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The Kuramoto model is one of the most profound and classical models of coupled phase oscillators. Because of
the global couplings between oscillators, its precise critical exponents can be obtained using the mean-field approximation
(MFA), where the time average of the modulus of the mean-field is defined as the order parameter. Here, we further study
the phase fluctuations of oscillators from the mean-field using the eigen microstate theory (EMT), which was recently
developed. The synchronization of phase fluctuations is identified by the condensation and criticality of eigen microstates
with finite eigenvalues, which follow the finite-size scaling with the same critical exponents as those of the MFA in the
critical regime. Then, we obtain the complete critical behaviors of phase oscillators in the Kuramoto model. We anticipate
that the critical behaviors of general phase oscillators can be investigated by using the EMT and different critical exponents
from those of the MFA will be obtained.
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1. Introduction
Synchronization phenomena exist in various types of sys-

tems, from biological systems such as the flashing fireflies to
social systems, such as business cycles in economics,[1] to
neuronal systems, such as the periodic firing of neurons in
the brain.[2] The transition from disorder to synchronization
or partial synchronization usually characterizes a change in a
system’s function or properties,[3–5] i.e., the patterns of partial
synchronization in brain networks are linked to different brain
functions. Therefore, it is essential to understand the mecha-
nism behind the emergence of synchronization.

The Kuramoto model is one of the most fundamental and
classical models of coupled oscillators for studying synchro-
nization phenomena. For the Kuramoto model, in the mean-
field approximation (MFA), the Ott-Antonsen ansatz[6] and
self-consistent equation method are the classic theoretical re-
search routes followed.[7,8] Using those methods, the model
and its extended versions have been widely studied to explore
their critical behaviors analytically.[9–11] The MFA can pro-
vide precise critical exponents for high-dimensional systems
or long-range coupled systems so that Ginzburg’s criterion is
satisfied.[12] In general, precise critical behaviors cannot be
obtained under the MFA. This poses a big challenge to the
studies of phase transition in heterogeneous and nonequilib-

rium systems, since their emergent phases can be heteroge-
neous and evolve over time. Particularly in the study of finite-
size scaling (FSS), the time average of the order parameter
often only utilizes the modulus, neglecting the phase angle,
which leads to inaccurate measurement of the system order-
liness. To address the shortcomings of the above analysis
method, this paper investigates the criticality of the Kuramoto
model on FSS using the eigen microstate. In the eigen mi-
crostate theory (EMT) developed by Chen et al.,[13–20] the
emergence of phase is equivalent to the condensation of an
eigen microstate in a statistical ensemble, indicated by the fi-
nite eigenvalue, which is also the order parameter of phase
transition. Compared with the statistical mechanics of Gibbs,
the EMT account for the distribution function of eigen mi-
crostates rather than microstates.

In previous studies, the EMT has been applied to the Ising
and percolation models[13–15] and has obtained the same crit-
ical exponents. Regarding the phase transition type of the
Vicsek model for collective motion, it was disputed whether
the phase transition is continuous or discontinuous. Using
the EMT, it has been demonstrated that there are actually
two phase transitions in the Vicsek model. As noise de-
creases, there is a discontinuous phase transition of density
at first and then a continuous phase transition of collective
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motion.[17] In addition, the EMT has also been applied to cli-
mate systems, such as Earth’s system temperature, ozone dis-
tribution and atmospheric structure, chimera states and epi-
demic models,[16,21–24] and even revealing the structure and
functional mechanisms of the human brain.[25,26] The spatial
distributions of eigen microstates can describe the structures
of macroscopic, mesoscopic, and microscopic scales and the
corresponding time evolutions. These are very helpful for un-
derstanding the mechanisms behind their emergence in com-
plex systems.

As an important supplement to the order parameter dy-
namics in complex systems,[27] we apply the EMT to re-
visit the phase transition from disorder to synchronization in
the Kuramoto model. Using the phase translational invari-
ance, the microstate configuration in the EMT is established.
Through experiments, we obtain the same critical properties
as the MFA, such as the critical coupling strength and criti-
cal exponents. Moreover, the eigen microstates and their evo-
lutions can visually represent the oscillators’ spatial distribu-
tion, phase separation, and their principal fluctuation modes. It
has been demonstrated that the emergence of the largest eigen
microstate indicates synchronization, which also evolves with
time and is consistent with the fact that the Kuramoto model
is not in equilibrium.

This paper is organized as follows. Section 2 introduces
the Kuramoto model and defines its microstates. Then, we
provide the finite-size scaling of eigenvalues and calculate
the critical exponents of the Kuramoto model in Section 3.
Section 4 demonstrates the spatial and temporal patterns of
eigen microstates for different coupling strengths. Finally, we
present our conclusions and discussions in Section 5.

2. Kuramoto model and its microstates

The Kuramoto model consisting of a finite population of
N globally coupled oscillators is governed by

θ̇i = ωi +
K
N

N

∑
j=1

sin(θ j −θi), i = 1,2, . . . ,N, (1)

where θi and ωi are the phase and intrinsic frequency of oscil-
lator i, and K is the coupling strength. The equation demon-
strates the two competing tendencies of an oscillator, one is
to rotate according to its intrinsic frequency, and the other is
to shrink the differences between its own phase and its neigh-
bors’ (in the globally coupled case, its neighbors include all
other oscillators). When the coupling strength is weak, the
oscillators keep their periodic motion. With an increase of
coupling strength, more and more oscillators will be synchro-
nized.

To quantify the coherence of oscillators, Kuramoto intro-

duced the following order parameter and defined it as

z = ∆ e iΘ =
1
N

N

∑
j=1

e iθ j , (2)

where ∆ is the modulus of this complex order parameter and
Θ is the arbitrary phase of oscillator. If the oscillator’s phases
are uniformly distributed in the range [−π,π], ∆ = 0, mean-
ing no synchrony among the oscillators. If all oscillators rotate
with the same phase, there is the full synchrony and ∆ = 1. In
most cases of phase distribution, 0 < ∆ < 1 and oscillators are
partially synchronized.

Inserting Eq. (2) into Eq. (1), we obtain

θ̇i = ωi +K∆ sin(Θ −θi), i = 1,2, . . . ,N. (3)

If the coupling strength K is extremely weak, ∆ ≈ 0 and this
equation can be regarded as a dynamic equation of a simple
driven pendulum without damping. With the increase of K,
there exists a critical value Kc so that some oscillators start
to rotate at the same pace Θ = ω̄t for K ≥ Kc (the mean fre-
quency ω̄ is not directly equal to the average of intrinsic fre-
quencies ⟨ωi⟩. It is merely the angular velocity of the syn-
chronous motion of the coherent oscillator, affected by the in-
trinsic frequency and the coupling structure dynamics). The
phase order parameter is strictly zero on the subcritical side
(K < Kc). Based on the self-consistent equation, the critical
coupling strength and its scaling exponent β can be rigorously
calculated through theoretical derivation.[7] On the supercriti-
cal side (K > Kc), the order parameter obeys ∆ ∝ (K −Kc)

β

with β = 0.5. Generally, for an even and unimodal intrin-
sic frequency distribution, the critical coupling strength of the
Kuramoto model is

Kc =
2

πg(0)
. (4)

From the definition of order parameter in the mean-field,
we can observe that the order parameter z is a time-evolving
complex-valued signal. However, in finite-scale studies, schol-
ars often characterize the orderliness of system through the
time average ⟨∆⟩ of modulus ∆(t), which loses the phase in-
formation. Near the critical state, we obtain the amplitude ∆

and phase barycenter θ̄ of the order parameter z in Figs. 1(a)
and 1(c), as well as their Fourier amplitude spectrum and phase
spectrum in Figs. 1(b) and 1(d), through numerical simula-
tions after the system has stabilized. The state evolution shown
by the amplitude and phase barycenter both correspond to the
condensation of the Fourier frequency spectrum. By integrat-
ing the amplitude and phase information, we introduce the
EMT to characterize the system’s orderliness.

In the EMT,[13,15,16] the ensemble is composed of mi-
crostates, which describe the states of all components in a
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system. For the Kuramoto model, we define the state of an
oscillator by its phase deviation from the barycenter θ̄ I ,

θ̄
I = arctan2

(
1
N ∑

i
sinθ

I
i ,

1
N ∑

i
cosθ

I
i

)
, (5)

where arctan2(y,x) is inverse tangent function in four quad-
rants, which is consistent with the calculation method of the
phase barycenter in higher-order models.[28] The phase trans-
lation of oscillators around this center is more convenient for
measuring the phase dynamic coherence. Particularly in the
study of multiple synchronized clusters, the offset of the os-
cillator centroid is often unsuitable for directly depicting the
phase transition, requiring the introduction of higher-order or-
der parameters.[29,30] Inspired by studies of chimera states[24]

and the XY model,[31] we define the state of oscillator i at
time I as

SI
i =
(

cSI
i ,s SI

i
)T

=
(
cos(δθ

I
i ),sin(δθ

I
i )
)T

, (6)

where δθ I
i = θ I

i − θ̄ I .
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Fig. 1. The evolution of (a) amplitude ∆ and (c) phase barycenter
θ̄ I over time near the critical state and (b), (d) their Fourier spec-
tra results. Results are shown for three coupling strengths: critical
(Kc =

√
8/π = 1.5958) and near-critical (1±0.1)Kc).

Using M microstates, we can construct a statistical en-
semble described by a 2N ×M normalized matrix 𝐴 with ele-
ments

AI
i =

SI
i√
C0

, (7)

where C0 = N×M. Thus, we can obtain an M×M correlation
matrix of microstates

𝒞 =C0𝐴
T ·𝐴, (8)

where the matrix element CIJ represents the correlation be-
tween the microstates I and J defined as

CIJ = (𝑆I)T𝑆J = ∑
i

cos
(
δθ

I
i −δθ

J
i
)
, (9)

𝑆I =
(
SI

i ,S
I
2, . . . ,S

I
N
)T, and its trace Tr𝐶 =C0. Similarly, the

correlations between different oscillators are described by a
2N ×2N matrix

𝐾 =C0𝐴 ·𝐴T, (10)

with the correlation between the oscillators i and j

Ki j = 𝑆i(𝑆 j)
T

=

(
∑I cos(δθ I

i )cos(δθ I
j ) ∑I cos(δθ I

i )sin(δθ I
j )

∑I sin(δθ I
i )cos(δθ I

j ) ∑I sin(δθ I
i )sin(δθ I

j )

)
, (11)

where 𝑆i =
(
S1

i ,S
2
i , . . . ,S

M
i
)

and its trace Tr𝐾 =C0.
The correlation matrix 𝐶 has M eigenvectors 𝑉I of

I = 1,2, . . . ,M, which form an M × M unitary matrix 𝑉 =

[𝑉1,𝑉2, . . . ,𝑉M]. The correlation matrix 𝐾 has 2N eigenvec-
tors 𝑈i of i = 1,2, . . . ,2N, which form a 2N ×2N unitary ma-
trix 𝑈 = [𝑈1,𝑈2, . . . ,𝑈2N ]. Through the singular value de-
composition, the ensemble matrix 𝐴 can be factorized as

𝐴=𝑈 ·𝛴 ·𝑉 T, (12)

where 𝛴 is a 2N ×M diagonal matrix with elements

ΣIJ =

{
σI , for I = J 6 r,
0, for otherwise,

(13)

with the I-th eigenvalue σI and r = min(M,2N). As a result,
the ensemble matrix 𝐴 can be rewritten in terms of the eigen-
vectors 𝑈 and 𝑉 using their tensor product

𝐴=
r

∑
I=1

σI𝐴
e
I =

r

∑
I=1

σI𝑈I ⊗𝑉I . (14)

From the statistical ensemble 𝐴, we can obtain not only the
eigen microstates 𝑈I , quantifying the collective behaviors of
system, but also the eigen dynamic microstates 𝑉I , describing
the temporal evolution of 𝑈I . Since Tr𝐶 = Tr𝐾 = C0, we
have

r

∑
I=1

σ
2
I = 1, (15)

and wI = σ2
I defines the probability of the eigen ensemble 𝐴e

I

in the statistical ensemble 𝐴. Naturally, we can consider σI as
the order-parameter of the eigen microstate 𝑈I .

3. Finite-size scaling of eigenvalues in the Ku-
ramoto model

3.1. The finite-size scaling of eigenvalues

Near the critical point, the FSS of eigenvalues has been
proposed and confirmed using Ising models.[13,15,16] Here, the
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eigenvalues of the Kuramoto model near the critical point
should have the FSS form

σI(K,N) = N−β/ν̄ fI(εN1/ν̄), (16)

where β is the critical exponent of the order-parameter, ν̄ =

dν , d is the system dimension, ν is the critical exponent of
correlation length, and ε = (K −Kc)/Kc. The function fI is
the finite scaling function for the Ith eigenvalue. In the limit
N → ∞, the first eigenvalue has the bulk limit

σ1(K,∞) =

{
a εβ , ε ≥ 0,
0, ε < 0.

(17)

In studies of the Ising model in Refs. [13,15], the ratio
σI/σJ ≡ RI/J of eigenvalues σI and σJ has been investigated
and has the FSS form

σI/σJ = RI/J(εN1/ν̄). (18)

At the phase transition point, the ratio RI/J(0) is independent
of system scale N and is supposed to be universal. The fixed

point of RI/J can be used to determine the phase transition
point. The exponent ν̄ can be estimated by the scaling form in
Eq. (18). Further, the exponent β can determined by Eq. (16).

3.2. Results of the Kuramoto model

In the phase oscillator Kuramoto model, the intrinsic fre-
quency distribution g(ω) plays a crucial role in the phase tran-
sition. Its second derivative g′′(ω) determines the continu-
ity of system phase transition. In this paper, without loss of
generality, we arbitrary choose a standard normal distribution
g(ω) = (1/

√
2π)e−ω2/2 and then obtain the critical coupling

strength Kc = 2/πg(0) =
√

8/π based on Eq. (4). We gener-
ate the intrinsic frequency ωi of oscillator i randomly in each
sample and integrate the Kuramoto model numerically for over
500 samples. The integration method we use is Heun’s method
with a discrete-time step dt = 0.01. For each realization, we
disregard the first 2× 105 steps to avoid any transient behav-
ior. The step interval of sample microstates in the ensemble
matrix is 50 and their recorded step number is 20000 in total,
i.e., M = 20000.
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Fig. 2. (a)–(d) The first to fourth eigenvalues of the Kuramoto model against the coupling strength K.

As presented in Fig. 2(a), there is a condensation of the first eigen microstate and a phase transition with the increase of
coupling strength. The second to fourth eigenvalues near the phase transition point are shown in Figs. 2(b)–2(d). The spatial
distributions and temporal behaviors of eigen microstates will be discussed in Section 4. Using the fixed-point property of the
eigenvalue ratio, we verify the consistency of the critical point obtained from the EMT with the MFA by the top ten eigenvalues
shown in Fig. 2.
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Fig. 4. The log–log plot of eigenvalues from σ1 to σ10 at Kc =
√

8/π versus
system size N. The weight of these eigen microstates is ∑

10
i=1 σ2

i > 90%.

Table 1. Values of β/ν̄ obtained from Eq. (16) and β calculated with
ν̄ = 5/2.

σ β/ν̄ (standard error) β (standard error)
σ1 0.2088 (± 0.0334) 0.5220 (± 0.0835)
σ2 0.1952 (± 0.0381) 0.4880 (± 0.0953)
σ3 0.1958 (± 0.0288) 0.4895 (± 0.0720)
σ4 0.1955 (± 0.0344) 0.4888 (± 0.0860)
σ5 0.1983 (± 0.0309) 0.4958 (± 0.0773)
σ6 0.2076 (± 0.0302) 0.5190 (± 0.0755)
σ7 0.2053 (± 0.0298) 0.5132 (± 0.0745)
σ8 0.1982 (± 0.0295) 0.4955 (± 0.0738)
σ9 0.2034 (± 0.0265) 0.5085 (± 0.0663)
σ10 0.1957 (± 0.0285) 0.4893 (± 0.0713)

At the phase transition point, the FSS form σI =

N−β/ν̄ fI(0) can be used to determine the critical exponent
ratio β/ν̄ from the slope of its log–log plot, as presented in
Fig. 4. Further, the FSS of RI/1 can be realized with ν̄ = 5/2
in Fig. 5. These critical exponent values agree with the previ-
ous results[32–37] with

β = 1
2 , β/ν̄ = 1

5 , ν̄ = 5
2 , (19)

which precisely ensures that the top nine eigenvalues meet the
scale invariance shown in Fig. 6.

In addition, we investigate the average modulus ⟨∆⟩,
which is supposed to satisfy the FSS form[34,38]

⟨∆⟩(K,N) = N−β/ν̄ f (εN1/ν̄). (20)

The results of ⟨∆⟩ and its FSS form are presented in
Fig. 7. We can see that ⟨∆⟩ is obviously different from σ1

of the first eigen microstate, even though they both satisfy
the FSS. Since the Kuramoto model is not in equilibrium, the
emergent phase of the system can evolve over time. Time-
averaged quantities cannot precisely characterize the order pa-
rameter. According to the EMT, the emergence of phase can
be identified by the condensation of eigen microstate UI with
finite eigenvalue σI , which serves as its order parameter. The
dynamics of phase UI is described by VI .
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4. Spatial distributions and temporal behaviors
of eigen microstates

4.1. Spatial distributions of eigen microstates

The spatial distribution of the I-th eigen microstate
is characterized by 𝑈I =

(
uI

1,u
I
2, . . . ,u

I
N
)T, where uI

i =

∆ I
i
(
cosθ I

i ,sinθ I
i
)
. In Fig. 8(a), we show the phase θ I

i of
oscillator i versus its intrinsic frequency ωi for I = 1,2,3. The
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Fig. 8. Phases and amplitudes of all oscillators with different frequen-
cies for the top three eigen microstates.

results of negative to positive intrinsic frequencies are pre-
sented using blue, green, yellow to red colors successively.
At the subcritical state with K = 0.1, the phases of all oscil-
lators with different frequencies are randomly distributed. At
the critical state with K = Kc, the phases of the first eigen mi-
crostate 𝑈1 become partially synchronized. The phases of the
top three eigen microstates are partially synchronized in the
supercritical state with K = 3.

The amplitudes ∆ I
i of oscillator i are presented in Fig. 8(b)

for I = 1,2,3. At the subcritical state K = 0.1, there is a bi-
modal distribution of amplitude around ω = ±π/2. At the
critical state K = Kc, the distribution of amplitude for U1 is
centralized around ω = 0 and the second and third eigen mi-
crostates still have a bimodal distribution of amplitude. In the
supercritical state, the amplitudes of oscillators with frequen-
cies between ω ≈ −π and ω ≈ π are almost the same in the
first eigen microstate of synchronization. For the second and
third eigen microstates, only the amplitudes of oscillators with
|ω|u π are obviously nonzero.

4.2. Temporal behaviors of eigen microstates

The temporal evolution of eigen microstate 𝑈I is char-
acterized by its eigen dynamic microstate 𝑉I . In Fig. 9, we
show the top three eigen dynamic microstates versus time at
subcritical, critical and supercritical states. Their Fourier spec-
tra are presented in Fig. 10. With the condensation of the first
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Fig. 9. The temporal evolution of the top three eigen dynamic mi-
crostates at subcritical, critical and supercritical states. Here the red line
represents the average of the time evolution of each eigen microstate.
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eigen microstate 𝑈1 at K = Kc, there is also a condensation of
the Fourier spectrum at zero frequency for the first eigen dy-
namic microstate 𝑉1. An interesting phenomenon is observed
for K = 3 that the drifting oscillators do not move randomly, as

shown in the second and third eigen microstate in Fig. 9. The
spectral analysis reveals that these oscillators exhibit a long
periodic motion and maintain high-frequency motion within
each period.
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Fig. 10. The Fourier spectrums of the top three eigen dynamic microstates at subcritical, critical and supercritical states.

5. Conclusion

In this paper, we apply the EMT to study the critical be-

haviors of the Kuramoto model, which is a classical model of

synchronization. Beyond the MFA, which measures the os-

cillator synchronization by the offset of the oscillator phase

barycenter, we further investigate the phase fluctuations from

the barycenter of oscillators using the EMT. We define a mi-

crostate of the Kuramoto model with the phase fluctuations

of all oscillators. From all microstates during the time inter-

val under investigation, we can construct a statistical ensem-

ble. Then, we can calculate the eigen microstates, their tempo-

ral evolutions, and the corresponding eigenvalues, the squares

of which represent their weights in the ensemble. Before the

emergence of synchronization, all eigenvalues are very small

and there is no dominant eigen microstate. With an increase

in coupling strength, the largest eigenvalue σ1 becomes finite.

Then there is a condensation of eigen microstate and emer-

gence of the phase 𝑈1 with the order parameter σ1, which sat-

isfies the finite-size scaling law in the critical regime.

We have also studied the temporal behaviors of eigen mi-

crostates. Before synchronization, the temporal evolution 𝑉1

of the largest eigen microstate 𝑈1 exhibits a wide range of fre-

quencies. After the synchronization, with the condensation of

𝑈1, there is also a condensation at zero frequency in its tem-

poral evolution 𝑉1.

In conclusion, we have successfully applied the eigen mi-

crostate theory to study the mesoscopic to global critical be-

haviors of the Kuramoto model beyond the MFA. Using this

theory, we can study the synchronization and its precise criti-

cal behaviors for general oscillator systems, which have criti-

cal exponents different from that of MFA.
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[33] Hong H, Chaté H, Park H and Tang L H 2007 Phys. Rev. Lett. 99

184101
[34] Hong H, Chate H, Tang L and Park H 2015 Phys. Rev. E 92 022122
[35] Daido H 2015 Phys. Rev. E 91 012925
[36] Tang L H 2011 J. Stat. Mech.: Theory and Experiment 2011 P01034
[37] Hong H, Um J and Park H 2013 Phys. Rev. E 87 042105
[38] Um J, Hong H and Park H 2014 Phys. Rev. E 89 012810

100501-9

http://dx.doi.org/10.1088/0256-307X/39/8/080503
http://dx.doi.org/10.1088/0256-307X/39/8/080503
http://dx.doi.org/10.1103/PhysRevE.109.044130
http://dx.doi.org/10.1103/PhysRevE.109.044130
http://dx.doi.org/10.1007/s11433-023-2221-8
http://dx.doi.org/10.1007/s11433-023-2221-8
http://dx.doi.org/10.1063/5.0058599
http://dx.doi.org/10.1063/5.0058599
https://doi.org/10.1103/PhysRevE.104.064139
https://doi.org/10.1103/PhysRevE.104.064139
http://dx.doi.org/10.1016/j.amc.2023.127924
http://dx.doi.org/10.1016/j.amc.2023.127924
https://doi.org/10.1016/j.chaos.2024.115519
https://doi.org/10.1016/j.chaos.2024.115519
http://dx.doi.org/10.1038/s42005-023-01405-8
http://dx.doi.org/10.1038/s42003-023-05262-7
https://doi.org/10.1063/5.0180340
http://dx.doi.org/10.1103/PhysRevE.109.034211
https://doi.org/10.1063/1.5085407
http://dx.doi.org/10.1103/PhysRevE.84.036208
http://dx.doi.org/10.1209/epl/i2001-00445-5
http://dx.doi.org/10.1103/PhysRevE.72.036217
http://dx.doi.org/10.1103/PhysRevLett.99.184101
http://dx.doi.org/10.1103/PhysRevLett.99.184101
http://dx.doi.org/10.1103/PhysRevE.92.022122
http://dx.doi.org/10.1103/PhysRevE.91.012925
https://doi.org/10.1088/1742-5468/2011/01/P01034
http://dx.doi.org/10.1103/PhysRevE.87.042105
http://dx.doi.org/10.1103/PhysRevE.89.012810

	1. Introduction
	2. Kuramoto model and its microstates
	3. Finite-size scaling of eigenvalues in the Kuramoto model
	3.1. The finite-size scaling of eigenvalues
	3.2. Results of the Kuramoto model

	4. Spatial distributions and temporal behaviors of eigen microstates
	4.1. Spatial distributions of eigen microstates
	4.2. Temporal behaviors of eigen microstates

	5. Conclusion
	References

