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Nonlocal set of orthogonal product states (OPSs) can improve the confidentiality of information when it is used to
design quantum cryptographic protocols. It is a difficult question how to construct a nonlocal set of OPSs on general
multipartite and high dimensional quantum systems. Different from the previous works, we first present a novel method
for constructing a nonlocal product set with 3d — 2 members on C¢ ® C¢ ® C? quantum system for d > 3. Then, we
extend this construction method to C%' @ C% @ C% quantum system and ®§’:1(Cd" quantum system respectively, where
3<d; <dy<d3<---<d,and n > 3. The nonlocal set of OPSs constructed by our method contains fewer elements
than those constructed by the existing methods, except for one special case. More importantly, the set of states constructed
by our method has a completely different structure from those constructed by the existing methods since our nonlocal set
does not contain a “stopper” state. Our result is helpful to further understand the different structures of nonlocal sets on

multipartite systems.

Keywords: nonlocal set, local indistinguishability, orthogonality-preserving measurement, quantum nonlocal-

ity without entanglement
PACS: 03.67.Mn
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1. Introduction

In the field of quantum information theory, the local dis-
tinguishablity of orthogonal quantum states has been widely
studied and discussed. If a set of orthogonal product states
(OPSs) can be perfectly distinguished by local operations and
classical communication (LOCC), then we say that the set is
locally distinguishable. In 1999, Bennett et al.l!l first pro-
posed a locally indistinguishable product basis with 9 OPSs on
C? ® C? quantum system, which was called quantum nonlocal
without entanglement (QNWE) by them. Subsequently, Wal-
gate et al.!”! proposed the sufficient and necessary conditions
for a general set of quantum states to be locally distinguished
on C? ® C? quantum system, and the sufficient and necessary
conditions for a general set of quantum states to be perfectly
distinguished by LOCC on C? ® C" quantum system. Inspired
by these results, significant research interest has been gener-
ated, and consequently, substantial achievements have been
made, 3141

In contrast to the construction of nonlocal sets of bipar-
tite OPSs, the construction of nonlocal sets of multipartite
OPSs turns out to be far more intricate and arduous. Nev-
ertheless, in the face of such difficulties, scholars’ persistent
exploration and in-depth research have given rise to a mul-
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titude of significant discoveries and remarkable theoretical

[15-21 1.122] first proposed a method

achievements. I Bennett et a
to construct a nonlocal set of OPSs on C? ® C? ® C? quantum
system. Niset et al.?*! provided a method to construct a set
of locally indistinguishable OPSs in an arbitrary-dimensional

[24]

multipartite quantum system. Xu et al.'“™ constructed a non-

local set consisting of 2n OPSs on arbitrary n-partite quantum

[25] constructed a nonlocal set of OPSs with

system. Zhu et al.
3d — 3 elements on C¢ ® C¢ ® C¢ quantum system, which is
the smallest number of nonlocal sets constructed in a tripartite
system to date. However, their construction method cannot be
generalized to arbitrary multipartite quantum system.

As we know, it is more difficult to construct a nonlo-
cal set of OPSs with different local dimensions than con-
structing a nonlocal set of OPSs with identical local dimen-
sions. Wang et al.’?®! constructed 2 (d; +d3) — 3 OPSs that
cannot be locally distinguished on C% @ C% @ C% quantum
system for 4 < d; < dp < dz. Zuo et al. (271 gave a method
to construct 2 (da +ds — 1) — d; indistinguishable OPSs on
Ch @ChgCeh quantum system for 3 < d; <dp < d3. Jiang et
al.®) constructed Yi_; (2d; —3) + 1 indistinguishable OPSs
on Ch @ C2 @ -..®C% system, where n > 3 and dj >2

for j =1,2,...,n. Recently, Zhen et al.”*°! constructed a
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set of OPSs with (Z;:zl di) +2d, — n+ 1 members that can-
not be exactly distinguished on C/1 ® C2 @ --- @ C% system
for3<d; <d, <---<d, and n > 3, which is the smallest
known number of nonlocal sets of OPSs on a given multipar-
tite quantum system. All these results show that it is interest-
ing to research the local distinguishability of OPSs on a gen-
eral multipartite quantum system.

Different from the existing results, we first propose a
novel method to construct a nonlocal set of OPSs on C? ®
CY ® C¢ quantum system, and then extend this method to
(Cd)®n quantum system, where d > 4 and n > 3. Next, we
construct a nonlocal set of OPSs on C% ® C% @ C% quantum
system, and then extend this method to ®?=1(Cdf quantum sys-
tem, where 3 < d| <dp <d3 <---<d,and n > 3. Itis easy
to see that the number of elements of the set that we construct
on C? ® C? ® C? quantum system is less than that of Jiang et
al.®®) and Zhen et al.'*®) Compared with the results of Zuo
et al.’71 and Zhang et al.,’%! the set that we constructed on
C? @ C? ® C? quantum system has the same number of ele-
ments but a different structure. The rest of paper is organized
as follow. In Section 2, two definitions are given. In Section 3,
a method to construct a nonlocal set of OPSs is proposed. In
Section 4, we generalize the construction method of nonlocal
set of OPSs to a general tripartite quantum system and a more
general quantum system, respectively. In Section 5, we com-
pare and analyze our results with the existing ones. A brief

conclusion is given in Section 6.

2. Preliminaries

In this section, we introduce two definitions that will be
used in what follows.

Definition 1 If a set of OPSs can be perfectly distin-
guished by LOCC, we say that this set is locally distinguish-
able; otherwise, we say that it is locally indistinguishable.

Definition 2 A column vector [Nj;,Np, ..., Ni,|T is called
orthogonal relation vector of the i-th party of a set of OPSs,
where N;; is the number of states that are orthogonal to the
Jj-th state on the i-th subsystem, in the set.

3. Nonlocal set of OPSs on C? ® C? ® C¢ quan-
tum system

In this section, we propose a new method for constructing
locally indistinguishable OPSs on C¢ ® C¢ ® C¢ quantum sys-
tem for d > 3. And then we generalize this method to ((Cd ) “n
quantum system for d > 3 and n > 4. For convenience, all the
constructed OPSs are not normalized in this paper.

Theorem 1 On C? ® C? ® C? (d > 3) quantum system,
the following 3d — 2 OPSs cannot be exactly distinguished by

LOCC.

d—1
[@i) = D)al0—i)p Y j)e, 1<i<d—1,
j=0

-1
Qira1) =Y Dali)plo—i)e, 1<i<d—1,
Jj=0

-1
@i2a—2) =10—ial Y. )ali)e, 1<i<d—1,
j=0

|@34-2) =10)4]0)5|0)c, (D

where |0 — i) denotes (1/4/2)(|0) — |i)) and |Z?;(§ J) denotes
(1/Vd) L= 1), ete.

Proof Based on the structure of the states in Eq. (1), we
can infer that these states possess cyclic properties. Specifi-
cally, a quantum state can be transformed into another state by
cyclically permuting its subsystems except the state |@34_2)
for which each subsystem is |0). Therefore, we only need to
demonstrate that the first party, say Alice, can only perform
a trivial orthogonality-preserving measurement. Assume that
the POVM elements MXMA of Alice are written as follows:

aoo aol

; aio ari

MAMA = . . . . 3

Aa-1)0 dd-1)1 " Ad-1)(d-1)] gxq

under the basis {|0),| 1),...,|(d — 1)) }. It should be noted that

the post-measurement states should remain pairwise orthogo-
nal.

For the states |@;) and |@34_2), 1 <i<d—1, we can ob-

tain

(i (MiM4) @ (I§1p) @ (I dc) | @3a—2) = O,
(@3a—2|(MiM) ® (I15) @ (I1c) | @;) = 0.

Then we get <i|M/IMA|0> =0and <O|M/IMA|1'> = 0. Therefore,
we have ajg = apg; =0for 1 <i<d—1.

For the states |@;) and |@;), 1 <i# j<d—1, we can ob-
tain (@i (M3Ma) @ (I3l) @ (Idc) | @7) = 0 and (9| (M{Ma) ©
(Itlg) ® (I1Ic)| @) = 0. Then we get (iMiMy|j) = 0 and
(j|M2MA|i> = 0. Therefore, we have a;; = aj; = 0 for 1 <
i#j<d—1.

For the states |@i4—1) and |@ii24-2), wWe can ob-
tain (Qria1|(MyMa) ® (Ilp) @ (I0e)|@iy2a2) = O and
(@is20—2|(MiMp) ® (Ijlg) @ (ILIC) | @iva—1) = 0. Then we get
(O+ 14+ (d—1)|MMa|0—i) = 0 and (0 — i| M} M40 +
1+---4+(d—1)) =0. Therefore, we have app =aj; =--- =
A(d—1)(d—1) for1 <i<d-—1.

From the above analyses, it is evident that each of the
POVM elements, MZMA, is proportional to the identity matrix.
This implies that Alice can only perform a trivial measurement

for the discrimination of these states. The same holds true for

110307-2
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Bob and Charlie. Consequently, the 3d —2 OPSs in Eq. (1)
cannot be perfectly distinguished by LOCC. This completes
the proof.

To make Theorem 1 easier for the reader to understand,

d=1  d=1  d-1
i) = [D)110=d)2l Y, )3l Y 1l Y d)s-
=0  j=0  j=0

we give the case for d = 3 in Appendix A.

Theorem 2. On ((Cd)®n quantum system, the following
n(d—1)+ 1 OPSs cannot be exactly distinguished by LOCC,
where d > 3.

d—1

Y e, 1<i<d—1,

J=0

d—1 -1 d—1 d—1
[@iva—1) =Y, N1li)2l0=i)al Y Dal Y s 1Y iy 1<i<d—1,
=0 =0 =0 =0

d-1  d-1 d-1 d-1
@iiaa—1)) = 1Y Dl Y D2liysl0—=iyal Y j)s--- 1Y jns 1<i<d—1,
Jj=0 j=0 Jj=0 j=0

. d—1 d—1 d—1
Pirn-2@-1) =Y, Y, D2l Y, i)
= =0 %o

d—1 d—1
@i -1y a—1)) = 0=1] Y, )2l Y )3
P

|@n(a—1)+1) = 10)1]0)2[0)3 - [0),—1[0) .

Proof This set is composed of states generated by cyclic
shifts. For the discrimination process to proceed, the post-
measured states that have not been eliminated must remain
orthogonality after each measurement. Without loss of gen-
erality, we assume that the first party makes the initial mea-
surement. Each of the POVM elements MXMA can be written

as ad X d matrix, i.e.,

aoi
ary

aono

¥ alo
MiMy =

A@-1)0 4a-11 " 4a-Dd-1)1 guq |

d—1
Y nalidnoa[0—i)s, 1<i<d—1,
Jj=0

d—1 d—1
Y a2l Y Dnctlidn, 1<i<d—1,
Jj=0 j=0

@

\
under the basis {|0), |1), ..., |(d—1))}.

Since the post-measured states (My @ [ @ Ic ® -+ ®
Iy)|@;) should retain orthogonal, any two states that are or-
thogonal only on one side are still orthogonal on this side after
the measurement. By the symmetry of the set of these OPSs,
we can derive that M];MA is proportional to an identity ma-
trix. This means that the first party can only perform a trivial
measurement. Thus the first party cannot get any useful in-
formation to be used to discriminate these states. So do other
parties by Tables 1 and 2. Therefore, these n(d — 1) + 1 OPSs
in Eq. (2) are locally indistinguishable. This completes the
proof.

Table 1. Non-diagonal entries in M,IMA-/ .. 7M;}MN~

POVM element Pairs of states Non-diagonal entries Ranges

MMy @) o) aj=aj=0  1<i#j<d-1
[0) 5 [Pua—1)+1) ajp = ag; =0 1<i#j<d-1
MjMg 10 @—1))5 1®j1@-1)) bij=bji=0 1<i#j<d—1
|@it-(a=1))> | Pu(a—1)+1) bio =boi =0 1<i#j<d-1
M;}MN @i (i 1)@—1))> @ (1) @—1)) nij =nji =0 I<i#j<d-1
190t (n—1)(@—1))> | Pu(a—1)+1) nig = ng; =0 1<i#j<d-1

Table 2. Diagonal entries in MZMA, .. 7M}:,MN.

POVM element Pairs of states Non-diagonal entries Ranges
M};MA 19t (i-1)(@—1)) > |Pit(n-2)(@—1)) @00 = @11 =+ =a_1)g-1) 1<i<d—1
MM 10), 19 (n1)(a-1)) boo=bri=-=by pnu-1 1<i<d-1
MMy @i (n=2)(d=1))s [ Pir-(n=3)(@=1))  M00 =n11 = =ng_1yg—1y 1<i<d—1

110307-3
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These two theorems offer a novel approach for construct-
ing nonlocal sets of OPSs on multipartite quantum systems,
distinct from the existing ones. Notably, when d > 3, the set
of states constructed by our method contains fewer elements
compared to those constructed by the existing methods. Cur-
rently, a natural query arises: whether this method can be gen-
eralized to multipartite quantum systems of arbitrary dimen-
sions. In the subsequent chapters, we will provide an affirma-

tive answer to this question.

4. Nonlocal set of OPSs on C¥' ® C% @ C% quan-
tum system

In this section, we first extend the method of constructing
a nonlocal set of OPSs from a tripartite system with the same
local dimension to a more general case, i.e., Ch @ Ch g b
quantum system, where 3 < d; < d» < d3. Subsequently, we
further generalize this construction method from a tripartite
system to an n-partite system, namely, the ®lf':1(Cd’ quantum
system, where 3 < d; < dr <d3 <--- <d,.

Theorem 3 On C% ® C% @ C% quantum system, the fol-
lowing dy + 2d; — 2 OPSs cannot be reliably distinguished by
LOCC, where 3 < d; <dp <ds.

di—1

@) =[i)al0— g Y jde, 1<i<di—1,
j=0
dz—1
@) = |m)al(i—1)—i)g Y. j)e, di <i<dr—1,
j=0

di—1
@isar—1) =1 Y, Nali)plo—i)e, 1 <i<dr—1,
=0

di—1
Qivay1) =1 Y, Nalm)sl(i—1)—i)c, da <i<d3—1,
=0
dy—1
|Pirayras—2) = 10—i)al Y, Jalide, 1 <i<di—1,
=0

A1

Gisdrras—2) = 10— (dv = 1)al Y, fsli)e, di <i<d3—1,
=0

|Pdr42a;,—2) = 10)410)8[0)c, 3)

where m = 0 when i is odd while m = 1 when i is even.

Proof Since these states do not have the circularity as that
of Theorem 1, we need to consider measuring these states from
three parties separately to locally distinguish them. The proof
method is similar to that of Theorem 1. When d; # d3, the
proof is shown as follows.

(i) Suppose Alice performs a measurement first, the

POVM element MZMA can be written as a d; X di matrix

aono aoi
aio ary

ap(d;—1)
a1(d,—1
MZMA _ ( 'I )

Ay —1)0 Udi—=1)1 " Adi=1)(di—1)] ¢, xa

under the basis {|0),]1),...,|(d1 —1))}.

To enable the local discrimination to continue, the
post-measurement states {(My ® Iy ® Ic)|@;)} should re-
main pairwise orthogonal, where i = 1,...,d; — 1. For the
states |@;) and |Qy,124,—2), We have ((p,-|(MZMA) ® (IEIB) ®
(I 1) Pay42a,-2) = 0 and (@a,20, 2| (MiMa) @ (Iflg) ®
(IL1c)| i) = 0 for 1 <i<d; — 1. Then we get (ilM|M,|0) =0
and <0|MZMA|1'> = 0. Therefore, we have a;y = ao; = 0 for
1<i<d;—1

For the states |Q;1q4,—1) and |Qiy4,+q4,—2), We can ob-
@in (Qia, 1| (MiMa) @ (Ijlg) ® (ILC)|@ivdyay—2) = 0 and
(Pidyrdy 2| (MIMa) ® (Ijlp) @ (1) | Pivay1) = 0. Thus,
we get (0 14+ (dy —1)|MiMs]0 — i) = 0 and (0 —
i\MIMa|0+1+---4(dy — 1)) = 0. Therefore, we have agy =
an =-=dag-1ya-1) for1 <i<dy—1.

Similarly, for the states |¢;) and |@;), 1 <i# j<d; -1,
we can obtain <i|MZMA|j> =0 and (j\MZMA|i> = 0. There-
fore, we have a;; = a;; = 0.

From the above analysis, it becomes clear that if Alice
first measures, all of her POVM elements are proportional to
the identity matrix. Consequently, Alice can only carry out a
trivial measurement.

(i) Suppose Bob performs a measurement first, the

POVM elements MEMB can be written as a d» X d> matrix

boo bot
: bio by
MBMB = .

bia,~1)0 bla-11 + blay-1)(ar-1)1 4y xa,

under the basis {|0), |1), ..., [(d2—1))}.

The post-measurement states
{(IA ®Mp ®IC)|(Pl>u i=1,..., (d2 - 1)}

must remain orthogonality among themselves.

For the states |¢;) and |@ii4,44,—2), We can derive
that (gi|(IATL) ® (MiMp) ® (IIc)|Qivdyra;—2) = O and
(Pivartas—2|(L1a) @ (MyMp) @ (I.1c)|@;) = 0. This means
(04144 (dy — 1) [MjiMp|0— i) = 0 and (0 — i|M;;Mp|0 +
I+---+4(dr—1)) =0. As a result, we conclude that byy =
biyy=--= b(dl,l)(dl,l) forl1 <i<d;—1.

For the states |¢;) and @y, +4,—1), d1 <i<d>—1, we can
show that by, _1)(@,~1) = baya; = -+ = b(a,~1)(a,~1)- Hence,
we can infer that boo = b11 =+ = b (g, _1)(d,1)-

110307-4
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For the states |@;;4,—1) and |@j14,—1), where 1 <i# j <
dr — 1, we can obtain (i\M;M3|j> =0 and <j|M£MB|i> =0.
Thus, we have bjj =bj; =0for 1 <i# j<dr—1.

For the states |@;4,—1) and |Qg,124,—2), Where 1 <i <
d> — 1, we can obtain

(ilMyMp|0) =0, (0|MyMgli) = 0.

Consequently, we conclude that bjg = by; = 0,1 <i<dp, — 1.

From the above analyses, it is evident that all of the
POVM elements are proportional to the identity matrix if Bob
first performs the measurement. Thus, Bob can only perform
a trivial measurement.

From the above analysis, we can know that all of Bob’s
POVM elements are proportional to identity matrix if he
makes the measurement first. So Bob can only make a triv-
ial measurement.

(iii) Suppose that Charlie performs a measurement first,
the POVM elements MEMC can be written as a d3 X d3 matrix

C(ds=1)0 Cld3=1)1 " Clds—1)(d3=1)] gyxay

under the basis {|0), [1), ..., |(d3 —1))}.
The post-measurement states

{(IA ®IB ®MC)|(P,>,ZZ 17 "'7d3 - 1}

=1 dy—1 dn—1

should remain orthogonal to each other.

For the states |¢;) and [@iq4,—1), 1 <i<dr—1, we
can obtain (@;|(I[1x) ® (I}lg) © (MEMc)|@iva,—1) = O and
(Pirar—1|(I1a) ® (Ijlg) ® (MIMc)|@;)) = 0. Then we get
(04144 (dy — 1) M Mc|0—i) = 0 and (0 —i|M}Mc|0+
1+---+(d2— 1)) = 0. Therefore, we have coo =c¢j1 =+ =
Cldy—1)(dy—1)- For the states |@1) and (@14, 1), do < i< d3—
1, we can obtainc (g, 1y(4,—1) = Cdrdy = *** = C(ds—1)(d3—1)-
Therefore, coo = c11 ="+ = C(ay-1)(d5-1)-

For the states |@iy4,+d;-2) and |Qj 4y +a;-2), 1 <i# j <
ds — 1, we can obtain <i|MgMc|j> =0 and <j|MZMC|i> =0.
Therefore, we have ¢;j =cj; =0for 1 <i# j<d3—1. For
the states | @iy, 14;—2) and | @y, 245 -2), 1 <i<d3—1, wecan
obtain <i|M2MC|O> =0 and (O\MEMCM = 0. Therefore, we
have cjp =co; =0for 1 <i<ds;— 1.

From the above analysis, we can know that all of Char-
lie’s POVM elements are proportional to identity matrix if he
makes the measurement first. So Charlie can only make a triv-
ial measurement.

In summary, the set of states on C%1 ® C% ® C% quan-
tum system in Eq. (3) cannot be locally distinguished. This
completes the proof.

To facilitate the reader’s understanding of Theorem 3, we
give one example in Appendix B.

Theorem 4 On ®;’:1(Cdi quantum system, the following
Z’};; dj+2d, —n+1 OPSs cannot be locally distinguished,
where 3 <d; <d, <---<d,.

loi) =[i)110=i)a| Y )3l Y Da---| Y Sns 1<i<di—1,
=0 j=0

Jj=0
di—1 dy—

lgi) = |m)1|(i—1)—i)a| ¥ )3
Jj=0

J

dy—1 dy—1 dp—1

1
Y i di<i<dy—1,
=

1@ieay1) =1 Y Nl2l0—i)a| ¥ | Y o 1<i<da—1,
. P

Jj=0
di—1 ds—1

Piray—1) = | ;} Mlm)2|(i=1) —i)s] ;) P4

di-1  dr—1 ds—1

@iy rds—2) = | ;) il go )21i)310 = 4] ;) Nseo]

di-1  dr—1

Jj=0

dy—1
Y D da<i<di—1,
=0

J

dp—1
j>n7 1§l§d3—1,
j=0

ds—1 dy—1

Griarai2) =| Y Y Dalm)sli—=1) =il ¥ s+ | Y dhnr ds <i<da—1,
Jj=0 Jj=0 Jj=0 j=0

di-1  d-1  dy—1

dy—1

dg—1
Pirdyrasrdy—3) =1 Y, Dl Y, D2l Y, Dalalo=i)s| Y, fe---1 Y w1 <i<da—1,
=0 j=0  j=0 J=0 =0

di—1 dr—1 d3—1

dg—1 dy—1

Pirdrras+ds—3) = Y, nl Y, N2l Y, Dalmali=1)=i)s| Y, i+ Y, jons da <i<ds—1,
j=0 j=0 j=0 Jj=0 j=0

110307-5



Chin. Phys. B 34, 110307 (2025)

di-1  dp—1  dyi—1  dy—1

dr—1 dp—1

J

Qys aa) =1 X 0l Y il X sl Y alislo—idel . jh7--1 ) jdny 1 Si<ds—1,
= j=0 j=0 j=0 j=0 j=0 =0

di—1 dy—1

dr—1 dy—1

195153 ,4,-4) = Yol Y Dalmsli—=1) =il Y. )71 Y, hn ds <i<ds—1,
N = j=0 j=0 =0

j=0

di—1 dy—1 d(an)_l
|(pi+):’;.;%dj—n+2>:| Z ]>1‘ ]>2|

=0 j=0 j=0

di—1 dr—1 d(y2)—1

|(pi+2;;%dj*ﬂ+2> = | Z ]>1‘ Z J>2| .
j=0 j=0 j=0
dy—1 dz—1

|Pisyn_ydj—nt1) = 0= Y il
' Jj=0 J

-1 dy—1
|Pivxnydj—nt1) = 0= (dr = )] Y ol Y sl
=0 =0

|(P):;%;§dj+2d,,_n+1> = |0>1 ‘O>2|0>3 T |0>n—1 |0>n»

where m = 0 when i is odd while m = 1 when i is even.
Since the proof of Theorem 4 is similar to that of Theo-

rem 3, we omit it here.

5. Comparison and analysis

In this section, we will compare our results with the ex-
isting achievements.

From Table 3, we can easily see that the nonlocal set con-
structed by our method and that of Refs. [27,30] have smaller
number of OPSs on C? ® C? ® C? quantum system.

Table 3. The comparison between our work and the existing results on
C?®C? @ C? quantum system.

References Number of elements Constraint conditions
Ref. [23] a3 >
Ref. [26] 4d -3 >
Ref. [27] 3d-2 d>3
Ref. [28] 6d — 6/6d — 8
Ref. [30] 3d—-2
Our result 3d—-2

By Table 4, we know that the sets constructed by
Refs. [27,30] and that constructed by our method have smaller
number of OPSs on C% @ C%2 @ C% quantum system. It
should be noted that the sets construct by Ref. [27] and ours
have identical numbers of members both on C¢ ® C? @ C¢
quantum system and C% ® C% @ C% quantum system. How-
ever, the sets in Ref. [27] and ours have completely different
structures. In fact, as more and more construction methods of

nonlocal sets of OPSs are proposed, it is of great significance

j=

Y naliya1]0—i)y, 1<i<dp_p)—1,
Y inadm)at|(i—1) =i, dpory S i< dy —1,

d(nfl)fl
D3l Y Daetliye, 1<i<di—1,
0 j=0

d(nfl)_1

Z j>n—1|i>n7 dl Sigdn_ 17
j=0

to research the structures of nonlocal sets constructed by dif-
ferent methods and to identify the essence of nonlocality that
these sets of OPSs possess.

Table 4. The comparison between our work and the existing results on
Ch @ C% @ C% quantum system.

References Number of elements Constraint conditions
Ref. [23] didrds dj>2forj=1,2,3
Ref. [26] 2(dy+d3)—3 4<di <dr)<ds
Ref. [27] 2(da+ds—1)—d, 3<d; <dp,<ds
Ref. [28] 2(dy +dr+d3)—8 2<d; <d,<ds
Ref. [30] dy+2d3—2 3<d| <dy<ds
Our result dy+2d3 -2 3<d| <dr <d3

According to Definition 2, we find that the orthogo-
nal relation vectors of Alice’s party of the sets of OPSs in
C®C*®C? of Refs. [27,30] are [2,2,4,4,2,2,2]T and
[4,4,2,2,2,2,2]T, respectively, while the orthogonal relation
vectors of Alice’s party of the set of OPSs in C* ® C? ® C? in
this paper is [3, 3, 2, 2, 3, 3, 2]T. This means that the structure
of our set is completely different from that of Refs. [27,30] on
Alice’s side. The corresponding graphs of the three orthogonal
relation vectors are shown in Fig. 1.

1 2 1 2 1 2

5 4 5 4 5 4
Fig. 1. The corresponding graphs of the three orthogonal relation vectors
on Alice’s side in C* ® C? ® C? quantum system in Refs. [27,30] and this

paper.
Because of the symmetry of the sets of states, the struc-

tures of these sets of states are also different on Bob’s side and

110307-6



Chin. Phys. B 34, 110307 (2025)

Charlie’s side. Therefore, the set of OPSs constructed by our
method has a completely different structure from those con-
structed by the existing methods.

6. Conclusion

QNWE has been one of the important research topics in
the field of quantum information. It has attracted great at-
tention from scholars since it was found. For a long time,
it is a difficult problem to construct nonlocal sets of OPSs
on multipartite quantum systems. In the past decade, this
research has attracted widespread attention.*!=37! In this pa-
per, we give a method to construct nonlocal set with 3d — 2
OPSs on C? ® C? ® C¢ quantum system, and extend the
method to ((Cd)®" (d > 3) quantum system. Then we gen-
eralize the method for constructing nonlocal sets of OPSs to
C% ®C% ® C% quantum system and ®7_,C% quantum sys-
tem, respectively. Compared with the existing results, the non-
local sets of OPSs constructed by our method have smaller
numbers of elements. At the same time, the structures of the
sets are relatively simple, which makes it easier for people to
deepen their understanding and mastery of nonlocal sets on
multipartite n-partite system.

At present, many achievements have been made in the re-
search on the construction methods of nonlocal sets of OPSs.
Meanwhile, in terms of the applications of nonlocal sets of
OPSs, many beneficial attempts!*33! have been carried out.
However, the achievements regarding the applications of non-
local sets are still very scarce. The applications of nonlocal
sets of OPSs will be an important research content in the fu-

ture.

Appendix A

Example 1
When d = 3 in Theorem 1, the following 7 OPSs cannot
be locally distinguished (see Fig. Al):

i @@ Pt
@ wpd® 6F

Fig. Al. The structure of 7 states on C> @ C3 @ C3.

|@1) =[1)al0—1)5|0+1+2)c,
|P2) =12)a]0—2)[0+1+2)c,
|P3) = [0+ 142)a|1)5[0—1)c,
|Ps) = |0+ 142)4|2)5[0—2)c,
|Ds) =|0—1)4|0+142)|1)c,
|P6) = [0—2)4|0+1+2)5(2)c,
|®7) =10)4|0)5[0)c-
Appendix B
Example 2

On C? ® C*® C* quantum system, the following 10 OPSs
cannot be locally distinguished (see Fig. B1):

s @ o @

HE wE

@@:@ @@‘@E i @E
%;@% %;@

Fig. B1. The structure of 10 states on C?> ® C* @ C*.

|®y) = [1)4]0 — 1)p|0+ 142+ 3)¢,
|P2) = [2)4]0—2)5[0+14+2+3)c,
|P3) = [0)4]2—3)p[0+14+2+3)c,
|D4) = [0+ 1+2)4[1)p[0—1)c,
|Ps) = [0+ 142)4[2)50—2)c,
|Ps) = [041+42)4]3)8|0—3)c,
|®7) =[0—1)al0+1+2+3)p[1)c,
|Dg) =[0—2)40+14+243)5[2)c,
|Po) =[0—2)al0+1+2+3)5[3)c,
|®10) = 0)4/0)5|0)c-
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