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Chiral active matter exhibits a variety of collective behaviors, including phase separation, which is governed by the
rule of “like chiralities attract, while opposite chiralities repel”. In this work, we investigate the chiral demixing strategy of
double-chiral partial mixture with inter-chiral frustration. We find that the inter-chiral frustration can significantly enhance
the chiral demixing of active particles with different chiralities, both during the transient and in the steady state, not only
accelerating the progress, but also improving the degree of phase separation. This phenomenon is reminiscent of the phase
separation of binary mixtures in condensed matter physics, where the inter-chiral frustration can play a crucial role in the
formation of the phase-separated states. We construct the phase diagram of the system and discuss the critical frustration
for the enhancement of chiral demixing. Our work presents the first systematic investigation of inter-chiral frustration in
self-propelled chiral active matter, filling a critical gap in the field.
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1. Introduction

We live in a colorful world filled with systems com-

posed of diverse individuals, spanning microscopic enti-

121 and colloidal Janus particles®®! to

[10-13

ties like bacterial

macroscopic agents such as humans,!”° animals I and

[14-16] These systems exhibit a wide range of collective

(17,18 19-22]

robots.

I clustering,|
[25-27]

phenomena, including cell migration,

crystallization, 23241

s,[28-31]

lane  formations, swirling

formation [32-34]

low-Reynolds-number turbulence,
and even the emergence of negative viscosities.*>! For in-
stance, biological groups display behaviors like the swarming
dynamics of bird flocks!'?!3-3¢-37] and the synchronized swim-

[10.11] Remarkably, such collective patterns

ming of fish shoals.
extend beyond the scale of systems: superfluidity in bac-
terial teamwork!!?! and collective oscillations in pedestrian
crowds!”! reveal universal principles across scales. These
behaviors not only inspire fascination but also hold profound
implications for group survival and material science.
Chirality, a fundamental property inherent in many
natural systems, significantly influences a variety of
biological,[*331 chemical,*’! and physical processes.!*!#?]
The chirality observed in molecules, cells, and organisms can

give rise to a broad spectrum of phenomena, including the for-

TThese authors contributed equally to this work.
fCorresponding author. E-mail: zgzheng@hqu.edu.cn

CSTR: 32038.14.CPB.ade06f

mation of helical structures/** and the manifestation of chiral
motion or trajectories. The scientific framework for under-
standing such motion was initially proposed by Bronn[** and
Jennings.*! In recent years, the study of chiral active matter
has garnered increasing attention due to its promising appli-
cations, such as enhancing our understanding of the collective

[46,47

behavior within biological systems I'and facilitating the

[48-511 Based on this, a series of the-

design of chiral materials.
oretical works have been proposed to investigate the collective
behaviors of chiral active matter, 37527501 which provide valu-
able insights into the mechanisms underlying the emergence of
swarming phenomena. Beyond theoretical approaches, exper-
imental studies have also been conducted to explore the dy-
namics of chiral active matter, including the investigation of

14.15] and the observation of chi-

[48,50]

emergent chirality in robots!
ral active matter in self-propelled colloidal systems.

In prior research, we investigated chirality-induced phase
separation in chiral active matter, which obeys the principle
of “like chiralities attract, while opposite chiralities repel”.[>7]
This behavior aligns with observations in diverse chiral active
matter systems. 3343801 Our analysis revealed that phase
separation emerges robustly when chirally distinct populations
exhibit a significant disparity in their natural frequencies. Con-
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versely, when the frequency difference falls below a critical
threshold, the two groups transition to a mixed state, marked
by spatially overlapping configurations and synchronized dy-
namics. In the present study, we extend the model to include
inter-chiral frustration. Inter-chiral frustration can be under-
stood as an intrinsic form of geometric frustration arising from
the interplay of chiral motion interactions. For instance, stud-
ies such as Refs. [61,62] explored this phenomenon using 3D-
printed robots on vibrating tables, where competing rotational
torques led to phase separation. Analogous behavior has been
widely observed in soft and active matter systems. %301 For
example, inter-chiral frustration emerges when bacteria inter-
act with a substrate that imparts linear momentum,?) where
the phase dynamics of rotors coupled to fluid flow can be
approximated by a Kuramoto-like model incorporating phase
frustration determined by the torque (chirality). Our work
presents the first systematic investigation of inter-chiral frus-
tration in self-propelled particle systems, addressing a key gap
in the field.

Strikingly, the inter-chiral frustration can significantly en-
hance the chiral demixing of the system, both during the
transient and in the steady state, not only accelerating the
progress, but also improving the degree of phase separation.
For small frequency differences, the phase separation is more
pronounced when the phase frustration is increased, which
compensates for the lack of demixing degree at lower frequen-
cies. This phenomenon is reminiscent of the phase separation
of binary mixtures in condensed matter physics.®7-70]

The paper is organized as follows. In Section 2, we in-
troduce the model and the order parameters used to quantify
the chiral demixing of the system. In Section 3, we present the
results of the numerical simulations and analyze the behaviors
of the system under different conditions. In Section 4, we con-
struct the phase diagram of the system and discuss the critical
frustration for the complete demixing of the system. Finally,
we conclude the paper in Section 5.

2. The model

Particles have a spatial position 7; = (x;,y;) and an inter-
nal phase 6; which evolve according to equations

ri=vp(6), (1a)
6i = w;+—— Y [sin(6; — 6+ 04;) —sincy;], (1b)
|Ai| JEA;

for i = 1,2,...,N. Here in Eq. (la), p(0) = (cos8,sin0),
which means each particle rotates with a constant speed v
in the direction of its instantaneous phase 6;(¢). The parti-
cles are treated as point-like with no direct spatial interac-

tions, consistent with classical models of chiral self-propelled

particles.37-3-3¢1 As per Eq. (1b), the mean runs over neigh-
bors within a coupling radius dy around particle i

Aty ={jl|ri(t)—r; ()| <do}. )

The K is the coupling strength, and @ is the natural frequency
of the i-th particle. This means that a particle will rotate with
the angular velocity |@;| in the absence of mutual coupling
(K = 0), and the sign of @; represents the direction of rotation,
namely, the attribute of the chirality of the i-th particle. A pos-
itive (negative) chirality (@) describes the counterclockwise
(clockwise) rotations of the particle in space. We will study
particles including two types of chiralities with both positive
and negative natural frequencies uniformly distributed in two
symmetric regimes as

1
gB(w;‘U,G):E[gU((I);*[J,G)*FgU((I);LL,G)], (3)

where gy (@; i, 0) is the uniform distribution
1
Omin < O < Omax,

gu(o;p,0) = {"’ 4)

0, otherwise.

Here 0 = Wmax —

U = (@Bmax + Omin) /2 is the average.
Additionally, o;; is the phase frustration between two

@nin 1S the natural-frequency span, and

neighboring particles, which is defined as

0o,
(Zij = {0

When o = 0, the dynamics reduces to the normal chiral

w;w; < 0,
w;®; = 0.

&)

model.!>”) The counter term sin ¢;; is introduced to ensure that
frustration only interferes with the inter-chiral coupling with-
out changing the sign of effective frequency.

To isolate the deterministic effects of frequency mismatch
and inter-chiral frustration, we omitted translational and rota-

tional noise terms. Previous work[7]

showed that strong trans-
lational noise mainly drives particle diffusion, whereas strong
rotational noise disrupts phase synchronization. However, the
potential nonlinear influence of moderate noise on system dy-
namics remains an open question — a topic we will investigate
in future studies.

Some order parameters can be introduced to measure the
level of spatiotemporal coordination among particles and dis-
tinguish the different collective states of the system. Firstly,
an order parameter to measure the chiral demixing among par-
ticles can be defined as

S(t) = l i ):jeAiH(wiwj)

, 6
A ()] ©

i=1
where H (x) = (x > 0) is the Heaviside step function. S(¢) is
the fraction of the pairs of neighboring particles with the same
chirality. When S (¢) = 1, all neighboring pairs share chirality,
and the system is in a completely phase-separated state. When
S(t) < 1, the system is in a mixed state.
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Except for measuring the demixing degree, an order pa-
rameter to measure the degree of the complete demixing can
be defined as

1 N
M) = L H Lo H (o). )

The M (¢) is the fraction of particles that have neighbors with
different chirality. When M (1) = 0, the system is completely
phase-separated. When M (¢) > 0, the system is in a mixed
state. Obviously, M describes the qualitative nature of the
complete demixing of the system, while S describes the par-
tial demixing, which is a looser measure.

The above order parameters measure the chiral demixing
from the perspective of the spatial distribution. The coordina-
tion of the internal phases can also be quantified to describe
the demixing of the system. Firstly, a usual order parameter
to measure the phase synchronization of the system can be de-
fined as

. | L,
Z(t):R(t)eW(t>:Nj:z:leej<t)’ 8)

where i = v/—1. The degree modulus R(¢) = |Z(t)| is the ab-
solute value of the mean of the complex numbers ¢i% which
can be interpreted as the absolute value of the mean normal-
ized velocity of all particles. When R ~ 1, particles are fully
phase synchronized, and when R =~ 0, particles are phase in-
coherent. In a mixed state, the particles are phase locked with
each other, and the order parameter R remains constant in the
long run, while in the phase-separated state, the particles of
different chiralities are uncoupled, then R will fluctuate over
time. These behaviors can be quantified by the maximum and
minimum values of R in a certain time window

Rmax = max{R(¢)}, (9a)
tew
Rinin = 1[2%}‘1/1 {R (t)} ) (9b)

where W = [T — h, T + h] is a time window that is long enough
to cover the transient and steady states of the system. When
Rimax = Rmin =~ 1, the system is in a mixed state, and when
Rmax # Rmin, the system is phase-separated.

We conducted numerical simulations to investigate the
performance and characteristics of our system under various
conditions. For simplicity, we assume that particles are ini-
tially distributed uniformly in a two-dimensional L x L square
with periodic boundary conditions. To reduce the parameter
space, we adopt dimensionless units by scaling space with
dp and time with dy/v. The system is then characterized by
the following dimensionless parameters: the particle density
po = Nd3 /L2, the coupling strength K’ = Kdy/v, the natural
frequency @/ = w;dy /v, the phase frustration oy = 0, and the

coupling radius djy = dy/do = 1. Therefore, the particle den-
sity po can be independently controlled by adjusting either the
population size N or the box size L. Note that in Eq. (1b), the
coupling term takes a mean-field-like form, which is also con-
sidered in the works of Ventejou et al.®* and Wang ez al.[>!
For global all-to-all coupling, Eq. (1b) reduces to a chirality-
frustrated Kuramoto model. Notably, when py is sufficiently
large, the system becomes insensitive to further increases in
particle density, as discussed later at the end of Section 4. Re-
markably, the phase diagram is primarily determined by the
frustration o) and the rescaled natural frequency /. Since
these depend directly on the original parameters ¢ and @;
(with of) = ap and @/ o< @;), we retain the original parameters
in the main text for clarity and consistency with experimental
controls. Unless otherwise stated, all the numerical simula-
tions of the model Eq. (1) were run in Python using Euler inte-
gration with box size of L = 7, population sizes of N = 1000,
coupling strength of K = 20, self-propulsion speed of v = 3,
natural-frequency span ¢ = 1, minimal absolute value of fre-
quencies W, in [10_3,3], and coupling radius of dy = 1. For
the final state and phase diagram, each data point of order pa-
rameters was collected by averaging the last 1000 time steps
of the simulation to discard the transients.

3. Frustration-enhanced demixing

Inter-chiral frustration can significantly enhance the chi-
ral demixing of the system, both during the transient and in
the steady state. The spatial distribution of the particles is
shown in Fig. 1 by modulating the minimal frequencies @y
and phase frustrations ¢. A mixed state is observed when the
minimal frequency @y, < | and phase frustration |o| < 1
(see the snapshots (b)—(d) and (h) of Fig. 1), as the phase frus-
tration is not strong enough to interfere with the inter-chiral
coupling. When the minimal frequency mp;, is increased,
the difference in natural frequencies between two chiral sub-
stances becomes significant, and the system will phase sep-
arate into two clusters with the same chirality, which can be
regarded as the self-organized phase separation of the system.
As an external interference, the phase separation is more pro-
nounced when the phase frustration ¢y is increased, as shown
in Figs. 1(a), 1(e), 1(f), 1(), 1(k), 1(o0), and this effect can
also be observed for minuscule frequency differences, which
is illustrated in the first row of Fig. 1. Additionally, the sign
of the frustration, sgnap, can also affect the spatial scale of
the clusters. When the phase frustration ¢ is positive, clus-
ters with positive chirality are more compact, whereas clusters
with negative chirality tend to be more dispersed, as illustrated
in Figs. 1(e), 1(j), 1(0)). In contrast, when the phase frustration
0 is negative, the scale of two chirality clusters is reversed,
as shown in Figs. 1(a), 1(f), 1(k).
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Fig. 1. Snapshots of the spatial distribution for different minimal frequencies @i, and phase frustrations og. Two types of chiral particles are
represented by red (@; > 0) and blue (@; < 0) arrows, respectively. The position and direction of the arrows represent the spatial position and
phase of the particles, respectively. The particles with neighbors of opposite chirality are marked with a gray background.

To further investigate the chiral demixing of the system,
we introduced the instantaneous rotational centers ¢;(f) =
(X; (t),Y; (1)), which are given by

v
X;i(t) =x;(t) — =——=sin6;(¢),
() =x(0) = g s 1)

%
Yi(t) =yi(t)+ ——cos6;(t).
i(1) =yi(t) 0 i (1)
By starting from uniform initial conditions, the instantaneous
rotational centers of the particles are shown in Figs. 2(a) and
2(b) for the minimal frequency @nyi, = 1.1 and phase frus-
trations oy = 0,—0.57, respectively. When ¢ = 0, the two

(10)

a
7.0 '( ) ’ &
N " h
315 i
|
0.0 -
70 ,,
Yigs |
0.0
(c)
g4 — let—e| —(jejl) — (i
z, e
[a)
0
15y (@)
S . et AAAA L LA
g 1.0
® osp —o(ehl) —o(le)
0 200 400 600 800
Time ¢

chiralities are mixed together, and the centers are distributed
uniformly in the space, as demonstrated in Fig. 2(a). When
oy = —0.57, it is clearly shown that particles with the same
chirality converge into one cluster with increasing time, while
particles with opposite chirality exhibit a clear separating ef-
fect, i.e., centers with dual chiralities labeled in red and blue
approach different ranges, and the scale of the positive and
negative chirality clusters is relatively dispersed and compact,
as illustrated in Fig. 2(b), which is consistent with the snap-
shots in Figs. 1(a) and 1(f).

b
7.0 .,f-,) "
f f
Xizs 8 M m—— oo
Rl
0.0 - M
70¢
Yl 35 ;‘Mﬂ
‘ﬁ“]’t‘g\w I
0.0
(d)

IS

Distance
(3]

0
£
st ()
= A
§ 10
\6/ 0.5
0 200 400 600 800

Time ¢t

Fig. 2. Demixing behaviors of the system with different phase frustrations o and @i, = 1.1: (), (c), (e) oo = 0; (b), (d), (f) ap = —0.57. (a), (b) Scatter
plot of the instantaneous rotational centers of particles. The color of the dots denotes the corresponding natural frequency. (c), (d) The time evolution of
the distance between like/opposite chirality centers. (e), (f) The time evolution of the standard deviation of the distance between like chirality centers.
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Some further quantitative analysis is conducted to de-
scribe the demixing process of the system. Firstly, the most
intuitive metric is the distance between mean centers of two
chiralities

e | LYo Ly (11)
‘C —C |— Nc;ci NCZ:IC y

where the notation + denotes the positive and negative chi-
ralities, respectively, and N, = N/2 is the number of particles
with the same chirality. From the opposite perspective, the
mean distance between the centers of the same chirality can
describe the compactness of the clusters

eli) N222|c —cl. (12)
¢ j=1j=

As illustrated in Figs. 2(c) and 2(d), when o = 0, the distance
between centers of both like and opposite chirality remains
nearly constant. However, for oy = —0.57, there is a notable
decrease in the distance between centers of negative chirality,
while the distance between centers of different chiralities in-
creases. This observation suggests a phase separation within
the system. Furthermore, the standard deviation of the dis-
tances between centers of the same chirality,

Ne i
o(lclf) = Zl Y (lef |- (1ef)). a3)
can serve as a measure of cluster compactness, as depicted
in Figs. 2(e) and 2(f). At ap = —0.57, the standard devia-
tion of the distances between centers within negative chirality
is significantly lower, indicating that these clusters are more
compact.

In addition to characterizing the time-varying spatial dis-
tribution of particles, frustration-varying behaviors can further
quantify the ability of the system to demix chiralities, as shown
in Fig. 3 with @y, = 1073, As evident in Fig. 3(a), with the in-
crease of frustration strength | oy, firstly the distance between
the centers of different chiralities is initially close to zero in the
mixed state, then bifurcates from zero and increases rapidly at
|og| &~ 0.47, indicating the demixing of the system. Around
|| ~ 0.57, the distance reaches the maximum, and then de-
creases slightly with further the increase of | 0| until it reaches
7, where the demixing degree increases again for the phase
coupling turning to the exact opposite direction. The distances
between the centers of the same chirality also exhibit an oppo-
, as the red and blue lines in

Fig. 3(a) show. Moreover, the sign of ¢ exerts different de-
grees of influence between the two chiralities, where the dis-
tance between the centers of the positive chirality is more sen-
sitive to the frustration than that of the negative chirality, when
o > 0, and vice versa, which is consistent with the snapshots
in Fig. 1 and the results in Fig. 2. This is further confirmed by

the standard deviation of distances, as shown in Fig. 3(b). For
op > 0, the standard deviation of the distances between cen-
ters of the positive chirality decreases with the increase of |,
and reaches a minimum close to zero at o ~ 0.5, which is
clearly lower than that of the negative chirality. And this trend
is opposite for oy < 0.

let—er|  F=(lefjl) —F(lejh
4.
g°[
s
29l
A 2
1.
or i i i i
-1.0 -0.5 0.0 0.5 1.0
ap/m
s (b)
10}
:&:
o5t
ool —i- o(lf)
—& o(|eil)
—i.O —(3.5 OjO 0j5 1:0
ag/m

Fig. 3. (a) The distance between centers of neighboring particles versus
phase frustration o. (b) The standard deviation of distance between
centers of neighboring particles versus 0. All data points are averaged
over different initial conditions for @y, = 1073. Error-bars represent
the standard deviations of different initial conditions.

To assess the degree of chiral demixing, we computed
the order parameters S and M. The parameter S measures the
fraction of neighboring pairs of particles that share the same
chirality, while M quantifies the fraction of particles that in-
teract with neighbors exhibiting different chirality. Given the
symmetrical role of sgnoy in influencing demixing, we focus
our presentation on results for o in the range [—m,0]. Fig-
ures 4(a) and 4(b) illustrate the time evolution of the order
parameters S and M for various phase frustrations . Here,
“(-)” represents the average computed over the minimum fre-
quency Wi, € [1073,0.5]. When g = 0, the system remains
in a mixed state, with the order parameter S showing a slight
decrease and M exhibiting a slight increase over time. For
op = —0.47m, the system experiences a phase transition from
the mixed state to a demixing state, resulting in a notable in-
crease in S and a corresponding decrease in M. In the case
of the most effective frustration, o = —0.57, both order pa-
rameters S and M fluctuate rapidly, quickly reaching a steady
state. This behavior indicates that the system has transitioned
to a fully phase-separated state, where S attains its maximum
value and M reaches its minimum.
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Fig. 4. (a), (b) Time evolution of the order parameters S and M for different phase frustrations o, where (-) denotes the average taken over
the minimal frequency @pin € [10’3,0.5}. (c) Order parameters S, M, Rmax and Rpin versus 0p averaged over different initial conditions
for ®min = 1073, Translucent bond and error-bars represent the standard deviation of values with different minimal frequencies and initial

conditions, respectively.

Homoplastically, the order parameters S, M, Rpnax, and
Rnin as functions of oy are presented in Fig. 4(c). The trends
in the order parameters S and M align with the time evolution
results: S increases while M decreases as | 0| increases, reach-
ing their respective maximum and minimum values. Follow-
ing this point, S and M show slight decreases and increases,
respectively, indicating a weakening of the demixing effect.
Similarly, their trends reverse again as o approaches —7,
where the phase coupling becomes opposite.

Additionally, the order parameters Rp,x and Ry, provide
supplementary confirmation of the trends observed in § and M.
For weak frustration, both Rp,x and Ry, approach 1, meaning
the two chiralities are synchronized, but as frustration intensi-
fies, they diverge to different values. This bifurcation suggests
the transition from full phase locking to partial locking within
the system. Consistent with the trends of S and M, the dif-
ference between Ryax and Ry, decreases with increasing ||
after the maximum point, then increases again until the final
reversal at —7t.

4. Phase diagrams and theoretical approxima-
tion

To construct the phase diagram of the system, we calcu-
late the order parameters S, M across the phase diagram of
(0o, Wmin) and drive the critical frustrations for the enhance-
ment of chiral demixing, as shown in Fig. 5. The order param-
eters S and M are color-coded to represent the amplitudes of
the order parameters. The dashed lines labeled I and II rep-
resent the critical frustrations ¢, and o, respectively. Line I
(o) is the critical frustration for the enhancement of cluster-
ing, and line II (o) is for the chiral demixing. It can be seen
that the two critical lines can be well manifested in the phase
diagram, where the order parameters S and M exhibit a signif-
icant change across the critical lines.

The phase diagram shows that the system is in a mixed
state when @, < 1 and |ap| < 1, where the order parame-
ters S and M are close to 0.7 and 1, respectively, corresponding
to the region A in Fig. 5. When the minimal frequency iy
surmounts the critical line o ! (@) (White dashed line), the

system will phase separate into two clusters of different chi-
ralities, and the order parameters S increase obviously, while
the order parameters M decrease but remain close to 1, which
can be seen by comparing the regions B in Figs. 5(a) and
5(b), because the phase separation strengthens the demixing
degree, but the coupling between the two chiralities is still
strong. When the phase frustration ¢ exceeds the critical
line O (@min) (black dashed line), the system will achieve the
complete demixing state, where the order parameters S and
M reach their maximum and minimum values, respectively, as
shown in the region C in Fig. 5. As the frustration continues to
increase, the order parameters S and M decrease and increase
slightly, respectively, as the degree of demixing weakens.

(a) 30 10

E]
5 s
0.8
-3 4 2 07
1072 . X . 1.0
ao/T
(b) 30 - 3 1.0
2.3
E]
£ 1.6 0.5
\
|
08 )
\
1
R 1
1073 : . 0.0
-1.0 —0.5 0.0 0. :

Ozg/ﬂ'

Fig. 5. Heatmaps for order parameters (a) S and (b) M across the phase
diagram of (04, ®min) with the critical demixing frustration ¢ (black
dashed line) and the critical clustering frustration o, (white dashed line).
Different colors describe the amplitudes of the order parameters. The
results are averaged over simulations with different initial conditions.

Next we will provide a theoretical approximation to ex-
plain the critical frustration for the enhancement of chiral
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demixing. The dynamics of the system (1) in the mixing state
can be abstracted as a synchronization problem in double-layer
phase oscillator networks for its spatially uniform distribution.
Therefore, for the translational and rotational invariance of the
spatial distribution and the mean-field coupling of the phase,
each local subset of connected particles can be regarded equiv-
alently as a group of fully connected oscillators in mean-field
coupling. This problem can be described by the following
equations:

3+ -, K + gt
0" = o +N]lem(6j e )
K ¥
+5 X [sin (67 =67 +a0) —sinao|. (14
=1

Each layer + represents the particles with the same chirality,
and the second and third terms in Eq. (14) describe the in-
tralayer and interlayer interactions, respectively.

In the scenario of the mixing state, the system is in a
phase-locked state, where the phase difference between the
two layers is fixed. Without loss of generality, let 6" (f) =
6 (t) and introduce A@ = 67 — 0, Aw = u* — ", the phase
locking dynamics of two layers can be reduced to the follow-

ing equations:
AO = Aw — 2K cos 0y sin AD. (15)

When |Aw| < 2K |cos 0|, Eq. (15) has fixed-points solutions

A6 = arcsin Aia)’ (16)
2K cos o

which means the two layers are phase-locked and the effec-
tive frequencies of the two layers are both zero for symmetric
natural frequencies. When |A®| > 2K |cos ay|, the two layers
are not phase-locked, and the phase difference AO will drift
with time, which means the raw system is in a demixing state.
Therefore, the critical frustration ¢, for demixing can be de-
rived as a function of |A®| and K

Al

0o, = Farccos K 17
The numerical results in Fig. 6 show that the order parameters
Ruax and Ry, exhibit a bifurcation to different values at the
critical frustration o, and the effective frequencies of the two
layers are close to zero when ¢ is less than o, and then split
into two different values when  exceeds o, which agrees
well with the theoretical approximation. Furthermore, the the-
oretical results obtained from the simplified model Eq. (14)
can well explain the critical frustration for the raw system in

Eq. (1), which is shown as the black dashed line in Fig. 5.
Our previous work gives another insight about the criti-
cal frustration o for the clustering transition,®”) which is the

critical frustration for the clustering of the two chiralities:

Qs = tarccos 2mdopt , (18)
K (Bdo — rgsin %)
with the terms being
rg= \% —do —2r,,
v
B =2arccos ﬁ,
== (19)

where u™ is the mean natural frequency of the two chiralities.
Namely, the critical frustration o is the critical frustration for
the two swarming clusters to lock phase and merge into one
cluster, like the transition from snapshot (m) to (h) in Fig. 1.
This solution only holds for the case of rq4 > 0, which means
the two clusters are overlapping. The white dashed line in
Fig. 5 represents the critical frustration ¢ for the clustering
transition, matching well with the transition of order parame-

ters S.
1.0 TS 0.20
°® )
0.8 ®
P 0.10
g
2 06
< —
5 |90000000000(0 <
=" 1 ~
= 0.4 !
g i = Ruin
1 —
0.2 ! _:_RTX 0.10
l > {0)
! e (0;)
0 L —0.20
—-1.0 -0.8 —06 -04 —02 0

/T

Fig. 6. Order parameters Ruyax, Rmin and the effective frequencies of +
layers versus o for the system in Eq. (14) with @i, = 1073, The dark
gray dots indicate the effective frequencies where both layers have the
same value and the dashed line represents the critical frustration o.

Table 1. Numerical critical frustration ¢« for different system sizes L
and N. The last row shows the analytical result from Eq. (16). The val-
ues of o are averaged over different initial conditions, and the standard
deviation is shown in the third column.

Variables (ae /) oo /m)
L=4, N=1000 -0.483 0.040
L=35, N=1000 -0.457 0.033
L=6, N=1000 -0.493 0.021
L=17, N=1000 -0.497 0.042
L=38, N=1000 -0.450 0.062
L=9, N=1000 —0.497 0.021
L=17, N=2000 -0.480 0.050
L=17, N=3000 -0.493 0.013

Analytical -0.499 -

To assess the validity of the theoretical approximation and
quantify finite-size effects, we conducted numerical simula-
tions with @i, = 1073, varying the system size through two
parameters: the population size N and the spatial box size L.
The numerical critical parameter o is determined as the frus-
tration value at which the difference between Ryax and Ry,
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first exceeds 0.97, obtained by gradually decreasing ¢ from 0
to —7. Since o does not exist when @i, < 1, we only focus
on ¢ here. As demonstrated in Table 1, ¢} exhibits no sys-
tematic dependence on N or L, confirming that our results and
the corresponding theoretical predictions remain robust in the
thermodynamic limit (N — oo).

5. Conclusions

In this work, we have investigated how inter-chiral frus-
tration influences the demixing dynamics of double-chiral par-
ticle mixture, uncovering its pivotal role in enhancing both
the transient and steady-state phase separation of chiral ac-
tive matter. By integrating numerical simulations with the-
oretical modeling, we demonstrated that introducing frustra-
tion between particles of opposite chiralities accelerates the
demixing process and amplifies the degree of phase separation.
This phenomenon mirrors phase separation in binary mixtures,
where frustration-mediated interactions govern the emergence
of distinct patterns. Moreover, the sign of frustration plays a
crucial role in shaping the spatial scale and compactness of
chiral clusters, as evidenced by the quantitative indicators of
the distance between rotational centers <|clj]E ) and the standard
deviation of these distances G(|Ciij ).

Key findings include the identification of critical frustra-
tion thresholds (o, @) that trigger a sharp transition from
mixed to demixed states and the emergence of distinct chiral
clusters, as quantified by order parameters S and M. The bifur-
cation in synchronization metrics (Rmax, Rmin) further corrob-
orates the decoupling of chiral clusters at these critical points.
Our theoretical framework, grounded in a reduced double-
layer oscillator model, successfully predicts these transitions,
aligning closely with numerical results and showing insensi-
tivity to finite-size effects.

These insights deepen our understanding of collective
behaviors in chiral active matter, with potential applications
in designing chiral materials or interpreting biological sys-
tems where chirality dictates self-organization. Future studies
could explore asymmetric frustration, heterogeneous frustra-
tion, or three-dimensional extensions to unravel richer dynam-
ical regimes. Such efforts would bridge the gap between theo-
retical models and real-world systems, advancing both funda-
mental and applied research in active matter.
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