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Marginal Fisher analysis (MFA) stands out as a prominent dimensionality reduction algorithm, striving to minimize
within-class scatter while maximizing the separability between marginal data points. However, MFA and its variants require
substantial computational resources when dealing with large-scale data. To address this, we propose quantum algorithms
for MFA (called QMFA). QMFA is composed of two core processes: the first is the efficient construction of the weight
matrices for the intrinsic and penalty graphs, and the second is solving the generalized eigenvalue problem (GEP) using
the block-encoding technique. Compared to classical MFA, the proposed QMFA achieves a polynomial acceleration in the
number of samples and exponential acceleration in the dimensionality. Additionally, we investigate quantum algorithms
for different variants of MFA. Specifically, for enhanced MFA and multiple MFA, we address the construction of the
related weight matrix, which differs from that in standard MFA. For kernel MFA, we solve the GEP associated with the
corresponding kernel matrix. The proposed quantum algorithms achieve a speedup equivalent to that of QMFA.

Keywords: quantum machine learning, block-encoding, dimensionality reduction, marginal Fisher analysis,

graph construction
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1. Introduction

Over the past decades, machine learning has played a cru-
cial role in various fields.'l However, with the exponential
growth of data, the development of machine learning has been
constrained by limited computational resources. It is essential
to explore more efficient computational approaches. Quan-
tum computation stands out as one of the most promising
computing paradigms. It has demonstrated the ability to ac-
celerate solving for certain problems that challenge classical
computing.”>*#! Currently, combining quantum computation
with machine learning, quantum machine learning (QML) has

achieved significant advancements in supervised learning,>~7]

unsupervised learning,'®-13! and reinforcement learning.[14-16]

Dimensionality reduction (DR) is a powerful tool in ma-
chine learning. The goal of DR is to reduce the number of
variables in a dataset through a projection while preserving the
intrinsic structure.'’-1°1 Representatively, linear discriminant
analysis (LDA)!?°! aims to find a linear projection by minimiz-
ing the ratio of within-class scatter to between-class scatter.
Locality preserving projection (LPP)I?!! is developed to map
the data while preserving its manifold structure. However,
LDA was proposed under a strong assumption that the data of
each class is approximately Gaussian distributed. In contrast,
LPP disregards the class information, resulting in diminished
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performance for classification tasks. To overcome the limita-
tions of LDA and LPP, marginal Fisher analysis (MFA)[?%23]
was proposed.

MFA integrates the class information with the manifold
structure of the data. In MFA, the within-class scatter is char-
acterized by an intrinsic graph where each sample is connected
to its nearest neighbors of the same class, and the between-
class scatter is characterized by a penalty graph where the
marginal point pairs of different classes are connected. Then,
the linear projection is obtained by solving the generalized
eigenvalue problem (GEP) of XTLX and XTLPX 4 ul. Here,
X € RM*M denotes the data matrix, g is a regularization pa-
rameter used to prevent trivial solutions, and L (L?) denotes
the Laplacian matrix of the intrinsic (penalty) graph which is
derived from the weight matrix. Furthermore, several vari-
ants have been proposed to improve the performance of MFA.
Prominently, enhanced MFA (EMFA)!** and multiple MFA
(MMFA)[>! were proposed in accordance with different rules
for constructing the penalty graph. In addition, kernel MFA
(KMFA)[26-27] extends MFA from linear projections to nonlin-
ear cases by using kernel trick. However, the time complexi-
ties of MFA and its variants are O(N’>M + M?3). When deal-
ing with large-scale data, they are extremely time-consuming.
Although quite a few quantum algorithms?8-3?! for DR have
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been proposed, there is no quantum algorithm that efficiently
realizes MFA and its variants.

In this paper, we propose a quantum algorithm for
MFA, called QMFA. To accelerate the two time-consuming
stages of MFA, QMFA consists of two core processes.
The first is the efficient construction of the weight matri-
ces of the intrinsic and penalty graphs by employing quan-
tum distance estimation*>3*! and quantum minimum search

35361 The second is solving the GEP using the

37,38

algorithm. |
block-encoding technique.3”38! Specifically, we obtain the
block-encodings of weight matrices and further construct the
efficient implementations of XTLX and XTLPX + ul. Then,
using the quantum approach for solving the GEP based on
block-encoding, the projection vectors are obtained and uti-
lized for the final data compression. As a result, the complex-
ity of QMFA is O(N+/N polylog(NM)/€)) for a given error €.
In addition, we present quantum algorithms for the variants of
MFA. Specifically, for EMFA and MMFA, we address the con-
struction of the related weight matrix, which differs from that
in standard MFA. For KMFA, we obtain the block-encoding of
the corresponding kernel matrix which is utilized in the subse-
quent process of solving the GEP. All of the proposed quantum
algorithms achieve polynomial acceleration in the number of
samples N and exponential acceleration in the dimensionality
M compared to their classical counterparts.

The rest of this paper is organized as follows. In Sec-
tion 2, we review the classical MFA and its variants in Sub-
section 2.1, and introduce the definitions and lemmas related
to block-encoding in Subsection 2.2. Section 3 presents quan-
tum algorithms for MFA and its variants in detail. In Section 4,
we analyze the time complexity of each quantum algorithm.
Finally, conclusions are given in Section 5.

2. Preliminaries
2.1. Classical marginal Fisher analysis and its variants

Given a dataset {x;}? | (z; € RM) with the classes
C(x;) € {c1,...,cn }, MFA extracts low-dimensional features
{yi}¥, (y; € R™), with the goal of minimizing the within-
class compactness Sy, while maximizing the between-class
separability Sp. Sy, is defined as the sum of distances between
each sample and its neighbors within the same class. Sy is
characterized by the sum of distances between margin points
and their neighboring points from different classes. Consid-

ering the linear projection that y; = UTx;, Sy and Sy, are ex-
pressed by an intrinsic graph and a penalty graph as follows:

r X

i ieNg, (j) or jENK, (i)
= 2Tr[UTXTLX V), 6]
2
Sb = Z Z ||UTwi—UTCBj||
T (i,))€Py, (C(w1) or (i.))EP, (C(=}))

= 2Tr[UTXTLP X U], )

2
Sw U 2 — U

where X = (x1,...,zy)" . Nj, (i) represents the index set of
the ki nearest neighbors of sample x; that are in the same class
and Py, (c) is a set of ky data pairs that are the nearest pairs
among the set {(i, j) |C (x;) = ¢,C(x;) #c}. L=D—W and
LP = DP — WP are the Laplacian matrices of the intrinsic and
penalty graphs, respectively. Here, to obtain L and LF, it is nec-
essary first to construct the weight matrices W and W® which
take the form of

mi={y a0 RO w
1, if (i,j) € P, (C(x;)) or
WP = (i,]) € Py, (C (), )

0, else.

Here D and D are degree matrices where the diagonal el-
ements are D;; = Zyzl W;; and Dg = yzl Wf; with all off-
diagonal elements being equal to 0. An example is given in
Fig. 1 to show the construction of the intrinsic graph and the
penalty graph in MFA with 3 classes.

The objective of MFA is

. Tr[UTXTLXU)|
argmin

U Tr[UTXTLPXU) ©)

An approximation to the projection matrix U can be computed
by solving the GEP

(XTLX)w = A (XTLPX + pul) u, (6)

where 1 € (0, 1) denotes the regularization parameter. Here,
the regularization parameter ensures the matrix is positive def-
inite, thereby preventing trivial solutions. Then, generalized
eigenvectors {u; }” | corresponding to m smallest generalized
eigenvalues form the projection matrix U. In particular, the
algorithm of MFA is shown in Algorithm 1.

Algorithm 1 Classical marginal Fisher analysis

Input: Dataset {z;}Y , (z; € RM),
label information C(;) € {ci,...,cn.}, ki, k2, and m.

Output: {yi}f\’:1 (yi € R™). 1. Search for {\V, (i)}?’:l, construct weight matrices W according to Eq. (3), and obtain graph Laplace matrices L;

. Solve the generalized eigenvalue problem as shown in Eq. (6);
. Compute the low-dimensional embedding for each sample point, y;
. Return: {y;}Y .

w AW N

. Search for {Py, (cp)};“;1 , construct weight matrices W¥ according to Eq. (4), and obtain graph Laplace matrices L?;

UTx;;
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EMFA ?* and MMFA >l improve the MFA by employ-
ing different penalty graph constructions. Specifically, EMFA
searches for margin points in the closest classes to simplify
the construction of the penalty graph, and the set of k, near-
est data pairs is P,i (¢) in {(i,))|C(x:) = ¢,C(x;) € N}
where A, denotes the set of nearest classes of c. MMFA is
developed to address the class-isolation issue, where some
classes are isolated from others leading to the neglect of
separability between the isolated classes and the remaining
classes. MMFA identifies the margin points between each pair
of classes to ensure the margin points over all classes, and
P}c\;{(cp) =Ugp S}{\g (¢p,cq) Where S}c\;[ (cp,cq) is the set of ky
nearest data pairs in {(i, j) |C (x;) = ¢p,C (x;) = c4}. The il-
lustration of the constructions of penalty graphs in EMFA and
MMFA are shown in Fig. 2.

Class 1

Class 3

MMFA

EMFA

Fig. 1. An example of the intrinsic and penalty graphs in MFA with 3 classes
where k| = 3 and k» = 3.

Class 2
Class 1 B

Class 3

EMFA

MMFA

Fig. 2. An example of penalty graphs in EMFA and MMFA with 3 classes
where k; = 3 and k, = 3. Especially, we suppose that N, = {c2}, N, =
{e1} and Ny = {c1} in EMFA.

The KMFA[?627] yses the kernel method to handle the
nonlinear manifolds. A kernel is defined as a function k (x, ")
in the original input space &', which is associated with an in-
ner product implicitly in a higher-dimensional feature space
JF, that is

k(z,2') = (P(z), D(x)), %

where the feature map @ : X — F. Given the input {z;}} | €
X, entries of the kernel matrix are K;; = K (x;, wj). By intro-
ducing the kernel method, the problem that KMFA solves is
formed as

(KTLK)w' = A (K"L°K +pul) o/, (8)

where K denotes the kernel matrix. The projection direc-

tion is u; = YN, u’;®(x;). For a new data point , its pro-
jection to the derived optimal direction is obtained as y; =

N, uyk(z, x;).

2.2. Block-encoding

Block-encoding constitutes a fundamental framework
in quantum algorithms for implementing advanced matrix
operations.[39’4(’] In this subsection, we review its definitions
and related lemmas.

Definition 1 (block-encoding*®*1) Suppose that A is a
s-qubit operator, ¢, € € Ry and a € N, then the (s + a)-qubit
unitary U is a (¢, a, €)-block-encoding of A, if

[A—a((0* @)U (| orI)| <e. ©)

Definition 2 (state preparation pair*!!) Let y € C" and
llylli < B. The pair of unitaries (A, FPr) is called a (B,b, &,)-
state-preparation-pair if A|0)®? = Y_, cjlj), Pr|0)*P =

ﬁb:]dj|j>, such that ¥}, ‘ﬁ (cjdj) —yj’ < &, and for all
je{m+1,...,2}, we have c;dj=0.

Lemma 1 (linear combination of block-encoded
matrices!*!) Let A = Y7, y;A; be an s-qubits operator and
€4 € Ry. Assume that (P, Pr)isa (B, b, €,)-state-preparation-
pair for y € C™ and U is an (@, a, €4)-block-encoding of A,
then

M {leU;
1

U= (Ponel) ( y

~

+ <(1_]i j)(j|) ®1a®13)> (R®1,®1), (10)

is an (af,a+b, og, + Bea)-block-encoding of A.

Here, Lemma 1 holds under the assumption that the scal-
ing factors o of block-encodings of A; are equal. Considering
the case of inconsistent scaling factors that U is an (o}, a;, €;)-
block-encoding of A j, we generalize Lemma 1 to the following
Lemma 2, and the proof is shown in Appendix A.

Lemma 2 (generalized linear combination of block-
encoded matrices) Let A = ¥/ y;A; be an s-qubits opera-
tor and &4 € Ry. Assume that (B ,FR) is a (B,b,&,)-state-
preparation-pair for y € C” and U, is an (@;,a;,€;)-block-
encoding of A}, then

m
i = #onen)( L 1ueh .,
=1

(1= L0l enon) @enen. an
j=1

is an (aﬁ,a+b, Ocey+ijj£j)-block—enc0ding of A, where
o =max;{e;} and a = max;{a;}.

Lemma 3 (product of block-encoded matrices*!) If U
is an (a;a; 6)-block-encoding of a s-qubit operator A that can
be implemented in time 71, and V is a (f3; b; €)-block-encoding
of an s-qubit operator B that can be implemented in time
T», then (I, ®@U)(I,®V) is an (af;a+b; e+ f3)-block-
encoding of AB that can be implemented in time O (T} 4 T5).
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Definition 3 (quantum access to data/®*?!) We say that
we have quantum access to a matrix A € RV*M if there exists
a procedure to perform the following mapping, for i € [N], in

time Ty:
O 10)]0) = [D)[[|A:[]), (12)
Oa : )11)10) = [i)] 1) |Asj), (13)
U : 1) 0) = |8} As.) ||A P ZA,,lj (14)
Va:|0)lj 1Ai[[1)]4) (15)
||A|| Z
where A; denotes the i-th row of A and |Alp =

VEN vM = 1A2 is the Frobenius norm of A. If the data matrix

A is stored in a quantum random access memory (QRAM) data
structure, the time to access A is Ty = O (polylog (NM/€)) for
€ (0,1).

Lemma 4 (implementing block-encodings from quan-
tum data structures*!*3441) If the data matrix A € RVM
is stored in a QRAM data structure,
ist two unitary operators Uy and V4 that can be imple-
mented in time O (polylog(NM/g)) such that UZVA is an

then there ex-

Theorem 1 (solving the generalized eigenvalue prob-
lem (GEP) of (A;B) based on block-encoding[*’) Assume
that A, B are N x N Hermitian matrices with B being positive-
definite. Let Uy be an (0t4;¢4;€4)-block-encoding of A that
is implemented in time Ty, and Up an (o;qp;é€p)-block-
encoding of B that is implemented in time 7. Denote kp
as the condition number of B, the generalized eigen-pairs
of Au = ABu as {(A;,|Ej))|j=1,...
copies of the state Y ; ;|E;) that is prepared in time O (Ti,),

,N}. Given access to

there is a quantum algorithm that returns a state proportional
to ¥.; Bj|A;)|E;) in time

OZAK' OpKp
0( ST+ ——B (TA+ )) (16)
" mle U
where |§Lj —Aj| <&, kg denotes the condition number of B,

and ||B|| denotes the operator norm equal to the maximal sin-
gular value of B.

3. Quantum algorithm
3.1. Quantum marginal Fisher analysis

Focusing on accelerating the graph construction and solv-
ing the GEP, we present QMFA and its basic flow is shown in
Fig. 3, detailing the following steps.

(||Al|g, polylog (N), €)-block-encoding of A.

Data matrix X ‘

/

\

Construct W of the intrinsic graph

Construct WP of the penalty graph

e F e
[ L
\ Ly
| Estimate distance L Estimate distance
Stage 1 } } }
|
} Search and obtain V', () } } Search and obtain Py, (C(x;))
| |
o o ____ e ___ _|
o o pro :
|
} Implement the block-encoding of W Implement the block-encoding of WP
|
|
} Implement the block-encoding of L Implement the block-encoding of LY
|
Stage 2 } . T . TP
| Implement the block-encoding of X *LX Implement the block-encoding of X L"X + ul
|
| \ /
} Solve the GEP
| XTLX)u = AXTLPX + uhu
|
,,,,,,,,,,,,,,,,,,,,,,,,,,,,, i,,,,,,,,,,,,,,,,,,,,,,,,,,,,,J
Stage 3

‘ Compute the compressed vector

Fig. 3. Schematic workflow of the QMFA.

Stage 1: Constructing the weight matrices

The construction of the weight matrix involves two essen-
tial steps: calculating distances and finding nearest neighbors.
In this stage, we utilize the next Theorem 2 to estimate the

distances between samples and employ the quantum minimum

search algorithm[3>3¢! to accelerate the search process.
Theorem 2 (quantum distance estimation!33**). Given

quantum access in time 7' to two matrices U and V with

rows u; and v; of dimension M, there is a quantum algo-

rithm that, for any pair (i, ), performs the following map-
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ping: [i)[/)|0) — |i)|j}|d? (ui,v;)), estimating the Euclidean
distance between w; and v; with precision|d” (u;,v;) —
d? (u;,v;)| < € for any € > 0. The algorithm has a running
time given by O(Tn/€), where n = max; ; (||lui[|v;|), as-
suming that min; (||u;]]) = min; (|v;]|) = 1.

(i) Constructing the weight matrix W of the intrinsic
graph

Assuming that we have quantum access to X which is
stored in a QRAM data structure, we can access the vectors
in time O (polylog(NM/¢,)). For each point x;, we prepare
the quantum state |¢”) initially, where

1 Y 1i)o), (17)

0) = i) ———
19) = 1) IC (xi) | jectv)

and C (x;) denotes the set of indices of samples in the same
class with a; with the scale of |C (x;)|. Using Theorem 2, we
obtain

— LY )@@ as)

1 =i
|6) = i) |C (xi) | jectu)

Then, with the utilization of the quantum minimum search
algorithm[®>3¢! to search the k; shortest distances, N, (i) is
obtained in time 7} = O(4/k1|C (x;)|). Iterate N rounds un-
til acquiring {\, (i)}, after which the weight matrix W is
constructed according to Eq. (3).

(ii) Constructing the weight matrix W? of the penalty
graph

For each class ¢, in {ci,...,c, }, we prepare the initial
quantum state

1 1

i) ——— 1j)s
|CI7| C(m%:cp V N— ‘CI?| C(mjz);écp

where |c,| denotes the number of samples of class ¢,. Using

09) =

19)

Theorem 2, we obtain

1

|6p) = ——=
g |Cl" C(wgch

1

[ P
\Y% N — ‘CP| C(wjz);ﬁcp

Then, with the utilization of the quantum minimum search

i)

[Dld? (@i ;). (20)

algorithm[®33¢! to search the k, shortest distances, P, (c))
is obtained in time 7> = O(/k2|c,|[N — cp[). Similar to the
construction of W of the intrinsic graph, after obtaining all
{Pr, (cp)}, we construct WP according to Eq. (4).

Stage 2: Solving the GEP of (XTLX;XTLPX + ul)

Using Theorem 1, the GEP can be solved once the block-
encodings of XTLX and XTLPX 4 uI can be efficiently imple-
mented. Next, we introduce the construction of the required
block-encodings in detail.

(i) Implementing the block-encodings of L and LP

Assume that we have quantum access to W and WP
obtained in Stage 1. Using Lemma 4, we can imple-
ment a (||W||g, polylog (N), &, )-block-encoding of W in time
O (polylog(N/e,)). Then, the block-encodings of D and L
can be implemented efficiently using the following Lemma 5,
which is proven in Appendix B.

Lemma 5 (implementing block-encoding of D and
L) Assume we have a weight matrix W with entries in
{0,1} stored in a QRAM data structure, then there ex-
ists a (max;(||W;.||?),polylog (N),&,)-block-encoding of the
degree matrix D and a (2||W|g,polylog(N),e,)-block-
encoding of L, both of which can be implemented in time
O (polylog (N/ey)).

Similarly, using Lemma 5, a (2||W"||g, polylog (N), &,)-
block-encoding of LP can be implemented in time
O (polylog (N/&.,)).

(ii) Implementing the block-encoding of XTLX and
XTLPX + ul

By leveraging Lemmas 2, 3, and 4, we derive the fol-
lowing Lemma 6, which enables the construction of a block-
encoding for the matrix XTZX, where Z is a given matrix.

Lemma 6 (implementing block-encoding of XTZX)
Given the data matrix X € RV™ stored in QRAM and
a matrix Z € RVV with a (ay;q.;€)-block-encoding Uz
that can be implemented in time 77, we can imple-
ment a (||X||]2:Otz,2polylog (N) +4z, 2| X||por.€c + ||X||]2:£z)‘
block-encoding of XTZX in time O(polylog (NM/g,) + T).

Furthermore, given that the identity operator / serves as a
(1,0,0)-block-encoding of itself, it is straightforward to derive
a  (|IX|Eo + p,2polylog (N) +q.,2|| X |[ro.€ + || X|}e.)-
block-encoding of XTZX + ul. This construction can be
executed in time O (polylog(NM/¢g:)+Tz) according to
Lemma 2.

In this step, using Lemma 6, we leverage the
obtained block-encodings of L and LP to implement
a (2lX|3IIW]r. 3polylog(N), 2] X[ |Wllrex + [1X[[2¢.)-
block-encoding of XTLX and a (2|X|3|WP|r +
,3polylog (N),2||X ||r|[|[WP||lrex + ||X||Z&w)-block-encoding
of XTLPX + ul in time O (polylog (NM/(&,&,))).

(i) Solving the GEP of (XTLX;XTLPX + ur)

By applying Theorem 1 with the initialized quantum
state ﬁxﬁ-‘il i) that can be decomposed into the eigenba-
sis {|u1),|uz),...}, we obtain the state }; Bi|A;)|w;). Sub-
sequently, by executing quantum search algorithm, m small-
est eigenvalues {|4;)}" | and the corresponding eigenvectors
{|ui) Y1, are obtained.

Stage 3: Computing the compressed vector y;

For each x;, the compressed vector y; is

yi = Uz = ((w1]zi), ..., ()" Q1

One efficient approach to obtain vy; is computing each

120302-5
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£15.46

entry by Hadamard tes | with time complexity being

(’)(mlog(M))/eyz).

3.2. Quantum enhanced marginal Fisher analysis

EMFA selects between-class marginal points for each
point from the nearest classes rather than from all other
classes. To reduce its complexity, we propose quantum EMFA
(called QEMFA). Different from standard QMFA, QEMFA in-
volves a two-step process for constructing the weight matrix
of the penalty graph: searching for the nearest classes of each
class and finding the marginal points. The steps to construct
P,lfz (c) are as follows.

(i) Searching for k. nearest classes of each class

For the class ¢, and ¢, the mean vectors of the samples
of ¢, and ¢, are

1 1

Z Ti, Vg

] e@ey

Y = (22)

v -
’ al ¢(@pc,
Then, the similarity between c), and ¢, can be measured by the
Euclidean distance between v, and v,. To compute the mean
vector of each class efficiently, we use the following Theo-
rem 3.

Theorem 3 (quantum mean estimation(*”)) Assume that
the matrix A € R¥>*M is stored in a QRAM. For any A > 0 and

€ > 0, there exists a quantum algorithm that acts as

Unean * 1)[0) = [)[A:.), (23)

in time O (22 AulleW/A)) Gith probability at least 1 — 24,

where A; . is the mean of all elements in the i-th row of matrix
A, and € is the error of A; ..

Assume that X and its corresponding class vector
(C(x1),...,C(zn))T are stored in a QRAM. Then, for each
class ¢, there exists the oracle Oxc that can be applied to pre-
pare the state

1

9p) = ——
g ‘CP| C(m§:cp

1

o —
V N — |CP‘ C(m_,-z);ﬁcp

1
—— ). [Dl=)ep)
Viesl e@pze, ’

1
SV Y
(p] ce Clej)=c,
Using Theorem 3, we obtain the state
1 1

10p) = ——= Wp)lep)——=——=). IVg)lcy). 25)
g MC(@,—X)ZZCP rer \/N_|CP‘C(1§‘Z'F o

Then, using Theorem 2, the distance between between v, and

)|z ep)

i)l j)1C ()

[Pl jleq). 24

each v, is calculated. We have
1

wp)lep)
V ‘CP| C(w%:cp v

165) =

oY e B ). Q6)

V N— |C19| cqFCp
Subsequently, with the use of the quantum search algorithm,
M-p, the set of k. nearest classes of ¢, is obtained.

(ii) Searching for the marginal points

Preparing the state

1

165) = ——
g |CP| C(w%ch

1

VZeiens, leal ciapen,

and using Theorem 2 to estimate the distance between x; and

i) 1), @7)

x;, we have

1

T4 .
|¢P> \/WC(GC,-Z)::C,, |l>

1

B )
\/mc(mj)EM-p

Then, search the k; shortest distances through quantum search

I)ld? (i ;). (28)

algorithm to form P,Ez (cp)-

Iterating the two steps n. rounds, we obtain

{PL, (cp)}3e- Wy is constructed with entries

WE); = { (1)’ éisé) € Py, (c(zi) or(i, j) € Py (c(=))), 29)

After that, W]}; serves as the input in Stage 2, along with
W.  Specifically, storing WY in a QRAM, we imple-
ment a (2[|Wg [, polylog (N),&,)-block-encoding of Lf in
time O (polylog(N/e,)) according to Lemma 5. Using
Lemma 6, the block-encoding of XTLEX + ul can be ob-
tained and used for the subsequent steps of solving the GEP
of (XTLX;XTLEX + ul) and computing the compressed vec-
tors.

3.3. Quantum multiple marginal Fisher analysis

Different from EMFA and standard MFA, in MMFA, the
construction of the penalty graph starts with searching the set
of marginal points between each pair of classes (c),cy), de-
noted as § ,I:f (¢p,cq). With a focus on accelerating this process,
we propose quantum MMFA (called QMMFA).

Specifically, for (cp,cq), we initially prepare the state
|99 ,). where

1 1

054 = 19
= ek, et X

Applying Theorem 2 to estimate the distances and quantum

i) (30)

search algorithm to search the k, nearest data pairs, we ob-

tain S}(\f (cp,cq). After iterating over all pairs of classes,
M n ..

the sets {Py)(cp)} 2 are formed. Subsequently, similar to
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QEMFA and standard QMFA, we construct the weight matrix
Wy formed as

[Wl\lj[]ij _ { (1): ill’sé) € sz (c(@;)) or (i, ) € sz (c(z))), G1)
Then, similar to QEMFA and standard QMMFA, we execute
Stage 2. After storing Wl\lj[ in a QRAM, the block-encoding of
X TLII\)AX is obtained using Lemma 5 and Lemma 6. This block-
encoding, in conjunction with the block-encoding of XTLX
obtained in Subsection 3.1, serves as the input for the subse-
quent steps.

3.4. Quantum kernel marginal Fisher analysis

KMFA 26-27] extends MFA algorithms to nonlinear cases.
According to Eq. (8), the core of designing a quantum algo-
rithm for KMFA is implementing the block-encoding of the
kernel matrix K. To address this issue, we present quantum
KMFA, namely, QKMFA.

The first stage in QKMFA is similar to QMFA where
the weight matrices are constructed efficiently. In the sec-
ond stage, considering the linear kernel function k (x;, ;) =
x] z;, the kernel matrix K is equal to XX T. Therefore, assum-
ing that X € RV*™ s stored in a QRAM and using Lemma 4,
we can implement an (||X||2,2polylog (N),2[/X||r€)-block-
encoding of K = XXT in time O (polylog (NM/€)). Then,
given an N x N matrix Z, we obtain Lemma 7 as follows.

Lemma 7
and KTZK + ul) Given the data matrix X €
is stored in a QRAM and a matrix Z € RV*V with a
(o q;; €;)-block-encoding Uz that can be implemented in

(implementing block-encoding of KTZK
RN xM

time 77, for the linear kernel matrix K = XXT, we can
implement an (|| X||f o, 4polylog (N) + q.,4||X|fo.e +
|| X||5:€-block-encoding and an (|| X ||fo, + u,4polylog (N) +
4,4 X |[Foze + || X|#€;)-block-encoding of KTZK and
KTZK + ul in time O (polylog (NM /&) + Tz).

Using Lemma 7, with the utilization of the block-
encodings of L and LY obtained in Subsection 3.1,
we obtain a (2X[&W|l, Spolylog(N), 4|X|3 [ W]re, +
| X|/5:€v)-block-encoding of KTLK and a (||X||&|WP|r +
w,5polylog(N), 4[| X||3|WP|lrec + || X||f&w)-block-encoding
of KTLPK + uI in time O(polylog(NM/(&¢,))). Here, Z'
also can be the Laplacian matrices constructed in QEMFA
and QMMFA. Subsequently, using Theorem 1, the GEP of
(KTLK;KTLPK + uI) is solved with the initial input quantum
state being ﬁ YN, |i). Then, search the m smallest eigenval-

ues {|A;)}", and corresponding eigenvectors {|u/)}" .
Finally, for x;, the low-dimensional vector y; is

yi = (]| Pe()... (up | Pe() . (BD)
where |Pi(x;)) = NL,’C Ij\':l k(xj,x;)|j) with the normaliza-

tion factor Ni. = «/Zy:1 k(x;,x;). The authors in Ref. [48]

provides a quantum approach to preparing |®Px(x;)) in time
O(v/Npolylog(NM /g,), then perform the Hadamard test to

obtain compressed vectors {y;}Y ;.

4. Complexity analysis

Before analyzing the time complexity of individual algo-
rithmic steps, we first take the initial state preparation into ac-
count. Assume that the dataset X is balanced in the sense that
the number of samples of class ¢,(p = {1,...,n.}) satisfies
lcp| = O(N/nc) and assume ne < N, then the initial quantum
states (including [97), [97). |#9). |;) and [¢) ) can be pre-
pared in time O(polylog(NM)) if we have quantum access to
{x;}Y, and their classes C(x;). The proof is shown in Ap-
pendix C.

The subsequent discussion provides a comprehensive
computational complexity analysis for each quantum algo-
rithm, as outlined below.

(1) Complexity of QMFA

During Stage 1, for the constructions of W, the first
step is to compute the distances between a sample «; and
other samples within the same class. Theorem 2 is executed
with time complexity being O(polylog(NM/&,)n;/€4) where
Ni = MaX¢(z)=c(a;) ([|2;]]). Subsequently, using the quantum
search algorithm, k; nearest neighbors of x; is obtained in time
O(v/ki|C(;)]). Iterating N rounds to obtain {\, (i)}Y,, the
total complexity is

Ty = O(Z Vki1|C(x;)|polylog(NM /e )ni/€4)

= O(NN+/kiNpolylog(NM/e,)/¢a), (33)

where 11 = max;(1;) = max;(||x;||). & and &; denote errors
caused by accessing X and estimating d(x;,x ), respectively.

Considering the construction of WP for the class Ccp, the
running time of constructing the set of k, nearest sample pairs

Pr, is O(y/ka|cp|(N —|cp|)polylog(NM /e)n/e;). There-

fore, after iterating n. rounds, the time complexity is

Tyr = O Y. \fkeley| (N = |e,|)polylog(NM /e /e
p=1

= O(n+/koNpolylog(NM /&) /€4). (34)

In Stage 2,
to solve the GEP. In this stage, the block-encoding of
XTLX and XTLPX + pl can be implemented in time
O (polylog (NM/(&c€y))). Then, according to Theorem 1, the
GEP is solved in time

the block-encodings are implemented

1.5

WKy
TGZO<K2-5Tm+ SB (polylog(NM/sW)+wPK3)> .(35)
A
2
where B = XTLPX + ul, o = % and of =

20X B |+

IXTIPXpd] Due to |[W[[r = O(vNki) and [WF|p =
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O(VneKz) = O(1), ® = O(v/N) and @° = O(1). Further-
more, the running time to prepare the initial state in The-
orem 1 is T, = O(log(M)). Assume that the X is scaled
such that | X||g is a constant, then Tg is on the order of
O(v/Npolylog(NM)).

In the final stage, the complexity of obtaining all low-
dimensional vectors is Tc = O(mNlog(M))/€]).

Further adding the running time of obtaining the com-
pressed vectors, and assuming that errors satisfy €, = g; =
&y = €5 =0(log(&)) = O(log(ey)) denoted to € and k1, ky <

N, we have the time complexity of QMFA as follows:

Tomra = Tw + Ty + T + 1Ic
O(NV/Npolylog(NM)/¢). (36)

Compared to the classical MFA with time complexity being
O(N?M + M?), the proposed QMFA exhibits polynomial ac-
celeration in the number of samples N and exponential accel-
eration in the dimensionality M. The comparison of the time
complexity of each step is shown in Table 1.

Table 1. Comparison of time complexity for each step in QMFA.

QMFA Classical MFA
Ty O(nNN+/kiNpolylog(NM/€,)/€4) O(N*M +kN)
Typ OMvky Npolylog(NM/sX) /€4) O(kyN?)
T O(k93 log(M) + “”“B (polylog(NM/g,) + 0 k) O(N?M +M?N +M?)
Te O(leog( ))/€2) O(mNM)
Trotal O(N+/Npolylog(NM) /) O(N’M +M?)

(i1) Complexities of QEMFA, QMMFA, and QKMFA

The primary distinction among QEMFA, QMMFA, and
QMFA is the construction of the penalty graph, while QKMFA
differs from QMFA in the block-encoding methodology used
in its second stage. Therefore, this complexity analysis will
focus on the graph construction complexity of QEMFA and
QMMFA, as well as the computational complexity of the sec-
ond stage of QKMFA.

In QEMFA, for the construction of Wg , the k. near-
est classes of the class ¢, is obtained first in time TIE =
O(v/kene max; j |X;;|log 1 polylog(NM /) /€,) with proba-
bility at least 1 —2A. Subsequently, the time complexity of
forming P,g (cp)is

Tp2_0< [k2lcp| X/\:/ |Cq|P01y10g(NM/£xm/3d>-
Ccq€ cp

Thus, the total time complexity of the construction of Wg is

Typ
WE

¢
Y T+ 7y
p=1

1
O((T]N/Sd + max |X,'j| log A/SV)
L]

x \/kapolylog(NM / 8x)>' (37)

In QMMFA, for the construction of WI\I/DI, k> near-
est sample pairs between each pair of classes (cy,cy)
are obtained.  During one iteration, the running time

O(v/ka|cplcqlpolylog(NM /€ )N py/€a) wWhere 1, =

MaXe (a,)efc,c,) ([Till).  After iterating n2 rounds, the time

complexity is

Tyr = (Z Z ka|cp||cqlpolylog NM/sx)an/sd>

p=lg=
= O(nVkaNpolylog(NM /&) /€4)- (38)

Notably, although Tje, TW}!:” and TWI\IZ are all on the order
of O(Npolylog(NM)), due to differences in the search spaces
of sample pairs, we have

Ty < Tyr < Typ. (39)

In classical EMFA and MMFA, the time complexities for
constructing Wi and Wy are on the order of O(N?). In con-
trast, quantum methods provide polynomial speedups. When
considering the subsequent quantum processes, the overall
time complexities for QEMFA and QMMFA are approxi-
mately on the order of O(N+/Npolylog(NM)). Therefore,
QEMFA and QMMEFA achieve a speedup equivalent to that
of QMFA.

In QKMFA, the GEP of (KTLK;KTLYK + ul) is solved
in time

1.5

Wi K;
Ty = O( BKTlf+K(polylog(NM/Sw)erzl;KBk)),

(40)

20X e

where Bx = K'LYK + ul, agx = TKTLPK+ud]]?

2||X|[HIWP e+ . .
% and TX = log(N). Similar to 75 in QMFA, Tk

is on the order of O(v/Npolylog(NM)). Then, in the stage of
obtaining the low-dimensional vectors, the time complexity of
obtaining {y;}Y , is O(mN+/Npoly log(NM)/e ). Since the
constructions of W and W in QKMFA are equivalent to those

P _
O =
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in QMFA, the total complexity of QKMFA is also on the order
of O(N+/Npolylog(NM)). Therefore, QKMFA also exhibits
a polynomial acceleration in the number of samples N and ex-
ponential acceleration in the dimensionality M compared to
the classical KMFA.

5. Numerical simulation

To evaluate the effectiveness of the proposed QMFA algo-
rithm, we conduct comprehensive numerical experiments from
two perspectives. First, using the Qiskit platform, °! we simu-
lated a simplified quantum circuit with 18 qubits to validate the
feasibility and evaluate the performance of QMFA. Second,
we perform classical perturbation simulations, in which ran-
dom perturbations are introduced into classical algorithms to
emulate quantum errors, thereby approximating realistic quan-
tum computational environments. Given that the primary ob-
jective of dimensionality reduction algorithms is to enhance
the performance of downstream tasks, we quantitatively assess
embedding quality through the classification accuracy using
support vector machine (SVM).[PY! Specifically, we focus on
the binary classification problem of distinguishing digits ‘2’
and ‘3’ from the handwritten digits dataset, (511 which contains
360 samples with an original feature dimension of 64. All ex-
periments are conducted using 5-fold cross-validation, and the
average classification accuracy across folds is reported as the
primary performance metric.

(i) Quantum circuit simulation

Assuming that the implementation of the critical QRAM
operations is feasible, the block-encoding of the target matri-
ces requires a significant number of ancillary qubits. For in-
stance, considering a data matrix of size 23 % 23 the construc-
tion of the corresponding block-encodings demands at least 30
qubits. In the subsequent phase estimation step, a 2-qubit reg-
ister is employed to achieve eigenvalue precision up to 2 bits.
During the Grover search process, an additional 2 qubits are
allocated for eigenvalue comparison, along with 1 qubit for
the Grover oracle used to flag eigenvalues below a specified
threshold. Consequently, the total qubit requirement reaches
35 qubits. Moreover, the Grover amplitude amplification pro-
cedure involves repeated invocations of quantum circuits for
computing XTLX and XTLPX 4 uI, which imposes a consid-
erable computational burden. This exceeds the current capa-
bilities of our computing device.

To address the aforementioned resource constraints, we
simplify the quantum algorithm by implementing a Hamilto-
nian simulation of the operator (XTLPX + ul)~'(XTLX) us-
ing Qiskit, followed by phase estimation and amplitude am-
plification. In this setup, phase estimation is performed with
a 6-qubit register to approximate the eigenvalues, while am-
plitude amplification involves a pre-defined threshold to select
eigenvectors associated with eigenvalues below this threshold

for projection. For 64-dimensional input features, the overall
quantum circuit requires 18 qubits: 5 qubits for Hamiltonian
simulation, 6 for phase estimation, and 7 for amplitude am-
plification. Subsequently, we apply amplitude encoding to the
input vector x; and compute its inner product with the selected
eigenvectors, thereby obtaining a 6-dimensional embedding
vector y; for each sample. As demonstrated in Fig. 4, the quan-
tum algorithm achieved 5-fold cross-validation accuracies of
94.44%, 81.94%, 88.89%, 88.89%, and 95.83%, yielding a
mean classification accuracy of 90.00%. In contrast, the classi-
cal algorithm attained accuracies of 91.67%, 76.39%, 93.06%,
80.56%, and 93.06%, with a mean accuracy of 86.84%. This
comparative analysis reveals that the proposed QMFA outper-
forms its classical counterpart in classification performance.
100.00
—~ 80.00 [ ]
60.00

40.00

Accuracy (%

20.00

Fold 1 Fold 2 Fold 3 Fold 4
o Quantum

Fold 5

o Classical

Fig. 4. Performance comparison between quantum and classical MFA
under 5-fold cross-validation.

Accuracy
1.000

0.980 { T

0.960

0.940

0.920 j j

0.900

0.880

0.860 ’
””” €a/ew/ex: 0/0/0

0.25/0.25/0.90

0.840
0.05/0.05/0.50 0.10/0.10/0.60 0.15/0.15/0.70 0.20/0.20/0.80

Error g4/ey/ex

Fig. 5. Classification accuracy under different errors in classical perturbation
simulation.
(i1) Classical perturbation simulation

Following the simulation approaches in Refs. [8,9], we
assess the effectiveness of QMFA by introducing controlled
errors and stochasticity into classical algorithms. In the clas-
sical perturbation simulation, we reduce the dimensionality to
16 and employ SVM to classify the obtained embedding vec-
tors. Specifically, we consider three primary sources of error:
&, (associated with distance estimation), &, (stemming from
matrix simulation inaccuracies), and €, (resulting from eigen-
value estimation imprecision). We conduct experiments across
five distinct error configurations (g4/€,/€,): 0.05/0.05/0.5,
0.1/0.1/0.6, 0.15/0.15/0.7, 0.2/0.2/0.8, and 0.25/0.25/0.9. For
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each configuration, 20 randomized trials are performed to en-
sure statistical reliability. As illustrated in Fig. 5, the results
show that the proposed quantum algorithm maintains compet-
itive classification accuracy compared to its classical counter-
parts, and even outperforms them.

6. Conclusion

In this paper, we present a quantum algorithm for MFA,
called QMFA. We further explore quantum algorithms for the
variants of MFA, including EMFA, MMFA, and KMFA. Com-
plexity analysis demonstrates that the proposed quantum algo-
rithms achieve polynomial speedup in the number of samples
and exponential speedup in dimensionality when compared
to classical counterparts. MFA algorithm is a representative
method within the family of graph embedding-based dimen-
sionality reduction techniques. Graph embedding provides a
unified framework for a wide range of dimensionality reduc-
tion algorithms by constructing an intrinsic graph to preserve
local data structure and a penalty graph to suppress undesired
variations, followed by solving a generalized eigenvalue prob-
lem. In this paper, we develop a quantum version of the classi-
cal MFA algorithm, thereby laying the groundwork for explor-
ing quantum implementations of graph embedding-based di-
mensionality reduction methods. This quantum algorithm can
serve as a reference framework and a valuable guide for ex-
tending other classical graph embedding techniques to quan-
tum computing paradigms.

Currently, there is no efficient quantum search algorithm
that can obtain the superposition state of the k nearest neigh-
bors of multiple samples in parallel. Consequently, we it-
eratively search for the nearest neighbors of each sample,
which makes the construction of the weight matrix time-
consuming. The development of a more efficient search algo-
rithm holds promise for significantly accelerating the proposed

approach. Moreover, hybrid quantum-classical algorithms, 2!

153

such as the quantum kernel estimator, >3] and quantum neural

networks, [54]

show excellent performance in various machine
learning tasks. Explore their combination with MFA has the
potential to yield a more diverse and effective kernel function,
consequently leading to performance enhancements. We will

conduct further research on these aspects in the future.

Appendix A: Proof of Lemma 3

Proof Let V; =1, o; ®@U;. Then, V; is the (a;,a,€;)-
block-encoding of A ;.

1A — B ((0]*" @ (0% @ NU(|0)*" @ [0)** @ 1)
m—1
=[lA— ZE) aBc;((0]* @ NV;(|0)** @1)|
Jj=

m—1

<ae +[A- Y ay;((01* @N)V;(|0)** 1)
Jj=0
m—1 )

<aer+[A— Y (0] @D)V;(|0)* @ 1)
Jj=0

m—1

<ae + ) yjllA;— o (01 @ NV;(j0)* @ 1)]|
J=0

m—1
<aei+ Y yjg).
Jj=0

(A1)

Appendix B: Proof of Lemma S

Proof

Lemma Bl (block-encoding of sparse-access
matrices*!l) Let A € CV*N be a matrix that is s,-row-sparse
and sc-column-sparse. Suppose that we have access to the
following sparse-access oracles acting on two ([log (N)] +1)-

qubit registers:

O [)]j) = |D)]ra),
Oc : |O1)) = 10)|cj),

Vie [N| -1,k e s,
Ve € [s¢], j € [N]—1,

(BI)
(B2)

where r;; is the index for the j-th non-zero entry of the i-th
row of A, or if there are fewer than i non-zero entries, then it is
J+N, and similarly c;; is the index for the i-th non-zero entry
of the j-th column of A, or if there are fewer than j non-zero
entries, then it is i + N. Additionally, assume that we have ac-
cess to an oracle O, that returns the entries of A in a binary
description:

O+ DN)I0)" = [DIj)IA),  VijeN]=1,  (B3)
where A;; is a b-bit binary description of the ij-matrix el-

Then a (y/s;scmax;;(A;;), [log(N)] + 3,¢€)-
block-encoding of A can be implemented with a single

ement of A.

use of O,, O., two uses of O4, and additionally us-
ing O (log(N)+ log?? (*2<)) two-qubit gates while using
O (b,1og*’ (*¢)) ancilla qubits.

Since D is a diagonal matrix with D; = ¥; W;; = ||W.||?,
according to Lemma B1, if there are two unitary operators Up
and Vp, to access the index of non-zero entries of D and access

the entries of D respectively, where

Up :1i)|0) = [D)3),
Vo 2 [)[)10) = [)])|Dij)

(B4)
(B5)

then we can construct a (1, polylog (N), €)-block-encoding of
D intime O (Ty + Tp).

In terms of Up, we prepare the initial quantum state
YN 1]0)
N Li=1 ‘
O (polylog(N)) by a quantum addition circuit acting as
1010) > )10 ).

Then, Up can be implemented in time
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For Vp, based on the assumption that we have quantum
access to W, there is an oracle to access Oy the norm of the

i-th row of W in time O (polylog (N)), where
w  [)]0) = [D[[We ) (B6)

At ﬁrst prepare the initial

Y, J L 11}17)10)|0)c. Then, checking the equality of i and
j by Us., the state becomes

v1) = <Z| /0)[0). ) (B7)

Next, implementing the controlled Ow to access ||W;.|| if the

quantum state |yp) =

Z )Y 1io)[1)

i=1  j#i

controlled qubit is in |0), we have

lwa) = (Z W1} ]0)e ; §,J|O|1>

(B8)

Implementing the inverse of U, we obtain

lws) = (Z Al Z ZUIO) c. (BY)

Appending a register to store |||D;;||) = |||W;.||?), there exists a
quantum circuit Upqy to realize

|‘/’4> = Upoww’3>

(D NILANAR Z Zmom)

i=1  j#i
(B10)

Thus, after the inverse of the controlled Oy, we have

lws) = (Z D)W1) +Z| Z|J|0> (B11)

i=1  j#i
Through the above operations, we access the entries of D suc-
cessfully. U, and Upow acting as

Ue = [D)]1)10) =)[i)|7)18 (7, 1))

Upow : |i)ai) =) i) |a?),

can be implemented in time O (polylog (N)). Here 6 (i,j) =0

(B12)
(B13)

if i = j, otherwise 0 (i, j) = 1. Therefore, the time complex-
ity of implementing Vp is O (polylog(N/g,)). Overall, a
(max;(||W.||*), polylog (N), &,)-block-encoding of D can be
implemented in time O (polylog (N/¢,)).

At this moment, a (||W||g,polylog(N),e,)-block-
(max;(||W.||*),polylog (N) &, )-block-
encoding of W and D can be implemented in time
O (polylog(N/e,)). Using Lemma 2, let y = (1,—1),
B=|ylli=2 b=1,and ¢ =d = (1/v/2,—1/v/2), then
(H,HX) is a (2,1,0)-state-preparation-pair for y. As a re-
sult, we can implement a (2||W||g,polylog(N),&,)-block-
encoding of L =D — W in time O (polylog(N/€,)).

encoding and a

Appendix C: Complexity analysis of initial quan-
tum states preparation
Assume that we have quantum access to samples with

their class {z;,C(z;)}Y, that are stored in a QRAM, then
there exist oracles Oy and O acting as

Ox : [1)[0) = [i)] ), (1)
Oc : [i)|0) = [D)]C (1)), (€2)
in time O(polylog(NM)).

(i) Preparation of |¢?)

Prepare the quantum state |i)1]0)5 fog(re) |O>?l°g(m |0>ff)1°g("°)

and apply Hardamard gates H®1°gW ) on the third register, then

we obtain
6o) = [1)|0) J (C3)
|60) fZ\
Next, executing the oracle OC, we have
1 N
91:ij-— ]CEE (C4)
161) = [))C( ’)>\/1V,;|>| ()

Append an ancilla qubit and compare |C(x;)) to |C(x;)), then
the state becomes

162) = [D[C (i) |)1C())10)

1 ( Z
VN C(xj)=C(z;)

_ |j>|c<m.,->>|1>).

C(xj)#C(x;)

(C5)

0
i
cess probability of getting |0) being po = |C(x;)|/N. We need
O(1/po)

sumption of |c,| =

) is obtained with the suc-

= O(1) measurements to obtain |¢) under the as-
Q(N/n¢) and ng < N for p={1,...,n.}.
Therefore, the time complexity to prepare the state |¢i0> is
O(polylog(NM)).

(ii) Preparation of |¢7). [9)), |;) and |@] )

Prepare the quantum state |0>®10g |O>®log e |0)®1°g( )

|0>f’log("°) and apply Hardamard gates H®'°¢™V) on the first

and third registers, then we obtain

|60) = lNil" 0) fZU 0). (C6)
Next, executing the oracle OC, we have
< 1 ¥ 1 ¥

161) = ﬁ;mlc(wmﬁ;mlc(wm (C7)

Append an ancilla quantum register |c,) and 2 flag qubits, and
compare |C(x;)) and |C(x2)) to |cp), then the state becomes

o=ty (L wicwo
C

zi)=cq

120302-11
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© L

C(:c_/);écq

|j>|c<a:,->>|1>f2+u>), ()

where | L) denotes the state with the flag qubits in [0)|0) /, 1,,
[1)]0) £, 5> and [1)|1) 4, 1,. Measuring the flag qubits to see
0)[1) £, /55 |¢19> is obtained with the success probability be-
ing po1 = |cp||N — ¢,|/N?. Similar to the preparation of |¢?),
O(1) measurements are required to obtain |¢19>, and the total
time complexity is O(polylog(NM)).

After preparing |¢2>, (ﬁ}f} is obtained by applying the
(}33} and

‘¢19,q> can be prepared by querying whether the forth register

oracle Oy in time O(polylog(NM)). Furthermore,

|C(x;)) in state |0;) is in N, and equal to ¢, with success
probability being |C17||Zq€/\fc,, cql/N? and |cp||cy|/N?* respec-

432) are

tively. The total time complexity of preparing M)](,)),
O(polylog(NM)) as well.
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