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The estimation of quantum phase differences plays an important role in quantum simulation and quantum computa-
tion, yet existing quantum phase estimation algorithms face critical limitations in noisy intermediate-scale quantum (NISQ)
devices due to their excessive depth and circuit complexity. We demonstrate a high-precision phase difference estimation
protocol based on the Bayesian phase difference estimation algorithm and single-photon projective measurement. The iter-
ative framework of the algorithm, combined with the independence from controlled unitary operations, inherently mitigates
circuit depth and complexity limitations. Through an experimental realization on the photonic system, we demonstrate
high-precision estimation of diverse phase differences, showing root-mean-square errors (RMSE) below the standard quan-
tum limit O(1/+/N) and reaching the Heisenberg scaling O(1/N) after a certain number of iterations. Our scheme provides
a critical advantage in quantum resource-constrained scenarios, and advances practical implementations of quantum infor-

mation tasks under realistic hardware constraints.

Keywords: Bayesian phase difference estimation, single-photon projection measurement, Heisenberg limit,
quantum information, quantum state engineering and measurements
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1. Introduction

The estimation of quantum phase differences has
1-3]

vital applications in quantum metrology,! quantum
simulation,*®  quantum chemistry,[”®! and quantum
computing,!”~'# enabling precise determination of molecular

s,[13:16] spectral analysis,!!”! chemi-

and atomic energy gap
cal reaction rate prediction.!'8! However, conventional quan-
tum phase estimation (QPE) faces critical limitations in the
noisy intermediate-scale quantum (NISQ) era. Specifically,
its dependence on a large number of ancillary qubits!'®!
and deep quantum circuits makes it highly susceptible to er-
rors, rendering it impractical under current quantum resource

[20] To address these challenges, hybrid quantum-

constraints.
classical algorithms have been developed, such as iterative
quantum phase estimation (IQPE) and Bayesian phase estima-
tion (BPE).[>!-23] These algorithms utilize just one ancillary
qubit, decomposing complex circuits into iterative shallow
subroutines, thus reducing circuit depth and enhancing their
compatibility with NISQ devices. However, both IQPE and
BPE require controlled unitary operations,?>?71 a require-
ment that inherently increases quantum circuit complexity

and consequently compromises experimental feasibility. In

TThese authors contributed equally to this work.
fCorresponding author. E-mail: gongyanxiao@nju.edu.cn

CSTR: 32038.14.CPB.adde33

contrast, the Bayesian phase difference estimation (BPDE)
algorithm 8! circumvents the need for controlled unitary oper-
ations, and instead only requires state preparation (controlled-
Excite) and its inverse. Notably, controlled-Excite gates ex-
hibit shallower circuit depths than the controlled unitary op-
erations required by IQPE and BPE, positioning BPDE as a
resource-efficient and NISQ-implementable solution.

In this work, we experimentally implement a BPDE al-
gorithm on the photonic quantum system and achieve high-
precision estimation of phase difference values. Unlike con-
ventional phase estimation algorithms that employ major-

ity voting schemes,2%-3]

our approach constructs the like-
lihood function from single-photon projective measurement
results. We estimate three types of phase difference val-
ues, including small, randomized, and special phases, demon-
strating root-mean-square errors (RMSE) below the stan-
dard quantum limit O(1/4/N) and reaching Heisenberg-
limited scaling O(1/N).131734 The universality of the al-
gorithm for arbitrary unknown phases, combined with its
use of single-photon projective measurements, establishes a
resource-efficient framework for quantum information pro-

cessing in resource-constrained NISQ environments.

© 2025 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.
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2. Bayesian phase difference estimation

We consider that an evolution unitary operator U corre-
sponding to an underlying Hamiltonian has two eigenstates
|wo) and |y ), such that

Ulwi) = e'%|y), (1)

where k = 0 and 1 represent the ground and the excited states,
respectively. The eigenphase difference ¢ = o} — 0 is the
unknown phase to be estimated, and we assume ¢ € [0,27).
The quantum circuit for BPDE is shown in Fig. 1(a). Ini-
tially, an ancillary qubit is in state |0)c and the system state is
in the eigenstate |yj)s, with the subscripts C and S denoting
control qubit and system, respectively. After the Hadamard
gate Hc the control qubit evolves into (|0)c + |1)¢)/V2.
Then, a controlled-Excite operation Uc.g is introduced with
the ancillary and system states acting as the control and target
qubits, respectively. Explicitly, the operation can be expressed
as Ucg = |0)c(0|c ® Is + [1)c(1|c ® Es, where the excita-
tion operator Es|yy)s = |y1)s. Hence, after the controlled-
Excite operation, the two-qubit state becomes (|0)c|yp)s +
I)c|w1)s)/v/2.  Next, the unitary operation U given in
Eq. (1) is applied to the system state M times, and conse-
quently, the two-qubit state transforms into e ™% (|0)c|yo)s +
e'™?|1)c|y1)s)/v/2. Then, a controlled-inverse-Excite oper-
ation is implemented, expressed as Uc.ig = |0)c(0|c ® Is +
1)c(1|c ® EL, where EJ|yi1)s = |o)s. Hence, the two-qubit
state evolves into ™% (|0)c + e™?|1)c)|wo)s/V/2. Next,
a phase shift gate with a parameter A¢e for estimation is per-

(a)

formed on the control qubit, given by
Tc(—MAS) = |0>C<O‘C+eiiMA8|1>C<1|C. 2)

Finally, after a Hadamard gate Ac on the control qubit, the
two-qubit state evolves into

%eiMaO{[(l + CiM(¢_A£>H0>C

+[1— MO 1) p)s. 3)

Hence, the measurement probabilities of projecting the ancil-
lary qubit on state |0)c and |1)¢ are respectively given by

P(r=0) = %{I—FCOS[M((P—AE)]}, “)
P(r=1) = %{l—cos[M((j)—Ae)]}, 4)

where r € {0, 1} denotes the measurement outcome.

To simplify the phase estimation process, we diagonalize
the unitary operator Us in the basis {|Wo), |wi)}, and define
|0)s = [wo) and |1)s = |y1), having

A

Us

e'%0)5(0]s + e'¥|1)s(1]s
= ei® (|o>s<0|s+ei¢|1>s<1|s>. 6)

In this case, the excitation operation Es and its inverse
can be written as the NOT gate Xs, and consequently, the
controlled-Excite and controlled-inverse-Excite operations are
both equivalent to the C-NOT operation, as shown in Fig. 1(b).

0y — A [fe(-Maof— e — A
|w0>S ES US US e US E;_|
l—f—,
M
1 ®) =
10)c e To(—MAe) 1 He A
‘0>S XS US US Us )A(S
l—'_l
M

Fig. 1. The quantum circuit diagram for Bayesian phase difference estimation of (a) a general unitary operator and (b) the diagonalized unitary operator.

Beyond the quantum circuit in Fig. 1, the BPDE further
utilizes classical algorithms to process quantum measurement
results to obtain the posterior distribution and update the pa-
rameters of the circuit for subsequent iterations. In contrast
to the traditional BPE algorithm, we adopt the rejection fil-
tering phase estimation (RFPE) algorithm.*” In this regard,
a prior Gaussian probability distribution P(9) = N'(u, ?) is
used to represent the confidence that the current hypothesis
aligns with the true phase ¢. The likelihood function is deter-

mined by the projection measurement probabilities given by
Egs. (4) and (5), namely, P(r|¢;Ae,M) = P(r). According to
the Bayesian inference, after the measurement result, the pos-
terior probability distribution of ¢ is
P(rlg;Ae, M)P(9)

[ P(rlg;:Ae, M)P($)d¢
The detailed procedure is outlined as follows.

I. Set an initial normal distribution Ny(uo, 63), which is
taken as the initial prior distribution N (1, 612).

P(¢|r;Ae, M) =

(N
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II. Based on the prior distribution N;, parameters M and
Ag are determined by M = [1.25/06;], and Ae = L, respec-
tively, where [-] means taking an upward integer. The param-
eters are applied to the quantum circuit to obtain the projection
measurement outcome r € {0,1}.

1. Through a classical computer, m = 1000 samples {x; }
are randomly selected according to the prior distribution A/j.

IV. From Egs. (4) and (5), the likelihood function corre-
sponding to the outcome r is constructed as P(0|x;;Ae,M) =
{1+cos[M(x;—Ag)]}/2 and P(1|x;; Ae,M) = {1 —cos[M (x; —
Ag)]}/2. Then with these probabilities the accepted samples
{xaccept} are generated, which satisfy the posterior distribution
as well according to Eq. (7).

V. The mean 4, and standard deviation o, of the accepted
samples {xaccept} are calculated to obtain the posterior distri-
bution ./\/2(#27 622)

VI. Determine if the convergence condition has been met.
If not, set the posterior distribution N, as the new prior distri-
bution N7, and then repeat steps II through V. Once the con-
vergence condition is satisfied, terminate the iteration process.

3. Experimental setup

In our experiment, we demonstrate the BPDE algorithm
shown in Fig. 1(b) for high-precision estimation of phase dif-
ferences in the photonic quantum system. The experimental
setup is shown in Fig. 2. A 2-cm-long periodically-poled
potassium titanyl phosphate (PPKTP) crystal is pumped by
a continuous-wave laser (MDL-E-405-50 mW FI91719) with
wavelength of 405.6 nm to produce non-degenerate photon
pairs at 809 nm and 813.4 nm through the type-II spontaneous
parametric down-conversion (SPDC) process. The polariza-
tion state of the pump laser is controlled by the half-wave plate
(HWP) H,, and the quarter-wave plate (QWP) Q. The orthog-
onally polarized photon pairs are separated at the polarizing
beam splitter PBS|, where the vertically polarized idler pho-
tons are reflected and then detected through a single-photon
detector (SPDy) to serve as the trigger, while the horizontally
polarized signal photons are transmitted to the quantum circuit
for BPDE.

Photon source )
H, Qp |:| Filter |:] QWP |:| HWP
f——mm
PRETE N PBS l Coupler | Mirror
) Quantum circuit Measurement
“Idler u
PBS; photon
§ Time
= @ (s
L T M| T i T T
g BD| 387737 BD | 7%73 3
Q3H4Q4 HS
H, ’_‘ Q:H;Q;
. wl > ()
Signal u ~M - PBS,
photon Ug To(MAg)

Fig. 2. Experimental setup for BPDE. PPKTP: periodically-poled potassium titanyl phosphate; QWP: quarter-wave plate; HWP: half-wave
plate; PBS, polarizing beam splitter; BD: beam displacer; SPD: single-photon detector.

The signal photons then pass through the HWP H; ori-
ented at 22.5°, which acts as the Hadamard gate on the polar-
ization qubit, the control qubit, with the definition of |0)¢c =
|H), [1)c = |V). Next, the beam displacer BD; displaces the
horizontally polarized photons by 2.8 mm. We define the dis-
placed upper and lower paths as the system qubit states |0)g
and |1)g, respectively. Then we employ a combination of
QWP-HWP-QWP lying in both paths to implement the M
times diagonalized unitary operation ﬁé"[ , where the axes of Q
and Q; are set to 45° and —45°, respectively, and the axis angle
of Hy, 0, is related to the phase shift value by 8 = M¢ /4. Note
that, although the phase shift is between the horizontal and ver-
tical polarizations, we get an equivalent phase shift operation
on the path qubits, as photons in the upper and lower paths are
horizontally and vertically polarized, respectively. Hence, the

two-qubit state evolves into (|0)c|0)s + e™?|1)c|1)s)/V/2,
where the global phase is omitted. It should be noted that,
while the protocol in Fig. 1 requires M repetitions of an un-
known phase shift operation, our experimental implementa-
tion employs a tunable phase shift configuration to simulate
these sequential operations for proof-of-principle demonstra-
tion. Subsequently, photons in both paths pass through the
HWP Hj3 oriented at 45° to reverse their polarization states,
and are then combined into one path at the beam displacer
BD». Thereafter, the phase shift operation Tc(MAe) is like-
wise realized through the combination of QWP-HWP-QWP
composed of Qsz, Hy, Q4, with the axis angle of Hy o =
MAeg /4. Following this, the HWP Hs oriented at 22.5° per-

forms the Hadamard gate on the polarization qubit. Conse-
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quently, we can write the final state as

% { [1 i eiM(A“ﬂ 10)c + [1 - eiM(A“ﬂ |1>C} 10)s. (8)

In the measurement part, the vertically and horizontally
polarized photons are separated at the polarizing beam split-
ter PBS;, and coupled into single-photon detectors SPD, and
SPDj3, respectively. The coincidence counts of SPD; and
SPD,, Cy, and the coincidence counts of SPD; and SPD3, (5,
are the results of the projection measurement in |1)¢ and |0)c,
respectively, with the corresponding projection probabilities
given by Eqgs. (4) and (5). Note that, to ensure the accuracy
of the projection probability, we adjust the fiber coupling effi-
ciency to ensure the same detection efficiency on SPD; and
SPD;s.
tive measurement, we appropriately reduce the pump power

Moreover, as we employ the single-photon projec-

to maintain the coincidence count rate at approximately 1 Hz.
Then we can estimate the true phase ¢ through Ae by adjust-
ing 0 and «, respectively. In the ideal case, when the estimated
phase is equal to the true phase, namely, A€ — ¢ = 0, we have
C1 :OandCZ: 1.

4. Results and discussion

We begin by experimentally demonstrating the estimation
of a small unknown phase, specifically targeting a true phase

value set to ¢ = 0.1° ~ 1.745 x 1073 rad, to validate our pro-
tocol. The experimental results are shown in Fig. 3(a). We
can see that after ny = 98 iterations, the estimated phase is
obtained to be Ag; = (1.74533 40.00038) x 1073 rad, which
aligns closely with the true phase. This agreement validates
the effectiveness of BPDE in single-shot measurement scenar-
ios. It should be noted that the experimental iteration is termi-
nated once the convergence condition o/(Ag) < 1073 is met.
Furthermore, we analyze the root-mean-square errors (RMSE)
from the estimated phase and the true phase. For an itera-
tion number n, the RMSE with consumed resource number
are expressed as N = Y| M;N;, where N; is the average num-
ber of photons used in each experimental iteration, and for
the single-photon projection measurement, N; = 1. As shown
in Fig. 3(e), when the consumed resource number N > 60
(n > 20), the RMSE of the estimated phase are below the stan-
dard quantum limit. Moreover, the fitting curve of RMSE fol-
lows the Heisenberg scaling O(1/N). Hence, we achieve an
accurate estimation on a small phase, and thus validate the su-
periority of BPDE. Note that since the phase to be estimated is
completely unknown, the initial variance we select is relatively
large, and the initial phase is also likely to be inconsistent with
the true phase, so the convergence of RMSE in the early stage
is relatively slow. Therefore, we mainly fit with data points in
the range of N > 15.

a) 8 b)6 8 10
(a) I Exp. %107 (b) i Exp. (©) b Exp. 180 (d) i Exp. 3.25
— True 5t — True 0.665 7 —True [H[ | — True
6 ’ - 1.78 i — 8
LIS MHHUlm ‘ 0.660 6 T 3.20
‘ L 4 : 76 1
3, 1.74 0.655 5 6 sl
xS 1.73 3 0.650 4 174 [T
2 ' » H“”"mmw.. - . 310
£ 172 2 0.645 [T | 3 T re— H e 20 25 30
&~ 70 80 90 30 40 50 H T
. [ > 2p N, [
i 2
o L 1
0OH
¢, =0.1°~1.745x 103 rad , = 37° ~ 0.6458 rad of ¢3 =102° = 1.7802 rad 0 4 = 180° =~ 3.1416 rad
2 1 1
0 20 40 60 80 0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30
n n n n

* Exp. * Exp.

— Fitting — Fitting
100 k™, SQL SQL
.. —HL

-8

e Exp.
—— Fitting

SQL
—HL

o' 102 10

N N

10° 10

10° 10" 10° 10°

N N

Fig. 3. Phase estimation process with different phase values. (a), (b), (c), and (d) are the estimated phases for ¢; = 1.745 x 1073 rad, ¢, = 0.6458 rad,
¢3 = 1.7802 rad, and ¢4 = 3.1416 rad, respectively, with the corresponding RMSE plotted in (e), (f), (g), and (h). Here, n is the iteration number

and N is the consumed resource number.

To verify the universality of the experimental scheme,
we estimate several phase values, including ¢, = 37° =
0.6458 rad, ¢3 = 102° =~ 1.7802 rad, and ¢4 = 180° =~
3.1416 rad, with the experimental results shown in Figs. 3(b),

3(c), and 3(d), respectively. Explicitly, we obtain the corre-
sponding estimated phase values for the three true phases ¢,
@3, and ¢4 as Ag, = 0.64567 £0.00033 rad, Aez = 1.7803 £
0.0013 rad, and Aeg = 3.1411 £ 0.0019 rad, achieved with it-
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erations ny = 59, n3 = 53, and nq = 31, respectively. We can
see that all of the estimated phase values are very close to the
true phases. Furthermore, as shown in Figs. 3(e), 3(f), and
3(g), with N > 100, the RMSE are below the standard quan-
tum limit and follow Heisenberg-limited scaling. These results
demonstrate the universal applicability of our protocol for es-
timating any phase differences.

Finally, we examine potential errors that may arise from
experimental imperfections, primarily due to the misalignment
of waveplates. Before the experiment, all the waveplates were
calibrated by using a PBS with an extinction ratio of 1000 : 1,
and thus the errors of waveplate angles can be estimated to
be £0.05°. The reading errors of the waveplate angles are
approximately { = +0.2°. Hence, the maximum deviation of
the projection probability can be estimated to be 0.0034. Since
the RFPE algorithm itself is robust to the projection error of at
least { = 0.1, [27] its influence on the estimation results can

be ignored.

5. Conclusion

In conclusion, we have presented an experimental demon-
stration of a high-precision phase difference estimation proto-
col in the photonic quantum system by employing the BPDE
algorithm and single-photon projection measurements. The
experimental results show that the root-mean-square errors
(RMSE) surpass the standard quantum limit O(1/+/N) and
reach the Heisenberg scaling O(1/N) after iterative optimiza-
tion. The universality of our algorithm is validated through
phase estimations across diverse parameter regimes, including
small, randomized, and special phases. Crucially, compared to
conventional schemes consuming a large number of photons,
e.g., majority voting, our scheme requires only single-photon
projective measurements in each experimental iteration, which
offers significant advantages in quantum resource-constrained
scenarios. Note that, although BPDE can split large-scale cir-
cuits through iteration, compared with the conventional quan-
tum phase estimation, since BPDE needs to calculate the op-
timal number of operations M and the posterior distribution
based on prior information and measurement results in each
iteration, it consumes more classical computing resources. In
addition, although the current implementation focuses on di-
agonalized unitary matrices, the methodology can be extended
to arbitrary unitary operators. Our approach demonstrates
a concrete framework for implementing quantum simulation
protocols, for example, molecular energy gap calculations, on
NISQ devices.
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