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Efficient implementation of fundamental matrix operations on quantum computers, such as matrix products and
Hadamard operations, holds significant potential for accelerating machine learning algorithms. A critical prerequisite
for quantum implementations is the effective encoding of classical data into quantum states. We propose two quantum
computing frameworks for preparing the distinct encoded states corresponding to matrix operations, including the matrix
product, matrix sum, matrix Hadamard product and division. Quantum algorithms based on the digital encoding comput-
ing framework are capable of implementing the matrix Hadamard operation with a time complexity of O(polylog(mn/¢))
and the matrix product with a time complexity of O(polylog(mnl/€)), achieving an exponential speedup in contrast to the
classical methods of O(mn) and O(mnl). Quantum algorithms based on the analog-encoding framework are capable of im-
plementing the matrix Hadamard operation with a time complexity of O(kj+/mn - polylog(mn/¢)) and the matrix product
with a time complexity of O(ky+/1 - polylog(mnl/€)), where k; and k, are coefficients correlated with the elements of the
matrix, achieving a square speedup in contrast to the classical counterparts. As applications, we construct an oracle that
can access the trace of a matrix within logarithmic time, and propose several algorithms to respectively estimate the trace
of a matrix, the trace of the product of two matrices, and the trace inner product of two matrices within logarithmic time.
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1. Introduction

Quantum computing outperforms classical computing
conspicuously in certain computing tasks. The core lies in
ingeniously designing quantum algorithms by exploiting the
fundamental laws of quantum mechanics to address comput-
ing issues. During the development course of quantum com-
puting, a variety of remarkable quantum algorithms have been
proposed, which help a series of classical algorithms achieve
a speedup. Shor’s algorithm!!! for integer factorization,
which provides an exponential speedup compared to classical
methods, and Grover’s algorithmm for unstructured database
search, which offers a quadratic speedup. Other quantum al-

gorithms, such as those for solving linear systems,3!

es-
timating the singular value!® or eigenvalue!’! of a matrix,
realizing basic arithmetic operations,!®'!l and some other

(12151 als0 provide a speed advantage over their

applications,
classical counterparts.

For quantum algorithms, one of the crucial aspects is
the storage of classical information within quantum states.
There exist two types of encodings for the storage of the in-
formation, namely digital-encoding and analog-encoding. The
digital-encoding method encodes data into quantum strings in
a binary fashion. Specifically, data {dj}'}:1 are encoded as

. 1 . . .
ﬁ):f |J>\d§m) . .d§. )>, which record briefly ﬁzi |7)|d;), and
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dj= {dﬁm}km: ! (d;k) =0, 1) represents the data bitstring. The
digital-encoded state is often prepared via querying quantum

16-18] which is capable of

random access memory (QRAM),!
storing and loading data in superposition and proves highly
beneficial for certain types of quantum algorithms, such as
database search,!?) quantum forking, and the like. It might be
worth noting that in the context of QRAM, it is typically as-
sumed that we already possess memory cells which store data
in a form accessible from a quantum computer. Another en-
coding approach, namely analog-encoding, encodes data into
the complex amplitudes of a quantum state. Specifically, the
data {a;}"_, is encoded in the form };a;|), where {a;}"_,
fulfills ¥; |a;|*> = 1. Numerous quantum algorithms sophisti-
catedly use two types of encodings. A renowned example is
the HHL algorithm,®! where the analog-encoded state is sub-
jected to the quantum phase estimation algorithm to obtain the
digital-encoded state of the eigenvalues of a matrix. Subse-
quently, the inverses of these eigenvalues are multiplied to
the amplitudes through controlled rotations. Furthermore, in
Ref. [19], the author examined the relationship between these
two disparate encoding methods and formulates a methodol-
ogy for quantum digital-to-analog conversion (QDAC).
Matrix operations are of fundamental significance in the
scientific domain, and the efficient implementation thereof is
of crucial importance for diverse applications. In addition to
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the usual matrix product, a type of matrix operation known as
element-wise, for instance, the Hadamard product, also play
a significant role in the domain of science. Element-wise op-
eration implies that each element of the resultant matrix only
depends on the element at the corresponding position of the
operated matrices. The Hadamard product, also known as the
Schur product, is widely used in areas such as convolution
of periodic functions, integral equations, partial differential
equations, probability theory, and combinatorial theory. De-
spite its importance, the Hadamard product and other element-
wise operations have received limited attention in the context
of quantum computing. While numerous quantum algorithms
have been developed for usual matrix operations,?>>*! there
is a notable lack of research on quantum algorithms for ele-
mentwise matrix operations. This gap raises the question of
whether it is possible to design efficient quantum algorithms
for computing the Hadamard product and other element-wise
operations.

In this paper, we propose two quantum frameworks,
which can respectively prepare the digital-encoded and
analog-encoded states corresponding to matrix operations.
Based on those two frameworks, we design two types of quan-
tum algorithms, which are capable of implementing funda-
mental matrix operations, including the matrix product, the
matrix sum, as well as element-wise operations, such as the
matrix Hadamard product, division, and power, on quantum
computers and output the result with the digital-encoded and
analog-encoded states, respectively. Furthermore, we extend
the main conclusions to complex matrices. As applications
of the main theorems, we construct an oracle that is capable
of accessing the trace of a matrix, and propose several algo-
rithms to respectively estimate the trace of a matrix, the trace
of product of two matrices, and the trace inner product of two
matrices.

The paper is organized as follows. In Section 2, sev-
eral common symbols and useful quantum technologies are
described. In Section 3, we propose the digital-encoding
computing framework and design several quantum algorithms
based on this framework to prepare the digital-encoded state
corresponding to matrix operations, including the usual matrix
product and element-wise operations. In Section 4, we pro-
pose the analog-encoding computing framework and design
several quantum algorithms based on this framework to pre-
pare the analog-encoded state corresponding to matrix opera-
tions. In Section 5, a comparative analysis between this study
and prior works is conducted and presented. In Section 6, the
main conclusions are further generalized to the scenario of
complex matrices. Subsequently, in Section 7, a small-scale
example along with several applications are provided, and the
conclusion follows in Section 6.

2. Preliminary

Herein, we define several common symbols and summa-
rize the useful results derived from previous studies.

The set {1,2,...,n} is denoted by [n]. Let A € R™*" be
a matrix. For i € [m], j € [n], the i-th row of the matrix A is
denoted by A;., and the j-th column of the matrix A is denoted
by A.;. The element at the intersection of the i-th row and the
J-th column of the matrix A is denoted by a;;. The Frobenius

norm of A is defined as ||A|[r = {/¥; ; aizj, and the norm of A;.

is defined as [|A]| = /¥ a7;.

The usual matrix product C = AB is defined as c¢;; =
Y i aikby, where A € R™" B € R™<!. Unlike the usual ma-
trix product, for two matrices A and B of the same dimen-
sion, there exists a type of matrix operation known as element-
wise, such as the matrix sum C = A + B, which is defined as
¢ij = ajj + bjj, since the results all rely on the elements at the
corresponding positions of A and B. The matrix Hadamard
product C = Ao B is also an element-wise operation, and its
definition is given by c¢;; = a;;b;j. Furthermore, the matrix

Hadamard power P = A°" is defined as p;; = a};, where r is

iis
any integer. The matrix Hadamard division D :j AoB°lis
defined as d;; = a;;/b;j, where b;; # 0 for all i € [m], j € [n].
These element-wise operations are particularly useful in the
studies of signal processing, machine learning, and quantum
system simulation.

Quantum random access memory (QRAM) is a memory
element capable of storing data in quantum format, which has
been extensively investigated in Refs. [16—-18]. When a ma-
trix A € R™*" is stored in QRAM, the matrix element can be
queried within a time of O(log(mn)) through an oracle

O [D11)10) = [)| ) aij),

Note that the oracle has the ability to query quantum super-

Vi€ [m],j € [n]. (1)

position states. Therefore, querying the QRAM on uniform
superposition state can generate the digital-encoded quantum
state of A, \/ﬁ Y. ;li)j)]aij), and the uniform superposition
state can be achieved by applying the Hadamard gate to |0)|0).
An ancilla qubit is added and a rotation operation controlled
by the memory content is applied on it, thereby achieving the
following transformation:

1

—— ¥ llilay)
M icim] el

1 a;
L Ly i>|j>|a,»,->(f |o>+ci,|1>).<z>
VI ic i) Geln] maxi,j dij

In the above equation, the §;; = \/(1 — (aij/ max; ja;;)?)
ensures correct normalization.

By measuring the ancilla
quabit being |0) and uncomputing the memory contents by
the QRAM query, the analog-encoded quantum state of A,
|A) = ﬁ Y. jaij|i)| j), can be generate, where N, is the norm
of |A). By employing the amplitude amplification discussed
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Chin. Phys. B 35, 010202 (2026)

hereinafter, the time complexity of preparing the state |A) is
O(/m).

Another approach for preparing the analog-encoded
quantum state of matrix A is to pre-store the information of
A in a classical data structure known as quantum-accessible.
This data structure regards each row of A, which we view as
a vector in R”, as an array of 2n values and stores it in a full
binary tree of n leaves. The individual amplitudes of the vec-
tor are stored in those leaves, and the sum of the squares of the
amplitudes of the leaves rooted on this node is stored in each
internal node. Apply a series of rotations controlled by the am-
plitudes stored in the internal nodes to the initial state |0---0)
for the implementation of the preparation of the desired quan-
tum state of A. The details can be obtained from Ref. [6]. We
briefly summarize it as the following lemma.

Lemma 1 (Ref. [6]) Suppose a matrix A € R™*" is stored
in the quantum-accessible data structure, there exists a quan-
tum algorithm which has quantum access to the data structure
and is capable of performing the following mappings:

} R :
Ua : 10)|0) — Wm Zaij|]>’

Va:0) 14 [[15)1) 3)
Y
in time O(polylog(mn)).
To prepare the analog-encoded quantum state of ma-
trix A, the unitary UsV4 can be applied to the initial state
|0) Mlozm] @ |0)Mlegn] " and thereby we can obtain

”f\lni||A,»;||UA(li>|0>>

||A|| ZZaU| |J (4)

l]]

UaVa(]0)10))

We express this conclusion as the following lemma.
Lemma 2 If a matrix A is stored in the quantum-
accessible data structure, then the following state can be gen-

erated,

HAHFIZ{]Z,alJ| |/ (5)
in time O(polylog(mn)).

We use amplitude amplification technique, quantum
arithmetics and quantum comparator as subroutines, which are
presented as the following lemmas.

Lemma 3 (amplitude amplification!>!) Let U be a uni-
tary operator that acts on M-qubit Hilbert space as U|0)*M =
o|y1)|1) + B|wo)|0), where |y ) and |yp) are arbitrary M — 1
qubit states. Then probability of obtaining |y )|1) can be close
O(1/|a|) application of U.

Lemma 4 (quantum arithmetics/?®)) Let a,b be the m-

to unity by

bit strings. There exists a quantum algorithm that performs

transformation |a)|b) — |a)|a + b) or |a)|b) — |a)|ab) with
O(poly(log(1/¢€))) single- and two-qubit gates, where € =
27,

Lemma 5 (Ref. [19]) Let f(a) be some basic func-
tions such as inverse, trigonometric function, square root, and
inverse trigonometric function. We can perform a transfor-
mation |a)|0) — |a)|f(a)) such as ‘f(a) ff(a)‘ < g, using
O(poly(log(1/¢€))) quantum arithmetics.

Lemma 6 (quantum comparator>”1) Let a, b be the m-
bit strings. The quantum comparator is used to compare two
qubits |a) and |b) through the transformation |a,b,0,0) —
|a,b,c1,c2), where ¢ and ¢; are two 1-qubit outputs utilized to
record the comparison outcomes. If |¢1,cp) = |1,0), the results
represent that a > b; if |c1,¢2) = |0, 1), the results indicate that
a < b; if |c1,¢2) = |0,0), the results imply that a = b.

3. Digital-encoded state corresponding to matrix
operations

In this section, we shall introduce several quantum algo-
rithms that are capable of preparing the digital-encoded state
corresponding to matrix Hadamard operations, as well as the
usual matrix product.

Firstly, we introduce the digital-encoding computing
framework. This framework can be divided into four steps.
The first step is to prepare the initial quantum state and use the
Hadamard gate to make it a uniform superposition state. The
second step is to obtain the information of the matrix elements
by querying QRAM. The third step is to use quantum arith-
metic to obtain the desired result. The last step is to erase and
remove the redundant registers.

3.1. Matrix Hadamard operations

We firstly introduce the process of preparing the digital-
encoded state corresponding to matrix Hadamard operations,
which involve matrix Hadamard product, matrix Hadamard di-
vision, matrix sum, and matrix subtraction.

Theorem 1 Let A, B € R™*" be two matrices. Suppose A
and B are stored in QRAM. There exists a quantum algorithm
that prepares the following state:

1
Vmn

in time O(polylog(mn/€)).

Proof The proof is straightforward. First, we apply
Hlogml @ gllogn] 1 |0)Mlegm] & |0)[oen] to acquire the uni-
form superposition state ﬁ Y. ;1i)]j), and subsequently add

|AoB) =

Z|l |] ‘alj lj (6)

1j=1

Ms

two registers with k-qubit to respectively store the elements of
A and B. Querying the QRAM twice on register 1 and 2 to
obtain the transformation

1
ﬁ2|l>|f>‘O>A‘OB_>72| ) ‘alj |blj> @)
LJ
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Finally, the product of a;; and b;; is computed by using of
quantum arithmetics and stored in register B. Erase the regis-
ter A via the QRAM and remove the register. Then we can get
the state \/%):,-J li)|7)]aijbij)-

Now we analyze the time complexity. The uniform su-
perposition state can be prepared by using O(log(mn)) H gate.
Querying QRAM twice incurs a time cost of O(polylog(mn)).
The product of a;; and b;; can be calculated with quantum
arithmetics using O(polylog(1/¢€)) gate by Lemma 4, where
€ = 27k Therefore, overall complexity for the algorithm is
O(polylog(mn/¢)). Secondly, we analyze the space complex-
ity. The number of qubits demanded for the address register is
log(mn). In addition, the other two registers used to store the
matrix element need 2k = log(1/€?) qubits. Consequently, the
total number of qubits required by this algorithm amounts to
log(mn/€?).

If b;j # 0 foralli € [m], j € [n], we can implement the fol-
lowing transformation |b;;)|0) — |b; Mi) by Lemma 3. With
the same approach as in Theorem 1, calculate the product of
a;j and 1/b;; via quantum arithmetics and store the result in
register A. After erasing and removing register B, the follow-
ing theorem can be obtained.

Theorem 2 Let A,B € R™*" be two matrices, and each
element of B is nonzero. Suppose A and B are stored in
QRAM. There exists a quantum algorithm for preparing the
following state:

m.n ..
aor ) = - Y Y Y (®)
in time O(polylog(mn/€)).

Proof We analyze the time complexity. In contrast to
Theorem 1, the theorem use quantum arithmetics twice respec-
tively for calculating 1/b;; and the product of a;; and 1/b;;.
Consequently, the total time complexity is O(poly log(mn/€)).
Furthermore, with respect to space complexity, when com-
pared with Theorem 1, this algorithm integrates an ancilla reg-
ister to store the reciprocal of b;;. Thus, the total number of
qubits required by this quantum algorithm is log(mn/&3).

Similarly, querying the QRAM and applying quantum
arithmetics, we can get the quantum matrix adder and sub-
tractor with digital encoded state. We present it as a theorem.
Due to the similarity in approach, the proof steps are omitted.

Theorem 3 Let A, B € R™*" be two matrices. Suppose A
and B are stored in QRAM. There exists a quantum procedure
that can prepares the states

B = Y Y lilas + )
A=B) =~ Y Y iy —by)

in time O(polylog(mn/¢€)).

In conclusion, the complexity time of quantum algo-
rithms, which are based on the digital-encoding computing
framework, for calculating the matrix Hadamard operations
is O(poly(log(mn),log(1/€))). In contrast, the implementa-
tion of the matrix Hadamard operations via classical method
requires time O(mn). Hence, the above quantum algorithms
achieve an exponential speed increase compared to the classi-
cal counterparts.

3.2. Matrix product

The digital-encoded quantum state corresponding to the
usual matrix product can be prepared through similar ap-
proaches.

Theorem 4 Let A € R™*! B € R*" be two matrices.
Suppose A and B are stored in QRAM. There exists a quan-
tum algorithm for preparing the following state:

IAB) =

HME

Z |] |Czj &)

in time O(polylog(mnl/€)), where c;j = Y4 _; auby;.
Proof Firstly, prepare four quantum registers and initial-
ize them to

logm log! logn
10)11°¢™110) 51T 0y =" )X |0)5. (10)

Apply the Hadamard gate to create a uniform superposition
over three registers 1, 2, and 3. And querying the QRAM twice
on registers 1, 3 and 2, 3 generate the state

1

mnl ;

n !
ZZ Vili)2lk)slai)albej) s an

s

Use the quantum arithmetics to calculate the product of aj
and by; and store the result in register B. By uncomputing the
register A and removing it, we can get the following state:

1 4 « o .
v1) = W;;;mlmﬂk)ﬂambw)
= \/;%i]i”lj ( Zlk 3|a,kbk,>). (12)

Prepare two copies of |y;). With the help of a quantum adder
for superposition states,!'!! the summation of all the numbers
in the superposition state can be achieved. The specific de-
scription is as follows:

— 3laiby ;) |K)3lan b j)
(\[; kCkj/> k’Zl 3|qik' Dk )

I
— k)s|cij) KVs3le; (13)
( lkg,ll )3leij \/k/le )3 ])
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where ¢;; = ch:l ajxbrj. Applying the Hadamard gate to reg-
ister 3, we can obtain the transformation % i 1k)slei) —
|0)3|ci;). Removing the register 3, we have the state

m n

|AB) = Z Z i) ]j)|cij)- (14)

ll]

Now we analyze the time complexity. Preparing two
copies of state |y;) incurs a time cost of O(polylog(mn/€)),
and the complexity of the quantum adder for superposition
states is O(log(l)). Consequently, the overall time complexity
for obtaining the state |[AB) amounts to O(polylog(mnl/¢€)).
From the viewpoint of space complexity, preparing the |y;)
state necessitates log(mnl/€*) qubits. Moreover, the imple-
mentation of this algorithm demands two |y;) states. Con-
sequently, the total number of qubits required to accomplish
this algorithm is 2log(mnl/€?). 1In contrast, when imple-
menting the matrix operations through the classical method,
the time complexity is O(mnl) and the space complexity is
O(ml + In+ mn). Hence, when compare with classical algo-
rithms, the above quantum algorithms manifest substantial ad-
vantages with respect to both space complexity and time com-
plexity.

We now discuss the error in the digital-encoding comput-
ing framework. Within this framework, the error originates
from quantum arithmetic. In accordance with Lemma 4 and
Lemma 5, the final error can be confined within the range of
O(e).

4. Analog-encoded state corresponding to ma-
trix operations

In this section, we shall introduce several quantum algo-
rithms that are capable of preparing the analog-encoded state
corresponding to matrix operations.

There are two approaches to prepare the analog-encoded
quantum state. Firstly,we introduce the first kind of analog-
encoding computing framework. This framework can be sum-
marized as two steps. The first step is to add an ancilla qubit
after the corresponding digital-encoded state and to apply a
rotation operation controlled by the memory content of the
digital-encoded state on the ancilla qubit, as shown in Eq. (2).
The second step is to measure the ancilla qubit and uncompute
the memory contents by the QRAM query. With this frame-
work, we have the following theorems.

Theorem 5 Let A, B € R™*" be two matrices. Suppose
A and B are stored in QRAM. The following is true.

(i) There exists a quantum algorithm capable of preparing
the state |[A o B) = m Y- aijbij|i)] j), with the time

e} polylog (") ).

(i1) There exists a quantum algorithm capable of prepar-

complexity 0(

ing the state

AoB°1Y =

ajj
HABOWQZZ 1017

i=1j
ijtaij/bij
Yo Gl poty log(22)).
(iii) There exists a quantum algorithm capable of prepar-
ing the state |JA +B)' = HAiBHF iz1(aij£bij)|i)| j), with

ijlaij£bi mn
\/ﬂﬂ‘lr};‘igﬁf/ .1}_p01y10g(?)).

Proof We merely prove (i), and the proof procedures of

with the time complexity O(

the time complexity 0(

the remainder are analogous to it. By Lemma 1, we can get
the digital-encoded state corresponding to matrix Hamadard
product. Add an ancilla register with a 1-qubit and apply a
controlled rotation gate on the qubit, the following transfor-
mation can be obtained:

- § -
-
D=

)] j)]aijbij)

s |
—_
~.
Il
—_

— i)|J)aijbij
i & L et
a,jb,j
_ b gy ey 1
x(mmﬂ%%ym+nw) (15)

where the ¥;; ensures correct normalization. By measuring the
ancilla qubit being |0) and uncomputing the memory contents
by the QRAM query, we can get the quantum state |A o B)'.
Now we analyze the time complexity.  Preparing
the digital-encoded state |[AoB) incurs a time cost of
O(polylog(mn/€)).
the ancilla qubit to |0) in the end is .Q(

The success probability of measuring
2
HA;BHF ) By
mnmaxirj{a,-jbij}
Vmnmax; j{a;;bi;} )
l|AB][e
iterations are sufficient to achieve a constant success prob-

using the amplitude amplification, only 0(
ability of preselection process. Consequently, the overall
time complexity for obtaining the state |AoB)’ amounts to

O((Lmelob) oy og(22)).

Similarly, based on this framework, the analog-encoded
quantum state corresponding to the usual matrix product can
be prepared through the following theorem.

Theorem 6 Let A € R™/ B € R'*" be two matri-
ces. Suppose A and B are stored in QRAM. There ex-
ists a quantum algorithm for preparing the state |[AB) =

X" cyli)]j) within a time of O(M

1
l1AB[ lIAB|Ir

polylog(“21) ),
Slnce the first kind of analog-encoded computing frame-

1
where Cij = Zk:l a,-kbkj.

work only adds an ancilla register of 1-qubit after the digital
encoding state (which has been discussed in detail in the pre-
vious section), the ancilla qubit can be neglected. Therefore,
its space complexity is the same as that of the digital-encoding
computing framework. Secondly, the error of this framework
stems from the precision of storing calculation results in the
digital-encoded state. Considering that the digital-encoding
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computing framework is capable of controlling the precision
within O(¢), the error generated by this framework can like-
wise be constrained within O(€). In addition, the above
quantum algorithms, which are based on first kind of analog-
encoding computing framework, for calculating the matrix
product and matrix Hadamard operations attain a quadratic
speed increase in comparison with the classical counterparts.

The second kind of analog-encoding computing frame-
work can be summarized in four steps. The first one is to pre-
pare the initial quantum state. The second one is to query the
quantum-accessible data structure for obtaining the informa-
tion of matrices. The third one is to use a quantum comparator
to select the desired elements of matrices. The final step is
to measure the ancilla register to acquire the analog-encoded
state.

Based on the framework, we propose two quantum algo-
rithms that are capable of preparing the analog-encoded state
corresponding to the matrix Hadamard product and division,
respectively.

Theorem 7 Let A, B € R™" be two matrices. As-
sume that A and B are stored in a quantum-accessible data
structure. There exists a quantum procedure that prepares the
state |[AoB) = HAoBHF X

O(maX, /{lal_]‘}maxl /{lbljl} W polylog(mn))

mlnl]{‘al] ljl . .
Proof The steps of the algorithm are divided into four,

1 aijbijli)|j) within a time of

which are elaborated as follows.

(i) Prepare five quantum registers: registers 1 and 2 record
the row index i and the column index j of matrix A, registers 3
and 4 record the row index k and the column index / of matrix
B, and register r with an ancilla qubit for storing the compara-
tor outcomes of #, j and k,l. Prepare the five registers in the
state

|V/0> _ |0> glogm] |0>£logn} ‘O>£lognﬂ |0>£logn] |O>r- (16)

(i) By Lemma 2, we can prepare the analog-encoded
quantum state of matrix A and B via the unitary UsVy
and UpVp, respectively. Perform the unitary (UsV4)'? ®
(UpVi)*>* @ 1" on the |yp). Then we have the state

lv1) =1A)12|B)34[0), 17)

where |A) = m):i,jaij|i>|j> and |B) = m):k,lbiﬂkﬂw-
(iii) This step aims to pick out the elements at the corre-

sponding positions of A and B with the help of the quantum

comparator, and its specific description is as follows:

(19)1,1K)3,10,0)) = (li)1,1k)3, [c1,¢3)),
(‘j>2,|l>4,|0,0>)—>(‘j>27‘l>47|62,64>). (18)

If the resulting state |c1,c2,c¢3,c4) 8 |0,0,0,0), it implies that
i=kand j=1[. Then apply a CNOT gate on the register r
controlled by |cy,c¢2,c3,c4). We obtain

W) = |A)12|B)3 4| f(i,k, j, 1)), (19)

where the function f(i,k, j,I) is defined as 1 when i = k and
Jj =1, and 0 otherwise. Equation (19) can be expressed as

) = e (B X alinlnlinl i,

i=1j=

+ Z Z al]bkl‘

i,k=1j,l=1
ik J#l

1732 k93113410, ) 20)

(iv) Measure the register r to be |1). We have the state

ZZ% ijli)1li)21)3]7)a- @1

i=1j=

ly3) = |AoB||

Applying the controlled-NOT gate to the registers 3 and 4 be-
fore removing them, we obtain the final state

Zzaljblj| 1‘] (22)

11]

1

V) =
V) = Ao B

Now we analyze the time complexity. On step (ii), the
quantum state |y;) can be obtained using O(polylog(mn))
by Lemma 1. On step (iii), the quantum comparator use
O(log(mn)) gates by Lemma 6. Therefore, overall com-

plexity for steps 2, 3 is O(polylog(mn)). The success

2
|lAoB][%
IEIEES

probability of step (iv) is and this value is at

min,-z,j{|afjbij\}
max; ;{|a;j|} max} {|bij|}mn

. Vmnmax; j{|a;;|} max; ;{|bi;|}
ion, onl -
tion, only 0( miny, {las b1}

cient to achieve a constant success probability of preselection

least .Q( ) By amplitude amplifica-

) repetitions are suffi-

process. Therefore, the total time complexity of the algorithm

. max;,j{|a;;|} max; ;{|bi|}
is 0( Ilninﬁlj{‘aijbij,l} / «/mn-polylog(mn)). Now we ana-

lyze the space complexity. It is not difficult to find that only

2log(mn) + 5 qubits are required to complete the task. From

O(log(mn)).
Hence, in comparison with classical algorithms, the above al-

this, it can be seen that its space complexity is

gorithms are capable of attaining a quadratic acceleration ef-
fect while conserving exponential space.

It should be evident that the above minimum value
min; ;{|a;;b;j|} is the minimum among the non-zero elements
of Ao B. In the event that no such elements exist, then the
outcome is a zero matrix, and this is not applicable to this
quanutm algorithm.

It should be emphasized that in above theorem, we de-
signed the quantum algorithms for the operations between two
matrices. Then, for the case of operations of multiple matri-
ces, it can be regarded as the operations between these matri-
ces two by two in sequence. Thus, according to Theorem 7,
the preparation of the digital-encoded state and the analog-
encoded state corresponding to the Hadamard product of r
matrices can be achieved. As a special case of this, if the r
matrices are the same matrix, then we can achieve the prepa-
ration the digital-encoded state and the analog-encoded state
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corresponding to the Hadamard power of the matrix. How-
ever, how to perform synchronous operations on r matrices to
give full play to the maximum potential of quantum computers
is our future research direction.

Theorem 8 Let A, B € R™*" be two matrixes, where
bij # 0 for all i € [m], j € [n].
quantum-accessible data structure and B are stored in QRAM.

Suppose A are stored in a

There exists a quantum procedure that prepares the state

[AoB>!) = m):, Y= 1Z”|>|]> within a time of

% mini‘,/{\bu‘\} -polylog(?)).

Proof Without loss of generality, it is typically assumed
that b; J <.
bij > 1, each element of B will be divided by the maximum

In case there exists i € [m],j € [n] such that

value among them. The steps of the algorithm are divided into
four, which are elaborated as follows.

(i) Prepare five quantum registers: registers 1 and 2 record
the row index i and the column index j of matrix A, register 3
records store the element b;; of B, and register r with an ancilla
qubit for storing 1/b;;. Prepare the five registers in the state

o) = [0) 2" [0y} =" j0) 0y, (23)

(i) Perform the unitary (UsV4)'> @ I*" on the |yp). Then
we have the state

ly1) = ZZ aijli)]7)2]0)3]0),. (24)

(iii) Querying the QRAM on registers 1, 2, and 3 generate
the following state:

) =
2 1Al

ZZ“!H 117)21b:7)310) - (25)

i=1j=
(iv) Let a controlled rotation Ry as follows:
»}/2
=500, (26)

210~ | L+

where 7 is a constant. By applying the controlled rotation Ry,
which is controlled by register 3, to the register r, we obtain
the state

lys) =

m n
AH ;; ll| |] 2|bl/

Y
x (bij 1), + 1_1720>> 27)

(v) Erase the register 3 using the QRAM and measure the

register r to be |1), we have

|94) = ZZ ”| )lj)2 (28)

HA oB°~ 1|| i=1j= l

Now we analyze the time complexity. The overall com-

plexity for steps (i), (ii), (iii), and (iv) is O(polylog(mn/€)).

The success probability of step (v) is determined by the am-
min? {|b;;}
max%j{“’ij'}).
Hence, by virtue of the amplitude amplification, only
(max,'._/{\bij\}
min; ;{[b;;[}
success probability of preselection process.

plitude square y/b;;, and the value at least .Q(

) repetitions are sufficient to achieve a constant

In conclusion,
max;,j{|bij|}
min; ;{[b;;[}

. In contrast, the implementation of the ma-

the total time complexity of the algorithm is O(

polylog(mn/e))
trix Hadamard division via classical method requires time
O(mn). Hence, the above quantum algorithms achieve an ex-
ponential speed increase compared to the classical counter-
parts. Now we analyze the space complexity. It is not arduous
to discover that merely log(mn/€) 4+ 5 qubits are requisite to
accomplish the task. Evidently, this indicates that its space
complexity is O(log(mn/€)).

For A € R™! and B € R"*", the matrix product AB also
can be expressed as a sum of outer products, given by AB =
Ykell] a* ® by, where a* presents the k-th columns of A and
by presents the k-th rows of B. The authors in Ref. [28] pre-
sented a method for preparing the analog-encoded state corre-
sponding to the matrix product of A and B, assuming that the
matrix is stored in QRAM and applying controlled rotation
gates to obtain the desired state. Here, we provide a method
based on the quantum-accessible data structure for preparing
the analog-encoded state, which only requires storing the ma-
trix in classical data rather than in a quantum state.

Theorem 9 Let A € R™*! B € R*" be two matrices.
Assume that A and B are stored in a quantum-accessible data
structure. There exists a quantum procedure that prepares the
state

|AB) =

m | n
L L X eubulili)
m‘“';fil‘,i;’,ﬁfa‘ii';;ﬁ'b”” VI-polylog(mn) ).
Proof Similar to the steps (i), (ii) of Theorem 7, the state
|A)12|B)3.4]0), can be obtained, where |A) = m Y aili)|k)
and |B) =
A and by ; of B with the help of the quantum comparator, we
obtain |y) = |A) 2|B)34|f(k,k')),, where the function f (k,k")
is defined as 1 when k = k’, and 0 otherwise. Measuring the

IIABH

within a time of 0(

W Y 1 b j|K')|j). Picking out the elements a; of

register r to be |1), we can get the final state.

The time ly) is
O(polylog(mnl)). By virtue of the amplitude amplifica-
. max,-'j{|a,-j|}maxi.j{\b,-j|} ) .. .
tion, 0( T (FrUm): \ﬂ repetitions are sufficient to

achieve a constant success probability of preselection process.

complexity of obtaining

In conclusion, the total time complexity of the algorithm is
ij{laij i,j{1bij :
O(max I;ﬂs A’ﬁm’;’; H / ‘}\ﬂ : polylog(mnl)). Meanwhile, the

space complexity of the algorithm is O(log(mnl)).

However, it is imperative to clearly elucidate that for
the quantum algorithm based on the analog-encoding com-
putational framework, the probability of measurement suc-
cess depend on ||f(A,B)||r/(||A||r||B||r). Here, f(A,B) de-
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notes the operation of the matrix. For example, the ma-
trix product means that f(A,B) = AB, and Hadamard ma-
trix product means that f(A,B) = Ao B. When the propor-
tion of || f(A, B)||r within ||A||r||B||r is exceedingly small (or
|| f(A,B)||r approaches the zero matrix), it becomes nearly in-
feasible for us to effectively obtain the desired results. Con-
sequently, to guarantee the seamless operation of the algo-
rithm, it is typically requisite that the ratio of ||f(A,B)||r to
||A||g||B||¢ should not be overly small, which undoubtedly
imposes certain stipulations on the matrix under considera-
tion. Furthermore, this quantum algorithm exhibits a strong
reliance on the amplitude amplification algorithm to enhance
the measurement success rate. However, this dependence will
inevitably incur additional overheads, thereby increasing the
depth of the quantum circuit and the consumption of quantum
resources.

The error of the quantum algorithms based on the sec-
ond kind of analog-encoding computing framework originates
from the quantum-accessible data structure. As in Ref. [6],
this data structure is capable of controlling the storage pre-
cision within O(g). Consequently, the error of the quantum
algorithms based on the framework is likewise O(g). From
a numerical standpoint, whether the digital-encoding comput-
ing framework or analog-encoding computing framework, ma-
trix operations demonstrate backward stability during the cal-
culation procedure. Specifically, there exist minor discrepan-
cies between the computed results and the true values. How-
ever, the forward error can be relatively substantial, including
round-off errors and gate operation errors. Furthermore, the
quantum hardware utilized for the implementation of quantum
gates will, to a certain extent, exert an influence on the overall
precision.

5. Comparison with previous work

Here we conduct a comparison between our work and
previous research. In prior research, regarding the quantum
algorithm for the matrix Hadamard operation, the correspond-
ing research findings are notably scarce. In light of the fact that
numerous quantum algorithms for matrix multiplication have
already been documented in the extant literature, this paper
will solely conduct a comparison between the quantum algo-
rithm proposed for matrix product and the existing algorithms.

In Ref. [21], the authors put forward a quantum ma-
trix multiplier, and the output result outputs in the digital-
encoded state. The time complexity of the matrix multiplier
is O(mnlog(1)),"”!! where m, 1, and n denote the dimensions
of the matrices. Analogously, in the Theorem 4 of this paper,
the digital-encoded quantum state corresponding to the matrix
product also can be prepared. Here, the time complexity of
our algorithm is O(polylog(mnl/€)). In comparison, our al-

gorithm has achieved exponential improvements in terms of m
and n.

The authors in Ref. [20] proposed an efficient quantum
subroutine for matrix multiplication, which computes a state
vector that encodes the elements of the product of two ma-
trices. Specifically, this quantum algorithm outputs an analog-
encoded quantum state that encompasses the element informa-
tion of matrix C (i.e., the matrix resulting from multiplication),
while simultaneously being intermixed with the information of
other redundant elements. And the overall depth of the quan-
tum circuit becomes of order O(poly log(max{m,n}i/¢€)). In
comparison with the aforementioned conclusions, the method
(Theorem 9) we put forward for preparing the analog-encoded
quantum states corresponding to matrix product can output
a more pure quantum state without any additional redundant
states, all the while maintaining the same depth of the quan-
tum circuit. Similarly, the authors in Ref. [29] accomplished
the computation of matrix products through the utilization
of Toffoli-type gates and 1-qubit gates. During this proce-
dure, the depth of the protocol scales logarithmically with the
dimension of the matrices being considered. Nevertheless,
this approach necessitates an additional O(/) auxiliary qubits.
Conversely, the quantum algorithm we put forward demands
only O(1) auxiliary qubits.

6. Some extensions and relevant works

In the realm of quantum mechanics, the state space of an
isolated physical system is a complex vector space with inner
product. Against this background, the extension of the algo-
rithms to the case of complex matrices has the potential to fur-
ther broaden the scope of application of this algorithm within
the quantum computing environment.

Let A € C"™" be a complex matrix. Then A can be rep-
resented as A = AR + iAj, where i denotes the imaginary unit,
and AR and Ay are matrices composed of the real part and the
imaginary part of the complex matrix A, respectively. Let a;;
represent the elements situated in the i-th row and j-th column
of matrix A. Denote the real part of a;; as a?‘} and the imagi-
nary part as a} ;- In other words, as. and a% ; are the elements in
the i-th row and j-th column of matrix Ar and Ay, respectively.

6.1. The sum of complex matrices

Let A, B € C"™*" be two complex matrix. Suppose that
AR, A1, Br, and By have been pre-stored in the QRAM. Note
that A+ B = (Ar + Br) + (A1 + Br). Consequently, the sum of
complex matrices can be indirectly accomplished by comput-
ing the sum of real matrices. In accordance with Theorem 5
(step iii), unitary operators Ur and Uj can be constructed.
These two unitary operators are capable of achieving the fol-
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lowing transformations respectively:

Ul0) " = 2 Y (e +B)I0110) + IGw) 1), 29)
ij
U0} = LY (a4 BIBLAN0) + 1G], (30)

LJ

where [ = log(mn), C = /mn - max,‘,j{(ag +b5), (a}j +b}j)},
and |Gr) and |Gy) are garbage state, which are not of our con-
cern.

Let a (I +2)-qubit unitary W = |0)(0| ® Ug + |1){1| @ Uy.
According to Lemma 52 of Ref. [30], the unitary W= (H®
12UHDYW (SH @ 12U+1)) is capable of achieving the following
transformation:

W0)#+?) = (|0>(UR+1U1)\0> s

—|—|1)(UR—1UI)|O> (). (31)

It was noted that (Ug 4 iU;)|0)2(+D CZ,I [(a5~ —|—b5) +
i(aj; +b};)]1i)|j)]0) +|G)|1). Therefore, we have

1
=5¢10 >Z(aij +bi;)[i)]1)]0) +|Garbage), (32)

W|0> (1+2) _
where |Garbage) is a (unnormalized) state and (|0) (0] ® I*! ®
|0)(0])|Garbage) = 0. Upon measuring both the first and the
last qubit to be in the |0) state, the system evolves in the state
|A+B) = mzi7j(aij + bij)|i)|j). Employing the same
methodology, it is feasible to accomplish the preparation of
the analog state according to the subtraction of complex ma-
trices.

6.2. Complex matrix Hadamard product

For complex matrix A,B € C™*", the Hadamard product
of A and B can be expressed as Ao B = (Ar o Br —AjoBy) +
i(Aj o BR + AR o By). Given that the matrices Ag, Ay, Br, and
B; have been previously stored in the QRAM, we can obtain
the following transformation:

FZI 17710)110)2[0)3[0)4

In light in Theorem 1

and Theorem 3, we

of the concepts presented

derive the quantum states
\/qu‘ D)) |aRb —ai;bl;). By leveraging the first kind
of analog-encoding computlng framework, it is feasible to
construct a unitary operator Uy capable of effectuating the
following transformation:

Uo |0> ®(I+1)

1
=C Y (@it —aijbip)|i)] j)[0) +Go)[1).  (34)

L]

Employing a similar approach, we also construct a unitary op-
erator U] that is capable of implementing the following trans-

formation:
1 N
U1]0)HY) = 2 ¥ (albly +aiib) )17)[0) +Gi)I1). - (35)
L]
Here, [ = log(mn), C = \/mn - max,-,j{(agb}} - a}jb}j),

(agjbg. +a5bI )}. and |Gy),|G1) are garbage state.

Let W = (0)(0| @ Up + |1)(1| ® U,. Subsequently, when
the unitary operator W is applied to the state [0)® (+2) (anal-
ogously to Egs. (31) and (32), the final state |[AoB) =
mzﬁf aijbjj|i)|j) can be obtained. This is achieved by
measuring both the first and the last qubit to be in the state |0).

6.3. Complex matrix product

Let A € C™!, B € C'*" be two complex matrix. It should
be noted that AB = (ARBr — A1Bi) + i(A1Br + ArB1), where
it is assumed that AR, Aj, Br, and By are stored in QRAM.
Devise a quantum algorithm for performing complex matrix
multiplication. The approach is analogous to that presented in
Subsection 6.2. Specifically, initially, provide the construction
procedures of unitary operators Uy and U;. Subsequently, ap-
ply the unitary operator W to the initial state |0---0). Upon
measurement, the desired outcome can be achieved. In light
of this, in this section, we solely expound on the construction
method of the unitary operator Uy, and the remainder will not
be further elaborated.

Starting from the initial state |0---0), the state

1 o .
Tl _;k i) ) ki), IBR ) lka)lake, ) 1B )
1, ],K1,Kk2

(36)
can be achieved. By employing the method detailed in Theo-
rem 4, the quantum state

ﬁ Y1) 1eR) k)

(37

can be deduced from Eq. (36), with ¢ =
I _ vy IR
Cij = Lip=19i 1,00, j-
\/ﬁ Yij1i)]J)|cf — i), is derived by applying quantum arith-
metic (Lemma 4). By using the first kind of analog-encoding

I R 7R
Zkl:] aiy, bklj and
Subsequently, the subsequent result,

computing framework, it is feasible to construct the unitary
operator Uy, where

1
i,J

=)0} +[Go)1).  (38)

7. Examples and applications

Within this section, a series of small-scale examples and
captivating applications will be presented to elucidate the
quantum frameworks.
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7.1. Examples of matrix Hadamard product

Concerning the digital-encoding computing framework
and analog-encoding computing framework put forward in this
paper, Theorem 1 and Theorem 7 (matrix Hadamard product)
are highly representative. Given this, we solely design small-
scale examples for these two theorems. The aim is to demon-
strate that the framework we have proposed possesses a certain
level of feasibility. Let

42 93
a=fi o=

be two 2 x 2 matrices. We will elaborate in detail, respectively,
on the procedures for preparing the digital-encoded state and
analog-encoded state corresponding to the Hadamard product
of matrices A and B.

(i) Preparing the digital-encoded state

Let us prepare three registers and initialize them in the
state |@o) = [0)20)53|0)5°. Specifically, register 1 is desig-
nated for storing address information, register A is employed
to store the elements of matrix A, and register B is utilized to
store the elements of matrix B. Given that the calculation re-
sult is to be stored in register B, it is imperative to ensure that
register B possesses an adequate number of qubits to store the
calculation result with sufficient precision. By implementing
the Hadamard gate H*? on register 1, we are able to acquire

00 =5 (100) +101) +110) + 1)) [0)5%0)5°.  (39)

Since we have already assumed that matrices A and B are pre-
stored in the QRAM, we can obtain each element of matrices
A and B by accessing the QRAM, resulting in the following
quantum state:

02) = 5 (100114)a19)5 + 01)1 204 3)s
11001 [8)a[3)5 4 [11)1[4)al1)8).  (40)

Subsequently, apply the quantum arithmetic (Lemma 4) to reg-
ister A and register B to execute the multiplication operation
of two real numbers. For instance, the state transformation
|4)]9) — |4)|36) is achieved. Regarding the specific imple-
mentation procedure and the corresponding quantum circuit,
please refer to Ref. [26] for detailed information. Ultimately,
the final quantum state

408) = 3 (100)[36) + 101)16) +10)[24) + [11)}4)) @)

is achieved by once again conducting the erasure operation on
register A with the utilization of QRAM.
(ii) Preparing the analog-encoded state
The rotation operators about the y axes is defined by the
following equation:
cos(0/2) —sin(6/2)

Ry(0) =1 Gin(6/2) cos(6/2) | (42)

Two single-qubit V4 and U, are defined as follows:

Va=Ry(6))®1, 43)
Us = [0)(0]@Ry(62) +[1) {1 @ R,(65),  (44)

where 8; = 2arccos(1/0.2), 6, =2arccos(0.21/0.2), and 63 =
2arccos(v/0.8). When the unitary operator U Vy4 is applied to
the quantum state |0)*2, the quantum state

1

4) =15

4|00) 4-2|01) + 8]10) +4|11)) (45)
can be successfully prepared. Similarly, when the angles
in Egs. (43) and (44) are set to 6; = 2arccos(v/0.9), 6, =
2arccos(0.94/0.9), and 63 = 2arccos(0.94/0.1), the unitary
operator UpVp for preparing the state

|B>:%0(9|00>+3|01>+3|10>+1|11>) (46)

can be derived.

Consequently, it is feasible to prepare the following
quantum state |A),|B),|0), starting from the initial state
0)£2]0)52|0),. Herein, the registers a and b are respectively
designated to store the address information of matrix A and
matrix B. Meanwhile, register r serves as an ancilla and
consists of one qubit. By applying the quantum comparator
(Lemma 6) to the state |A),|B),|0),, we obtain the following
state:

9) = alAeB)|1) + B[G)[0), (47)

where |G) is the garbage state and o = \/118? ~ 0.43864,
B = V1 — 2. The approximate quantum state of |¢) is taken
as |@) = sin B]A o B)|1) +cos 8|G)|0), where sin 6 = 0.43864.
Denote the amplitude amplification operator as Q = USoU"S,..
Here, Sy is defined as Sy = I — 2/0)(0|, S, is given by S, =
X,Z,X;, and U is a unitary operator such that U|0) = |¢). It
is now evident that upon applying the operator Q once to the

state |@), resulting state is
0|9) =sin(30)|AoB)|1) +cos(30)|G)[0),  (48)

where sin(30) ~ 0.97833. Measuring the ancilla qubit to be
[1),, the system becomes \X;_B/> Then the probability of mea-
suring the ancilla qubit to be 1 is P} = 95.712%, and the fi-
delity is F = (Ao B|A o B) = 0.9999.

7.2. Construction an oracle for querying trace of a matrix

The trace of a matrix A € R"™" is defined as Tr(A) =
Y, ai. Now, we shall construct an oracle for querying trace
of A, this is,

Oy : |0) — |Tr(A)). (49)
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Let I be a unit matrix. It is noted that

[a11 aiz -+ ain 10---0
ary ax -+ A 01---0
Aol = | . . . . |o
|dnl An2 *** dnn | 001
fay; 0 -+ 0]
0 ap - 0
=1. . . .- (50)
[0 0 -

Suppose that A and I are stored in QRAM. By Theorem 1,
the quantum state %
O(polylog(n/¢e)). Apply Hadamada gate on the first reg-
ister and remove the register, we obtain the state |y;) =

" 1 10i)|ai) can be prepared in time

\[ Y7 1 |i)|aii). Prepare two copies of |y;). With the help of

a quantum adder for superposition states,!!!l the summation
of all the numbers in the superposition state can be achieved.
Therefore, we have

ly2) = \fil |Tr (A (51)

Apply Hadamada gate on the first register and remove the reg-
ister, we can achieve the transformation |0) — |Tr(A)) in time

O(polylog(n/€)).
7.3. Estimating the trace of a matrix

Suppose that A and [ are stored in the quantum-access
data structure. By Theorem 7, the following quantum state
can be prepared in time O(polylog(n)):

\[HAH <Za,]| i)2]i)3]i)4l1), +|GaIbage>|0>r), (52)

Applying the CNOT gate on the diagonal index regis-
ters 1-4, which implement the transformation as |i)|i)|)|i) —
|£)]0)|0)|0), then we can obtain the state

1 /
ly) = m\v)\l>r+\Garbage>|O>r, (53)

where |[v) = Y a;j|i)1|0)234 is a non-normalization state.

L)1)
1 11)17]0)2 3 4 can be prepared from the initial

Subsequently, we prepare the second state |¢) =
where |u) =
state |0) 1y 37 4 by using Hadamard gates only acting on regis-
ter 1. It should be noted that the number of qubits of registers
14 is equivalent to that of registers 1'-4’. It is obvious that

Tr(A)
e Y

Therefore, in order to estimate Tr(A), we can employ the
SWAP test with the input state |y) and |¢).
Tr(A) can be estimated with an accuracy of € by repeating the

The value of

Swap test O(1/€?) times. As we have observed, the prepa-
ration of the states |y) and |@) incurs a time cost time of

O(polylog(n)). Hence, the time complexity of the above al-
gorithm is O(polylog(n)/€?).

The above algorithm has the following two advantages:

(1) When estimating the trace of a matrix with a classi-
cal algorithm, although it can be accomplished in logarithmic
time by using a parallel algorithm, it is necessary to query the
matrix » times to obtain the diagonal elements of A. However,
the above quantum algorithm for estimating the trace a the ma-
trix, while ensuring accomplishment within logarithmic time,
merely demands O(1) accesses to the matrix. Moreover, the
storage space required for storing matrix information in this
quantum algorithm is O(wlog?(n)), where ® represents the
number of non-zero entries of A. Compared with the storage
space required by the classical algorithm, which is O(n?), an
exponential saving in storage space has been achieved.

(i1) A quantum method of estimation trace of a Hermitian
matrix, which is based on Chebyshev polynomial approach,
was proposed by Nghiem ef al. in 2023. This method is capa-
ble of computing the trace of a complex matrix, yet its precon-
dition is that the matrix be a Hermitian matrix. Our algorithm
can merely calculate the trace of a real matrix, but it has no
additional requirements for the matrix.

7.4. Estimating trace of product of two matrices

The trace of product of two matrices A € R"*™ and B €
R™*" is defined as Tr(C) = YL X). aijbji, where C = AB.
Suppose that the matrices A and B are stored in the quantum-
access data structure. Now we describe our quantum algorithm
for estimating the trace of product of two matrices.

Firstly, we modify step (iii) in Theorem 7 and use the
quantum comparator to select a;; and b;;. The description of
this procedure is presented as follows:

(19)1,11)4,10,0)) = (li)1, D)4, e1, ¢a)),
(17)2:1K)3,10,0)) = ([)2, k)3, e2, ¢3)). 55

If the resulting state |c1,¢2,c¢3,¢4) 18 |0,0,0,0), it implies that
i=1Iand j = k. Then apply a CNOT gate on the register r con-
trolled by |c1,¢2,c3,c¢4). Therefore, using the same method as
in Subsection 7.3, we can prepare two input states in a time of
O(polylog(n)) as follows:

1
) = g M)+ [Garbage’)[0),, (56
V) = Tarenas 1+ [Garbage) 00, (56)
N
10 = gl 1) 7

where |v) =Y; jaijb;ili)|j)|0)|0) and [u) =Y jo |{)1/]]")2|0) 37 4

are non-normalization states. The obvious expression is

Wi = FHAHFHBHF,Zl Z bi
Tr(C)
=7 58
VATl B[] Y
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Hence, in order to estimate Tr(C) with an accuracy €, we
can using the SWAP test with the input state |y') and |¢'),
and the overall time complexity of the above algorithm is

O(polylog(n)/€?).

7.5. Estimating trace inner product of two matrices

Trace inner product is a significant notion in matrix anal-
ysis and linear algebra. It is extensively utilized in numer-
ous fields and holds crucial research significance. In machine
learning algorithms like support vector machines (SVM), trace
products can be employed to define kernel functions. Ker-
nel functions map low-dimensional data into high-dimensional
spaces for better tasks such as classification and regression.
In matrix data analysis methods such as principal component
analysis (PCA) and independent component analysis (ICA),
the trace product assists in calculating the eigenvalues and
eigenvectors of the matrix, thereby achieving data reduction
and feature extraction, facilitating machine learning models to
better understand the data structure, and enhancing the learn-
ing efficiency and accuracy.

The trace inner product of two matrices is defined as

m n
<AB>=Tr(A"B) =YY a;jbi, (59)
i=1 j=1

where A,B € R™*",
stored in the quantum-access data structure. By Theorem 7,

Suppose that the matrices A and B are
we can preparing the following states in time O(polylog(n)),

[ p—

= mwmﬁ' |Garbage)|0),- (60)

where |v) =Y, jai;bi;li)| j)|0)|0) is a non-normalization state.

Moreover, preparing the second state |¢”) = \/im|u>\1),,
where |u) = Yy #]i’)]j')|0)|0) is a non-normalization state.
Therefore, by using the SWAP test with the input state
|y} and |¢"), it is possible to estimate Tr(ATB), more pre-

. Tr(ATB) . L. .
cisely ——-—+=—, with an accuracy of € within a time of
Y ] ATIF[B> y

O(polylog(mn)/€?).

It is worthy of note that, analogous to other quantum al-
gorithms, the output outcomes of our algorithm are all propor-
tional to the true value. In numerous cases, the relative values
or proportional correlations of the true value are already ade-
quate to fulfill the requirements.

8. Conclusion

Inspired by recent advancements in quantum algorithms,
we proposed two quantum frameworks, which can respec-
tively prepare the digital-encoded and analog-encoded states
corresponding to matrix operations. These two frameworks
are capable of implementing fundamental matrix operations
on quantum computers, including the matrix product, the ma-
trix sum, as well as element-wise operations, such as the

matrix Hadamard product, division, and power. The digital-
encoding computing framework is founded on QRAM and en-
codes the operation outcomes in binary form into quantum-
strings. The core routines of this framework lie in obtain-
ing the quantum information of the matrix through accessing
QRAM and applying quantum arithmetic to acquire the calcu-
lation result. The quantum algorithm utilized for implement-
ing matrix operations within this framework shows exponen-
tial speedups compared with the classical counterpart. The
analog-encoding computing framework encodes the comput-
ing results into the amplitudes of quantum states, and there
exist two implementation approaches for it. The first one
is founded on QRAM. The analog-encoded state is acquired
by implementing a controlled rotation gate on the digital-
encoded state and measuring the ancilla qubit. Another ap-
proach is more dependent on quantum-accessible data struc-
tures. The core routines involve accessing the data struc-
ture, subsequently employing the quantum comparator to se-
lect the corresponding elements, and ultimately measuring the
ancilla qubit to obtain the analog-encoded state. Regardless
of the adopted implementation method, the quantum algo-
rithms employed for implementing matrix operations within
this framework have achieved a quadratic speedup compared
with their classical counterparts. Furthermore, within the
digital-encoding computing framework, we construct an ora-
cle that is capable of accessing the trace of a matrix. Addition-
ally, based on the analog-encoding computing framework, we
propose several algorithms to respectively estimate the trace
of a matrix, the trace of product of two matrices, and the trace
inner product of two matrices.

However, we should mention that, under the current cir-
cumstances, no quantum hardware exists that can support the
storage and access of data in a superposition state within poly-
nomial logarithmic time. Furthermore, the viability of such
quantum hardware remains a contentious issue. This is highly
likely to act as a limiting factor in the near-term implementa-
tion of the quantum algorithms we have designed. Moreover,
the main focus of this thesis lies in the theoretical design of
quantum algorithms, but we do not delve into practical imple-
mentation issues. But, with the advancement and performance
enhancement of quantum computing hardware, we intend to
carry out relevant experimental verification work in future re-
search.

Nevertheless, regarding the fundamental problem of re-
alizing basic matrix operations and preparing the correspond-
ing quantum states in a quantum environment, we hope that
this research work can function as a subroutine and contribute
positively to other quantum algorithms or future related appli-
cations.
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