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This study analytically examines the ionization of atoms in strong near-circular laser fields. The classic Keldysh—
Rutherford (KR) Coulomb-scattering (CS) model [Phys. Rev. Lett. 121 123201 (2018)] successfully explained the attoclock
experimental curve for the H atom at lower laser intensities. Here, we develop a semiclassical model that includes the initial
conditions related to the quantum properties of tunneling in the KR model at the beginning of the scattering process. This
model is able to explain recent attoclock experimental curves over a wider range of laser and atomic parameters. Our results
show the importance of system symmetry and quantum effects in attoclock measurements, suggesting the complex role of

the Coulomb potential in strong-field ionization.
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1. Introduction

When atoms are exposed to a strong near-infrared laser
field, the valence electron can be ionized through tunneling.!!
The tunneling ionization process can be described by the
strong-field approximation (SFA),?! where the Coulomb po-
tential is neglected. For strong elliptically polarized laser
fields with high ellipticity, the atomic photoelectron momen-
tum distribution (PMD) is ring-like. Compared with SFA pre-
dictions, the ring-like distribution measured in actual experi-
ments presents a small rotation characterized by the offset an-
gle 6. This angle is caused by the Coulomb effect and de-
pends on laser and atomic parameters. In recent years, exper-
imental techniques have been developed to use this angle to
detect the attosecond tunneling dynamics of electrons. The re-
lated technique has been called attosecond angle streaking or
attoclock,>~%1 which has aroused great research interest.!’~!!]
Many attoclock experiments have been performed to probe the
tunneling time (i.e., the time spent by an electron under the
barrier during the process of tunneling). While some experi-
ments show that tunneling requires a finite time,!'>~14! others
show that tunneling is instantaneous. ['3-18]
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To obtain time information from the measured offset
angle, one needs to establish a clear mapping between the
corresponding time and this angle.l'”) To do so, one first
needs to develop a time-dependent analytical model that in-
cludes the Coulomb potential to describe the ionization dy-
namics of atoms in a strong laser field. This mapping can
then be deduced from the developed model. In recent years,
some strong-field models that include the Coulomb poten-
tial have been established,??! such as the trajectory-based
Coulomb-SFA (TC-SFA) model,/??! the analytical R-matrix
(ARM) theory,!'®! the Keldysh-Rutherford (KR) model,*3]
and the extended KR model.[**! The TC-SFA considers the
Coulomb effect after tunneling and describes it through the nu-
merical solution of the Newton equation. The ARM considers
the Coulomb effect under the potential barrier and describes it
by incorporating the Coulomb potential into the saddle-point
equation. The KR considers the Coulomb effect after tunnel-
ing and describes it using classical Coulomb scattering theory.
The extended KR is somewhat similar to the TC-SFA model
but solves the Newton equation analytically. Due to the com-
plexity of the analytical treatment of the Coulomb interaction
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in strong-field ionization, different approximations have been
applied in these models. As a result, the predictions of these
models for the offset angle and the corresponding time de-
duced from this angle differ somewhat from each other. In
contrast to other models, the KR model is able to reproduce
the experimental curve of the H atom offset angle at low laser
intensities and provides a simple and intuitive physical picture
that explains the origin of the offset angle.

Very recently, a semiclassical strong-field model
known as the tunneling-response-classical-motion (TRCM)
model-28] has also been developed to explain the origin of
the offset angle in attoclock. This model attributes the com-
plex Coulomb effect to an initial velocity at the tunnel exit
from the perspective of the symmetry of the system. In this re-
spect, it is somewhat similar to the KR scattering model, but it
also considers the initial conditions at the tunnel exit given by
the SFA 2229301 ysing saddle-point theory.[!! Tt is interesting
to consider what would happen if the SFA initial conditions
were also introduced into the KR model, as the TRCM can
quantitatively reproduce some recent attoclock experimental
curves and provides a consistent explanation for the results
obtained in experiments.

In this paper, we develop a semiclassical CS model by
incorporating the SFA initial conditions into the general KR
model. The developed semiclassical model, called CS-SFA,
not only explains a series of recent attoclock experiments us-
ing a wider range of laser and atomic parameters but also pro-
vides an intuitive physical picture for the origin of the off-
set angle. Our results show that when the electron exits the
laser-Coulomb-formed barrier through tunneling, it has an ini-
tial velocity at the tunnel exit that reflects the quantum nature
of tunneling and is determined by the saddle-point equation
for the SFA. The electron is then classically elastically scat-
tered by the Coulomb potential with central symmetry. This
scattering results in a momentum shift. This shift, along with
the initial velocity at the tunnel exit, quantifies the scattering
angle, which is equal to the offset angle in attoclock.

2. Coulomb-scattering SFA

In this section, we introduce the Coulomb-inclusive
model developed in this paper to describe the strong-field ion-
ization of atoms.

2.1. SFA

We begin our discussions with the SFA.[*1-33] According
to the SFA, the tunneling mechanism dominates in strong-field
ionization. In the length gauge, the SFA amplitude of a photo-

electron with drift momentum p can be written as!?!

c@%rAA%MEMy¢@+AMWFW”. (1)

Here, the term S(p,t’) = ["{[p+A(")?/2+ I, }di" is the
semiclassical action, and 7}, is the length of the total pulse. The
term d;(v) = (v|r|0) is the transition matrix element between
the ground state |0) and the continuum state |v), and A(r) is
the vector potential of the electric field E(¢). The temporal
integral in the expression of ¢(p) can be evaluated using the
saddle-point method, !-? by solving the following equation:

[p+A(t))?/2=—1,. )

The solution gy = o + it of the above equation is complex;
however, the real part fy can be understood as the tunneling-
out time at which the tunneling electron exits the barrier. If we
do not consider the Coulomb potential, the tunneling-out time
to also equals the ionization time at which the electron is free.

From a semiclassical view of point, at time 7y, the exit po-
sition g (i.e., the initial position at #g) of the tunneling electron
can be evaluated using ro = r(fy) = Re(fr;"ﬂtx [p+ A()]dr),
and the exit velocity v(#p) (i.e., the initial velocity at fy) can
be evaluated using v(ty) = p+ A(tp). Note that, according
to Eq. (2), the exit velocity v(z) also agrees with the relation
v(fy) ~ —Re[A(ts)] + A(to). This reflects the basic quantum
effect of the system in tunneling, characterized by the com-
plex time ;. This velocity expression also gives the mapping
between the drift momentum p and the ionization time 7 in
the SFA, namely,

p =pl(io) =v(io) — Alto). €)

2.2. CS-SFA

Next, we develop a semiclassical CS SFA (CS-SFA)
model by introducing the initial conditions given by the quan-
tum model of SFA into the classical CS model, i.e., the KR
model. At the tunnel exit (rg ~ 10 a.u. for the laser and atomic
parameters commonly used in experiments), the electron is not
far from the nucleus, and it is also significantly influenced by

the Coulomb force F, = — %ro. Here, Z is the nuclear charge
o

and ro = \r0|.

2.2.1. Coulomb scattering

Based on the physical picture given by the KR model, we
assume that when the electron exits the barrier at 7, with the
exit position 7 (fy) and the exit velocity v(ty), it is immediately
scattered by the Coulomb potential. During the scattering pro-
cess, the electron momentum changes from p to p’. The mo-
mentum p’ of the scattered electron is given by the following
equation:

P =p+vi=v(t) +vi—An). “4)

Here, |v;| = |Ap| = |p’ — p| is the momentum shift induced
by the Coulomb scattering and can be determined using the
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classical Coulomb scattering formula with the assumption of

elastic scattering from p to p’. That is, >34
. [0 27

|Ap| = 2|p]sin (2> =— )
PTv

, sin(%/) =Z/(p*ny) and ry, =~ ry. Here,

with p = |p| ~ |p/
0’ is the scattering angle, and the tunnel exit ry can be
approximately expressed as ro ~ I,/|E(t9)|. The elastic-
scattering assumption is applicable for the condition |V (rp)| =
Z/ry < p*/2 = [v(ty) — A(t)]*/2. Our simulations based
on saddle-point theory show that the value of the initial ve-

locity |v(to)| is small only when the Keldysh parameter(3!]

Y= 0+/2I,(1+ €?)/Ey is small enough. Here, the term Ep,
represents the maximal laser amplitude relative to the peak in-
tensity /, € is the laser ellipticity, and o is the laser frequency.

2.2.2. Offset angle formula

The offset angle O is related to the electron that exits
the barrier at the peak time of the laser field and therefore
has the maximal amplitude. According to our CS presump-
tion, in this case, the scattering angle 8’ of the electron equals
the offset angle 6. We assume that the laser field E(¢) has
the form E(r) = ecE,(t) + e E\ (), where E,(t) = Eysin(wr),
E\(t) = E cos(ot), Ey = EL/V1+ €2, and E| = €Ey. With-
out loss of generality, we limit our discussions to the first laser
half-cycle, where the offset angle is related to the time #y ac-
cording to wty = /2. At this time, Eq. (3) says that [p| = py,
while the vector 7o (and therefore the Coulomb force F¢) acts
along the x-axis. When the scattering angle 6’ is small, we
also have

Q

P = |Apl,  p =~ py,

0 '\ . [0\ _ 2
tan (2) tan (2> ~ sin <2> ~Z/(p°ro). (6)

A sketch of the scattering picture described by the CS-SFA
model is presented in Fig. 1.

According to Eq. (6), the offset angle 8 can be further
written as

2Z
0 =~ arctan <2> @)
p-ro

Here, p = |p| = py = v (to) —A,(fo). As the momentum p
considers the nonzero exit velocity v (f), we call the expres-
sion for 6 nonadiabatic. Note that at the peak time o of E(t)
relative to the offset angle, |v,(f9)| = 0. Accordingly, as in the
TRCM model, ! assuming that v; — A(ty) ~ — A(t;), we can
also define a lag time T = t; —typ. Considering that 7 is a small
quantity, at the peak time 7y, we also have |A(t;) — A(f)| ~
EpT = |vi| = |Ap|. Then, according to Eq. (5), we also have
2Z

T (8
Eopro

with p = p, =v,(fo) —A,(to). Considering that for hydrogen-
like atoms, Z ~ /2I,, and assuming that ry =~ I, /E (as in
Ref. [23]), we also have

®

2v2E
O%arctan( V2 0)

Vb

with 7~ 2v2/(p, \/Ip). In the paper, we will perform nona-
diabatic calculations using the above expression.

“ ./

2.3x10° (c) 2.3x10°
1
1.2x10° — 1.2x10°
0
:ﬂ
—1 0 1

0 0

py (arb. units)

-1

P, (arb. units)

pe (arb. units)

Fig. 1. A sketch of the Coulomb scattering picture described in CS-SFA.
When the tunneling electron exits the barrier at the laser-field peak time
to at the position 7y with a momentum p, it is scattered by the Coulomb
force Ft, resulting in a momentum shift Ap and the final momentum
p’ = p+ Ap, as shown in (a). In (b) and (c), we plot the PMDs of
the H atom obtained using the CS-SFA and SFA models, respectively.
The PMD of CS-SFA in (b) shows a rotation characterized by the oft-
set angle 6. The scattering angle 6’ between p and p’ in (a) amounts
to the offset angle 6 in (b). In contrast, the PMD of SFA in (c) does
not show the rotation. The laser parameters used in the calculations are
1=2x 10" W/cm?, A = 800 nm, and € = 0.84.

2.2.3. Adiabatic approximation

By neglecting the term v,(fo) in the expression of p,,
we can also obtain the adiabatic descriptions of 6 and 7.
By further considering tan8 ~ 6 for a small angle 6 and
Py~ —Ay(to) = €Ey/, we obtain

0~ 2202
N

with T ~ Zﬁw/(eEo\/E). From Eq. (10), we also see
0 =~ w7/e. This is just the empirical relation between the an-

(10)

gle 0 and a time 7 given in attoclock. Here, this relation is
obtained from the adiabatic version of CS-SFA, which gives
clear physical definitions of 6 and 7, namely, the CS angle 6
and the scattering time 7. In the paper, we perform the rele-
vant adiabatic calculations using Eq. (10). It should be noted
that the above adiabatic expression of Eq. (10), which does not
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consider the initial velocity vy (fo) at the tunnel exit, is similar
to the expression of Eq. (5) in Ref. [23] for the KR model but
differs by a constant factor of two. We will discuss this point

in detail later.

2.2.4. PMDs

The momentum shift Ap induced by F; is always con-
trary to the vector 7y, as shown in Fig. 1(a). Then, by con-
—|Aplro/ro = —2Zro/ (prg)
and p’ = p+ Ap. By assuming that the scattering influences

sidering Eq. (5), we obtain Ap =

only the saddle-point momentum p = p(ty) of Eq. (3) at an
arbitrary time 7y and does not change the corresponding am-
plitude ¢(p) ~ e~?,1?! we can obtain the CS-SFA amplitude
c(p’) directly from the SFA with ¢(p’) = ¢(p). Here, b is
the imaginary part of the semiclassical action S(p,t;). This
CS-SFA therefore provides a simple approach for studying the
Coulomb effect in the strong-field ionization of atoms. The
CS-SFA prediction of the PMD for H is presented in Fig. 1(b).

3. Results and discussion

Next, we apply the CS-SFA to different atoms using di-
verse laser parameters and discuss the potential mechanism by
comparing the CS-SFA to other theoretical models.

3.1. Applications to different targets

In Fig. 2, we first compare the predictions of the CS-SFA
to experimental measurements for the offset angle of the He
atom.’>! Due to the uncertainty in calibrating the laser in-
tensity in experiments, the experimental results are presented
for nonadiabatic and adiabatic calibration procedures, corre-
sponding to Egs. (9) and (10) in our treatments, respectively.
First, for nonadiabatic cases, the predictions of Eq. (9) agree
with the experimental results for higher laser intensities of
I > 1.2 x 10" W/cm?. For lower laser intensities, the experi-
mental angles increase very quickly as the intensity decreases,
while the model angles change slowly. When the laser inten-
sity is low, quantum effects beyond tunneling, such as multi-
photon transitions, can play an important role in ionization.
In this case, the current tunneling-based treatment may not
give a full description of ionization. In adiabatic cases, the
results of Eq. (10) generally agree with the experimental data.
Since Eq. (10) is an approximation of Eq. (9) in the CS-SFA,
in the following discussions of Figs. 3-5, we will focus on
the results of Eq. (9). On the other hand, because the adia-
batic expression of Eq. (10) is similar to the KR expression
of Eq. (5) in Ref. [23], we can analyze the difference between
the KR model and the CS-SFA by comparing the predictions
of Egs. (9) and (10). Relevant discussions are presented in
Subsection 3.2.

Expt. nonadiab. |
O Expt. adiab.

30 “‘4)
Eq (9) nonadlab

251 ‘\\%

5 w ]
e M %%wm

1 2 3 4 5 6 7
Intensity (10* W/cm?)

Fig. 2. Prediction of the offset angle in He using the CS-SFA at var-
ious laser intensities. Dots: experimental results for the nonadiabatic
(green circle) and adiabatic (blue circle) laser-intensity calibrations in
Ref. [35]. Lines: predictions of Eq. (9) for the nonadiabatic CS-SFA
(orange dotted) and Eq. (10) for the adiabatic variant (red dashed).
Laser parameters used are as shown.

In Fig. 3, we apply our model to the H atom, com-
paring or results to the experimental and 3D-TDSE results
given in Ref. [15]. For lower laser intensities such as I <
2 x 10'* W/cm?, the predictions of Eq. (9) are about one to two
degrees (corresponding to about 7.5 attoseconds to 15 attosec-
onds in terms of time delay) larger than the experimental and
TDSE results. The difference between them becomes some-
what larger at higher laser intensities. For high intensities, the
ionization of H at I, = 0.5 a.u. is strong, and therefore the
ground-state depletion is also remarkable. This remarkable de-
pletion effect is not considered in the present SFA-based scat-
tering model. We note that in Ref. [15], the time delay 7 is
obtained from the angle 6 using the relation 8 ~ @t/e. This
relation holds in our theory in the adiabatic approximation.
Here, for direct comparison with the results given in Ref. [15],
we also use this relation to evaluate the delay 7 from the angle

6 of Eq. (9).

201 ¢ Expt. H
e Coulomb 1
s Coulomb 2

[
[}

~ 167 { Eq. (9) £
~— [ ] ~—
[ )
o 12 } 80 =
g { } ©
@ } S
u @)
5 8 % % s
& 40 &
o

o
—e—i

‘ ‘ ‘ ‘ ‘ ‘ o

1.0 1.5 2.0 25 3.0 35 4.0
Intensity (10 W/cm?)

Fig. 3. Prediction of the offset angle and the time delay in H using
the CS-SFA at diverse laser intensities. Dots: experimental (black
diamond) and 3D-TDSE (red circle and blue square) results given in
Ref. [15]. Orange line: predictions of Eq. (9) for the nonadiabatic CS-
SFA. Laser parameters used are as shown. The time delay 7 (right axis)
is obtained from the offset angle 6 with 6 =~ w7/e.

We further apply our model to additional targets such as
He, Ar,’) H, 101 and H'8) at a wider range of laser param-
eters. Relevant results are presented in Fig. 4 and compared

to actual and numerical experiments. Equation (9) gives a
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good description of the experimental results for He and Ar
shown in Figs. 4(a) and 4(b).

nation of the experimental results for the small molecule H;

It also gives a good expla-

in Fig. 4(c). The predictions of Eq. (9) also agree with the
TDSE results for H obtained in other numerical experiments
from I = 0.5 x 10'* W/cm? to I = 2.5 x 10'* W/cm?, as seen
in Fig. 4(d). Here, for lower and higher laser intensities, the
model results for H differ remarkably from the TDSE results,

which is similar to the cases discussed for Figs. 2 and 3.

In Fig. 5, we further compare the predictions of the CS-
SFA model to the experimental*®! and TDSE*® results for
the ellipticity dependence of the offset angle in attoclock.
While the prediction of the model for the p, component of the
drift momentum related to the offset angle in attoclock agrees
well with the experimental and TDSE results in Fig. 5(a),
the model prediction for the p, component differs remarkably
from experimental and TDSE results for small ellipticity but
agrees with those for large ellipticity in Fig. 5(b). The offset
angle in Fig. 5(c) is similar to that for p, shown in Fig. 5(b).

16 F

(a) = Expt. He | 24 (b) ® Expt. Ar]
o 1l l Eq. (9) | 20} l Eq. (9) |
2 { 16} J
%08- I}{{*H”*T 1 12t h*i ]
: Pl 1 ol RIS P RS
o 4r 1 i
A =740 nm, €= 0.78 ar A =740 nm, e =0.78 ]
ol o 0 ol

2 4 6 8§ 10 12 14 16

241 (o) * Expt. Hy] 20F (d) = TDSE H 1
20} Eq. (9) % Eq. (9)
o 16 ‘.'.
L 16+ E am
éﬁ * { { 12r fre Uay 1
s 12 F $ i oy -
bS] st "a, ]
£ 81 T E = .
c Al . ]

| A=760 nm, e=0.7 i A =800 nm, € =0.95
0=0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

0
1 2 3 4 5 6 7 8 9 10
Intensity (10'* W/cm?)

Intensity (10'* W/cm?)

Fig. 4. Application of the CS-SFA model to further cases to predict the offset angle at diverse laser intensities. Blue square dots: experimental
results for He (a) and Ar (b) from Ref. [5] and for H, (c) from Ref. [16], and 3D-TDSE results for H (d) from Ref. [18]. Orange lines:
predictions of Eq. (9) for the nonadiabatic CS-SFA model. Laser parameters used are as shown.

z o (8) T=8x101 W/cm?, A =788 nm ]

g GO p e g°8

. a

= g° O o o Exp

& 1f ge@ o TDSE

iy Eq. (6)

:{E 0.6 (b) o Exp

= o TDSE

b Eq. (6)

el

= 0.3F o 0°°¢6+*0.0 o o O [

= 9 @08 g igea 8 .o

8

=

— L (C) ' o Exp

5 30 o TDSE

%‘3 20t Eaq. (9)

L8 o @ o |

:S,E 10 87883 9:8..8.8.0.0

Sl
0.4 05 06 07 08 0.9

Ellipticity

Fig. 5. Comparisons of the drift momenta (py, py) relative to the offset
angle 6 from experimental results, 3% the TDSE model,*! and the CS-
SFA model (Eq. (6)) with Z ~ \/E and ro ~ I, /Ey at different laser
ellipticities €. In (c), the experimental offset angles are obtained us-
ing 6 ~ arctan(py/p,) and the CS-SFA offset angles are obtained using
Eq. (9). Laser parameters used are I = 8 x 10'* W/cm? and A = 788 nm.

The results shown in Figs. 2-5 suggest that the CS-SFA

model is more applicable to high ellipticity and moderate laser
intensities. The potential reason for this will be discussed in

detail below.

3.2. Analyses and comparisons

The original KR
model?3! uses classical Coulomb scattering theory to describe

Comparisons to the KR model

the strong-field tunneling ionization of atoms. The KR model
is comparable to experiments at lower laser intensities. As
the laser-induced tunneling ionization of atoms includes both
quantum and classical processes, we further introduce the SFA
initial conditions related to the quantum properties of tunnel-
ing into the KR model and develop the semiclassical CS-SFA
model that consists of simple formulas. The results in Figs. 2—
5 show that the predictions of the CS-SFA model agree with
attoclock experiments over a wider range of laser and atomic
parameters. This agreement indicates that both system sym-
metry (as reflected in classical Coulomb scattering!?*!) and

quantum effects (as reflected in the initial conditions!??!) play
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important roles in tunneling ionization.

The main differences between the predictions of the KR
and CS-SFA models arise for the following reasons. First, the
CS-SFA model considers the initial velocity v(#) related to
tunneling in the expression for the momentum p’ (Eq. (4) in
this paper), while the KR model neglects this velocity. For a
specific atom, the value of this velocity is generally larger for
larger Keldysh parameters, which correspond to lower laser
intensities and higher laser frequencies. Second, when we ig-
nore this velocity, an adiabatic expression for the offset angle
in the CS-SFA model can be obtained (Eq. (10) in this pa-
per), which is similar to the expression in the KR model but
multiplied by two relative to the expression in the KR model
(Eqg. (5) in Ref. [23]). In other words, multiplying the KR
prediction by a factor of two yields the adiabatic prediction
made by the CS-SFA model. We take the results in Fig. 2 as
an example to discuss the difference between the KR model
and the CS-SFA model. From Fig. 2, one can observe that
the adiabatic prediction made by the CS-SFA model agrees
with the adiabatic experimental data, suggesting the applica-
bility of the CS-SFA model. Next, let us neglect the absolute
amount of the offset angle and focus on the laser-parameter de-
pendence of the angle. This dependence is also known as the
scaling law, which reflects the fundamental dynamical prop-
erty of the laser-driven system in tunneling ionization. In this
sense, we can directly understand the adiabatic prediction of
the CS-SFA model as the KR prediction. Since, at low laser
intensities, the value of |A,(fp)| = E1/w is small for the peak
time 7o of the laser field, the velocity vy (o) has a larger influ-
ence on the momentum p, = v, (fo) —A,(fo) and therefore on
the offset angle 6 ~ p./p,. As a result, the predictions of the
adiabatic and nonadiabatic CS-SFA models for the laser in-
tensity dependence of the offset angle differ remarkably from
each other in cases of low intensity, and this difference de-
creases with increasing laser intensity, as shown in Fig. 2.

Comparisons to other models Next, we compare the
CS-SFA model to other Coulomb-inclusive strong-field mod-
els. In contrast to the TC-SFA model,?? the ARM theory, 8]
and the extended KR model,?3! the CS-SFA model describes
the Coulomb effect using classical Coulomb scattering the-
ory. Rather than relying on numerical!??! solutions of the
Newton equation that include both the electric and Coulomb
forces, analytical solutions of the same equation,?*! or nu-
merical solutions!'8! of the saddle-point equation including
the Coulomb force, the CS-SFA adopts a classical approach
to model the Coulomb interaction. The KR is able to give
analytical and concise expressions composed of basic laser
and atomic parameters, such as laser intensity, laser fre-
quency, laser ellipticity, and ionization potential, for observ-
able values such as the offset angle in attoclock. In compari-
son with the KR approach,?> both the CS-SFA and TRCM

models consider the Coulomb effect with an emphasis on
the central symmetry of the atomic Coulomb potential. The
TRCM assumes that at the tunnel exit, the tunneling elec-
tron is still held in a quasi-bound state. This state approxi-
mately agrees with the virial theorem,[?®! through which the
Coulomb-related velocity v; can be evaluated. The CS-SFA
model assumes Coulomb-induced classical elastic scattering
after tunneling, and the Coulomb-related velocity v; can be
calculated through the classical Coulomb scattering formula.
Given the above differences in describing the velocity v,
the scaling laws for the dependence of the offset angle 6 on
laser amplitude Ey, ellipticity €, and ionization potential I,
are different in the TRCM and CS-SFA models. The scal-
ing law is 0 ~ e 2Ey'I,71/? ~ (1 + €2)1/2e 2B 71,712
in the CS-SFA model (see Eq. (10) in this paper), while it
is 0 ~ e By 20,74 ~ (14 )4 e T EL 121,71/ in the
TRCM model (see Eq. (12) in Ref. [26]). Comparing the pre-
dictions of the CS-SFA model in this paper and those of the
TRCM model in Refs. [25-27], one can observe that although
the predictions of the TRCM and CS-SFA models are compa-
rable for some cases discussed here, the scaling law given by
the TRCM model agrees better with the experimental results.
However, the CS-SFA model provides a simpler and more in-
tuitive physical picture of the origin of the offset angle.

SAE approximation We have also used the single-
active-electron (SAE) approximation when simulating the
strong-field tunneling ionization of atoms and molecules us-
ing the CS-SFA model proposed in this paper. The SAE ap-
proximation assumes that only one valence electron is active
in the system and considers the other electrons and atomic nu-
cleus as a whole. This approximation has been widely used in
strong-field physics to simplify the problem studied, such as in
Refs. [16,17,21,22], etc. In this approximation, multielectron
atoms such as He and Ar can be treated as hydrogen-like ions
with only one electron and one ‘nucleus’, so we can obtain
analytical expressions for the observable values in our model,
such as the offset angle in attoclock. With this approxima-
tion, our simulations based on CS-SFA show that the results
obtained can be quantitatively compared with relevant experi-
mental data (as shown in Figs. 2-5 of this paper). These results
support the use of the SAE approximation. However, this ap-
plicability is also influenced by the laser parameters. We will
discuss this point in detail below.

Applicability of the CS-SFA model In the following,
we discuss the scope of application of the CS-SFA model.
The CS-SFA model introduces the initial conditions given by
the SFA into the original KR model. Therefore, the applica-
bility of this model is closely related to the applicability of
the SFA. It is well known that the SFA is more applicable
when the Keldysh parameter3!! y is smaller than unity, i.e.,

¥y = 0+/2I,(1+€?)/E < 1. Therefore, this condition also
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holds for the CS-SFA model. Specifically, the CS-SFA model
is more applicable at intermediate laser intensities. For high
laser intensities, the ionization is strong, and over-barrier ion-
ization beyond tunneling can occur. This over-barrier effect
is not considered in our current model. In multielectron sys-
tems, in addition to the active electron, other electrons may
also be excited and ionized at high laser intensities. In this
case, the potential function of the system is more complex
than that of a hydrogen-like ion, and the SAE approximation
is inapplicable. This may lead to deviations between CS-SFA
model predictions and experimental data at high laser intensi-
ties, such as the deviation shown in Fig. 2. For low laser in-
tensities, the ionization is weak, which means that fewer pho-
toelectrons can be collected, and noise related to some unex-
pected effects can influence the PMD and therefore affect the
resolution of the offset angle. In addition, the CS-SFA model
works well at relatively longer laser wavelengths. For very
short laser wavelengths, single-photon or several-photon tran-
sitions dominate in ionization, and inner-shell electrons can
also be excited in multielectron systems. These effects have
not been fully considered in the SFA model on which the CS-
SFA model is based. Besides, the CS-SFA model works better
for intermediate and high laser ellipticities. For small ellip-
ticities, interference between long and short electron trajec-
tories can affect the resolution of the offset angle in PMD.
Therefore, the CS-SFA model, along with the SAE approx-
imation, can provide better attoclock predictions in cases of
relatively large ellipticity, longer laser wavelengths, and inter-
mediate laser intensities with moderate ionization yields. It is
worth noting that using the classical CS formula to describe
the Coulomb effect in atomic strong-field ionization is only an
approximate method that emphasizes the central symmetry of
the system. Therefore, even for applicable laser and atomic
parameters, the predictions of the CS-SFA model may differ
somewhat from experimental results.

4. Conclusion

In conclusion, we have studied the ionization of atoms
in strong elliptically polarized laser fields with high elliptic-
ity. Based on the quantum model of the SFA and the clas-
sical model of KR Coulomb scattering, we have developed
a semiclassical model, called the CS-SFA model, to describe
the ionization process. The latter can be understood as a two-
step process of tunneling and classical motion. The CS-SFA
model describes the tunneling of the electron under the barrier
through the SFA combined with saddle-point theory charac-
terized by imaginary time. It describes the classical motion
of the electron after tunneling using the KR model, which is
characterized by the Coulomb scattering induced by the cen-
tral symmetric Coulomb potential. These two steps are con-
nected at the tunnel exit, which can also be understood as the

boundary between quantum and classical motion. The exit ve-
locity and exit position given by the SFA at the tunneling-
out time are used as the initial conditions for the classical
Coulomb scattering process. We focus on the offset angle in
PMD, which has been widely used in attoclock experiments as
the characteristic observable. Simple expressions for the off-
set angle are derived in the CS-SFA model, which show that
this angle corresponds to the classical scattering angle but is
remarkably influenced by the initial conditions given by the
SFA at the tunnel exit. The predictions of the CS-SFA model
agree with recent attoclock experiments over a wide range of
laser and atomic parameters, suggesting the applicability of
the model. We also compared the CS-SFA model to other
Coulomb-included strong-field models and discussed the po-
tential differences. Our results show that both system symme-
try and quantum effects play important roles in tunneling ion-
ization. This suggests that system symmetry can significantly
simplify the theoretical description of the Coulomb effect in
strong-field ionization, allowing for the construction of ana-
lytical strong-field models. These results may help researchers
understand and study experimental phenomena in attosecond-
resolved measurements.
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