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The fragility and stochastic behavior of quantum sources make it crucial to witness the topology of quantum networks.
Most previous theoretical methods are based on perfect assumptions of quantum measurements. In this work, we propose
a method to witness network topology under imperfect assumptions of quantum measurements. We show that the discrim-
ination between star and triangle networks depends on the specific error tolerances of local measurements. This extends
recent results for witnessing the triangle network [Phys. Rev. Lett. 132 240801 (2024)].
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1. Introduction

Quantum networks are rapidly advancing, promis-

ing significant benefits in computing, sensing, and secure

[1-101 A5 the backbone of quantum communi-

communications.
cation and distributed quantum computing, quantum networks
enable the distribution of entanglement and quantum infor-
mation across distant nodes.[!!! However, the practical de-
ployment of quantum networks faces significant challenges,
stemming from their inherent fragility and stochastic oper-
ational characteristics during their generation, transmission,
and storage.!!>”'*] These limitations underscore the critical
importance of understanding and optimizing the topology of
quantum networks, which directly affects the efficiency of in-
formation transfer'!>! and the feasibility of implementing ad-
vanced quantum protocols. 1]

So far, several methods have been proposed for distin-
guishing network topologies. The first method is based on the
von Neumann entropy and mutual information!'”8) to distin-
guish network topologies. These studies are limited to distin-
guishing quantum networks that utilize specific source states,
such as particular pure states or noisy states. Another method
uses the concept of fidelity for distinguishing the topologi-
cal structures of six-qubit photonic networks.!'”! As a quan-
tum correlation, Bell nonlocality, when combined with quan-
tum networks, offers fresh viewpoints for understanding net-
work topology. These include nonlocality in different net-

g,[20-24

work structure 1 genuine network nonlocality, > full
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network nonlocality (FNN),1?%?7] and hierarchical network

28.291 Subsequently, some new techniques for wit-

nonlocality. !
nessing network topologies have been developed**>! by us-
ing nonlocal correlations. Interestingly, Mao et al.3! intro-
duced a Bell-type witness operator, as shown in Fig. 1. This
method can not only certify the network topology but also wit-
ness the network nonlocal correlation by different levels of vi-
olations. This inspires us to distinguish general networks with
quantum correlations.

Notably, quantum measurement emerges as the essential
tool for distinguishing network topologies through the lens of
nonlocality, given that the detection of network nonlocality
hinges on quantum measurement. However, practical mea-
surements are inevitably subject to imperfections. 334 These
imperfections may obscure the signatures of network nonlo-
cality, rendering existing measurement schemes for witnessing
network topologies unreliable in real-world scenarios.

In this paper, we develop a method for witnessing net-
work topologies under imperfect measurement assumptions.
Recall that Morelli e al. 33 established a foundational frame-
work for quantifying imperfect measurements, which has been
applied to analyzing the detection of genuine multipartite
entanglement®%! and quantum steering.3’! Building on these
insights into imperfect measurements, we focus on the robust-
ness of topology discrimination in star and triangle quantum
networks.

© 2025 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.
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2. Preliminary
2.1. Witnessing triangle network topologies
To distinguish the five network topologies illustrated in
Fig. 1, Ref. [30] proposed the measurement scheme denoted
by B:
(B) :=
[(AoBo(Co+C1)) +(A1B1(Co — C1)) + (A2(B2 + B3)(C2)
+(A2(B2 — B3)C2) + (A4 +As)B4Cy) + ((Ag — As)B4Cy)]

Alice

+<A()(C0 +C1)> + <A()(C() —C1)> + <(Bz +B3)C2>

+((B2—B3)C2) + (A4 +As)By) + (A4 — As)By), ey
where A;, Bj, and Cj are observables performed by parties
A, B, and C, respectively, and o > 0. For each network
Ny, described in Fig. 1, we denote Sy,, = maxu, s, ¢, (B) with
m=0,1,1",2, and 3. Mao et al.’"! showed that Sy, < Sy, <
SN, < SN, < Sn; when o = 2. This can be utilized to distin-
guish the five networks.

(a) Alice (b) Alice () (d) Alice (e) Alice
A /N I /N /\
/ \ \ \
/ \ \ \
AN L2 N (" o i
Bob Charlie Bob Charlie Bob Charlie Bob Charlie Bob Charlie

Fig. 1. Triangle quantum networks involving three parties, Alice, Bob, and Charlie, can exhibit five distinct network topologies. (a) Np: the
three parties are only connected through classical variables (indicated by dashed lines). The remaining configurations, shown in panels (b)—(e),
involve different combinations of quantum and classical sources. (b) N;: one bipartite entangled source and two classical variables. (c) Ny/: a
tripartite entangled source. (d) Np: two bipartite entangled sources and one classical variable. (e) N3: three bipartite entangled sources. All these
configurations maintain cyclic symmetry. Here, the entangled pairs are denoted by the yellow label (o--- o).

2.2. Imperfection in measurement

We review the quantification of imprecise measurements
and the concept of detection efficiency. In Ref. [35], the er-
ror in the measurements is quantified by comparing the target
measurement set {M,, } with the associated lab measurement
set {Ma|x} using the average fidelity

1 -
./—"x = E Z tr(Ma‘XMa‘x)a (2)
a=1

where d represents the local dimension of the bipartite state
being measured, and the subsystems are measured with in-
put x, producing output a € {1,2,...,0}. The average fidelity
Fy € [0,1], with F, = 1 if and only if the lab measurement
perfectly matches the target measurement.

Another kind of imperfect measurements is defined by de-
tection efficiency. The measurement device may fail to work
with a certain probability 1 — 1. Ideally, the output probabil-
ity after the measurement operator M,, acts on the quantum
state ps is p(alx) = (M pa). However, if the efficiency
of each detector is 7], the actual output probability becomes
P/(alx) = nte(Myupa) = nplal).

2.3. Violating Clauser—Horne-Shimony-Holt (CHSH) in-
equality with imperfect measurements

In the bipartite Bell scenario, suppose that Alice and Bob
share a bipartite state pap and perform binary input and out-
put measurements. Let Ag, A; and By, B; be the observables
for Alice and Bob, respectively, corresponding to binary in-
puts 0,1. It is proved that, in this case, the local correlation

necessarily satisfies the CHSH inequality,?%3%! i.e.,

<A0(Bo+Bl)>+<A1(BQ—Bl)> <2. 3)

If Alice and Bob share a 2-qubit maximally entangled state,
then the maximum quantum violation of 2v/2 can be reached.
Here, the ideal measurement schemes are considered as fol-
lows:

AO = GZ? Al = G)ﬁ

“
&)

1
B, = 7(Gz_cx)a

V2

These measurements

1
7(61 + Gx)7

V2

where o, and o, are Pauli matrices.

By =

are called target measurements. The measurement operators
corresponding to A, and B, are represented as {Aa‘x} and
{Bb|y}, respectively. However, the measurements actually per-
formed in the lab do not precisely correspond to the target
measurements, but instead to positive operator valued mea-
sures (POVMs) {Aa|x} and {E’b|y}. We quantify the correspon-
dence between each of the target measurements and the asso-
ciated lab measurements through their average fidelity,

(tr(AgAopx) +tr(AyAyy)) (6)

.F)B = (tr(BO‘ygg‘y) +tI‘(Bl‘yl§1‘y)) . @)
The fidelities { F2, .7-")3 } can be directly determined by probing
the lab measurements with single qudits from a well-calibrated
auxiliary source. Assuming that each measurement device is
not perfectly controlled, there is a lower bound on fidelity, that

18,
Fi>1-¢!, FE>1-¢f (®)

Here, the parameter € € [0, 1] represents the inaccuracy of the
lab measurement.
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If we allow the lab observables to have an e-deviation
with respect to the target measurements {Ag, A, Bo,B1}, then
this corresponds to the following constraints:

tr(AAy) > 2—4¢€, r(ByBy) >2—4e. )

Since the measurement operators are fully characterized by
their corresponding Bloch vectors, we can, without loss of
generality, restrict our analysis to the XZ-plane of the Bloch
sphere. We write

Ag = cosb, 0, +sinb o, (10)
A| = c0s6,0, +sinb, 0., (11)
By = cosB30, +sinbs0;, (12)
B = cos0,0, — sinby0;. (13)

Thus, in the relevant case of equality, the fidelity condition
described by Eq. (9) becomes

0, = arcsin(1 —2¢), (14)
6, = arccos(1 — 2¢), (15)
03 = 64 = arcsin(1 —2¢) — /4. (16)

Based on the above analysis, when performing imprecise mea-
surements with inaccuracy € in the lab, the maximum value of
the CHSH inequality is achieved as 2v/2(1 — 2¢)?. This re-
sult is obtained under the measurement scheme and parameter
constraints given in Egs. (10)—(16).

3. Witnessing star network topology

We first focus on the star network composed of four par-
ties and three sources, as illustrated in Fig. 2. The largest dif-
ference among the four network structures is the amount of
quantum sources. Therefore, we first propose a method to dis-
tinguish the four network topologies based on their respective
numbers of quantum sources. For this, we propose a network
correlation measurement, denoted as Q, and define

(Q) = [(ATDoB)|'*+ (A" DBy )|'/?
+ATDLCH V2 + (A D5 Cy )| V2
+H{(BID4CY) 2+ [(By DsCy )2 (17)

Here, A* = Ao+ Ay, B = B+ B, and C; = Cjo +Cjy,
where Ao, A1, Bio, Bi1, Cjo, Cj1, and D represent the observ-
ables performed by parties A, B, C, and D, respectively (i, j €
{1,2},s € {0,1,...,5}). The expectation values are given by
(D By) = Tapa——1.1 abdP(a,d.blx,51.y). (ADyCc) =
<BZyDS3C21> =
Ypcd——1,1bcdP(b,d,cly,s3,z). Here, x, y, z, and s; represent

Yocd——1,1acdP(a,d,c|x,s2,2), and

the inputs of the measurement, while a, b, ¢, and d represent
the corresponding outputs.

Without loss of generality, we consider four distinct net-
work topologies corresponding to the number of quantum
sources in the network being 0, 1, 2, and 3, respectively. These
are represented by the network topologies My, M, M, and M3
as shown in Fig. 2. Let us consider the quantum states @) p,
|2 )ap®@| D) ppy, and [ @) ap @ |PT) ppy @[ PT) ¢ respec-
tively for network topology My, M;, and M3, where | @) xp =
(|00)xp + [11)xp)/v/2 (X € {A,B,C}). For each topology
shown in Fig. 2, we can always optimize its measurement
scheme and thus obtain the upper bound of (Q) correspond-
ing to different network structures. Specifically,

(Q) < Swm,, (18)

where Sy, = maXAX,ijCkmDS(Q), with n = 0,1,2,3 denoting
the different network topologies. Intriguingly, we note that
each optimal measurement scheme consists of independent lo-
cal measurements.

(a) B (b) B
| |
1 1
| |
| 1
_D Dy
i Se NS
-,
. ~ -, ~
A é < c
(c) B (d) B
| |
| |
D\
7 N N\
7 s AN 7 N
A e @ &

Fig. 2. Star quantum networks involving four parties (A, B, C, and D) can
exhibit four distinct network topologies. In (a) My, the four parties are
only connected through classical variables (indicated by dashed lines).
In (b) My, (¢) M», and (d) M3, there are 1, 2, and 3 entangled pairs dis-
tributed, respectively. Here, the entangled pairs are denoted by (o o).

For the network My shown in Fig. 2(a), all the sources are
classical variables. Since all subnetworks in the star network
adhere to the local hidden variable model, the upper bound of
the inequality is always 6, that is,

Smy = 6.

For any n € {1,2,3}, we can always obtain the value of Sy,
by optimizing the measurements Ay, B;y, Cj;, and Dy indepen-
dently for each network topology. For example, for the quan-
tum network shown in Fig. 2(b), we get Sy, = 2+ 2%/ with
the following set of measurements,

1 1
Ag=—=(0;+0%), Al =—7=(0,—0y), 19
0 \@( Z x) 1 ﬁ( Z x) ( )
Dy=D;=0;, Di=D3=0x, Dy=Ds=1D5L, (20)

where o, ; are Pauli matrices and /; is the identity operation.
The choice of measurement scheme depends on the position of
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the quantum state. Meanwhile, as parties B and C only receive
classical variables, measurements can always be chosen such
that

; 21
(22)

hold.

For further details of the proof and the measurement
schemes corresponding to Figs. 2(b)-2(d), please refer to Ap-
pendix A. Under these schemes, we can always calculate the
value of Sy, for the network topology M,, with the upper
bounds listed in Table 1. Note that for each topology, we as-
sume a specific distribution of quantum sources. In practice,
if the positions of the quantum sources change, we simply
need to adjust our measurement schemes accordingly. Inter-
estingly, we find that even when the positions of the quantum
sources are altered, the value of Sy, remains unchanged for
any n € {0,1,2,3}.

Table 1. The upper bounds of Eq. (17) for different star network topologies.

Network topology Upper bound Sy,
My Suy =6
M, SM[ =2+ 29/ 4
M, Sy, =22+ 2%/
Ms Smy =6V2

Next, we show below that exceeding the upper bounds
listed in Table 1 can certify the number of quantum sources
in the network. First, each party attempts to use the optimal
measurements under various scenarios, and we can calculate
the value of (Q). This value indicates the number of quantum
sources in the network. Specifically, if the value of (Q) ex-
ceeds Sy, it indicates that there must be at least one quantum
source in the network, which may correspond to the topolo-
gies My, M5, and M3. In addition, if the value of (Q) belongs
to [S,,Swm, ], then there is one quantum source in the network.
If the value of (Q) exceeds Sy, and is simultaneously less
than Sy, , there are two quantum sources. If the value of (Q)
exceeds Sy, , all sources in the network are quantum sources.
Thus, we can distinguish the four networks in Fig. 2.

It is also mentioned that the aforementioned method can
be extended to distinguish the topology of star networks with
arbitrary numbers of parties. To achieve this, we decompose
each network into entanglement swapping subnetworks and
analyze them accordingly. Moreover, one can utilize CHSH
inequalities to determine the location of each quantum source
within the four star networks depicted in Fig. 2.

4. Quantum network topology discrimination
with imperfect measurements

Here we study the impact of measurement imperfections
on network topology discrimination on two network struc-

tures: star and triangle networks.

4.1. Star networks

Let us first introduce the imperfect measurements per-
formed by the parties involved in the quantity (Q). In the ideal
case, the two local observables on party D may include ¢, and
O,. Assume that the forms of the imprecise measurements of
o; and oy are

6, = cosB; oy +sinb; oy, (23)

6y = c0s6, 0, + sinb, 0,. 24)

Due to the limitations introduced by measurement errors, we
require 6; = arcsin(1 — 2¢) and 6, = arccos(1 — 2¢). For the
remaining parties, the measurements performed are only in
two cases, w; = (0, + 0,)/v/2 and w, = (0, — ;) /v/2. There-
fore, we still consider their imprecise measurement forms to
be

W1 = cos6;0; + sinbs o, (25)

Wy = cos040, — sinf, 0. (26)

Similarly, under the influence of the measurement imprecision
€, we determine cos6s +sinf; = v/2(1 —2¢) and 6; = 6;.

To illustrate the impact of error € on network topology
discrimination, we calculate the values of Sy, for different
network structures under the influence of measurement error
e forany n € {0,1,2,3}. These values are listed in Table 2 for
the network topology M,. The detailed proof is provided in
Appendix B.

Table 2. The upper bound of Eq. (17) under different star network

topologies with the influence of imprecise measurement. Here H(g) =
2714(1 —2€)% 4 (1 —2¢)(1 — 8e +8¢2)1/2]1/2,

Network topology Upper bound Sy,
My Smy =6
M, Su, =2+H(e)
M, Su, =2V2(1 —2¢)? +H(e)
Ms Suy = 6v2(1 —2¢)?

Next, we calculate the differences Sy, , — Sp; for i €
{0,1,2}, and present these values in Fig. 3. This analysis indi-
cates that as long as the measurement error is controlled within
€ € ]0,0.0613], the method proposed in Section 3 remains ef-
fective for determining the number of quantum sources in the
star network depicted in Fig. 2. Subsequently, the CHSH in-
equality can be used to identify the positions of these quantum
sources.

In order to account for the impact of detection efficiency
on this method, we still need to compute Sy, across different
scenarios. We use Sfu’, to denote the upper bound when influ-
enced by detection efficiency 7. The specific values are listed
in Table 3. Based on the results in Fig. 4, it can be inferred
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that the method for witnessing network topology proposed in
Section 3 remains effective when 11 > 0.8409. This is because,
under these conditions, the inequality S);, < S);, < Sy, < Sjy,
can always hold.

1.5} ]
—— Sy~ S,

1.0} Sar, =S, |4

0.5}

(0.0613,0)

—0.5F

|
I
|
0.02 0.04 0.06 0.08
€
Fig. 3. The x-axis represents the measurement imprecision €. The red,

green, and blue curves correspond to the values of Sy, — Sy, Sm, — Sy »
and Sy, — Su, as functions of the imprecision €, respectively.

10F
— Si,— Sk,
S, =Sk,
5T — SMK*SJWZ
>
(0.8409,0)
0
|
|
_5 . . I |
0 0.2 0.4 0.6 0.8 1.0

n

Fig. 4. The x-axis represents the detection efficiency 7. The red, green,
and blue curves correspond to the values of S}Wl — S}Wo, S;"fz — S}Wl , and

S5‘43 — S}, as the function of the detection efficiency 7, respectively.

Table 3. For different realizations of the star network, this table shows
the upper bound of S§\4n under the influence of detection efficiency 7.

Network topology Upper bound Sj,,,"
My Sty =6
M, Sy, =2+274n
M, Sh, =2V203 2 42941
M; S, = 6V213/?

4.2. Triangle networks

For the triangle network depicted in Fig. 1, we com-
pute the upper bounds of the Bell-type witness operators B
for different network topologies under imperfect measure-
ments. Similarly, when the local measurements performed
by the parties involve o;, oy, w; = (0, + 0y)/ V2, and wy =

(0, — 6,)/V/2, these measurements are modified to

6, = cos0, 0y +sinb; oy, 27

6y = c0s0,0, 4 sin6, o3, 28)

W1 = cos630; + sinbz oy, (29)

Wy = cos0,40, — sinb, 0, 30)

where 0; = arcsin(1 — 2¢), 6, = arccos(1 — 2¢), cosb; +
sinf; = \@(1 —2¢), and 63 = 64. In the subsequent analysis,
whenever we consider the imprecise measurements in the ex-
perimental process, we adopt the measurement scheme shown
in Egs. (27)—(30).

Next, for convenience, we provide an example of
the network topology N;, where Alice and Bob share an
Einstein—Podolsky—Rosen (EPR) state |®@T)4p = (|00)ap +
|11)45)/v/2. In the ideal case, the result in Ref. [30] shows
that we attain Sy, when

(Ao) = (Bo) = (Co) = (A1) = (B1) = (C1) =1, (3D
classical :
(A2) = (Ba) = (C2) = (A3) = (B3) = (G3) =1, (32)
quantum :
1 1
BZ:E(GZ_FGx)a B3:ﬁ(62_6x)7 (33)
A2 = Og, A3 = Oy, <C2> = <C3> = 17 (34)
1
A4 = ﬁ(o_z‘i‘cx)a AS = \ﬁ(o-z - Gx>7 (35)
By=0,, Bs=0y, (C4)=(Cs5)=1. (36)

However, each party performs imprecise measurements with
inaccuracy €. At this point, the measurement schemes for par-
ties A and B, who share the quantum state | )4 = (]00)4p +
|11)45)/+/2, are modified to

A = B4 = cos0, 0, +sinb; o, 37)
A3 = Bs = cos6,0, +sinb 0, (38)
By = A4 = c0s030, +sin6s0;, (39)
B3 = As = c0s0,0, — sinb, 0., (40)

where 0 = arcsin(l — 2¢), 6, = arccos(l — 2¢), cosOs +
sinf; = ﬁ(l —2¢), and 63 = 04. In this case, we get a new
upper bound as

e+ 1)[2v2(1-2¢)* +4], if a < fi(e),
M) Car DRV2( - 262 4 1] +1, ifa> fi(e),

where fi(€) = 1/[v/2(1 —2€)? —1]. The details of the calcu-
lation are provided in Appendix C. In other cases, the upper
bound of (BB) can also be calculated using a similar method.
Based on the previous discussion, we derive upper bounds
for Bell-type witness operators B and list them in Table 4. For
the network topology in Fig. 1, where each source is classi-
cal, the upper bound is always 6(1 + ). Besides, these upper
bounds depend on two key factors: the measurement inaccu-
racy € and the parameter ¢ in B. To assess the robustness of
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this approach, for different inaccuracies €, we search for the
value of the parameter o. If the values of (83) differ among the
five network structures, then the network topology can still be
distinguished.
Table 4. Upper bounds of Sy, in different realizations of the trian-
gle network, considering the influence of imprecise measurement. Here

65 = 6 —arccos(1 —2¢), @ = arcsin((a+1)/ (202 + 20+ 1)1/?), f1(e) =
1/[v2(1—2¢)> — 1], and F(g) = 2v/2(1 —2¢)?.

Network topology Upper bound Sy,
Ny SNO =60+6
(a+1)(F(e)+4), if & < fi(e),
Ni Sn, =
Qoa+1)(F(e)+1)+1, ifa> fi(e)
Ny Sn,, = 6[(0t+ 1)(1 —2¢&)cosbs +2a(1 — 2¢)%sinbs]
200+ 2+2F (e)(a+1), ifa< fi(e),
Ny SNZ =
F(e)(3a+2), ifa> fi(e)
N3 Sy, =3F(e)(a+1)
(@) —r—
0.6 - Satisfying points |+
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0.5F i
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Fig. 5. The x-axis represents the error parameter € in the lab measure-
ment, and the y-axis represents the minimum parameter o corresponding
to the case where the Bell-type witness operators 13 can still distinguish
the network topology in the lab measurement. (a) When o < fi(€), the
maximum point of 0.0795 indicates that the witness operator can tol-
erate a maximum measurement error of 0.0795 at this time. (b) When
o > fi(€), the maximum allowable measurement error is only 0.0020.

Figure 5 illustrates the minimum value of the parameter o
that can be chosen for different levels of inaccuracy €. When
o < fi(€), based on numerical calculations, we find that the
error range should be controlled within [0,0.0795]. Based on
the results in Fig. 5(a), we can further adjust the value of o

accordingly. In this case, the Bell-type witness operator B re-
mains effective for distinguishing network topologies. Simi-
larly, when o > fi(€), we obtain analogous results.

Secondly, we investigate how the detection efficiency
n affects the discrimination of the network topology using
Bell-type witness operator B. Considering network topolo-
gies shown in Figs. 1(b)-1(e), the distribution of sources in
each network and the chosen ideal measurements are the same
as those discussed earlier. We further demonstrate that the
detection efficiency 11 will also affect the upper bound of
(B). For example, for the quantum network N; depicted in
Fig. 1(b), we assume that parties Alice and Bob share a state
|®F)ap = (|00)ap + [11)45)/v/2. Under the influence of the
detection efficiency 717, we can obtain

o ((ApBo(Co+C1)) +(A1B1(Co—C1)))
+{Ao(Co+C1)) +(Ao(Co—C1)) =2(a+1),  (41)
a((A2(B2+B3)Cy) + (A2 (B2 — B3) ()
+((B2+B3)Ca) + (B2 — B3)Ca) =2(a+1)  (42)
from Eqs. (32), (35), and (36),
o ((A2(B2+ B3)Ca) + (A2(B2 — B3)C2)) + (B2 + B3)Cy)
+((B2—B3)Cy) = 2V2n a (43)
from Egs. (33)—(36),
o (((A4+As5)BsCy) + ((Ag — As)B4Cs))
+{(A4+As)By) + ((Ay — As)By) = 2v2n*(a+1). (44)

Thus we get
, e+ 1)(E+2v2n?), if a < f2(n),

Sy, =
! 2202 Qa+ 1) +2(a+1), ifa> f(n).

We then consider the upper bound of (55) in other cases and
list these upper bounds in Table 5.

Table 5. In different realizations of triangle network, the table shows the
upper bound of vam under the influence of detection efficiency 1. Here

L) =1/(V2n?-1).

Network topology Upper bound Sj,
No S, =60+6
(o +1)(4+2v2n?), ifa < f(n),
N M=
{2ﬂn2(2a+1)+2(a+1), ifa> f(n)
Ny Sk, =6V (n? +an?)2 +(an’)?
. @V +a)(a+), ifa<fi(n),
" e {6ﬁn2a+4ﬁn2, if o> fo(m)
N3 Sy, =6vV2n*(na+1)

To analyze how measurement detection efficiency 1 im-
pacts the discrimination of network topologies, we must adjust
the parameter @ of the Bell-type witness operator B for differ-
ent values of 1. Specifically, if & < f>(n), using numerical
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calculations, we find that for certain detection efficiencies 1,
simply adjusting the parameter & allows the Bell-type witness
operator B to still distinguish network topologies. For exam-
ple, Fig. 6(a) shows that the network topology shown in Fig. 1
can be distinguished using B when n > 0.947. If o > f>(n),
Fig. 6(b) illustrates the minimum values of o required for dif-
ferent detection efficiencies. Notably, when 1 < 0.944, the
method of using B to distinguish between network topologies
fails regardless of the value of o.

(a)

4.0} (0.947, 3.724) + Satisfying points| |

¥ Minimum point

0.94 0.95 0.96 0.97 098 0.99
n

- Satisfying points|
$Minimum point ||

6 (0.944, 5.960)

0.94 0.95 096 0.97 0.98 0.99
n

Fig. 6. The x-axis represents the detector efficiency of the measurement,
1M, and the y-axis represents the minimum parameter ¢ corresponding to
the case where the Bell-type witness operators 3 can still distinguish the
network topology in the lab measurement. (a) In the case of @ < f>(n),
the minimum success efficiency of the detector is 0.947. (b) In the case
of ot > f>(n), the minimum success efficiency of the detector is 0.944.

5. Discussion and conclusion

In this paper, for a star network comprising four parties,
we present Bell-type inequalities that can determine the num-
ber of quantum sources in the network topology. By inte-
grating the results of the CHSH inequality, we can precisely
In fact, the method
we propose can be generalized to star networks with n par-

determine the location of each source.

ties. More importantly, we investigate how two distinct types
of measurement imprecision impact topology distinguishabil-
ity within star and triangle quantum networks. Our study es-
tablishes robust error thresholds for reliable network topology
discrimination.

In addition, one can analyze the problem of distinguish-
ing network topologies under different structures using a sim-
ilar method that combines and tests the violation of various

Bell-type inequalities. For specific network structures, explor-
ing different forms of Bell-type inequalities in future work
may lead to a more robust method for distinguishing network
topologies.

Appendix A

Consider the network M; shown in Fig. 2(b), and as-
sume that parties A and D share a quantum state |®*)sp =
(|00Yap + [11)4p) /+/2. If the observables performed by par-
ties A and D correspond to Egs. (19)—(20), the measurement
schemes performed by parties B and C always ensure that
Egs. (21) and (22) hold, we obtain

(AT DB )2 +|(A™DiBy) V2 =254 (A1)
(AYDLCHY V2 +|(A™DsCy )2 =254 (A2)
(B3 D4C3 )|/ +|(By DsCy ) |V/2 = 2. (A3)

Combining with Egs. (A1)-(A3) we obtain that Sy, =2+
2014,

For other network topologies, the value of Sy, can also be
obtained using similar calculation methods. For the quantum
network depicted in Fig. 2(c), we assume that parties A and D
share a state |®*)ap = (|00)ap + |11)ap)//2, and parties B
and D share a state |®1) gy = (|00)gp + |11)gpy)/v/2. The
selected measurement scheme is defined as follows:

1
Ag=—=(0,+0y), Ay = —(0,—0Oy), A4
0 \/E( Z x) 1 \/E( 4 ) ( )

1

Bio =By = 7(Uz+0x)’ (AS)
Bi1 =B = ! (0, —0y) (A6)
11 = ZI_ﬁ Z x )5
Dy = 0;®0;, D| =0, R0y, (A7)
Dy =Ds=0,0D, D3 =Ds5 =0, RD. (A8)

Meanwhile, for party C, who receives only classical vari-
ables, measurements can always be selected to ensure that
<C10> = <C20> =1and <C11> = <C21> = 0hold. Thus, we derive
an upper bound of (Q) as Sy, = 2v/2+2/4.

For the quantum network shown in Fig. 2(d), we
suppose that parties A and D, parties B and D, and
parties C and D share the entangled states |®@T)ap =
(100bap + [11)40) /V2, 195 ) 5y = (100) 51y + |11)5)/V/2,
and | @) epr = (|00)cpr + [11)¢pr)/+/2, respectively. The
corresponding measurement scheme is defined as follows:

1
AozBlozBm:Clo:Czoz\ﬁ(ffzﬁ-cx% (A9)

1
A1=Bu=Bz1=C11=C21=\ﬁ(Gz—Gx>7 (A10)
DO:Gz®Gz®IZa D) =0,®0;®1, (A1)
D) =0,0L®0;, D3 =0, 0y, (A12)
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Dy=L®0,®0;, Ds=5H® 0;® 0Oy, (A13)

We determine the upper bound of (Q) as 6v/2.

Appendix B

Consider the quantum network depicted in Fig. 2(b),
where parties A and D share a quantum state |®T) p =
(|00)ap + [11)ap)/v/2. By analyzing the measurement
scheme described in Egs. (19) and (20), we can find that the
local measurements of parties A and D always involve oy, G,
%(0} + oy) and %(0'Z — 0,). Given that the imprecision of
each measurement is €, we can use Egs. (23)—(26) to express
the measurement scheme as follows:

Ap = cos6030; +sinbz 0y, (B1)
A = cosbs o, — sin6B3 0y, (B2)
Do = D> = cos8; 6, +sinb; oy, (B3)
Dy =Dz = cos6, 0, +sinb, oy, (B4)

where 0; = arcsin(l — 2¢), 6, = arccos(1 —2¢), and 63 =
arcsin(1 —2¢€) — mr/4. Since parties B and D only receive clas-
sical variables, we can select a measurement scheme such that

(B1o) = (B20) = (B21) =1, (B11) =0,
(Ci0) = (Ca0) = (Ca1) =1, (C11) =0,

(B5)
(B6)
are satisfied. Meanwhile, select the measurement where
Dy =Ds =D. (B7)
Based on the above discussion, we can calculate that

(A" DoB{)|'/* + (A" D1 By )|

= [(A*Do)|"/* + (A~ Dy)|'/?
= |2c0s630; ® (cos6) O, + sinb; 6,)| '/

+|2sin63 0, ® (cosB, 0, + sinb, o) | 1/2

=2 (\cose3sin91 |'/2 4 |sin63c0592|1/2)

= V2(1—2¢)'/? (|cos93|1/2+ |sin63|1/2)

_ 23/4\/(1 —2¢€)2+ (1—2¢)(1 —8e+8¢2)1/2, (BY)

where the last equality holds when cos6; = [k + (2 — k2)'/?]/2
and sinf3 = [k — (2 — k?)'/2] /2 (or cos@s = [k — (2 — k?)'/?] /2
and sin@; = [k+ (2—4?)'/?]/2) with k = v/2(1 — 2€) and
1 —2¢ > 1/+/2. Similarly, we get

(ATDLC)|V? 4 [(ADsCy )| V2

= 23/4\/(1 —2¢€)2 4 (1—-2¢)(1 — 8¢ +8¢€2)1/2.

In fact, since the variables shared between parties B and
D, as well as between parties D and C, are classical, we have

(B3 D4Cy ) |'/2 +|(By DsCy )|'/* = 2. (B9)

Based on the preceding discussion, we can obtain Sy, =
24274 /(1 —2€)2 + (1 —2¢)(1 — 8¢ + 8¢2)1/2,
Using the same methods as above, the corresponding val-

ues of Sy, can also be derived for other scenarios.

Appendix C

From the structure of B, it is evident that all terms in B
are either Mermin-type or CHSH-type operators. The optimal
quantum bound for these operators arises from local measure-

1391 Hence, due to linear-

ments performed on the EPR state.
ity, it is sufficient to determine the bound of (BB) using the
EPR state. Suppose that Alice and Bob share an EPR state
|®F)ap = (|00)ap + |11)45)/+/2. Ideally, each party should
perform the measurement scheme shown in Egs. (31)-(36).
However, in practice, we consider the imprecise measurements
shown in Egs. (37)-(40), and we can calculate the correspond-

ing values

(X((AoBo(C0+C1)> + <A131(C() —C1)>> + <AQ(C()+C1)>

+({A0(Co—C1)) =2(a+1), (CD)
0((A2(B2+B3)C2) + (A2(By — B3)(2)) (C2)
+((B2+B3)C2) + (B2 — B3)C2) = 2(a + 1) (C3)
from Eqgs. (32), (35), and (36),
0({A2(By + B3)C2) + (A2 (By — B3)(2))
+((B2+B3)C2) + (B2 — B3)C2)
=2V2a(1 —2¢)? (C4)

from Eqgs. (33)-(36),
0({(Ag+As)BsCs) + ((Ag — As)B4Cu)) + ((As +As)B4)
+{(Ag —As)Bg) = (1+a)2V2(1 —2¢)*. (C5)
Combining Egs. (C1)—(CS5), we obtain

{(a+1)[2ﬁ(1—28)2+4], if a < fi(e),
Sny = .
Qo+ 1)[2v2(1-2€)* +1]+1, ifa> fi(e),

where fi(€) = 1/[v2(1 —2¢)> —1].

Next, when the local measurements performed by the
parties involve o, Oy, wi = (0; + 0y)/v/2 and wy = (0, —
0,)/V/2, they can always be expressed as

6; = cosB, 0y +sinb; oy, (Co)
6y = cos6, 0, + sinb, o, (CT
W1 = cos30; +sinb oy, (C8)
Wy = cos040, — sinb, 0y, (C9)

where 0 = arcsin(l — 2¢), 0, = arccos(l — 2¢), cos6s +
sin; = v/2(1 —2¢), and 63 = 6.
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Case 2 For the network topology N;/, Alice, Bob, and
Charlie share a tripartite maximally entangled GHZ state
|GHZ) = (]000) +|111))/+/2. Especially, define quantum ob-
servables for each party as

Ao =0;, A| =0y, Ao =D, A3 = Oy,

A4 = cosOo0; +sinfo,, A5 = cosO 0, —sinO oy,
By =1L, B = 0y, By = cos00; +sinf oy,

B3 = cosO0, —sinf oy, By = 0,, Bs = Oy,

Cy = cosO0; +sinfboy, C; = cosOo; —sinboy,
C2 = Og, C3 = Oy, C4 = 12, C5 = Oy.

Here 6 = arcsin((a + 1)/(2a® + 20 + 1)!/2). Therefore, un-
der the influence of measurement errors €, we can obtain

Sn,, = 6[(a+1)(1—2€)coss + 2a(1 — 2¢)sin6s),

where 65 = 6 — arccos(1 —2¢), 8 = arcsin((o + 1)/ (20> +
200+ 1)!/2). It is worth noting that the imprecise measure-
ments of A4 = Cy and As = C) are assumed to be

A4 = éo = c0s8s0; + sinB, Oy, (C10)

As = C| = cosb;0, — sin6; 0, (C11)

respectively. Due to the constraints of the imprecision &, we
require O = 67 = 0 — arccos(1 — 2¢) with 6 = arcsin((a +
1)/2a% +2a+1)'/2).

Case 3 For the network topology N,, suppose that Alice
and Bob, and Alice and Charlie share one EPR state |®")p =
(100)a +[11)a5)/v2 and |@7) yic = (|00) 4 + 1) a1c) / V2
respectively. In the ideal case, considering the observables
shown in Egs. (S31)—(S33) from the supplementary material
of Ref. [30]. After performing imprecise measurements dur-
ing the experiment, we find that

200+ 2+4V2(1-2¢)* (e + 1), ifa< fi(e),
2v/2(1 —2¢)*(3a+2), if @ > fi(¢),
where fi(€) = 1/[v2(1—2¢)> —1].

Case 4 For the network topology N3, suppose that Al-
ice, Bob and Charlie share three EPR states |®1) p =
(100)a5 + [11)48)/v2, |@F)wc = (100)ac + [11)ac)/V2,
and |®1) per = (|00) g + [11) grer) /+/2, respectively. If un-
der ideal conditions each party performs the measurement as

N, —

Eq. (S47) in the supplementary material of Ref. [30], then,
considering the influence of noise on the measurements per-
formed in the experiment, we can still obtain

Sy, = 6V2(1—2€)* (ot + 1). (C12)
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