

NLcv

RL
+Kb

em. (1)

Here, K is the defect generation rate; Di and Dv are the dif-
fusivities of interstitials and vacancies, respectively; bv is the
modulus of the Burgers vector; and αr is the recombination
rate constant, defined in the standard way. The quantities NL

and RL represent the number density and radius of interstitial
dislocation loops. The atomic volume of uranium in U3Si2 is
approximated by Ω0 ' a3,[23] where a is the lattice constant.

The sink strength for q = {i,v} point defects (interstitials
i and vacancies v) is defined as

k2
q = ZNqρN +ZLqρL +ZbqRbNb +ZGBλ

−2
GB , (2)

where ZNq is the preference factor for network dislocations
with density ρN, ZLq relates to interstitial dislocation loops
with density ρL = 2πRLNL, ZGB corresponds to grain bound-
aries with characteristic radius λGB, and Zbq describes the ef-
fect of bubbles with size Rb and number density Nb. The term
Zqb = 4πYq accounts for the preference of q-type point de-
fects being absorbed, where Yq is the absorption preference
factor.[25] Following Ref. [26] we use the values ZNi = 1.1,
ZNv = 1.0, ZLi = 1.005, ZLv = 1.0 and ZGB = 24 and as-
sume vacancy absorption preference Yv = 1.005 and intersti-
tial absorption preference Yi = 1.0, reflecting the greater like-
lihood of vacancies being absorbed by bubbles. The last term
Kb

em in the vacancy concentration equation represents vacancy
emission from bubbles driven by bubble pressure differences,
which will be defined later.
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The evolution equations for dislocation loop number den-
sity and radius are given by[22]

∂tNL =

√
2

2
Di

Ω
5/3
0

c2
i −

4NL

πRL
vcl−

bvDv

πΩ
2/3
0

cvNL

RL
,

∂tRL = gL

(
vcl− (RL−R0

L)
∂tNL

2NL
+

Kiεig(πricl)
2ρ̃

2dibvSicl

)
. (3)

Here, the climbing velocity is defined as vcl = b−1
v (ZLiDici−

ZLvDvcv) and R0
L is the loop radius cutoff. The parameter

εig denotes the fraction of glissile interstitial clusters. The
sink strength of defect clusters is given by Refs. [26,27]:

Sicl = 2(πriclρ̃/2)2, where ρ̃ = ρN +ρL +
2

πriclλGB
, ricl is the

capture radius for mobile interstitial clusters, and these clus-
ters migrate along di = 3 crystallographic directions (assumed
equal). The cellular dislocation structure limits loop growth
and is modeled through the factor:[22] gL =CACρ

√
π/ f (ν)−

2RI
√

ρ̃ , with CACρ = 2.185,[28] f (ν) =
1−ν/2

1−ν
where ν is

the Poisson ratio.
Network dislocation density can be both generated and

relaxed. These dislocations form a cellular network structure,
whose density ρN evolves according to[18]

∂tρN = vcl

(
2πNL−

ρN

2λGB
−
√

fν/π

CACρ

ρ
3/2
N

)
. (4)

The terms represent, respectively, creation of dislocation line
length due to interstitial loop accumulation, loss due to cap-
ture by grain boundaries, and loss via self-annihilation from
correlated dislocation motion.

Following Ref. [23], the dynamics of fission gas (Xe) con-
centration within grains (cg), bubble number density (Nb), gas
atom content (mb), and vacancy content (nvb) in bubbles of
size Rb are described by

∂tcg = Kg−16π fnrgDgc2
g− k2

gDgcg +2bmbNb,

∂tNb = 16π fnrg
Dgc2

g

mb
−bNb−16πRbDbN2

b ,

∂tmb = 4πRbDgcg−bmb +16πRbDbmbNb,

∂tnvb = (ZbvDvcv−ZbiDici)
Rb

Ωv
+

2πDvd
kBT

(p− peq). (5)

Here, Kg = β ḟ is the gas atom generation rate per fission
rate ḟ , with β as the gas atom production per fission. The
gas-atom resolution rate is b = b0 ḟ , fn is the nucleation fac-
tor, and rg is the gas atom radius. The gas-bubble diffusiv-
ity is: Db = 3Ω0Dg/4πR3

b, and the average distance between
bubbles is d = N−1/3

b . The sink strength for gas atoms is
k2

g = ZgNρN + ZGBλ
−2
GB assuming that gas atoms condense at

dislocations and grain boundaries with the same preference
factors as point defects (ZN = ZiN). The radiation-enhanced
diffusion coefficient for gas atoms is[22] Dg = D0

g +DRED
g ḟ ,

where D0
g is the baseline diffusion coefficient and DRED

g ac-
counts for radiation enhancement.

The equilibrium bubble pressure is given by peq = 2γ/Rb,
where γ is the surface tension. The bubble pressure p follows
the van der Waals equation of state,[29] with mechanical equi-
librium expressed as p = peq−σ , where σ is the hydrostatic
stress in the bulk material.

The mean bubble radius is computed from the bubble vol-
ume: Vb = Ωgmb + Ωvnvb using Rb = (3Vb/4π)1/3, where
Ωg and Ωv are the volumes of a gas atom and a vacancy,
respectively.[19]

The first terms in Eq. (5) correspond to gas production at
rate Kg, bubble nucleation, and growth by gas atom absorp-
tion. The second and third terms in the cg equation describe
gas clustering and annihilation at grain boundaries, while the
fourth term accounts for gas resolution from bubbles. The de-
crease of Nb is due to gas atom resolution and bubble coales-
cence, and changes in mb reflect gas atom loss by resolution
and gain by bubble migration. Vacancy production within bub-
bles from pressure differences is governed by the second term
in the nvb equation, corresponding to vacancy emission with
rate

Kb
em =

2πΩv

kBT
(peq− p)

d
Rb

,

which appears in the vacancy concentration equation Eq. (1).
When p > peq, bubbles absorb vacancies from the matrix; oth-
erwise, they emit vacancies.

Solving the coupled system Eqs. (1)–(5) enables the study
of bubble characteristics and the associated macroscopic effect
of gas bubble swelling coupled with the evolving defect struc-
ture under various irradiation conditions.

The growth of gas bubbles causes swelling and poros-
ity, which affect material properties such as thermal con-
ductivity and elastic moduli.[30] Porosity is defined as ϖ =

sb/(1+ sb), where sb = 4πR3
bNb/3 is the fractional swelling

due to bubbles.[31]

To estimate the degradation of thermal conductivity, we
use the Maxwell–Eucken formula,[31] which fits experimental
data and modifies conductivity by the factor

κ =
1−ϖ

1+0.9ϖ
. (6)

For the elastic moduli (Young’s modulus E and shear modulus
G, in unit GPa), we apply a model calibrated with experimen-
tal data[5]

E =−6.425ϖ +142.68, G =−2.901ϖ +61.27. (7)

Thus, using the evolution of Rb and Nb, we can analyze the
changes in material properties of U3Si2 under different irradi-
ation regimes.

The material parameters used in the subsequent analysis
of bubble growth in a crystalline environment are summarized
in Table 1.
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Table 1. Material parameters for U3Si2 used in simulations.

Parameter Description Value Ref.

a Lattice constant 7.3314×10−8 cm [32]
Ω0 Atomic volume 3.629×10−23 cm3 [24]
Ωv Vacancy volume 4.09×10−23 cm3 [33]
Ωg van der Waals gas atom volume 8.5×10−23 cm3 [19]
riv Defect recombination radius 8.25×10−7 cm [22]
bv Burgers vector modulus 0.382 nm [34]
fn Bubble nucleation factor 10−4 [19]
β Gas atoms produced per fission 0.25 [23]
rg Radius of diffusion gas atom 0.216×10−7 cm [21]
b0 Effective resolution volume 2.8×10−25(5×10−10/Rb)

0.23 m3 [19]
D0

g Gas atoms diffusion coefficient 5.91×10−2 e−2.75eV/kBT cm2/s [19]
DRED

g Proportionality constant 1.0×10−32 cm5 [16]
K Defect production rate 10Kga3 s−1 [24]
Dv Vacancy diffusivity Dg [24]
Di Interstitial diffusivity 2.5×10Dv –
ν Poisson ratio 0.31 [23]

λGB Grain size 20×10−4 cm [25]

3. Results and discussion
3.1. Protocols description

Typical results of the simulations at fixed temperature and
fission rate are shown in Fig. 1.

From Fig. 1(a) it follows that point defect concentrations
increase with fission density Fd = ḟ t and at elevated Fd attain
stationary values. The gas atoms concentration increases up to
its maximal value and at elevated Fd decreases due to effect of
gas atoms sinks and nucleation processes. The final stage of
evolution of both defect and gas atom concentrations at fission
densities around 5×1020 cm−3 corresponds to irradiation time
≈ 55 hours. With further irradiation bubbles formed due to
nucleation of gas atoms start to grow in a size and their num-
ber density increases as it is seen from Fig. 1(b). It follows
that the quantity Nb grows rapidly when bubbles are small (of
the radius up to (3–4) nm) and manifests delayed growth for
large bubbles of the radius ≈ (8–10) nm. During this stage
initially formed bubbles start to accumulate vacancies. At late
stage of bubble growth a ratio mb/nvb < 1. It means that the
main mechanism governing a growth of large bubbles (of the
radius ≈ 10 nm) belongs to vacancies accumulation. By con-
sidering defect microstructure evolution one finds that mean
loop radius increases fast up to≈ 2.5 nm comparing to growth
of bubble of the same size and after the growth rate is much
lower. The loop size is lower than the radius of the mean bub-
ble at elevated fission densities. The same crossover of dynam-
ical regimes is observed for loop number density and network
dislocation density. It follows that a difference in values of
ρN and ρL remains of the same order with fission density in-
creases, ρL/ρN ≈ 10. It should be noted that typical dynamics
of bubble size and their density corresponds well to theoretical
results shown in Ref. [19].
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Fig. 1. Typical protocols obtained at T = 750 K, ḟ = 2.5 ×
1014 (cm3·s)−1 for point defects and gas atoms concentrations (a), bub-
ble radius, ratio of amount of gas atoms and vacancies in a bubble and
bubble number density (b), loop radius and loop and network disloca-
tion densities (c).

From Fig. 1(a), it is observed that point defect concentra-
tions increase with fission density Fd = ḟ t and eventually reach
steady-state values at high Fd. The gas atom concentration ini-
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tially rises to a maximum, then decreases at elevated Fd due
to the effects of gas atom sinks and nucleation processes. The
final stage of evolution for both defect and gas atom concen-
trations, occurring at fission densities around 5× 1020 cm−3,
corresponds to an irradiation time of approximately 55 hours.

With continued irradiation, bubbles formed by gas atom
nucleation begin to grow in size and their number density in-
creases, as shown in Fig. 1(b). The bubble number density
Nb increases rapidly when the bubbles are small (with radii
up to approximately 3 nm–4 nm), and exhibits delayed growth
for larger bubbles with radii around 8 nm–10 nm. During this
stage, the initially formed bubbles start to accumulate vacan-
cies. At later stages of bubble growth, the ratio mb/nvb < 1
indicates that vacancy accumulation becomes the dominant
mechanism driving the growth of large bubbles (with radius
near 10 nm).

Considering the evolution of the defect microstructure,
the mean loop radius grows rapidly up to approximately
2.5 nm, which is smaller than the mean bubble radius at com-
parable fission densities. After this initial growth, the loop
growth rate slows significantly. A similar crossover in dy-
namical regimes is observed for both loop number density and
network dislocation density. The difference between ρN and
ρL remains approximately constant as the fission density in-
creases, with ρL/ρN ≈ 10.

It should be noted that the typical dynamics of bubble size
and number density are consistent with the theoretical results
reported in Ref. [19].

3.2. Temperature effect

Next, let us consider the effects caused by variations in ir-
radiation temperature. Protocols for the main measured quan-
tities are shown in Fig. 2 for different irradiation temperatures.

From Fig. 2(a), it can be seen that the overall bubble
growth dynamics remain unchanged; only the value of Rb in-
creases with temperature. A significant difference in bubble
size (on the order of 2 nm–3 nm at elevated Fd) is observed at
temperatures above 800 K, whereas at lower temperatures this
difference is approximately 1 nm. The bubble number den-
sity maintains its dynamic behavior but shows a decrease in
magnitude with increasing temperature. Gas bubble swelling,
computed in the standard manner as S = sb×100% and shown
in Fig. 2(b), exhibits an enhanced growth rate with increas-
ing temperature. A crossover between dynamical regimes is
observed at fission density values around 1021 cm−3, where
a slow increase transitions to rapid growth, corresponding to
bubble radii around 3 nm and a change in the rate of bubble
number density growth.

By comparing the dynamics of sinks for diffusing species
shown in Fig. 2(c) at different temperatures, it is evident that at
low temperatures (approximately 600 K), the network disloca-
tion density ρN reaches a steady-state value, while the growth
of loop density ρL remains delayed even at elevated fission

densities. With increasing temperature, both ρN and ρL reach
higher values. The increase in ρN is driven by the enhanced
growth of loop number density NL, whereas the more rapid
growth of ρL relative to ρN is governed by increases in both
the loop radius and loop number density NL.
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Fig. 2. Typical protocols for mean bubble radius and bubble number
density (a), swelling (b), loop and network dislocation densities (c) at
different temperatures at fixed fission rate ḟ = 2.5×1014 (cm3·s)−1.

A detailed analysis of the temperature effect can be per-
formed by comparing the data for measured quantities at a
fixed fission density Fd = 3× 1021 cm−3, corresponding to
3330 hours of irradiation, at different temperatures as shown
in Fig. 3.

From Fig. 3(a), it follows that significant changes in bub-
ble size, loop size, and dislocation cell size occur at elevated
temperatures. Rapid growth is clearly observed for both bub-
ble and loop sizes, whereas the dislocation cell size decreases
sharply as temperature increases. Within the selected tempera-
ture range and fission density, the difference between cell size
and loop size is approximately a factor of 10. This implies that
at high temperatures, the recrystallization process will be gov-
erned by a combination of both line dislocations and disloca-
tion loops, leading to a recrystallization scenario characterized
by the formation of new sub-grains.
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Fig. 3. Temperature dependencies of bubble, loop, and dislocation cell radii (a), bubble and loop number densities (b), swelling and thermal conductivity
degradation factor (c), elastic moduli and Poisson ratio (d) at fixed fission density Fd = 3×1021 cm−3 at fission rate ḟ = 2.5×1014 (cm3·s)−1.

From Fig. 3(b), it is evident that the rapid decrease in Nb

with temperature correlates well with the increase in bubble
size and the temperature-driven effect of bubble coalescence.
Simultaneously, the rapid increase in loop number density is
primarily associated with enhanced defect clustering at ele-
vated temperatures.

Using the obtained data for Rb and Nb, we calculate
the temperature dependencies of both swelling and the ther-
mal conductivity degradation factor, as shown in Fig. 3(c).
Swelling increases with temperature due to bubble size
growth, ranging from 4.2% to 5.4% over the temperature in-
terval 600 K to 850 K. The thermal conductivity degradation
factor decreases with increasing temperature, consistent with
the results reported in Ref. [17], and remains within the same
range of values.

It should be noted that the magnitudes of bubble size,
number density, and swelling at the selected fission density
agree well with the results discussed in Ref. [19] for the same
irradiation time and with data from Ref. [15]. The variation
of elastic moduli and Poisson ratio with temperature is shown
in Fig. 3(d). A pronounced decrease in both Young’s modu-
lus and shear modulus is observed at elevated temperatures,
coinciding with a sharp increase in porosity. The Poisson ra-
tio, defined as ν = E/(2G)−1, exhibits a slight increase with
temperature.

3.3. Flux effect

To investigate the effect of flux, the temperature is fixed
while the fission rate is varied. Typical protocols at different

fission rates are shown in Fig. 4.
From the obtained dependencies, one can conclude that

the bubble size attains lower values at the same fission densi-
ties. A noticeable difference in bubble size is observed only at
elevated fission densities, as illustrated by the inset in Fig. 4(a).
This behavior is attributed to the increased resolution rate,
which is proportional to the fission rate. Comparing the depen-
dencies of loop radius and the radius of the cellular dislocation
structure reveals a similar effect for the loop radius, whereas a
slight increase in the dislocation cell size is observed only at
high fission density (see Fig. 4(b)).

The obtained protocols were used to determine values for
the measured quantities. The most significant changes in these
quantities are observed at elevated fission densities. To illus-
trate the flux effects, the main trends at Fd = 1022 cm−3 are
presented in Fig. 5.

From Fig. 5(a), it follows that the mean bubble radius de-
creases with increasing fission rate, whereas the loop radius in-
creases due to the large production of interstitials. The size of
the dislocation cell structure decreases, indicating an increase
in the network dislocation density. The dependencies of both
bubble and loop number densities, shown in Fig. 5(b), exhibit
an increasing trend with fission rate. Meanwhile, swelling in
Fig. 5(c) shows a decreasing trend due to the competing ef-
fects of bubble size and number density. The computed ther-
mal conductivity degradation factor increases with fission rate.
Dependencies of the elastic moduli versus fission rate exhibit
an increasing trend due to the reduction in swelling, while the
Poisson ratio decreases with increasing fission rate.
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3.4. Distribution function over bubble size and scaling dy-
namics

To consider the bubble size distribution under different
irradiation regimes, one must derive a mathematical expres-
sion for the bubble size distribution function Φ(Rb). To this
end, we follow the approach described in Ref. [23], neglecting
bubble diffusion and assuming that the resolution volume b0

is constant.
Let Φ(Rb)dRb represent the number of bubbles per unit

volume with radii between Rb and Rb +dRb. The growth and
resolution of bubbles due to irradiation are described by[

dΦ

dt

]
g

dRb =−
d

dRb

[
Φ(Rb)

dRb

dt

]
dRb,[

dΦ

dt

]
r
=−b0 ḟ Φ(Rb). (8)

The total rate is then given by[
dΦ

dt

]
tot

=

[
dΦ

dt

]
g
+

[
dΦ

dt

]
r
. (9)

An equilibrium bubble population is defined in the sta-
tionary case by

dΦ(Rb)

dRb
v(Rb)+Φ(Rb)

dv(Rb)

dRb
+b0 ḟ Φ(Rb) = 0, (10)

where the bubble growth speed

v(Rb) =
1

4πR2
b

(
Ωg

dmb

dt
+Ωv

dnvb

dt

)
(11)

is defined from the bubble volume Vb = 4πR3
b/3.

The solution of the equation for the distribution function
can be expressed in quadratures as

Φ(Rb) =
C0

v(Rb)
exp
(
−b0 ḟ

∫
Rb

dR
v(R)

)
. (12)

A non-stationary solution of the equation for the distribu-
tion function Φ(Rb, t) can be found in the self-similar (auto-
model) regime. To this end, we apply the Fourier method and
write

Φ(Rb, t) = φ(t)ρ (y) , y =
Rb(t)
a(t)

, (13)

126101-7



Chin. Phys. B 34, 126101 (2025)

where y is the bubble radius scaled by a(t), and φ(t) and ρ(y)
are unknown functions. The time derivative of the bubble
radius defines the bubble growth speed dRb/dt = θ(t)ω(y),
where the time dependence defined by θ(t) should coincide
with ȧ(t), consistent with the definition of the bubble size
derivative, i.e., θ(t)≡ ȧ(t).

By taking time and spatial derivatives in Eq. (9), we arrive
at the equation

a(t)
ȧ(t)

(
φ̇(t)
φ(t)

+b0 ḟ
)
=

1
ρ(y)

d
dy

ω(y)ρ(y). (14)

Separating variables for t and y, we obtain the following solu-
tions:

φ(t) = φ0[a(t)]−C exp(−b0 ḟ t/τφ ),

ρ(y) =
ρ0

ω(y)
exp
(
−C

∫ y dy′

ω(y′)

)
, (15)

where φ0, τφ , and ρ0 are integration constants and C > 0.
Consequently, one obtains

Nb(t) = N0[a(t)]1−C exp(−b0 ḟ t/τφ ),

N0 = φ0

∫
∞

0
ρ(y)dy,

〈Rb(t)〉= 〈Rb0〉a(t),

〈Rb0〉=
∫

∞

0 yρ(y)dy∫
∞

0 ρ(y)dy
, a(t) ∝ tz. (16)

Using experimental data for the exponential decay of the bub-
ble number density at elevated fission density, where bub-
ble coalescence dominates bubble evolution (see Ref. [23]),
one can set C = 1. This leads to N(t) ∝ exp(−t/τN), where
τN = τφ/(b0 ḟ ), and τφ is determined by fitting the experimen-
tal data.

From the obtained solution, it follows that the bubble
size distribution function exhibits universal behavior inde-
pendent of the time scale. Moreover, the bubble size scale
a(t)∝ tz (where z relates to the Hölder exponent, z∈ [0,1]) fol-
lows a power-law dependence characteristic of the coalescence
regime. This scaling describes the self-similar dynamics of the
system and its universal properties, where all measured quan-
tities can be scaled through the bubble size time scale a(t).

By considering that the swelling follows a general power-
law dependence sb ∝ ( ḟ t)s, one can deduce that 〈R(t)〉 ∝

( ḟ t)s/3, where the exponent s characterizes different dominant
mechanisms governing swelling: for vacancy voids, s = 1,
whereas for purely gas bubbles, s = 3/2.[23] By analyzing
changes in the slope z = s/3 in a log–log plot of bubble size
versus time, one can identify the dominant mechanism in bub-
ble growth dynamics. Generally, even in amorphous systems
where only gas atoms are considered, the exponent s varies at
different stages of bubble growth.[35]

Using protocols for bubble size, one can determine v(Rb)

and perform numerical integration to obtain normalized bub-
ble size distribution functions, as shown in Fig. 6(a) for dif-
ferent temperatures and fission rates. It is found that the dis-
tribution function Φ(Rb) follows a log-normal fit regardless
of the irradiation conditions. On the other hand, increasing
temperature leads to a heavier tail of the distribution at larger
bubble sizes; correspondingly, the distribution peak decreases
and shifts toward larger bubble sizes. Conversely, decreasing
the fission rate results in an increased peak for the most prob-
able bubble radius, while the tail of the distribution becomes
confined to a narrower range of bubble sizes.
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Fig. 6. Bubble size distribution functions at different temperatures and
fission rates: (a) Φ(Rb), (b) universal distributions Ψ(Rb/〈Rb〉).

To demonstrate the universality of the bubble
size distribution, we compute the distribution function
Ψ(Rb/〈Rb〉), where the statistical average is defined as
〈Rb〉 =

∫
RbΦ(Rb)dRb. The corresponding dependencies of

Ψ(Rb/〈Rb〉) under identical irradiation conditions are shown
in Fig. 6(b). It is clearly observed that all the obtained data
collapse onto a single universal fit, for which we employ a
log-normal fitting procedure. This indicates that the distribu-
tion function Ψ(Rb/〈Rb〉) exhibits universal behavior, i.e., it
is independent of irradiation conditions and time scales.

Next, we analyze the scaling laws for bubble size growth.
The dependencies Rb(Fd) at different temperatures, plotted on
a double logarithmic scale, are shown in Fig. 7(a). Here,
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empty markers correspond to fission density values at which
the condition mb/nvb = 1 holds. It is found that at fission den-
sities where mb/nvb� 1, the scaling exponent s in the relation
Rb( ḟ t) ∝ ts/3 is larger than in the regime where mb/nvb � 1.
Using the scaling exponent z = s/3 in the first regime, one
obtains z = 0.62 with s = 1.86, which is close to the theoreti-
cal value of 3/2 corresponding to gas atom-controlled bubble
growth. In this regime, bubbles consist predominantly of gas
atoms. In the second regime, one finds z = 0.37 and s = 1.11,
which is close to the theoretical value of s = 1, where bub-
bles are primarily vacancy-dominated. This implies that in the
intermediate regime, the competing growth mechanisms act si-
multaneously. The value of the scaling exponent z (or s) shows
minimal dependence on irradiation conditions.

In Fig. 7(b), we plot the bubble growth rate v(Fd) to illus-
trate that growth driven by gas atoms dominates during the ini-
tial stage when bubbles are sufficiently small, while vacancy-
driven growth becomes significant for larger bubbles where
resolution effects are pronounced. Here black lines relate to
∂tmb, red lines correspond to ∂tnvb.
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It follows that, at both low and high temperatures, bubble
growth is governed by the interplay of both competing mech-
anisms. Specifically, the growth of small bubbles is predomi-
nantly controlled by gas atoms at low temperatures, whereas at
high temperatures, small bubble growth is influenced by both
mechanisms. At high fission densities, the majority of bubble

growth is driven by the increasing rate associated with vacan-
cies. As the temperature rises, the corresponding fission den-
sity at which the ratio mb/nvb = 1 holds decreases compared to
that at lower temperatures. Since both mechanisms contribute
to the growth dynamics, this explains the observed differences
in scaling exponents, which tend to be higher than the theo-
retical values. Moreover, the actual scaling behavior is more
complex than the simple algebraic law typically employed.

4. Conclusions
We propose a generalized model based on the reaction

rate theory formalism for fission gas bubble growth to describe
the dynamics of an ensemble of bubbles in crystalline systems
with evolving defect microstructure. The developed formalism
is grounded in experimental observations of gas atom accumu-
lation at multiple types of sinks, such as dislocations and grain
boundaries,[20] as well as in the development of cellular dis-
location structures that limit the growth of dislocation loops
and influence bubble growth dynamics.[18,21,22] It was demon-
strated that bubble growth within cellular dislocation struc-
tures formed by network dislocations and dislocation loops is
controlled by two competing mechanisms related to the accu-
mulation of gas atoms and vacancies.

It was shown that with increasing temperature, the sizes
of both bubbles and dislocation loops increase, whereas the
size of the cellular dislocation structure decreases. Simulta-
neously, the number density of bubbles decreases with tem-
perature, while the density of dislocation loops increases.
The temperature-dependent growth of swelling and the cor-
responding decrease of the thermal conductivity degradation
factor were examined. Elastic moduli were found to decrease
with increasing temperature.

Bubble size and loop size exhibit opposite trends with in-
creasing fission rate: bubble size decreases while loop size in-
creases; concurrently, the cellular structure size decreases with
fission rate. The number densities of both bubbles and loops
increase with fission rate. Swelling exhibits a decaying depen-
dence on fission rate, opposite to the behavior of the thermal
conductivity degradation factor. The increase in elastic moduli
with fission rate correlates well with the decrease in swelling.
The flux effect studied here is most pronounced at elevated
fission densities.

Scaling and universal properties of bubble growth were
investigated under different irradiation regimes. It was found
that at the initial stages of bubble growth, when bubble sizes
are up to several nanometers, the dominant contribution to
growth is governed by gas atoms. The corresponding asymp-
totic behavior, Rb(t) ∝ tz, follows approximately a parabolic
law with the scaling exponent z ' 1/2. For larger bubbles,
vacancy-mediated mechanisms dominate. Accumulation of
vacancies in bubbles with radii around 10 nm slows their
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growth, resulting in a crossover to a sub-parabolic regime
characterized by a scaling exponent z' 1/3. The relative con-
tributions of these processes are governed by the ratio of gas
atoms to vacancies within a bubble. This crossover regime is
observed over typical ranges of temperature and fission rate,
with scaling exponents z only weakly dependent on irradia-
tion conditions. The relative bubble size distribution exhibits
a universal character, independent of irradiation conditions.

The obtained results for bubble size, number density, dis-
location cellular structure size, swelling, and the correspond-
ing degradation factor values correspond well with existing
experimental and theoretical/numerical findings reported in
Refs. [15–17,19,23] under comparable irradiation temperature
and fission rate conditions. Accordingly, the authors antici-
pate that the developed model and results can be applied to
further studies of material behavior (specifically U3Si2) under
different irradiation regimes by a coupled consideration of gas
bubbles and evolving defect structures.
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