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By employing a full quantum theory of electron–photon scattering in intense laser fields, we calculate the angular-
resolved radiation rate of the fundamental wave in Thomson scattering. We investigate the dependence of radiation rate
on Euler angles and elucidate the underlying physical mechanism. The figure-8 profile of the radiation rate within the
polarization plane is validated, while its evolution with respect to laser intensity and electron momentum is illustrated. Our
findings reveal that in lower-intensity laser fields and for slow electron motion, the angular-resolved radiation rate exhibits
distinct dipole emission characteristics. However, significant changes are observed at high laser intensities and/or large
electron momenta, leading to pronounced alterations in the angular-resolved radiation rate. Remarkably similar variation
patterns can be achieved by proportionally adjusting both laser intensity and electron momentum.
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1. Introduction
Thomson scattering refers to the scattering process where

a free electron interacts with electromagnetic waves, as pro-
posed by Thomson.[1] In this process, the oscillation of the
free electron results in the emission of secondary electromag-
netic waves. In intense laser fields, Thomson scattering serves
as a valuable source for generating photons of extremely short
wavelengths, such as gamma rays and extreme ultraviolet
lights.[2–5] Due to the widespread utilization of these high-
energy photons in fundamental research and practical applica-
tions, Thomson scattering has emerged as prominent subject
within intense laser physics and has been extensively investi-
gated over the past few decades.[6–15]

In the presence of intense laser fields, an electron can ab-
sorb one or more photons and subsequently emit a new pho-
ton. When only one photon is absorbed, the newly generated
photon has the same frequency as the driving field, which is
referred to as linear Thomson scattering (LTS). When multi-
ple photons are absorbed, it is termed as nonlinear Thomson
scattering (NTS).[16,17] The radiation emitted during the LTS
process is generally considered as the dipole emission result-
ing from the acceleration caused by the time-varying force ex-
erted by the laser field on the electron. Similarly, the second
harmonics is regarded as the quadrupole radiation[9] and so on.
Both LTS and NTS processes occur simultaneously in intense
laser fields with high-frequency radiations gradually becoming
dominant as laser intensity increases.[9,18–21]

The angular-resolved scattering rate provides a direct
measure of the scattering rate by recording the emitted pho-
tons during scattering. Its profile indicates the relative vari-
ation with respect to azimuthal or scattering angles. Study-
ing on the angular-resolved rate offers a convenient tool for
elucidating variation mechanisms under identical conditions,
thereby serving as a valuable means for identifying scattering
mechanisms. Following the initial observation of several low-
order harmonics in Thomson scattering,[9,10] significant atten-
tion was drawn towards angular-resolved rates, leading to con-
tinuous observations reported under various conditions.[21–24]

The angular-resolved scattering rate in the LTS process,
referred to as the angular-distribution of the fundamental ra-
diation (ADF), is of great importance. The ADF profiles vary
with the electron momentum and the intensity of the driving
field, which presents an indicative of electron motion in vari-
ous laser fields. When the laser intensity is low, the electron
moves classically in the laser field, and the ADFs exhibit a
doughnut profile, indicating the dipole emission features from
the oscillating electron. The electron speed increases with the
intensity of the driving field, and hence the relativistic effect
becomes distinctive gradually as the peak intensity exceed-
ing 1017 W/cm2. Consequently, the ADF profile exhibit non-
dipole features in intense laser fields, such as the asymmetry
observed in the figure-8 profile.[22] The observed ADF lacks
symmetry about both the x-axis and the y-axis in the polariza-
tion plane. Although this asymmetry is relatively weak and
has not garnered significant attention, its origin remains un-
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known, and how it can become more pronounced remains an
open question. Furthermore, understanding how relativistic ef-
fects influence Thomson scattering dynamics in intense laser
fields represents an intriguing area of investigation.

In a recent paper, we employed a comprehensive quantum
treatment of the intense laser field and developed a rigorous
quantum theory of electron–photon scattering.[25] In contrast
to classical approaches that consider the laser light as a classi-
cal field, our approach treats it as a fully quantized field where
photons are well-defined entities. By utilizing the quantum-
field Volkov state derived by Guo et al.,[26] we obtain an ana-
lytical expression for the scattering probability. Based on this
derived formula, we conducted an extensive investigation into
the angular-resolved rate of scattered photons. The calculated
ADHs exhibit significantly improved agreement with recent
experimental data,[27] and also predict many features for fur-
ther observations. This approach applies to electron–photon
scattering in intense laser fields of arbitrary intensity.

This paper employs the derived analytical formula to ex-
amine the ADFs in various laser pulses with an emphasis on
the evolution of ADFs in relation to laser intensity and elec-
tron momentum. We concentrate on the LTS process in longer
laser pulses which can be treated as single-mode plane waves.
When the pulse duration enters the few-cycle regime, addi-
tional parameters may influence the scattering dynamics,[20]

and the scattering process can be treated as a multi-mode
problem[27] that will be addressed in the future. Through
this study, we reveal the physical mechanism behind ADF and
identify its connection to electron motion. We employ a gener-
alized phased Bessel (GPB) function to account for the proba-
bility amplitude associated with multiphoton process, includ-
ing its magnitude and phase.

2. Transition matrix element and rate formula
The nonlinear scattering process is typically addressed

within the framework of Furry picture, wherein the interac-
tion between the intense laser field and an electron is treated
rigorously, while the interaction involving the scattered photon
with both the electron and laser field is perturbatively treated.
This has been extensively explored in QED textbook[28] and
related literatures.[20,29,30]

By employing the quantum-field Volkov state derived by
Guo et al.,[26,31] we derive the transition matrix element for
relativistic electron scattering in the presence of intense laser
fields. Owing to the distinct treatment of the bispinor, the aver-
aging operation over spin states is significantly simplified. The
rate of photon emission with four-momentum k′ is worked out
to be (the natural unit } = c = 1 is employed throughout this
paper)

d2W
dω ′dΩk′

=
ω ′(2π)5

m2
e

|T̃fi|2, (1)

where dΩk′ = sinθ dθ dφ is the differential solid angle of k′

with θ and φ being scattering and azimuthal angles, respec-
tively, and the Doppler shifted frequency is given by

ω
′ =

j0Pk
Pn̂′+(up + j0)kn̂′

, (2)

which is obtained by the energy–momentum conservation,
n̂′ = k′/ω ′, up = e2Λ 2/(kP) with 2Λ being the classical ampli-
tude of vector potential and P the electron four momentum be-
fore scattering, and j0 denotes the number of transferred pho-
tons during scattering. When kk′ ≪ kP, T̃fi is given by

T̃fi = |e|Λ [𝒳 j0−1(ς ,η)εε′*+𝒳 j0+1(ς ,η)ε*ε′*]

+𝒳 j0(ς ,η)*Pε′*, (3)

where e and me denote the charge and rest mass of an electron,
respectively; and ε the four polarization vector of the laser
field. The scalar product εε′* = −ε ·ε′*, where ε = (1,0,0)
and ε′ denoting the polarization vector of the scattered pho-
ton and is chosen as ε′

1 ·𝑘′ = 0 and ε′
2 = ε′

1 ×𝑘′. The GPB
functions in Eq. (3) are defined as

𝒳 j(zc,zs) =
∞

∑
m=−∞

X j−2m(zc)Xm(zs), (4)

in which the phased Bessel function is defined as Xn(z) =
Jn(|z|)exp(inarg(z)) where Jn(|z|) is the Bessel function and z
is an ordinary complex number. The arguments of GPB func-
tions are given by

ς =
2|e|Λ

kP
𝑃 ·ε− 2|e|Λ

kP′ 𝑃 ′ ·ε,

η =
1
2

(
e2Λ 2

kP
− e2Λ 2

kP′

)
ε ·ε, (5)

where P and P′ are the on-shell four momentum of electron
before and after scattering, respectively. The GPB functions
satisfy the addition, subtraction, and recurrence theorems in
both the complex range and complex domain,[32] which has
been used to simplify the transition matrix element. In the
above formulas, the scalar product of two four-vectors is de-
fined as ab = a0b0 −𝑎 ·𝑏.

The transition matrix element in Eq. (3) indicates that the
scattered photons arise from two distinct sources: one is asso-
ciated with the electron-harmonic interaction, while the other
is linked to the laser-harmonic interaction. This features stems
from the minimal-coupling principle and highlights the differ-
ent contributions of the electron momentum P and the vector
potential A of the laser field.

3. Evolution of angular-resolved scattering rate
We calculate the ADFs under various conditions, based

on the aforementioned formula. The angular resolved rates
record a direct measure of the scattering rate and its shape
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indicates the relative variation with azimuthal angle. Study-
ing the angular resolved rates offers a convenient tool for elu-
cidating the underlying variation mechanism under identical
conditions. Following the first observation on several low-
order harmonics in the Thomson scattering,[10] significant at-
tention was drawn towards the angular resolved rates, leading
to subsequent continuous observations reported under various
conditions.[9,21–23] In this paper, we provide a comprehensive
analysis of the ADFs. The discussion on the harmonics is pre-
sented in Ref. [25].

Firstly, to demonstrate the dipole emission characteris-
tics, we conduct calculations of ADFs under conditions of low
laser intensity and slow electron motion. In a linearly polar-

ized laser field, the induced dipole momentum oscillates along
the polarization direction, resulting in a toroidal strength dis-
tribution around it. The calculated ADFs in xoy plane and xoz
plane, illustrated in Fig. 1, exhibit a figure-8 variation pat-
tern, while that in yoz plane remains constant regardless of
angle variations. This figure-8 pattern indicates that photons
are predominantly emitted perpendicular to the laser polariza-
tion, while less radiation is emitted along its polarization axis.
A three-dimensional (3D) plot is shown in plot (d), which ex-
hibits the known donut structure of dipole emission. These
features hold true for slow electrons, in which the relativistic
effect is weak. These features align with those observed in
dipole emission.
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Fig. 1. Polar plots depicting the ADFs in (a) xoy plane, (b) xoz plane, and (c) yoz plane, respectively. (d) A three-dimensional (3D) plot of the
ADF. The laser field is linearly polarized along x-axis and of intensity 1.0× 1016 W/cm2 and wavelength 800 nm. The electron moves along
negative z-axis with magnitude 0.01, measured in the unit of mec.

Secondly, we focus on the emission in xoy plane to dis-
play the evolution of ADFs with respect to electron momen-
tum and laser intensity. As the electron momentum gradually
increases, significant changes occur in the ADFs correspond-
ing to different electron momenta. Figure 2(a) presents the
ADF calculated at 1.0×1018 W/cm2 for various electron mo-
menta. The black curves depict the ADF calculated under con-
ditions similar to a recent experiment.[22] While maintaining
its figure-8 like pattern, a detailed comparison reveals slight
deviations of maximal rates from the vertical line, consistent
with observations reported in Ref. [22]. This deviation results
in the left-right asymmetry in the polar plot. The asymmetry
and deviation from the vertical line become more pronounced
as electron momentum increases, as illustrated by the red and

blue curves in panel (a). Due to each ADF retaining its figure-
8 pattern but exhibiting increasing notable deviations from the
vertical alignment for maximum values, it appears as if the
ADF is rotating anti-clockwise with increasing electron mo-
mentum.

The rotation of ADFs is also dependent on the laser in-
tensity. The figure-8 profiles are almost identical at various
laser intensities, but the orientation varies with the laser in-
tensity. Figure 2(b) illustrates the ADFs calculated at various
laser intensities for |𝑃 |=2.5. It is evident that as laser inten-
sity increases, the ADF rotates clockwise. At a laser inten-
sity about 1.0× 1022 W/cm2, the ADF returns to the vertical
direction and regains left-right symmetry. This indicates an
inverse relationship between laser intensity and electron mo-
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mentum in influencing the behavior of ADFs. To achieve sim-
ilar ADF patterns, one can either increase laser intensity or
decrease electron momentum accordingly. A scaling law for
ADF states that identical patterns can be obtained by main-
taining a constant ratio between laser intensity and electron
energy.

The scattering dynamics of electrons in intense laser
fields are determined by the GPB functions, including their
order and arguments. The change in the calculated ADF with
laser intensity and electron momentum can be easily inter-
preted from this perspective. In the transition matrix ele-
ment given by Eq. (3), three GPB functions with different
weights contribute to one ADF. Both the GPB functions and
their weights vary with laser intensity and electron momen-
tum, thus the contribution of each term in Eq. (3) to the overall
scattering rate depends on these two factors. Specifically, the
weights of 𝒳 j0±1 terms increase with laser intensity, while that
of 𝒳 j0 term increases with electron momentum. These three
terms exhibit different variations with respect to azimuthal an-
gle, as illustrated in Fig. 3. By comparing magnitude among
these three terms, we conclude that j0−1 and j0 terms mainly
contribute to ADF. Due to their distinct dependence on az-
imuthal angle, their coherent overlapping results in a deviation
from vertical direction for maximum value of ADF depicted
in panel (a). When either laser intensity or electron momen-
tum change, their weights changes and hence the orientation of
maximum scattering rate varies accordingly. However, when
the ratio of laser intensity to electron energy remains constant,

the ADF remains unchanged, and hence a scaling law is estab-
lished.
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Fig. 2. Polar plots depicting the ADFs in the xoy plane for (a) laser in-
tensity 1.0×1018 W/cm2 but different electron momenta, and (b) elec-
tron momentum 2.50 but different laser intensities, respectively. The
laser field is polarized along x-axis and propagates along z-axis. The
laser wavelength is 800 nm. The electron moves along negative z-axis
with magnitude measured in the unit of mec.
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Calculations are performed for electron momentum 1.2 and laser intensity 1.0×1019 W/cm2.
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Next, we investigate the radiation rate in yoz plane and
focus on how it varies with θ under different conditions. In
a head-on collision where the electron moves along negative
z-axis, 𝑃 ·ε = 0 resulting in ς = 0 for emission in yoz plane.
Consequently, the transition matrix element can be simplified
to

T̃fi = |e|Λ [X0(η)εε′*+X1(η)ε*ε′*], (6)

where ε′ is taken as (1,0,0). The variation of ADF is pri-
marily influenced by η’s dependence on the scattering angle θ

through the Doppler shifted frequency in ω ′ given by Eq. (2).
It is then natural to observe that at lower laser intensities and
for small electron momenta where the Doppler effect is negli-
gible, the emission rate in yoz plane remains independent of θ ,
resulting in isotropic ADFs, as depicted in Fig. 1(c). However,
as laser intensity and/or electron momentum increases and the
Doppler effect becomes dominant, the ADF loses its isotropy
gradually.

The ADFs calculated at 1.0 × 1018 W/cm2 for various
electron momenta are illustrated in Fig. 4. It is evident that
the ADFs are currently non-isotropic, displaying a maximum

and a minimum located along the z-axis. As electron momen-
tum increases, the maximum value increases while the min-
imum tends to zero. Consequently, for higher electron mo-
menta, the ADF becomes more orientated due to the noticeable
Doppler effect caused by high-speed electrons. This trend is
depicted in Fig. 4(d) for |𝑃 |=10.0, where the ADF exhibits
a pronounced peak at θ = 180∘, indicating that backscattering
dominates the scattering process when the electron momen-
tum is large. These changes are mainly determined by X0(η)

in expression (6).
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radiation rate with scattering angle θ . Panel (f) displays the variation of |X1|2 and |X0|2 with the scattering angle θ .

The ADFs calculated at different laser intensities for the

electron momentum |𝑃 | = 0.1 are depicted in Fig. 5. As

the laser intensity increases, the ADFs become highly peaked

along the laser propagation direction, exhibiting anisotropic

behavior. These features can be well explained by consider-

ing the properties of Bessel functions and their variation with

respect to the scattering angle θ . The value of η firstly in-

creases with θ and then reaches a broad platform region be-

fore rapidly decreasing, displaying a trapezoidal-like variation

pattern. The maximum value of η increases with laser inten-

sity but decreases with electron momentum. Consequently,

in higher intensity laser fields, there is a rapid change in η

with θ at both rising and falling edges. This change deter-

mines the pattern of ADF and its variation with laser intensity.

At lower laser intensities where η is small, X0(η) dominates

the ADF profile, resulting in a fat elliptical shape, as shown

in Figs. 5(a) and 5(b). However, as laser intensity increases

and thus leads to an increase in maximum value of η , there
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is a swift decrease in X0(η) which causes gradual narrowing
down of the elliptical distribution until it resembles a sharp
peak. Therefore, higher laser intensity results in sharper lobe
structure. When the maximum value of η exceeds the first
zero point of X0(η), two non-emission points appear at ±30∘

in Fig. 5(c). Between these two points (from 30∘ to 330∘), an
arc-like distribution appears due to slow variation of X0(η) in
η ′s flat top region. Plots (d) and (e) display how a pair of side
jets are generated beside the sharp peak structure. These side
jets indicate contribution from X1(η) term, as shown in plot (f)
for laser intensity 1.0× 1020 W/cm2. As η increases with θ ,
X1(η) firstly increases and then starts decreasing again, lead-
ing to the formation of jet-like structure within ADF profile.
The interference between the two terms slightly changes θ ’s
value corresponding to the top of jets.

A comparison between Figs. 4(a) and 5(a) clearly illus-
trates the contrasting effects of electron momentum and laser
intensity in head-on collisions. Based on this comparison, it
can be inferred that increasing laser intensity promotes the
emission of scattered photons along the direction of laser prop-
agation, while high-energy incident electrons push more pho-
tons to be emitted in the opposite direction. If both the laser
intensity and the electron momentum are adjusted proportion-
ally, the scattering dynamics will remain unchanged, lead-
ing to equivalent ADFs. An example is presented in Fig. 6,
which demonstrates that equivalent ADFs are obtained when
the electron momentum is enlarged by n times and the laser
intensity is enlarged by n2 times. In this manner, both the ratio
of weights in Eq. (3), say |e|Λ/|P| and the arguments of GPB
functions in Eq. (5) remain constant.
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Fig. 6. Polar plots of the ADFs calculated at (a) I = 4.0×1021 W/cm2, p0 = 4.0; (b) I = 1.6×1022 W/cm2, p0 = 8.0; (c) I = 6.4×1022 W/cm2,
p0 = 16.0.

Finally, we investigate the influence of relativistic effect
on the scattering dynamics, by comparing the calculated ADFs
with those obtained in the non-relativistic (NR) limit. In the
NR limit, we have kP → meω and kP′ → meω and hence the
arguments of GPB functions reduce to

ς =
2|e|Λ
meω

𝑘′ ·ε=
2|e|Λ
meω

ω
′ sinθ cosφ ,

η =
1
2

(
e2Λ 2

meω
− e2Λ 2

meω

)
ε ·ε= 0, (7)

and the Doppler shifted frequency is given by

ω
′ =

j0meω

me +(up + j0)ω
. (8)

For the radiation in yoz plane, where φ = 0 and ς = 0, the
transition matrix element in Eq. (6) remains constant in all di-
rections, and the emission rate is modulated by the Doppler ef-
fect via the dependence of ω ′. This suggests that the observed
variation of ADFs with θ is caused by the relativistic effect
induced by the laser intensity and the electron motion. The
greater the asymmetry in ADFs, the stronger these relativistic
effects become. For the radiation in xoy and xoz planes, we
seek for the numerical comparison.

The comparison of the calculated ADFs in Fig. 7 clearly
illustrates the significant influence of relativistic effects on ra-

diation rate in different directions. In xoy plane, relativistic
effects lead to a reduction in radiation rate and retard the ro-
tation of ADFs. In xoz plane, the ADFs exhibit a distorted
figure-8 profile, with relativistic effect amplifying this distor-
tion. Additionally, due to relativistic effects, the emission rate
in the xoz plane is lower compared to NR cases. In the yoz
plane, the ADFs assume an elliptical profile where relativistic
effects decrease emission rate and give rise to other aforemen-
tioned phenomena. A common feature is that the relativistic
effects decrease the radiation rate in various directions, which
is due to the electrons’ fast motion sharing more energy of the
entire interacting system.

Surprisingly, the ADF treated with NR limit in the xoy
plane, as depicted in Fig. 7(a), also exhibit a rotation away
from the vertical line. This implies that even when neglecting
relativistic effects, the maximal emission rate does not align
vertically with the laser polarization. This phenomena devi-
ate from the typically characteristics of the diploe emission.
The observed rotation indicates that for high-speed electrons,
there is a notable contribution from j0 term in Eq. (3), which
varies with the azimuthal in a pattern as shown in Fig. 3(b).
As the laser intensity increases, clockwise rotation occurs for
NR-treated ADFs.
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Fig. 7. Polar plots of the ADFs calculated at a laser intensity of 1.0×1018 W/cm2 and electron momentum of 2.0 in (a) xoy, (b) xoz, and (c) yoz
planes are presented. The black/red curves represent the ADFs without/with relativistic effects, respectively. To enhance clarity, the red ADHs
in panels (a) and (b) have been magnified by factors of 5 and 1.79, respectively.

4. Conclusions
By employing a full quantum theory of electron–photon

scattering in intense laser fields, we determine the angular-
resolved radiation rates of the fundamental wave emitted
through Thomson scattering under various laser intensities and
electron momenta. We investigate the ADFs in xoy, xoz, and
yoz planes and analyze their evolution with laser intensity and
electron momentum. The figure-8 profile of radiation rate
within the polarization plane is validated, while its dependence
on laser intensity and electron momentum is illustrated. Our
findings reveal that in lower-intensity laser fields and for slow
electron motion, the ADFs exhibit distinct dipole emission
characteristics. However, significant changes are observed
when encountering high laser intensities and/or large electron
momenta, leading to pronounced alterations in the ADFs. Fur-
thermore, we elucidate the underlying physical mechanism by
which a method to achieve ADFs is established through pro-
portional adjustments of both laser intensity and electron mo-
mentum.
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