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The stable Bardeen—Schrieffer—Cooper (BCS) pairing state of a bosonic system has long been sought theoretically
and experimentally. Here we propose that a stable BCS state of bosons can be realized in a binary Bose gas with s-wave
intra-species repulsion and an inter-species attraction in the mean-field-stable region. We find that above the Bose—Einstein
condensation (BEC) transition temperature, there is a phase transition from the normal state to a BCS state driven by inter-
species pairing. When the temperature decreases, another phase transition from the BCS state to a mixed state featuring
both atomic BEC and inter-species pairing occurs. As the temperature is further lowered, the mixed state is eventually taken
over by the pure BEC state. We present the phase diagram of this system and discuss its experimental implications.
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1. Introduction

The study of superfluidity and superconductivity has been
After
the experimental realization of Bose—Einstein condensation

a cornerstone of modern condensed matter physics.

(BEC),["?! ultracold atoms have provided a new platform for
these studies. By the Feshbach resonance technique, the in-
teractions between atoms can be tuned, and the BEC-BCS

(Bardeen—Schrieffer—Cooper) crossover of fermions®># was
15]

16]

experimentally achieved.’~'#! Ever since the BCS theory,|
whether or not bosons can also form a stable pairing state!
has remained a crucial problem. In a single-component Bose
gas, it was found theoretically that the BCS pairing state is
mechanically unstable under attractive interactions. In con-
trast, under repulsive interactions, each atom can pair with an-
other to form a tightly bound molecule, and these molecules
can condense stably below a critical temperature.!!’7-2?] Ex-
perimentally, the strong three-body loss process near the Fes-
hbach resonance has posed a major challenge for creating a
molecular BEC state.[2320] Tn 2021, a molecular BEC was
first experimentally observed in a two-dimensional Bose gas
with g-wave closed-channel molecules. >}

In recent years, the binary Bose gas has attracted consid-
erable attention due to the successful experimental realization
of quantum droplets.!?=3% In such a system, the inter-species
attraction exceeds the geometric mean of the intra-species re-
pulsions. Although the overall mean-field energy is attrac-
tive, mechanical stability is restored by the Lee-Huang—Yang
(LHY) energy arising from Gaussian fluctuations.3-*?! In the
Bogoliubov theory of the quantum droplet, the phonon excita-
tion energy becomes imaginary in the long-wavelength limit,
implying an instability. It was later found that the phonon en-
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ergy is stabilized by higher-order quantum fluctuations.33-36]
In an alternative proposal, the ground state of the quantum
droplet is predicted to be a pairing state rather than a BEC
state. 37381

In this work, we theoretically investigate a dilute binary
Bose gas with an inter-species attraction and symmetric intra-
species repulsions in the mean-field-stable region, where the
overall mean-field energy is repulsive and dominates over the
LHY correction, in contrast to the quantum-droplet case where
the mean-field energy is attractive and of the same order as the
LHY correction. We obtain the phase diagram of this system
as shown in Figs. 1 and 2. By studying inter-species pairing
self-consistently within the mean-field approximation, we find
that a stable BCS state exists above the BEC transition tem-
perature, and turns into the normal state when the temperature
rises above a threshold. The pairing state is shown to be stable
in the Ginzburg-Landau theory. The energy gap in the ex-
citation spectrum of the BCS state closes as the temperature
decreases to a critical value, where a phase transition from the
BCS state to a mixed state of atomic BEC and inter-species
pairs takes place. The BEC-BCS mixed state is eventually
taken over by a pure BEC state at a lower critical temperature.
Experimental implications are also discussed at the end.

2. BCS pairing state of a binary Bose gas
2.1. General model

We consider a uniform binary Bose gas described by the
Hamiltonian H = Hy + Hj. The single-particle Hamiltonian is
given by

Hy =Y erchicin, (1)
k,i
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and the s-wave interaction term is given by

8ij i
7Cik1 Cjkzcjk:3 Cikl +ky—k3> (2)

H:
! 2V

kikok3,i,j

where V is the volume, & is the kinetic energy &, =
h2k?/(2m), ci, denotes the boson annihilation operator for
the i-th component (i = 1,2), g;; = gji = 47th2a,-j/m is the
coupling constant between the i-th and j-th components, and
a;j denotes the s-wave scattering length. In the following,
we focus on the case with inter-species attraction a;; < 0 and
symmetric intra-species repulsions aj; = apy > 0 in the mean-
field-stable region |ai| < ajj.

2.2. Mean-field approximation

We consider pairing due to the attractive inter-species in-
teraction and define the pairing order parameter as

A =52 Y (einer ), 3)
k

where the term with k = 0 is negligible in the thermodynamic
limit in the absence of a BEC and should be treated separately
in the presence of BEC. Here we study the pure BCS state
and set the pair amplitude Y (c1xc2—k) positive without loss
of generality, so that A is negative. Within the mean-field ap-
proximation, which includes both pairing and Hartree—Fock
energies, the Hamiltonian in the grand-canonical ensemble is

given by
s g—u A )(Clk)
Hg — UN = Cip.,C2— +E )
B—H Zk:(lk 2k)( A gy C;—k B
“)
2 .
where Ep = — Y. (& — ') — % — (2g11 +g12)n?V, u is

the chemical potential, ' = u — (2g11 + g12) n is the shifted
chemical potential excluding the Hartree—Fock energy, and N
is the total number operator.

This mean-field Hamiltonian can be diagonalized using
a Bogoliubov transformation, with the quasiparticle excitation
energy given by

Ep =1/ (e — W) — A2, o)

indicating that the minimum excitation energy exhibits a gap
given by Eg = /2 — A2. The shifted chemical potential p’
and the pairing order parameter A can be self-consistently de-
termined from the following number and gap equations:

- A’k e — 1
n:/ ——_ ‘;Ek_1 , (6a)
2(277:) EktanhT
- Ak 1 1
—a— = [ . ©b)
4rh-aiz 2(2m) EktanhﬁTk 23

where we have employed the renormalization relation for the
s-wave coupling constant,

1 1 1
- y —. (7)

g? B 47th2a12 ; ﬁ k &k
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Fig. 1. Phase diagram of a binary Bose gas with intra-species gas

parameter n'3a;; = 0.02, where the horizontal axis is the absolute

value of the inter-species gas parameter n'/ 3|arz|. Here, n is the den-
sity of one species, aj, is the inter-species scattering length, and Ty =
21h?n?/3 /(mkg §2/3(3/2)) is the ideal BEC temperature. Starting from
the normal state, the system first transitions into the BCS state and then
quickly evolves into a BEC-BCS mixture state. The normal-BCS and
BCS-mixture transition temperatures are indicated by the red solid and
blue dashed lines, respectively.

0.36- BEC mixture boundary
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Fig. 2. Transition between the BEC-BCS mixture and BEC states for
nt/ 3a;; = 0.02. The system remains in the BEC-BCS mixture state over
a wide temperature range. As the temperature decreases, the mixture state
eventually transitions into the BEC state. The mixture—-BEC transition
temperature is indicated by the green solid line.

The BCS state exists between two critical temperatures,
Tco < T < 1Tcy, as shown by the numerical results in Fig. 1. At
the first critical temperature T, the pairing order parameter
A vanishes, marking a phase transition from the normal state
to the BCS state. The critical temperature 7¢; is determined
by the following equation:

d’k 1 g —u 1
S :/ 3( coth 2~ “—).(8)
dnh an 2(2m)° \ & —p 2kpTcr &k
The right-hand side of Eq. (8) exhibits an infrared diver-
gence at ' = 0, which occurs when the temperature reaches
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the ideal BEC temperature
2mh*n?/3
nea G

This indicates that Eq. (8) always admits a solution with

Tg

Tc1 > T, regardless of how weak the inter-species interaction
is. Therefore, upon cooling from the normal state, the sys-
tem always first enters the BCS pairing phase before reaching
the BEC state. For the parameters used in Fig. 3, the critical
temperature Tc is approximately 1.0414 7.

0
— A
—
1t
.*"}
e}
i
> —2r ]
o (o] _ -
—3F ///’
| | | |
1.0406 1.0408 1.0410 1.0412
T/ Ty

Fig. 3. Pairing order parameter A and shifted chemical potential p’
as functions of temperature for n1/3a1| = 0.02 and n'/3a|2 = —0.018.
A /kpTg and ' /kg Ty are indicated by red solid and blue dashed lines, re-
spectively. As the temperature decreases, both A and |p/| increase, while
the energy gap Ey decreases. The transition from the normal state to the
BCS state occurs at Tcy ~ 1.04147Tg, and the transition from the BCS
state to the BEC-BCS mixture state occurs at Ty = 1.040573.

In this BCS pairing state, as the temperature further de-
creases, both |g'| and |A| increase, while the energy gap Ey
decreases, as shown in Fig. 3. At the second critical tempera-
ture Tco, where ' = A, the excitation gap vanishes (Eg = 0).
At this point, there is no energy cost for atoms to enter the
condensate, and the system evolves into a mixed state consist-
ing of BCS pairs and BEC atoms, which will be analyzed in
the latter part of this work. It can be shown from Eqs. (6a) and
(6b) that the critical temperature T¢; is also always higher than
Ts. In Fig. 3, Tc; is approximately 1.040573.

As shown in Fig. 1, in the dilute regime, both critical tem-
peratures ¢y and T¢; are close to 7. An interesting question
is whether the critical fluctuations associated with condensa-
tion near Tg can substantially modify this phase diagram. The
size of the critical region can be estimated using the Ginzburg
criterion, defined as the deviation of the actual critical tem-
perature from its mean-field value, A7g. In Refs. [39,40],
this deviation was calculated for a single-species Bose gas
and attributed to two-loop self-energy diagrams. For a binary
Bose gas, the same mechanism applies, and A7 can be ob-
tained by adopting the result from Ref. [40] with the replace-
\/a3, +a2,/2. As shown
in Fig. 4, which compares the critical temperature deviations

ment of the scattering length by a =

ATy =Tcy — T, ATcr = Teo — T, and ATg, the BCS phase
lies well outside the critical region near 7T, indicating that the
mean-field approximation remains valid.

2.3. Pairing stability

To analyze the stability of the BCS pairing state, we ap-
ply Landau’s theory of phase transitions.!'”) The mean-field
Helmbholtz free energy is given by

F = 2; {Ek (fk"‘;) —%nk}
—2kgT'Y {(fk“f‘l)ln(fk‘f‘l)_fklnfk}
%

A%V
*gj*(zgl1+g1z)n2V+2Wl, 9

where N = &, — U+ (2g11 +g12)n, Ex, = ,/n,% —A? is the
quasi-particle energy from Eq. (5), and fj is the Bose distri-
bution function of quasi-particles, fi = ﬁ

To examine the stability of the BCS state, we expand the
free energy near the normal-state solution, it = yp and A =0,
keeping the density n constant, where iy is the chemical po-
tential of the normal state. In terms of Sy = 1 — tp and A, the
free-energy difference between the BCS and normal states up

to the quartic order in A is given by
OF

— A2

_ 2

VZ( L. 5‘; LA )coth(ﬁnko) .(10)
g2 T \2mko 21, 8my 2

where Mo = Mk |u=p,-

The relationship between ot and A can be obtained by
taking the difference between both sides of Eq. (6a)

2 1 1 fi
A”Yy (2,7’1;0 (fro+ %) — 2,,’“&))
Y fro ’

where fr, = —p f,%oeﬁ"ko. Therefore, the free-energy differ-

ou = 1)

ence up to the quartic order in A between the BCS and normal
states is given by

SF = a'A% + B'A*, (12)
where
a/:_L_ COth(ﬁZkO)
g & 2Mo
¥, (fk10+é ko
t\ 202, 2Mkpo 1 1
pr=-2 ‘ + frots ).
; 2Mio Lk, Jir0 8730 2
(13)

A stable BCS state requires the free energy to have a local
minimum rather than a saddle point. It is clear from Eq. (6b)
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that &’ = 0 at the BCS—normal transition point. Below the
transition temperature Tcj, @' < 0, and the stability condi-
tion requires 8’ > 0. In the dilute regime, nja;;|* < 1 and
Bnoo < 1, the coefficient B is approximately given by

3
- (2'?> "o, (14)

B~

~ —
256mn4,B

As in the
Ginzburg-Landau theory of superconductivity, the specific

and the stability condition is thus satisfied.

heat, obtained from the second derivative of 6 F with respect
to temperature, exhibits a discontinuity at T¢;.

2.4. Pairing size

In the dilute region, both energies |¢t'| and |A| are much
smaller than kg7p, as shown in Fig. 3. The pair function is
defined as

1 e
x(r) ==Y (cieer-i)e'™T, (15)
V%
which can be obtained analytically in the large-distance limit,
r>n 13 as
mks T (e /8 —e %)
)~ e —e " , 16
X~ s (16)
where the two characteristic lengths are given by & =
(2m|,u’—A\/h2)71/2 and &' = (2m\u’+A|/h2)71/2. In the
dilute region, the pair size & is much larger than the interparti-

cle distance, & > n~!/3, indicating significant spatial overlap
between pairs. Thus, the pairing state clearly lies in the BCS
limit, opposite to the molecular BEC limit.

3. Mixture state

At the lower critical temperature T¢», the energy gap pre-
venting the BEC formation vanishes, i.e., Ey = 0. Here we
explore the possibility of a mixture state consisting of atomic
BEC and phase-coherent inter-species pairs below Tcp. In
this mixture state, two order parameters coexist: the BEC
wavefunction yy = (cjo)/+/V and the pairing order parame-
ter A = g2 stéo(clkcz_k)/V. We consider the case where
the BEC and the pairs are phase coherent, and assume yp > 0
without loss of generality. The mean-field thermodynamic po-
tential is given by

Q) = <H1—[JN>
= V{g” [n(z)+ﬁ(4n0—|—2ﬁ)} +g12[ﬁ(2no+ﬁ)

A 2 B
+\no+gz\ | —2u(0+m}, (17)

where nyg = l//g is the condensate density of one component,
and 7i = n — ng is the non-condensed atom density of the same
component. For attractive inter-species interaction g1, < 0, €2y
reaches its minimum when A and gj2np have the same sign.
Thus, the condensate and the pairs are phase coherent, and in

the following we take A as a negative parameter. The chem-

ical potential u is determined from the stationary condition
a9
ano

li,a =0, yielding
p=(gi1+g2)no+ (2811 +g2)i+A. (18)

Including the Hartree—Fock and pairing energies, the
mean-field Hamiltonian in the grand-canonical ensemble is

Hy—UN = Em+ Z [(Sk — .LL/) (CJ{kClk +C;k62k)
k20

n
“‘glé - (kaclk + b +h~c~)

+g12n0 (CTkCZk + h.c.)

+(A +g12n0) (C]kC27k+h.C.)}, (19)
where
2
EM 2 ~2 2 ~2 < A >
— =8 npg—2a°) + g |\ng—i"— | — | | —2uno,
Vv 1 ( 0 ) 0 g1 n

and u' = u — (2g11 + g12)n as defined previously. There
are important differences between Eq. (19) and the Hamilto-
nian proposed for the pairing state in quantum droplets.37-38]
In Eq. (19), the Hartree—Fock contribution from the inter-
species interaction is included, and the mean-field term from
the non-condensed atoms is taken into account as in Popov’s
approximation.*! Therefore, Eq. (19) is capable of describ-
ing all three broken-symmetry states: BEC, BCS, and mix-
ture states. When A = 0, Eq. (19) reduces to the Bogoliubov
Hamiltonian for the BEC state; when ng = 0, it reproduces the
BCS-state Hamiltonian, Eq. (4).

After the canonical transformation o, = % (ch +c;k)

and ﬁ; = % (CLc - c;k), Eq. (19) becomes
Hy — UN

1 .
) Y {(ek—ﬂ/-Fglzno) (Oc,Lock—kafka_k)
k0

+((g11 +8&12)no+A4) ((x,iafk +h.c.)]
'1% k;o {(Sk — ' —giam) (B;ﬁk + ﬁjkﬁfk)
+((g11 —g12)no — A) (ﬁ,jﬁik +h.c.)] +Em. (20)

The mean-field Hamiltonian in Eq. (20) can be diagonal-
ized by a Bogoliubov transformation, yielding two excitation
branches. The density excitation energy is

Epy = \/(Sk — '+ g12m0)” = [(gn1 + g12)mo + A%, (21)

and the spin excitation energy is

Ep_ = \/(Ek — W —giano)* —[(g11 —g12)n0 — A2, (22)

Substituting the chemical potential from Eq. (18), we obtain
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the final expressions for the excitation energies

Eny = /(& —24) [ex +2(g11 +g2)n0],  (23)

~ = V/ek[ex +2(g11 — g12)no — 24].

(24)

The density excitation is gapped, as in the BCS state, while

the spin excitation is gapless, consistent with Refs. [37,38],

though the detailed spectrum differs. In particular, the density-
excitation energy Eg becomes unstable at the mean-field in-
stability point g1; + g12 = 0. This difference arises from the
inclusion of the Hartree—Fock term for the inter-species inter-
action in our treatment.

The condensate density ng and the pairing order parame-
ter A are determined self-consistently from

/ d3k‘ Zignnoﬂ:(A + g1210) (2fios +1) +A—|—g12n0 ’ (25a)
4717h a12/m 2 + 2B €
3
=1~ [ 505m "Lz stlonzsan=d (4, 1)) s
\

where ) denotes the summation over the two branches, and 16
frt = (ePFr: — 1)~ are the Bose distribution functions of the o8l 15
quasiparticles. .

The numerical solutions of these two equations are shown 0.6 14§
in Fig. 4. As the temperature decreases below the critical tem- EO 13 = .
perature Tc, the condensation fraction ng /n increases, and the & 04l < Ea
pairing amplitude |A| decreases after a brief increase, showing 12
that the mixture state evolves towards the BEC state. At low 0.2
temperatures, the pairing order parameter is almost negligi- 1!
ble and a transition into the BEC state is likely to occur. In 8_2 01 06 08 10
Fig. 5, this transition temperature is approximately given by T/Ty

Tcs ~ 0.29087g with the specific parameters. When A = 0,
Eq. (25b) recovers the number equation of the BEC state.[*!]
In the region below the ideal BEC temperature Tg, the
mixture state competes with the BEC state. We numerically
compare the chemical potential of the BEC state with that
of the mixture state from Eq. (18) in Fig. 6. As shown in

Fig. 6, above the transition temperature 7c3 ~ 0.290797g,

oF

| | | | | |
0.010 0.012 0.014 0.016 0.018 0.020

—nlf3q,,

Fig. 4. BCS—normal transition temperature 7¢|, normal-mixture transi-
tion temperature 7¢cp, and the correction to the BEC transition temper-
ature ATp as functions of the inter-species gas parameter, calculated at
fixed intra-species gas parameter n'3a;; = 0.02. Here, Alcy =Tc1 — T
and ATcy = Tcp — T denote the upper and lower boundaries of the BCS
phase, respectively. AT represents the shift of the condensation temper-
ature due to critical fluctuations. It is evident that the BCS phase lies well
outside the critical region of condensation.

Fig. 5. BEC fraction ng/n and pairing amplitude |A|/(kgTg) versus tem-
perature in the mixture state, numerically calculated for n'Ba; =0.02
and n'/3a;; = —0.018. The BEC fraction no/n and pairing ampli-
tude |A|/(kgTg) are shown by the red-solid and blue-dashed lines, re-
spectively. As the temperature approaches the transition temperature
Tc3 ~ 0.2908 T, the BEC fraction increases while the pairing amplitude
decreases, indicating a crossover of the system into the BEC state.

— BEC
- - - Mixture ,
~ 6
g %
] ’
z S
m ,’/
Sl Bm 4 e
kg L7
2| ,,’/
| | |
0.2 0.4 0.6 0.8 1.0
T/TB

Fig. 6. Chemical potential it in the mixture and BEC states versus temper-
ature for n1/3a11 =0.02 and nl/3a12 = —0.018. The chemical potentials
uggc/ (kg Ts) and Umixwre/ (ks Tp) are shown by the red-solid and blue-
dashed lines, respectively. The phase transition from the mixture state to
the BEC state occurs at approximately T3 = 0.2908 7.

the chemical potential of the mixture state is lower than that
of the BEC state, and is thus more favored and stable. As

the temperature continues to decrease below 7¢3, there are no
numerical solutions for Eqgs. (25a) and (25b), indicating the
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disappearance of the mixture state and the emergence of the
BEC state.

4. Discussion and conclusion

Quantum droplets have been experimentally realized in
homonuclear 3°K binary gases!***>*3! in the mean-field-
unstable region with —aj2 > \/ajjaz;, where the LHY en-
ergy is of the same order as the mean-field energy. Although
the 3K system generally has asymmetric intra-species inter-
actions, our results about the BCS state can still be tested by
tuning the detuning energy & = 2(g11 — g22)n in the second
component, so that both components are equally populated,
equivalent to the symmetric case, while the mixture state is
more complicated. As shown in Fig. 1, in the dilute region, the
BCS state occupies a narrow region, which may be difficult to
observe. In contrast, the mixture state exists in a much wider
region, making it more suitable for experimental observation.

Currently, spectroscopic methods, originally developed
in solid-state systems such as angle-resolved photoemission
spectroscopy (ARPES) and neutron scattering, have been suc-
cessfully applied to ultracold atoms. Radio-frequency (RF)

[44-46] and Bragg spectroscopy!*’]

spectroscopy can already
provide energy-resolved insights into our binary bosonic sys-
tem. The BEC, BCS, and mixture states can be distinguished
via their excitation spectra. In the BEC state, both spin and
density excitations are degenerate and gapless; in the BCS
state, both excitations are degenerate with the energy gap
Ey = \/u? — AZ%; in the mixture state, the spin excitation
is gapless, while the density excitation is gapped by Ey+ =
\/m. For the parameters used in Fig. 3 and
Fig. 5, the maximum Ej is of the order of 1073k Ty, and the
maximum Eg is of the order of 102k Ty. These three states
also exhibit differences in their topological excitations. In a
vortex of the BEC state, the angular momentum per atom in
the condensate is 7; in a vortex of the BCS state, the angular
momentum per paired atom is reduced to half.

The mixture state in the mean-field stable region is qual-
itatively similar to the pairing state in the mean-field unstable

3711, Both states con-

region proposed for quantum droplets!
tain atomic condensation and inter-species pairs but are sub-
ject to slightly different treatments. Here, we have included all
Hartree—Fock energies, especially the inter-species Hartree—
Fock term, which was omitted in Refs. [37,38]. The mixture
state exists only at finite temperatures and is eventually taken
over by the BEC state at low temperatures. In contrast, the
pairing state of the quantum droplet exists at zero temperature

48] Our result on

[49]

and is destabilized at a finite temperature
pairing bosons could be related to fermionic quartets

In conclusion, we have obtained the phase diagram of
a symmetric Bose gas with attractive inter-species interac-
tions in the mean-field stable region, identifying three pairing-

related phase transitions. As the temperature decreases, the
system first transitions from the normal state to the BCS pair-
ing state. With further cooling, a phase transition from the
BCS state to a mixture of BEC and pairs occurs. At an even
lower temperature, the mixture state is replaced by the BEC
state. Our results may be tested in current experimental se-
tups.
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