CHinese PuysicaL Sociery | IOP Publishing

CPB

Chinese Physics B

http://cpb.iphy.ac.cn https://iopscience.iop.org/journal/1674-1056

Exciton insulators in two-dimensional systems

Huaiyuan Yang(#$£i), Xi Dai(#i47), and Xin-Zheng Li(Z=H1iE)
Citatio:Chin. Phys. B, 2025, 34 (9): 097301. DOI: 10.1088/1674-1056/ade3ae
http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Moiré physics in two-dimensional materials: Novel quantum phases and electronic

properties

Zi-Yi Tian(H -F3¥), Si-Yu Li(Z= 8. 752), Hai-Tao Zhou(J& ), Yu-Hang Jiang(Z% F2fiii), and Jin-Hai Mao( &4 i)
Chin. Phys. B, 2025, 34 (2): 027301.  DOI: 10.1088/1674-1056/ad9e96

GalnX; (X=S, Se, Te): Ultra-low thermal conductivity and excellent thermoelectric

performance

Zhi-Fu Duan (Bt &), Chang-Hao Ding( ] £ #5), Zhong-Ke Ding( ] "1 £}), Wei-Hua Xiao( ¥ J##£), Fang Xie(1 77),
Nan-Nan Luo(¥' ¥ 4), Jiang Zeng( 4 &), Li-Ming Tang(/F 22 1), and Ke-Qiu Chen([%: 7. 2R)
Chin. Phys. B, 2024, 33 (8): 087302.  DOI: 10.1088/1674-1056/ad47e3

Effect of strain on structure and electronic properties of monolayer C,N,

Hao Chen([%:5), Ying Xu(14:5%), Jia-Shi Zhao(i#% 5 £7), and Dan Zhou(J& /1)
Chin. Phys. B, 2024, 33 (5): 057302.  DOI: 10.1088/1674-1056/ad260c

Anomalous valley Hall effect in two-dimensional valleytronic materials

Hongxin Chen([%73Lik), Xiaobo Yuan(JiI%7%), and Junfeng Ren({F-122 1)
Chin. Phys. B, 2024, 33 (4): 047304.  DOI: 10.1088/1674-1056/ad1c59

Improving the electrical performances of InSe transistors by interface engineering

Tianjun Cao(® K1&), Song Hao(#f{#2), Chenchen Wu(% /2 /=), Chen Pan(i#%/=), Yudi Dai(¥ & 1iH), Bin Cheng(#£
), Shi-Jun Liang(Z: %), and Feng Miao(22 )
Chin. Phys. B, 2024, 33 (4): 047302. DOI: 10.1088/1674-1056/ad24d7


https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ade3ae
https://doi.org/10.1088/1674-1056/ade3ae
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad9e96
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad9e96
https://doi.org/10.1088/1674-1056/ad9e96
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad47e3
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad47e3
https://doi.org/10.1088/1674-1056/ad47e3
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad260c
https://doi.org/10.1088/1674-1056/ad260c
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad1c59
https://doi.org/10.1088/1674-1056/ad1c59
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad24d7
https://doi.org/10.1088/1674-1056/ad24d7

Chin. Phys. B 34, 097301 (2025)

TOPICAL REVIEW — Exciton physics: Fundamentals, materials and devices
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Electron-hole interactions play a crucial role in determining the optoelectronic properties of materials, and in low-
dimensional systems this is especially true due to the decrease of screening. In this review, we focus on one unique quantum
phase induced by the electron—hole interaction in two-dimensional systems, known as “exciton insulators” (EIs). Although
this phase of matter has been studied for more than half a century, suitable platforms for its stable realization remain scarce.
We provide an overview of the strategies to realize Els in accessible materials and structures, along with a discussion on
some unique properties of Els stemming from the band structures of these materials. Additionally, signatures in experiments

to distinguish Els are discussed.
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1. Introduction

Exciting an electron from the valence band of the ground
state of a semiconductor to the conduction band creates an
electron—hole pair. Due to the opposite charges carried by
the electron and hole, there is an attractive Coulomb interac-
tion between them, leading to the formation of a stable two-
body bound state. This quasi-particle is called an “exciton”,
first proposed by Frenkel and Wannier in the early 1930s.!:]
The intrinsic connection between exciton and optical excita-
tion means that excitons determine the optoelectronic prop-
erties of these semiconductors to a large extent.’) In two-
dimensional (2D) and quasi-2D materials, the screening ef-
fects of the electrons are weaker, and the Coulomb interactions
are stronger. This may lead to large exciton binding energies.
In the meantime, bright excitons also exhibit strong oscillator
strengths.[*>1 As such, the optical properties of 2D materials
can be more substantially altered by excitons compared with
their bulk correspondences. In recent years, many 2D materi-
als with interesting optical properties have been reported, in-
cluding transition-metal dichalcogenides, halide perovskites,

(6-8] a5 demonstrated by their op-

and layered heterostructures,
tical absorption or photoluminescence spectra.

Underlying the theoretical descriptions of the exciton
properties is the single-particle excitation spectra of the elec-

tronic system. In periodic systems, this is called the electronic
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band structure, and the corresponding theory is called band
theory.[®! For condensed matter physics, it is the most suc-
cessful theoretical framework used for the description of ex-
citations. On top of it, if one combines its most fundamental
quantity, i.e., the band gap, with the most fundamental quan-
tity of excitons, i.e., the exciton binding energy, a very interest-
ing scenario may arise, as proposed by Keldysh, Kohn, Rice,
and others in the 1960s.11%-13] If the exciton binding energy
exceeds the band gap, the formation of excitons becomes ener-
getically favorable, rather than ordinary band structures. Un-
der appropriate conditions, excitons can spontaneously form
in large quantities and undergo condensation as bosonic par-
ticles, exhibiting exotic transport and optical properties, and
becoming insulating for electron transport.!!%18] As such, this
new quantum phase is called an exciton insulator (EI) phase,
routinely obtained from the normal band phase in some special
materials upon decreasing temperatures. =211

Despite the simplicity of this physical picture and the long
history of this idea, theoretical and experimental studies of this
phenomenon were both quite limited for a long time. There are
two main restrictions. The first one is on the stringent require-
ments for the existence of this quantum phase, as reflected by
the fact that large exciton binding energies are required. In-
trinsic materials possessing feasible band structures for this
are rare. For example, in bulk materials, the large screening
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due to the many-body nature of the electrons means that there
are not many materials with a large exciton binding energy.
The second one is that even though this new phase exists, it is
difficult to characterize in experiments.>>?3 Taking the most
often used technique, i.e., electron transport measurement, as
an example, the neutrality of the electron—hole pair means that
zero net charge can be measured by the transport of the exci-
tons, unless the electron and hole go through different chan-
nels. As such, solid identifications of this EI phase in realistic
materials remain scarce. 18241

In recent years, studies on 2D materials and heterostruc-
tures mean that amelioration of both conditions discussed
above appears.!>~28 The decrease of screening in 2D mate-
rials means that the exciton binding energies can be large and
a new scenario when it exceeds the band gap may exist. In the
meantime, advances in experimental techniques, e.g., angle-
resolved photoemission spectroscopy (ARPES), scanning tun-
neling microscopy (STM), and delicate high-precision elec-
tric transport experiments, also mean that fingerprinting this
new quantum phase becomes possible.[>*-34 Based on this
progress, we write this review to discuss some new progress
in the research on Els from a theoretical perspective, together
with some discussions of the novel properties of Els. Re-
sults reported in three of our previously published papers,
Refs. [19-21], are selected as the basis for these discussions.
Our focus is to provide an overview of the strategies used to
realize realistic EI systems. With a summary of previous re-
sults and an illustration of the strategies we take to search for
Els, we hope that the methods used in this review can help to
guide the discovery of Els in more realistic systems and their
characterization in experiments.

The paper is organized as follows. In Section 2, we give
a brief introduction to the theory used to describe Els using
a Bardeen—Cooper—Schrieffer (BCS)-like equation. In Sec-
tion 3, we discuss the strategies used to realize intrinsic Els
in 2D materials and give several examples using results of
state-of-the-art first-principles calculations. In Section 4, we
discuss Els in heterostructures and demonstrate a way to find
high-angular momentum Els. In Section 5, we summarize the
whole review and give a perspective on the open questions.

2. General description

In this section, we use the mean-field BCS-like theory
to describe the EI state.!!!"!?] Consider the simplest case with
one conduction band and one valence band, the interaction be-
tween the electrons and holes can be written as

H=Y ¢k
k
+ Z V(g)a

kK q

)azkack + Z&‘V(k)azkavk
k

i i
vk+qavkack,_qack/. (1)

Here V(q) is the attractive Coulomb interaction, azk (ack) and
azk (ayk) are the creation (annihilation) operators of the con-
duction and valence bands, and €.(k) and €,(k) are the energy
dispersions near the conduction and valence band edges, re-
spectively. Expressions of &.(k) and €, (k) follow the effective
mass model

G kz
v(k)=—5— 5, 2

The G is the band gap, with G > 0
(G < 0) representing semiconductors (semimetals).

& (k) =

where m is the mass.

Then, we can define the EI order parameter to be
——ZV (k=) (alyan ). 3)
Substituting it into Eq. (1), we have
H = Zec(
- Z (
+ LK) (afyan). 4)
After diagonalization, the energy eigenvalues are
Eq(k) =&k —Ek, Eg(k)=

Here & = (&:(k) — &,(k))
gap equation is

Lkack + Z ev vkavk

Lkavk—i— h.c. )

Ek +Ek. &)

/2 and Ex, = /&2 +|A(K)|2. The
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k k/ ( k
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which is nearly identical to the BCS gap equation for
[12]

(6)

superconductivity.
After solving Eq. (6) self-consistently, a nonzero A(k)
means that the EI state is the ground state. The wavefunction

of this EI state can be written as[!?!

) = [T (i~ viealya ) [950). )
k

Here |¥4) is the noncondensing normal state described by the
band theory, with a fully occupied valence conduction band
and an empty occupied band, and ugs and vgs are the normal-
ized coefficients that diagonalize Eq. (4). The wavefunction in
Eq. (7) means that the form of the EI state is very similar to
the BCS superconducting state,*>! with excitons playing the
role of Cooper pairs.

From the perspective of symmetry breaking, the super-
conducting phase transition breaks charge conservation, cor-
responding to the breaking of U(1) symmetry; while exciton
condensation reduces the conservation of electron and hole
numbers to the conservation of their sum, which corresponds
to the symmetry reduction from U (1) x U(1) to U(1). Unlike
the Cooper pairs in superconductors, the formation of excitons
does not require mediators like phonons or other bosons, since
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there is an intrinsic attractive interaction between electrons and
holes. In addition, excitons are electrically neutral, meaning
that EIs do not exhibit supercurrent transport properties as in
superconductors. Other forms of superfluidity, however, may
exist, 30

The normal state before condensation can be a semicon-
ductor or semimetal. In the case of a semiconductor (i.e.,
the band gap is positive), Coulomb interactions are weakly
screened due to the absence of free charge carriers in the sys-
tem, resulting in a strong attraction between electrons and
holes. As a result, the excitons have a large binding energy
with small radius and low density, and excitons already ex-
ist before condensation occurs. As the temperature decreases,
condensation occurs when the de Broglie wavelength of the
excitons becomes comparable to the average distance between
them. Therefore, these EIs can be considered as a Bose—
Einstein condensate (BEC) of excitons.

When the normal state is a semimetal, the presence of
free charge carriers strongly screens the Coulomb interaction.
Therefore, the attraction between electrons and holes is nor-
mally weak. This leads to smaller binding energy, larger ra-
dius, and higher density of excitons, with no excitons pre-
formed before condensation. Thus, these Els are similar to
the BCS state in normal superconductors.>3! Both BCS-type
and BEC-type Els exist in realistic systems, and a transition
between these two types can be realized by adjusting physical
parameters such as the band gap, interaction strength, or ex-
citon density. The characteristic of this transition is not like
a phase transition, but rather a crossover, known as the BCS—

BEC crossover. 37411

3. Intrinsic materials

Over the past half-century, significant efforts have been
devoted to the search for Els, leading to substantial theoretical
and experimental progress. Two well-known examples are 17'-
TiSe, “2%3] and Ta,NiSes.[**6] However, both materials ex-
hibit phonon-induced lattice instabilities at low temperatures,
complicating the determination of whether the phase transi-
tion is driven by excitonic mechanisms. Other artificial sys-
tems, such as InAs/GaSb quantum wells/?2 and MoSe,/WSe,
bilayers,?°! require precise atomic-level control, which may
impede the broader application of Els. As such, there is a need
to explore more intrinsic EI materials with stable lattices.

3.1. General strategies

To realize an EI, a large exciton binding energy (Ey) is
essential. This requires weak screening effects, which can
be achieved in low-dimensional systems. However, Choi et
al. found that in typical two-dimensional systems, the exciton
binding energy E}, linearly depends on the band gap E,.*"]

This implies that as Ej, increases, E, also increases, with Ej,

always remaining smaller than E,. This proportional relation-
ship can be qualitatively understood in terms of the screening

t.[481 As the screening weakens in semiconductors, the

effec
band gap increases, and similarly, the exciton binding energy
increases, resulting in a positive correlation between E}, and
E,.

To break this synergy, there are two strategies. The first
one is to focus on excitons formed by band edges that do not

5.12-271 The second one is to enhance

involve dipole transition
the overlap between electron and hole wavefunctions, making
the interaction between them less sensitive to the screening
effects from surrounding electrons.?8! These strategies have
been employed in several prior works, predicting many in-
trinsic Els, such as two-dimensional GaAs,*! 17-NiCl,,[20]

[27] and a bilayer kagome material. (>8]

graphone,

We are adopting both strategies in the search for new 2D
Els. For a better understanding of our results, we start with
a brief introduction to the physics behind the synergy, as pro-
vided in Ref. [48]. In 2D systems, the static dielectric function

can be described as

e(q) =14 2moyplq|, )

where qpp is the two-dimensional polarizability, characteriz-
ing the strength of screening. Its specific form is

2¢? ttego |Vie|unie) |
oop = . ’ d°k. 9
2D (275)2 ;/k Ec.,k - Ev,k ( )

From this equation, it is clear that when the band gap is small,
opp becomes large, resulting in a strong screening effect,
which in turn reduces the exciton binding energy. However,
if at the band edges | (¢ |Vi|tvr)| =0, even if E. , — E, 1, is
very small, its effect on opp is negligible. As such, excitons
formed at the band edges could have a binding energy larger
than the band gap itself, thus forming an EL

In addition, Eq. (9) also suggests that app is only asso-
ciated with direct transitions, i.e., transitions between states
with the same k. For indirect band gap semiconductors, the
binding energy of the indirect exciton, which is characterized
by physical quantities such as opp that describe screening, is
primarily related to the direct band gap rather than the indirect
band gap. Thus, if the indirect band gap is small while the
direct gap is large, the screening is also weak, and the exciton
binding energy can be large. In this case, the exciton binding
energy can exceed the indirect band gap, and it becomes possi-
ble to realize an EI with an indirect band gap. Additionally, we
found that in two-dimensional materials with a small indirect
band gap, the EI may also exhibit a higher transition temper-

(191 This can be qualitatively demonstrated through a

ature Tc.
simple analysis of the gap equation shown in Eq. (6), which
indicates that strong Coulomb interactions V(q) and a small
band gap can lead to a large order parameter. Consequently,

the transition temperature 7¢ increases.
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Based on this analysis, in Subsections 3.2 and 3.3, we
focus on systems which satisfy the following two conditions:
(i) 2D materials with an indirect band gap, and (ii) 2D semi-
conductors with the same parities at the band edges, in order
to achieve a more pronounced EI phase transition.

3.2. The 2D materials with an indirect band gap

In Ref. [19], we used the above condition (i) to search
for Els. Specifically, we conducted an extensive search within
transition-metal dichalcogenides (TMDs) building on previous
computational works,*>3°! and identified two potential Els:
2H-TiTe, and 1T-PdTe,, whose lattice structures are shown in
Figs. 1(a) and 1(b). The black lines in Figs. 1(c) and 1(d) show
their Perdew—Burke—Ernzerhof (PBE) band structures. The
former is an indirect band gap semiconductor, while the latter
is a semimetal. The band gap of 2H-TiTe, is 53 meV, while
the band overlap in 17-PdTe2 is 107 meV. Since PBE calcula-
tions typically underestimate the band gap E,, this work per-
formed GoWj calculations based on the PBE band structures.
The results are shown as the red lines in Figs. 1(c) and 1(d).
After the GoW, corrections, both 2H-TiTe, and 17-PdTe; be-
come indirect semiconductors, with band gaps of 276 meV
and 387 meV, respectively. For 2H-TiTe,, the valence band
maximum (VBM) and conduction band minimum (CBM) are
located at the I" and M points, respectively. For 17-PdTe;,
they are located at the I" and N points (the midpoint of I'M).

@ b _b_b_ (© ©
o’ i .
A_A_A_ N T \f
@ A’ % IDX/ % 0.6 \/
3.i4A ;-1 \:¥j; 0.3 ——0%
o o 6—6 [apaten \'“ f——-1.25%)
o o B |358A N 0 ™
0 o0 0o o° I M K r r M K r
®of0l0%0 G ®
o#cz%ohor '\/\\/ 09
o” [\o” [ O)?FO . ;0 - ”:\"‘ - ;0.6
Ko 2 <
oclolvolo H"\ = 03
T A o .
O%Cﬁ%o)q% |z.79/1 3 M K T T NMKP T

Fig. 1. Side (top) and top (bottom) views of the pristine structures of
(a) 2H-TiTe; and (b) 17-PdTe,. Blue, grey, and green balls denote the
Te, Ti, and Pd atoms, respectively. (c), (d) The PBE (black solid lines)
and GoWj (red lines of solid circles) band structures for the primitive
2H-TiTe, and 17-PdTe,. The grey dashed lines indicate the energy of
the VBM. (e), (f) Dispersions of the lowest energy exciton states for
(e) 2H-TiTe, and (f) 17-PdTe,. The red lines indicate zero excitation
energy. This figure is adopted from Ref. [19].

On top of these band structures, we performed finite-
momentum Bethe—Salpeter equation (BSE) calculations to ob-
tain the lowest-energy excitonic states. The exciton wavefunc-
tion at finite momentum ( reads

12 (re,mn) = Y Avkck1QViniq (re) Wik (rn) . (10)

vck
Here A,k cr+q 1s the exciton envelope function, Wer (W) is
the electron (hole) Bloch wavefunction. The exciton disper-
sions of the lowest excitons in both materials are shown as the

black lines in Figs. 1(e) and 1(f). One surprising result is that
the lowest-energy exciton in 17-PdTe, is located at the P point
(KP =T'K/4), rather than at the N point, where the CBM re-
sides. The EI phase transition requires the exciton energy to
be negative. However, neither of these materials meets this
condition, and as such, no exciton phase transition occurs.

Then, we apply strain to them, since strain can sig-
nificantly reduce the band gap in such two-dimensional
materials.®!] This is enabled by adjusting the lattice con-
stants of the materials in the first-principles calculations. >34
Our results show that the band gap in 2H-TiTe, decreases
rapidly with increasing strain, reaching 28 meV at —1.25%
strain, while the corresponding exciton binding energy de-
creases slightly to 49 meV. This indicates that an EI phase tran-
sition occurs at —1.25% strain, as shown in Fig. 1(e), where
a negative-energy exciton state appears near the M point. For
1T-PdTe,, the CBM shifts to the P point at —4% strain, as
shown in Fig. 1(f), and the exciton binding energy E} and the
indirect band gap are 63 meV and 16 meV, respectively. There-
fore, an EI phase emerges in 17-PdTe, under approximately
—4% strain.

In other potential EIs, such as 17-TiSe,“>*! and
Ta,NiSes, #4491 the EI phase transition is accompanied by
phonon softening. This makes it challenging to distinguish the
dominant mechanism of the phase transition — whether exci-
tonic effects or phonon effects prevail. In Fig. 2 of Ref. [19],
we show that in the phonon spectra for 2H-TiTe, and 17-
PdTe, there are no soft phonons. Therefore, both are sta-
ble in the absence of electron-hole interactions. If experi-
mental observations reveal lattice instability or charge density
wave (CDW) phenomena, it would undoubtedly be caused by
the excitonic effects. In experiments, such EI phase transi-
tions can be detected by angle-resolved photoemission spec-
troscopy (ARPES), where a band gap for the quasiparticle ex-
citations emerges. Furthermore, STM and other methods can
potentially reveal charge density waves associated with finite-
momentum exciton phase transitions. We expect some experi-
mental observations along this direction.

Despite the purity of the theoretical origin due to EI for
the possible experimental signatures as discussed above, we
note that both of these materials are difficult to grow experi-
mentally. 2H-TiTe, has only been grown on Au surfaces. We
hope that experimental researchers can overcome these chal-
lenges, and that the methods proposed in this chapter can guide
the discovery of more intrinsic Els like these. In fact, recent
experiments have already confirmed the existence of EIs in the
indirect band gap two-dimensional semiconductor WTe, and
the indirect two-dimensional semimetal HfTe,.!3233:52] The
atomic and band structures of HfTe; are highly similar to those
of PdTe;. This provides indirect support for the predictions
made here and in Ref. [19].
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3.3. Band edges with same parity in QSHIs

Besides the factor of indirect band gap, the second strat-
egy is to break the synergy between E; and Ej, in 2D materials
and to play with the parity of the CBM and VBM states, men-
tioned above as condition (ii) at the end of Subsection 3.1.
Along this route, we will show one example when Els can
exist in quantum spin-Hall insulators (QSHIs). Conventional
research on QSHIs focuses on the fact that their bulk bands
have a gap, making them insulating. The edge states, on the
other hand, are gapless. This allows for dissipationless heli-
cal transport at the system’s boundary,>3-38) closely related
to the nontrivial topological nature of their energy bands. In
Ref. [21], we searched for EIs with such topological properties
in QSHIs.

Specifically, we search for QSHIs with spatial inversion
symmetry, where the band inversion occurs not between the
CBM and VBM, but rather between distant bands and the com-
bination of CBM and VBM. If the band inversion happens be-
tween the CBM and VBM, the Fu—Kane criterion!®®! dictates
that, in order for the system’s Z, topological index to be non-
trivial, the CBM and VBM must have opposite parities. On
the other hand, if the band inversion occurs between distant
bands and the combination of CBM and VBM, the CBM and
VBM can have the same parity. In this case, the energy gap
between the CBM and VBM can be opened by spin—orbit cou-
pling (SOC). As a result, dipole transitions between the band
edges are restricted due to their matching parity, making it pos-
sible to realize an EI. Similar conclusions were previously re-
ported in Ref. [60].

In Ref. [21], we showed that 2D QSHIs AsO and
Mo, TiC»0; are potential Els.[01-62] Their lattice structures are
shown in Figs. 2(a) and 2(c), where it can be seen that AsO has
a structure similar to hexagonal 2D-decorated stanene, [02:02]
and Mo, TiC,0, is a typical material of the MXene family.[©!]
They both have C3 rotational symmetry and inversion symme-
try, and the band inversion happens at the I" point between
the p, orbital with negative parity and the p, &= ip, ones with
positive parity in AsO, and between the d> orbital with neg-
ative parity and the dyy =id,>_» ones with positive parity in
Mo, TiC,0,. Among these orbitals, the p, and d» orbitals are
far from the Fermi level, while the py £ ipy and dyy £ id,2_y
orbitals lie close to the Fermi surface (Figs. 2(b) and 2(d)), and
the SOC opens a band gap in these orbitals.[01:6264 The GoW,
band gaps of AsO and Mo, TiC,0, are 165 meV and 115 meV,
respectively. BSE calculations further show that the lowest en-
ergy exciton binding energies obtained for these materials are
~ 300 meV and ~ 350 meV, respectively. This is mainly due
to the fact that the edge states of AsO and Mo, TiC,0, have
the same parity. Thus, the exciton binding energies exceed
the band gaps, indicating that an EI phase transition can be
expected to occur in both materials.

Fig. 2. (a), (c) Top (top) and side (bottom) views of the atomic struc-
tures of (a) AsO and (c) Mo,TiC,0;. Green, red, blue, purple, and
brown balls denote the As, O, Ti, Mo, and C atoms, respectively. (b),
(d) The PBE (orange solid lines) and GW (purple dot-dashes lines) band
structures of (b) AsO and (d) Mo, TiC,0,. The blue symbols mark the
parity of the bands near the Fermi level. This figure is adopted from
Ref. [21].

On the basis of {[py +ipy,T), |px+ ipy,d), [Px —
ipy, 1), [Py — ipy,d)} in AsO and {|dy +idp2_p,1),
|dxy + idx27y2a~l/>’ |dxy - ideyzaT), |dxy - idx2,y2,$>} in
Mo, TiC,0», their k- p Hamiltonians can both be written in
the form

Ho(k) = ho(k:)‘L'()So + Ot(k/% — kg)TxSO + Zakxk.\;TySQ + A«‘L’ZSZ

ho(k)+A 0 ak® 0
_ 0 ho(k)—2 0 ak®
- ak? 0 ho(k)—2 0
0 ak? 0 ho(k)+ A

an

Here, ho(k) = &+ c (ki +k7) ,k+ = ky = iky, and A is the
SOC strength. 7; and s; (i = 0,x,y,z) are Pauli matrices in
orbital (py £ ipy in AsO and dyy +id2_\2 in Moy TiC,07)
and spin space. From the calculations using the k - p Hamilto-
nian, we found that Cy /L= +1, and the spin Chern number is
Cs = %(CT —C|) = 1. This indicates that the system possesses
nontrivial topological properties, consistent with our analysis
of the first-principles band structures.

In addition, we also notice that the lowest energy exciton
is composed of unlike-spin conduction and valence electrons,
arising from the band geometric properties. To see this, we
define the effective Coulomb interaction U;;(k, k') = W (k —
K" Aii(k,k")Ajj(K' k) as the effective interaction, where
W(q) =2n/[|q| (14 2x|q|aap)] is the screened Coulomb in-
teraction, i, j € {c T,c |,vT,v|}. It is smaller than W (k — k')
as aresult of the Bloch form factors. As H is isotropic, we can
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decompose these quantities into different angular momentum
channels, and find[©>!

CTV (k k/) civT(k k/) cl’rsv’r(k k/)
Uty (R k') = Ughy (k. K) = WOk K') —

civi(k k/>
W (k, k') D Dy,
(12)

where W (kj—ko) = Y,,W" (ki ky)e™®=0) & =
P /4n € (0,1/2) and Py is the spin-up valence band’s Berry
curvature flux through the circle around I" with radius k. As
a result of the long-range nature of the screened Coulomb
interaction, WO(k,k') > W*(k,k’), we can conclude that the
effective interaction in a 1s unlike-spin channel is larger than
that in a like-spin channel. For trivial bands with zero Berry
curvature flux, the like- and unlike-spin 1s excitons are degen-
erate. Therefore, the spin-triplet nature of the lowest-energy
exciton state is closely related to the non-trivial band geometry
of Hy.165:66]

During the formation of the EI phase, the gap remains
finite. Therefore, the topology should be identical to the non-
interacting case. This can also be verified by the Wilson loop
calculations in Ref. [21]. Hartree—Fock calculations?!! fur-
ther showed that the EI phase persists in a large range of &
with the critical value being & . = 6.7 for AsO and &, = 9.6
for Mo, TiC,0,, indicating that the EI phase is achievable on
realistic substrates in experiments.

In this EI phase, there is no charge density wave as the
excitons condense at Q = 0, and ferroelectricity does not exist
either due to the same parity of the CBM and VBM. To exper-
imentally detect this phase, we can exploit the rotational sym-
metry breaking, which results from the s-wave excitonic order
parameters. The broken rotational symmetry of the electronic
system may affect the lattice symmetry through the electron—
phonon coupling, which can be probed through experiments
such as x-ray diffraction and STM. Additionally, as shown
in Fig. 3(b), the absorption spectrum will also be anisotropic,
which can be demonstrated by the real part of the optical con-

ductivity
04(0)
_ 1 4ie’ 004, (fe(Exn) = fr(Egem)) a3)
Q mee,ney k ho + i0* +Ek,n - Ek:,m ’
" (Ek',n - Ek,m)2

A large number of spin-triplet excitons emerge sponta-
neously when the topological EI is achieved. For the ¢ Tv |
(c J v 1) exciton, or the e T h* (e | h]) exciton equiva-
lently, the electron and hole have Berry curvature with op-
posite signs (QeT ,Qi < 0 and Qi ,QJ > (). From the semi-
classical equations of motion for the exciton K = k. + ky, =

R = (O£, + 8kh8,1;h)/2 — ke x (2. — £2,)/2, we can see

that the spin-triplet exciton acquires velocity in the transverse

direction. [67]

This results in a net transverse spin transport, as
shown in Fig. 4(c), which can be identified as an exciton spin-

Hall effect. Here the spin Hall conductivity can be calculated
using68:691

—2ne fe(Eken) Im [ [5um (k) D (K)
(En — Exem)” — (R0 +107)2

oi(m) =Y , (15)

mn,m#n k

where ]Afc is the spin current operator. As shown in Fig. 3(d),
the spin Hall conductivity is non-zero in the topological EI
phase. In summary, the topological properties can be verified
through ARPES measurements of edge states, while the tran-
sition to the TEI phase can be identified by the anisotropy in
optical absorption spectra and the reduction of spin Hall con-
ductivity below unity. All these experimental probes are cur-
rently accessible with state-of-the-art techniques.

900 — TEI
(@) 1.0 - b) —— QSHI
. 3{ 1350 45°
L]
0.5 S 24
%, 8 14
~ ° ®%00ee. E-]
£ 00fesees. .‘.”:::::‘.:: £ 0{180° 0°
osl o o chRS
. R .. 2-
qol e 3] 2250 315°
0.0 0.1 02 03 04 05 -
k| (2n/a,) 20
© @12
QT>0 Ql<0 = TEI QSHI
’ 9n>0 ' ﬂl>0 o

Fig. 3. (a) Results of Wilson-loop calculation for the topological exci-
tonic insulator (TEI) phase, where the red dots represent the phase an-
gles of the two occupied bands. (b) Absorption intensity at @ = 0.4 eV
with different polarization directions. (c) A schematic diagram for the
exciton spin-Hall effect. The electron and hole for each spin-triplet ex-
citon will obtain an anomalous velocity v?/h = —ke/h X §2,y, pointing
in the same direction. (d) Static spin Hall conductivity with respect to
different &s. (b) and (d) are calculated at 0 K using AsO parameters.
This figure is adopted from Ref. [21].

4. Heterostructures

Since excitons are neutral bosonic quasiparticles com-
posed of electrons and holes, in principle, they can undergo
BEC and also exhibit superfluidity. To achieve this phase, at-
tention must be directed toward Els formed in composite quan-
tum well structures, rather than intrinsic EIs. This is because
the hybridization between the conduction and valence bands
is unavoidable in intrinsic EI materials, which breaks the indi-
vidual U(1) symmetries of the electrons and holes.! In this
scenario, the EI phase transition corresponds only to the break-
ing of discrete symmetry. As a result, the continuous phase
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modes in such materials will exhibit a gap, preventing the re-

14-16.70) 1y contrast to

alization of true exciton superfluidity.!
this, in composite quantum well structures, the electron and
hole layers are separated by large-gap semiconducting mate-
rials such as hBN, which significantly reduces tunneling be-
tween the electron and hole layers. Thus, their individual U(1)
symmetries can remain nearly intact.

Numerous theoretical works have predicted many non-
trivial phenomena in p-wave exciton superfluid, including
topologically protected vortex zero modes, charge fraction-
alization, parity anomalies, and non-Abelian braiding,[”'-73!
while all experimentally realized exciton condensation sys-

tems are s-wave like,
[29,30,32-34,76-79

including graphene and TMD
systems. I One feature in common among pre-
vious works is that the band edges are described by the ef-
fective mass model, which is qualitatively wrong for gapped
chiral fermion (GCF) systems where the band geometry mat-
ters. Many physical properties, such as linear and nonlinear
optical absorption spectral6>-66-80-831 and spin/charge trans-

port properties, 34371

are related to band geometric effects,
which cannot be captured by the effective mass model. Many
2D materials can be described by GCF systems, e.g., gapped
graphene monolayers and multilayers,®® gapped topologi-
cal surface states,!®°! and many TMD monolayers, including
MoS,.[84 Based on these considerations, we performed a de-
tailed exploration of the exciton condensation in GCF systems
with band geometry taken into account in Ref. [20].

The 2D isotropic GCF model Hamiltonian for a single

valley can be written as!®!]

(16)

D ak|w| eiwby
ak\w\e—iwek -D :

Hgcr = (

Here, 2D > 0 is the energy gap at kK = 0 measured from the
valley and 6 is the polar angle of k. |w| =1 and |w| =2
are the most common cases. TMDs and gapped graphene cor-
respond to |w| = 1, while gated bilayer graphene!®! and the
topological EIs?!l discussed in Subsection 3.3 correspond to
|w| =2. The eigenenergies are &, = & = £v/D? + o2k,
with eigenstates

Yk
COS )

9 sin % ¢ 10k
k) = . , k) = 2 , (17
k) (sing"e‘wek> [vk) < —cos% 17

where ¢ = arccos (D/g), ¢ € (0,7m/2). Using this gauge,
the lowest energy exciton state is a 1s state in the 2D hydrogen
model. [03-31]

The double-layer exciton condensation heterostructure is
demonstrated in Fig. 4(a). Each layer is described by a GCF
model, with the top (bottom) layer separately gated by V; (V;),
ensuring that the top (bottom) layer has electron (hole) Fermi
_Vg,b = _Vg),
and the electron and hole Fermi surfaces are perfectly nested

surfaces. Charge neutrality is assumed (Vg =

as shown in Fig. 4(b), favoring the excitonic instability the
most. By taking the electron-hole interaction into consider-
ation, the formation of inter-layer exciton condensation will
open a gap (Fig. 4(c)), and the system will evolve from a
semimetal to an EI state.

(a)
AV
d
AV
\\ /
7 N\
== — ™™
// \\‘ / \
(b) (©
(d) (e ®

Fig. 4. (a) Schematic for the exciton condensation heterostructure. The
electron and hole layers are separated in the z direction with width d.
(b) At the charge neutrality point, the electron and hole Fermi surfaces
are perfectly nested. (c) Excitonic instability is favored, and a gap
opens. Here the orange (blue) lines indicate the bands from the top
(bottom) layer. (d)—(f) s-, p-, d-wave like excitonic order parameters.
The direction of the arrow denotes the phase angle and the darkness of
the colormap indicates the magnitude.
The non-interacting Hamiltonian for the two-layer system
in the two-band basis reads

Ho=Y % ( Vet foe D
k

Y, 18
0 Vg,b+evk’b> k (18)

where ¥, = {Cka cik’b} . Here, cc ¢ (cyip) refers to the elec-
trons in the conduction (valence) band of the top (bottom)
layer in Fig. 4(b). The interlayer interaction between these
two bands reads

Hine = Z Vinter(q)Ace (k1, k1 — q) Av (K2, k2 + q)
k1.k2.q

T T
X Cekey t€vky bCVR2+q,bCck 1 —q,t) 19)

where Viper(¢) is the interlayer screened Coulomb interaction,
Agp (k,p) = (ak | bp) is the form factor where a,b € {c,v}.
In the GCF model, it deviates from unity:

Ace (k,p) = cos <¢£k> cos (¢>£p)
+ sin <¢5k> sin (%‘7) eim(e’“_ep)a
Ay (k,p) = cos (d);k) cos (d);”)
+ sin <W> sin <¢V’7> e*i”(ek*"f’), (20)

2 2

where m (n) is the chiral winding number for the conduction
(valence) band.
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The correlation between the angular momentum of the
exciton condensation and the band geometry becomes clearer
when we project the interaction onto the Fermi surfaces, which
is valid in the BCS regime as the pairing order parameter
is mainly localized around the narrow regions of the Fermi

37.90-961 Therefore, we can use the Fermi surface

surfaces.|
projected interlayer interaction, defined as U, (kg, 61, 62) =
Vinter (kF7 01, 92) Ace (k]:, 61, 92) Ay (kF, 6, 91), to perform an
analysis of the angular dependence of the pairing. Decompos-
ing Uy, 1, Vinter» Ace, and A, into different angular momentum
channels and using the convolution rules, we obtain the inter-

action in each channel J:

Unn(ke) = Y Vil k) AZ (ke) A3 (Ke). - 21)
Ji+h—J3=]
The excitonic pairing is characterized by the channel with the
largest U .. (k).

As detailed in Ref. [20], A’s satisfy the following rela-
tions in general rotationally symmetric models, as ¥, A’ = 1,
Y, JA = %, where @ is the Berry curvature flux through the
Fermi surfaces. In the GCF model, only A2, A?, A and
A, are non-zero according to Eq. (20), and the above rela-
tions reduce to A, = 1 — @, /m, A, =1 — @, /n, A" = D./m,
A" = D, /n, where & = @/27 € (—|m|/2,|m|/2). Taking
the long-range form of the Vi, into consideration, the s-to-p
transition line is obtained for m = n = 1 in Fig. 5(a) (dashed
green line), which closely matches the full numerical calcula-
tions (solid green line). The excitonic condensation exhibits
s-wave (p-wave)-like behavior when the Berry curvature flux
is small (large), which is discussed in detail in Ref. [20]. It is
important to note that in the trivial case where the form factor
is unity, excitonic pairing always occurs in the J = 0 channel,
as VI{;? is always the largest for realistic long-range Coulomb
interactions. Thus, the GCF model clearly demonstrates the
essential role of band geometry effects in the high-angular mo-
mentum excitonic condensation.

Based on the above analysis, we propose that staggered
graphene and magnetic topological surface states are promis-
ing candidate material systems to realize p-wave exciton
condensation.?”) The change in anomalous Hall conductiv-
ity can serve as experimental evidence for the p-wave exciton
condensation, [’ as shown in Fig. 5(b). Without interactions,
the Chern numbers of the two valence bands are both —1/2
since the chiral winding numbers are both +1 in the top and
bottom layers. Consequently, the overall anomalous Hall con-
ductivity for this semimetallic system is

[SS]

2 2
e d k ~ ~ e
o, = — —— Q= (Do — Py — 1) —.
AHC 7 occupied (271')2 n,k ( ct v,b ) A
When the electron-hole interaction is included, the system
is driven into the insulating EI phase. The Chern numbers

of the valence bands remain —1/2,—1/2 if the pairing is s-
wave, and become 1/2,—1/2 if the pairing is p-wave. The
anomalous Hall conductivity of the system becomes o}y =

1 112 _ &2 . P
[(—3)+ (—7)2]7 = —< for the s-wave pairing and o) =
[(%) + (—%)] & = 0 for the p-wave pairing.

,-®,
(a) 300 Fr 10 (b)
| 0.0 —_—_—m
0.8 I
06 =
=05 I
0.4 é | w/o interaction
o 1 s-wave
- 0.2 | ——p-wave
~ semiconductor -1.09
0.0 A

20 40 60 80 100
D (meV)

Fig. 5. (a) The phase diagram when the electron and hole layers are both
m = 1 GCF model, and ot = 10° m/s. The dielectric constant of the het-
erostructure is & = 5, and the distance between the two layers is d = 4 nm.
The solid lines are obtained by self-consistent calculations, and the dashed
line is determined by the Fermi surface projection. The colorbar indicates
the Berry curvature flux. EC means exciton condensation. (b) Anomalous
Hall conductivity with (red and blue lines) and without (black solid line)
electron—hole interactions in the setup are shown in the inset when the gat-
ing is increased. This figure is adopted from Ref. [20].

5. Conclusions and outlook

In this paper, we review some new progress in the search
for Els in two-dimensional systems from theoretical and com-
putational perspectives, with results published in Refs. [19—
21] taken as the basis. Two general strategies to find EIs in
intrinsic materials are discussed, using Els in small indirect-
gap 2D materials and Els in QSHIs with a particular type of
band inversion as examples. A novel approach to achieving
high-angular momentum EIs in heterostructures is also given,
with analysis on the influence of the band geometry provided.
Meanwhile, experimental signatures for detecting Els in each
case are discussed. Although the necessary experimental tech-
niques are readily available, our predictions have yet to be ex-
perimentally validated. This presents a valuable opportunity
for experimentalists to investigate these novel quantum phe-
nomena.

Several future directions in EI physics are worth explor-
ing. First, since screening effects are further reduced in one-
dimensional (1D) systems, Els in such systems deserve more
detailed investigation. Recent studies have indeed demon-
strated the existence of EIs in various 1D systems.[?8-1001 Sec-
ond, intrinsic materials should be studied more thoroughly
in the context of EIs. The symmetry breaking in intrinsic
Els is not continuous. This precludes the possibility of su-
perfluidity in them. However, other interesting properties re-
main unexplored and warrant further investigation. For ex-
ample, theoretical descriptions of the exciton Nernst effect
and the thermal Hall effect call for attention. The effects of
exciton—phonon coupling, exciton—exciton interactions, and
exchange interactions also deserve further exploration. Re-
cently, a novel CDW-like finite-momentum EI was predicted
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in WSe, monolayer.l'%!! Third, experimental signatures and
the potential anomalous properties of exciton superfluidity in
heterostructures also call for further studies. For example, it
would be intriguing to explore whether exciton backflow su-
perfluidity could be utilized in the design of novel Josephson
junction devices. Considering the fundamental importance of
quantum phases beyond the band theory in condensed matter
physics, further theoretical and experimental studies on this
topic are highly desirable.
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