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SPECIAL TOPIC — Heat conduction and its related interdisciplinary areas

Normal energy and stretch diffusion in a one-dimensional momentum
conserving lattice with nonlinear bounded Kinetic energy
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One-dimensional (1D) nonlinear lattices that conserve momentum exhibit anomalous heat conduction, except for the
specific case of the 1D coupled rotator lattice. Unlike classical interacting 1D nonlinear lattices such as the Fermi—Pasta—
Ulam S (FPU-P) lattice, the 1D coupled rotator lattice has a bounded interaction potential energy. Recently, the 1D coupled
rotator lattice with additional bounded kinetic energy has also been found to exhibit normal heat conduction. Here, we study
energy diffusion in the 1D momentum-conserving lattice with bounded kinetic energy only. We find that this lattice exhibits
normal energy diffusion as well as normal stretch diffusion. This work indicates that bounded energy, whether kinetic or
potential, is crucial for normal energy diffusion and heat conduction in 1D momentum-conserving nonlinear lattices.

Keywords: heat conduction, nonlinear dynamics
PACS: 44.10.+1, 05.45.—a
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1. Introduction

One-dimensional (1D) nonlinear lattices with interaction
potential energy, such as the Fermi—Pasta—Ulam f (FPU-J3)
lattice, exhibit anomalous heat conduction,!!! where their heat
conductivities k diverge with the lattice length L in a power-
law fashion as k o< L% with 0 < a < 1.2 In contrast, 1D
nonlinear lattices with on-site potential energy, such as the
(1)4 and Frenkel-Kontorova (FK) lattices, exhibit normal heat
conduction with length-independent heat conductivities.!!>~17]
Total momentum is conserved in 1D nonlinear lattices with
interaction potential energy, but broken in those with on-site
potential energy. It seems that momentum conservation plays
a key role in determining the heat conduction behavior un-
til normal heat conduction is found in the 1D coupled rotator
lattice where total momentum is also conserved.!!8-201 Unlike
the well-known FPU-f lattice, the 1D coupled rotator lattice
has a bounded interaction potential energy. Recently, the 1D
coupled rotator lattice with additional bounded kinetic energy
has been proposed, and normal heat conduction as well as en-
ergy diffusion behaviors have also been observed.[?!?? These
studies demonstrate that bounded energy is essential for nor-
mal heat conduction in 1D momentum-conserving nonlinear
lattices.

In determining the heat conduction behavior of 1D

nonlinear lattices, a pseudo-saturation sometimes occurs due
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to finite-size effects when calculating the heat conductivity
from non-equilibrium molecular dynamics as well as equi-
librium Green—Kubo simulations.[>*=?7 In order to avoid
pseudo-saturation, the equilibrium spatiotemporal correlation
function method is applied to investigate energy diffusion. 8]
The mean square displacement (MSD) of the energy (Ax* (1)),
can be calculated to reveal the actual energy diffusion behav-
ior. The power-law behavior of <Ax2(t)>E ~tYwith0 <y<2
indicates normal energy diffusion when ¥ = 1 and anomalous

1.128

superdiffusion when y > I Tt has been proved that heat

conduction and energy diffusion can be directly related to each

.21 For normal energy diffusion, the corre-

otheras @ =y—1
sponding spatiotemporal correlation function for local energy
will exhibit a Gaussian distribution, where pseudo-saturation
no longer occurs. Therefore, it is more convenient to investi-
gate energy diffusion behavior in order to determine heat con-

duction behavior, 30-33]

In this work, we investigate the energy diffusion behav-
ior of a 1D nonlinear momentum-conserving lattice with only
bounded kinetic energy. Since stretch is another conserved
quantity in this interacting lattice, its diffusion behavior will
also be studied. Both the energy and stretch diffusion con-
stants at different temperatures will be numerically resolved

and discussed.
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2. The Hamiltonian and numerical methods

The 1D momentum-conserving lattice with only bounded
kinetic energy is described by the following Hamiltonian:

N N
H=Y H;=Y |(1—-cospi)+ %(q,- —qgi-)?, (D)
i=1 i=1

where g;, p;, and H; denote the displacement, momentum and
local energy for the i-th atom. For simplicity and convenience,
periodic boundary conditions are adopted with gy = gy and
gn+1 = q1- The kinetic energy is bounded as a result of the
trigonometric function cos p;. This lattice with periodic mo-
mentum serves as a toy model proposed for theoretical and
numerical studies.

At the low-temperature limit 7 — 0, the nonlinear kinetic
energy can be expanded as

1 1
—cosp 1= (1-327) = 370 @

and this lattice approaches the familiar 1D harmonic lattice.
For comparison, the 1D coupled rotator lattice has the
Hamiltonian

NT1
H=Y |:2pl.2+(1—COS(£Ii_‘b’l))]v )
i=1

and the 1D coupled rotator lattice with additional bounded ki-
netic energy has the Hamiltonian

H=1) [(1—cosp;)+ (1—cos(gi—qi-1))]- 4

=

i=1

All three lattices share the property that at least one term of the
energy, either kinetic or potential, is bounded, and their total
momentum is conserved due to the interacting nature of their
potential energy. It should be noted that the nonlinearity arises
from the cosine term in each lattice.

For the current lattice with only bounded kinetic energy
of Eq. (1), the probability distribution function p is

p:%e4H7 )

with B = 1/T denoting the inverse temperature, since the
Boltzmann constant kg is set to unity, and Z is the partition
function given by

Z:// e PHdgdps, i=1,2,...N. ©)

The local temperature 7; can be expressed through the av-
erage local potential energy as

7= ((@i—a1)’), ™

where (-) denotes the ensemble average, or equivalently the
time average for chaotic systems. On the other hand, the local

temperature can also be calculated by the following relation of

local kinetic energy: 21?1

_ J"OZJ'E Cospie_ﬁi(l_cospi) dpl

1— i =1
(cos p;) [ e ~Bil1—cosp) d p;
L(B)
o ’ (®)
I(Bi)

with Ip(x) and /; (x) the zeroth- and first-order modified Bessel
functions of the first kind.

In Fig. 1, the energy density e = (H;) and the average ki-
netic energy 1 — (cos p;) (both independent of the index i) are
plotted as functions of the temperature 7.
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Fig. 1. (a) The energy density e as a function of temperature 7. The en-
ergy density e = T and e ~ T /2 in the low- and high-temperature limits,
respectively. (b) The average kinetic energy 1 — (cos p;) as a function of
temperature 7.

Before we perform numerical simulations to study the en-
ergy diffusion of this lattice, the existence of thermal equilib-
rium should be verified. In Fig. 2, the equilibrium distribu-
tions of the kinetic energy 1 — (cos p;) have been plotted at
three different temperatures with 7 = 0.2, 0.4, and 0.7. The
flat distributions of kinetic energy 1 — (cos p;) show that ther-
mal equilibrium has been well established in this system at the
designated temperatures.

1.0
3
n
S 05¢ T=0.7
[
— T=0.4

T=0.2
0

0 100 200 300 400
%

Fig. 2. Local distributions of kinetic energy 1 — (cos p;) at different tem-
peratures T. Flat distributions indicate that thermal equilibrium has been
established. The kinetic energy distributions are approximately 0.107,
0.235, and 0.422, corresponding to the input temperatures 7 = 0.2 (bot-
tom line, black), 7 = 0.4 (middle line, red), and 7 = 0.7 (top line, blue).
The lattice size is N = 401.

In order to investigate the energy and stretch diffusion
behavior for this lattice, the equilibrium spatiotemporal cor-
relation function method is applied.[?8! The energy correlation
function Cg(i,t) and the stretch correlation function Cs(i,)
are defined as*®!

AHOM) | 1
Cell-!) = Ay (0)AHO(0)) N T

©))
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+— (10)

where AA(t) = A(t) — (A(t)) defines the real-time local fluctu-
ation for energy A = H; and stretch A = g; — g;—1, respectively.
For simplicity, the site index i is chosen from —(N —1)/2 to
(N —1)/2, and an odd value of N is usually considered. The
extra term 1/(N — 1) arises from the use of a closed system
with conserved total energy and stretch.?®) In the thermody-
namic limit N — oo, this term will approach zero.

It is obvious that the correlation function C4(i,r = 0) at
the initial correlation time ¢ = 0 in the thermodynamic limit
can be expressed as

(AA;(t = 0)AA((0))
(AA(0)AA((0))

Cgys(irt =0) = = i, (11)
which is a Kronecker delta function with A = H or (g; — q;—1)-
These spatiotemporal correlation functions Cg/s(i,7) actually
mimic the diffusion of energy and stretch fluctuations over the
whole lattice. The information on energy and stretch diffusion
is represented by the real-time spatiotemporal distributions of

Cgs(iy1).
The MSD <Ax2(t)>E /s can be defined for energy and
stretch as
(AP(1))g s = ZiZCE/S(i,t). (12)
1

The time dependence of MSD (Ax*(1)), ss is usually a

power-law function, (Ax?(¢) ), ¢ ><t”, where 0 < y < 2. In par-

ticular, an exponent of Y= 1 Eéiresponds to normal diffusion.
The general relation &¢ =y — 1 between heat conduction and
energy diffusion has been analytically proved,*! enabling the
investigation of heat conduction through the energy diffusion
behavior via the equilibrium correlation function method. 8!
It is well known that normal diffusion behavior is charac-
terized by the Gaussian distribution function
) 1 _2
pGist) = \/ﬁe ar, (13)
where D denotes the diffusion constant. If the correlation func-
tions of energy or stretch Cg s (i,¢) approach the Gaussian dis-
tribution function after a transient correlation time, the cor-
responding diffusion process is normal. The appearance of a
Gaussian distribution excludes the possible pseudo-saturation
problem caused by size effects in other numerical methods
such as the NEMD and equilibrium Green—Kubo method. As a
result, the MSD (Ax*(1))

as

B/S will show linear time dependence

(AP (1)gs = Y. Ppalist) = 2Dgst, (14)

which is the property of the Gaussian distribution function.

In the numerical simulations, the fourth-order symplectic
integration algorithm is applied with a time step 2 = 0.05. The
total simulation time is 5 x 107.

3. Results and discussion

In the low-temperature limit 7 — 0, where p; is small,
the Hamiltonian of the 1D momentum-conserving lattice with
only bounded kinetic energy (Eq. (1)) approaches the 1D har-
monic lattice. In this regime, the nonlinearity originating from
the kinetic term is weak and the relaxation time for transport
is long. Consequently, the transport coefficients, such as the
energy and stretch diffusion constants, become very large due
to the extended relaxation time.

In Fig. 3, the correlation functions of energy Cg(i,7) and
stretch Cs(i,t) are plotted for a lattice of size N = 1201 at
a low temperature 7 = 0.2. The results are shown at three
different correlation times, t = 100, 300, and 500. Although
the functions exhibit different shapes, both Cg(i,#) and Cs(i,)
display a similar ballistic-like behavior, with wave fronts prop-
agating symmetrically from the center toward the boundaries
at a nearly constant sound speed c¢s. The observed sound speed
¢ is slightly lower than unity, where ¢ = 1 is the theoretical
value for the 1D harmonic lattice.

0.02
T=0.2 — =100 0.10
5 0.05
< 0.01
& 0
~0.05
0
600 —300 0 300 600 600 —300 0 300 600
i i

Fig. 3. The correlation function of energy Cg(i,7) (a) and stretch Cs(i,7)
(b) for a lattice of size N = 1201 at temperature 7 = 0.2. The correla-
tion functions at three different correlation times t = 100, 300, and 500
are plotted as black, red, and blue solid lines (from center to two ends).
At this low-temperature regime, both energy and stretch diffusions have
very long relaxation times, with correlation lengths much larger than the
lattice size N = 1201 used here. Therefore, at 7 = 0.2, only transient
ballistic diffusion of energy and stretch can be observed due to finite-size
effects. The sound speed ¢, ~ 1, close to unity, which is the result for the
harmonic lattice.

It should be noted that the energy and stretch diffusions
at this low temperature are neither ballistic nor superdiffu-
sive. This is because the correlation lengths of energy and
stretch fluctuations are very large, exceeding the system size
N = 1201 used in the present simulations. The apparent “bal-
listic” behavior observed in Fig. 3 is merely a transient effect
due to finite-size limitations, since the actual transport proper-
ties must be assessed in the thermodynamic limit N — co. It
is expected that normal diffusion of both energy and stretch
would emerge in sufficiently larger systems, where correla-
tion functions can be computed over longer correlation times.
However, such simulations exceed our current computational
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capability. Within the present numerical framework, no evi-
dence of a transition from ballistic to normal diffusion is ob-
served for this lattice model.

As temperature increases, the nonlinear effect due to the
cosine function of momentum cos p; begins to emerge. In
Fig. 4(a), the correlation functions of energy Cg(i,t) at three
different correlation times ¢ = 200, 350, and 500 are plotted
at higher temperature 7 = 0.5. It can be seen that at correla-
tion time ¢ = 200, the ballistic wave fronts have already disap-
peared and a bell shape curve like Gaussian distribution func-
tion of Eq. (13) shows up. At later correlation times of ¢ = 350
and 500, the heights of the bell shape curves constantly de-
crease and their width broadens in the same time as a result of
area conservation due to energy conservation.

In order to quantify the energy diffusion with the normal
diffusion, the rescaled energy correlation functions ¢'/2Cg (i, )
are plotted as the rescaled positions i/ 1'/2 at correlation times
t =200, 350, and 500 in Fig. 4(b). It can be found that all
three rescaled energy correlation functions 7!/ 2Cg(i,t) are al-
most overlapped with each other. The overlapped curve can
be fitted with the Gaussian distribution function of Eq. (13).
A fitting parameter Dg = 4.45 is obtained. This Gaussian be-
havior confirms the normal energy diffusion behavior for this
lattice and Dg can be explained as the diffusion constant for
energy.

In Fig. 4(c), we plot the MSD (Ax?(t) ), of energy as the
function of correlation time 7. The (Ax*(r)) shows an obvi-

ous linear correlation time dependence. A linear function of
(Ax*(t) )y = 2Dgt with Dg = 4.45 is plotted for comparison
and the consistency with the numerical results can be viewed.
Once the memory-free Gaussian distribution is obtained for
the energy correlation function Cg(i,7), Gaussian behavior of
the energy correlation function will be always observed for
longer correlation time with larger lattice size.

At the same temperature 7 = 0.5, the stretch diffusion
has also been investigated. In Fig. 5(a), we plot the correla-
tion functions of stretch Cs(i,7) at three different correlation
times ¢ = 200, 350, and 500 for the same lattice size. It can
be seen that for correlation time ¢ > 200, the ballistic wave
fronts previously observed at lower temperature 7 = 0.2 (seen
in Fig. 3(b)) have disappeared and a similar bell shape curve
like Gaussian distribution function of Eq. (13) shows up also.

In order to quantify the stretch diffusion with the possi-
ble normal diffusion, the rescaled stretch correlation functions
1'/2Cs(i,1) are plotted as the rescaled positions i/¢'/? at cor-
relation times ¢t = 200, 350, and 500 in Fig. 5(b). Again the
overlap for all these rescaled stretch 7!/ 2Cs(i,t) is observed.
This overlapped function is fitted with the Gaussian distribu-
tion function of Eq. (13). A fitting parameter Dg = 3.80 is nu-
merically obtained. This Gaussian behavior also confirms the
normal stretch diffusion behavior for this lattice and Dg can
be explained as the diffusion constant for stretch. It should be
noticed that the value of Dyg is different from Dg at the same
temperature.

5000

t =200 (b)

(a) T=0.5

0.010¢

0.005

Cg(i,t)
tY2 Cy(int)

—t =200 (C)
B
= ~2Dgt
8
8
d
0 . .
—20 0 20 0 250 500
i/t/? t

Fig. 4. The correlation function of energy Cg (i, ) for a lattice of size N =701 at temperature 7 = 0.5. (a) The energy correlation functions Cg (i, )
are plotted at correlation times ¢t = 200 (black), 350 (red), and 500 (blue), respectively. (b) The rescaled energy correlation function 1/ 2CE(i,t)
as a function of the rescaled position i/t'/2. The overlap of these three rescaled correlation functions '/2Cg (i, ) is clear, demonstrating Gaussian
behavior. A Gaussian fitting of Eq. (13) yields an energy diffusion constant Dg = 4.45. (c) The MSD <Ax2(t)>E as a function of correlation time
t. For comparison, the linear time behavior of <Ax2 (t)>E = 2Dgt with Dg = 4.45 is plotted, representing normal energy diffusion.

(a) T=05 ——t =200 (b)

0.010

0.1}

Cy(ist)
t1/2 Cy(4t)

300 —20

——t =200 4000 (c)
—— =350 ¢
—— =500 "
Dg=23.80| —~
= ~2Dgt
g
3
4
0 , ,
0 20 0 250 500
i/t'/? t

Fig. 5. The correlation function of stretch Cs (i,7) for a lattice of size N = 701 at temperature 7 = 0.5. (a) The stretch correlation functions Cs (i, )
are plotted at correlation times ¢ = 200 (black), 350 (red), and 500 (blue), respectively. (b) The rescaled stretch correlation function 1/ 2Cy (i,1) as
a function of the rescaled position i/ t/2. The overlap of these three rescaled correlation functions ¢'/2Cg (i,t) demonstrates Gaussian behavior.
A stretch diffusion constant Dg = 3.80 is obtained from a Gaussian fit. (c) The MSD <Ax2(t)>s as a function of correlation time . The linear

time dependence of <Ax2 (t)> ¢ = 2Dst with Dg = 3.80 is plotted, representing normal stretch diffusion.
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10
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=320
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Fig. 6. The diffusion constants of energy Dg and stretch Dg as a function
of temperature 7. The black square symbols represent the numerical data
for Dg, and the red circle symbols represent the numerical data for Ds.
The energy diffusion constant Dg decreases with increasing temperature
T, following a power-law behavior fitted as D o< T =67, while the stretch
diffusion constant Dg decreases similarly, fitted as Dg o< 7320,

In Fig. 5(c), we plot the MSD (Ax?(z)) ¢ of stretch as the
function of correlation time ¢. The <Ax2 (t)> g also shows an
obvious linear correlation time dependence. A linear function
of (Ax*(t)) = 2Dst with Dg = 3.80 is plotted for comparison
and the consistency with the numerical results can be observed
also. Therefore, the stretch diffusion in this lattice model pos-
sesses the same normal diffusion behavior as the energy diffu-
sion but with a different value of diffusion constant.

At each temperature 7', the diffusion constants of energy
Dg and stretch Dg can be obtained by fitting the Gaussian dis-
tribution function or the linear time dependence of the cor-
responding MSD (Ax*(t) ), /s~ As aresult, the temperature
dependence of energy diffusion constant Dg and stretch dif-
fusion constant Dy is plotted in Fig. 6. As can be seen from
the figure, the energy diffusion constant Dg decreases as the
temperature increases which can be fitted as a power-law be-
havior of Dg o< T-267 At the same time, the stretch diffusion
constant Dg exhibits a similar power-law temperature depen-
dence as Dg o< 77320, This temperature dependence is close
to the temperature-dependent heat conductivity observed for
1D coupled rotator lattice where & o< 732,136 In comparison
to the 1D coupled rotator lattice where the displacement g; is
rotated, the current lattice has the rotated momentum p;. In
both lattices, the rotated term is bounded by a finite value as
the temperature increases. Therefore, the temperature depen-
dence of their transport coefficients exhibit similar power-law
decreasing behaviors.

4. Conclusion

In conclusion, we have systematically investigated the en-
ergy and stretch diffusion behaviors for the 1D momentum-
conserving lattice with a bounded kinetic energy term. The
nonlinear part comes from the bounded kinetic energy con-
taining the cosine function of the momentum cos p; for every
atom. The energy diffusion is found to exhibit normal diffu-
sion similar to the previously studied momentum-conserving
1D coupled rotator lattice, where only potential energy is
bounded, and the momentum-conserving 1D coupled rotator
lattice with additional bounded kinetic energy, where both

kinetic and potential energy are bounded. In addition, the
stretch diffusion for the current lattice model also displays

normal diffusion behavior. The temperature-dependent en-

ergy and stretch diffusion constants exhibit a power-law de-
pendence of Dg/g o< T~ with ¢ around 3, which is similar to
the temperature-dependent heat conductivity for the 1D cou-
pled rotator lattice. Our work indicates that the bounded en-
ergy part, whether kinetic or potential, is essential to achieving
normal energy diffusion or heat conduction.

Acknowledgments

Project supported by the National Natural Science Foun-
dation of China (Grant Nos. 12175074 and 12475037) and
the Science and Technology Commission of Shanghai Mu-
nicipality (Grant No. 24520711200). J. C. is supported by
the Shuguang Program of Shanghai Education Development
Foundation and the Shanghai Municipal Education Commis-
sion (Grant No. 23SG18).

References

[1] Lepri S, Livi R and Politi A 1997 Phys. Rev. Lett. 78 1896
[2] Lepri S, Livi R and Politi A 2003 Phys. Rep. 377 1
[3] Dhar A 2008 Adv. Phys. 57 457
[4] Liu S, Xu X F, Xie R G, Zhang G and Li B W 2013 Eur. Phys. J. B 85
337
[5] Lepri S 2016 Thermal Transport in Low Dimensions: From Statistical
Physics to Nanoscale Heat Transfer Vol. 921 (Heidelberg: Springer)
[6] Zhang Z W, Ouyang Y L, Cheng Y, Chen J, Li N B and Zhang G 2020
Phys. Rep. 860 1
[7]1 Hatano T 1999 Phys. Rev. E 59 R1
[8] Prosen T and Campbell D K 2000 Phys. Rev. Lett. 84 2857
[9] Narayan O and Ramaswamy S 2002 Phys. Rev. Lett. 89 200601
[10] Pereverzev A 2003 Phys. Rev. E 68 056124
[11] WangJ S and Li B W 2004 Phys. Rev. Lett. 92 074302
[12] Wang L and Wang T 2011 Europhys. Lett. 93 54002
[13] Wang L, Hu B and Li B W 2012 Phys. Rev. E 86 040101
[14] LiN B, Li B W and Flach S 2010 Phys. Rev. Lett. 105 054102
[15] Hu B, Li B W and Zhao H 1998 Phys. Rev. E 57 2992
[16] Hu B, Li B W and Zhao H 2000 Phys. Rev. E 61 3882
[17] Aoki K and Kusnezov D 2000 Phys. Lett. A 265 250
[18] Giardina C, Livi R, Politi A and Vassalli M 2000 Phys. Rev. Lett. 84
2144
[19] Gendelman O and Savin A 2000 Phys. Rev. Lett. 84 2381
[20] Li Y Y, Liu S, Li N B, Hinggi P and Li B W 2015 New J. Phys. 17
043064
[21] Baldovin M and Iubini S 2021 J. Stat. Mech. 053202
[22] Chen H B and Li N B 2025 Eur. Phys. J. B 98 21
[23] Zhong Y, Zhang Y, Wang J and Zhao H 2012 Phys. Rev. E 85
060102(R)
[24] Savin A V and Kosevich Y A 2014 Phys. Rev. E 89 032102
[25] Chen S, Zhang Y, Wang J and Zhao H 2016 J. Stat. Mech. 033205
[26] Wang L, Hu B and Li B W 2013 Phys. Rev. E 88 052112
[27] Das S G, Dhar A and Narayan O 2014 J. Stat. Phys. 154 204
[28] Zhao H 2006 Phys. Rev. Lett. 96 140602
[29] Liu S, Hédnggi P, Li N B, Ren J and Li B W 2014 Phys. Rev. Lett. 112
040601
[30] Chen S, Zhang Y, Wang J. and Zhao H 2013 Phys. Rev. E 87 032153
[31] Chen S, Zhang Y, Wang J and Zhao H 2014 Phys. Rev. E 89 022111
[32] Wang L, WuZ Y and Xu L 2015 Phys. Rev. E 91 062130
[33] XuL and Wang L 2017 Phys. Rev. E 96 052139
[34] LiN B 2020 J. Phys. D: Appl. Phys. 53 145302
[35] Li N B 2019 Phys. Rev. E 100 062104
[36] LiYY,LiNB and Li B W 2015 Eur. Phys. J. B 88 182

094401-5


http://dx.doi.org/10.1103/PhysRevLett.78.1896
https://doi.org/10.1016/S0370-1573(02)00558-6
https://doi.org/10.1080/00018730802538522
https://doi.org/10.1140/epjb/e2012-30383-8
https://doi.org/10.1140/epjb/e2012-30383-8
https://doi.org/10.1007/978-3-319-29261-8
https://doi.org/10.1007/978-3-319-29261-8
https://doi.org/10.1016/j.physrep.2020.03.001
https://doi.org/10.1016/j.physrep.2020.03.001
https://doi.org/10.1103/PhysRevE.59.R1
https://doi.org/10.1103/PhysRevLett.84.2857
https://doi.org/10.1103/PhysRevLett.89.200601
https://doi.org/10.1103/PhysRevE.68.056124
https://doi.org/10.1103/PhysRevLett.92.074302
https://doi.org/10.1209/0295-5075/93/54002
https://doi.org/10.1103/PhysRevE.86.040101
https://doi.org/10.1103/PhysRevLett.105.054102
https://doi.org/10.1103/PhysRevE.57.2992
https://doi.org/10.1103/PhysRevE.61.3828
https://doi.org/10.1016/S0375-9601(99)00899-3
https://doi.org/10.1103/PhysRevLett.84.2144
https://doi.org/10.1103/PhysRevLett.84.2144
https://doi.org/10.1103/PhysRevLett.84.2381
https://doi.org/10.1088/1367-2630/17/4/043064
https://doi.org/10.1088/1367-2630/17/4/043064
https://doi.org/10.1088/1742-5468/abf7bd
https://doi.org/10.1140/epjb/s10051-025-00866-w
https://doi.org/10.1103/PhysRevE.85.060102
https://doi.org/10.1103/PhysRevE.85.060102
https://doi.org/10.1103/PhysRevE.89.032102
https://doi.org/10.1088/1742-5468/2016/03/033205
https://doi.org/10.1103/PhysRevE.88.052112
https://doi.org/10.1007/s10955-013-0871-0
https://doi.org/10.1103/PhysRevLett.96.140602
https://doi.org/10.1103/PhysRevLett.112.040601
https://doi.org/10.1103/PhysRevLett.112.040601
https://doi.org/10.1103/PhysRevE.87.032153
https://doi.org/10.1103/PhysRevE.89.022111
https://doi.org/10.1103/PhysRevE.91.062130
https://doi.org/10.1103/PhysRevE.96.052139
https://doi.org/10.1088/1361-6463/ab69ad
https://doi.org/10.1103/PhysRevE.100.062104
https://doi.org/10.1140/epjb/e2015-60361-5

	1. Introduction
	2. The Hamiltonian and numerical methods
	3. Results and discussion
	4. Conclusion
	References

