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We investigate the parity—time (P7) symmetry-breaking quantum phase transition in a one-dimensional (1D) bosonic
lattice featuring cavity-mediated long-range interactions and spatially staggered dissipation. By mapping the system to an
effective spin chain under the constraints of hard-core bosons and integrating the mean-field decoupling approach with
biorthogonal basis formalism, we derive a self-consistency equation. Numerical simulation results validate that the derived
equation quantitatively captures the P7 -symmetry order parameter’s phase diagram. Our findings reveal that coherent
hopping maintains P77 symmetry through quantum fluctuations. Conversely, cavity-engineered long-range interactions, in
synergy with staggered dissipation, act in opposition to drive symmetry breaking. This competitive interplay can inspire
further exploration of tunable quantum phase transitions in non-Hermitian systems.
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1. Introduction

Ultracold atoms in optical lattices provide an experi-
mentally accessible quantum platform for simulating strongly
interacting many-body systems and exploring fundamental
quantum phases with precise control of interactions and lat-
tice configurations.'=%! This platform has become a paradig-
matic realization of the Bose—-Hubbard (BH) model, success-
fully emulating equilibrium phenomena including the Mott
insulator (MI) to superfluid (SF) transition.!”~'?! Early stud-
ies on this field were predominantly confined to closed quan-
tum systems with short-range couplings due to experimen-
tal limitations, whereas state-of-the-art precision control tech-
niques have now enabled two transformative capabilities: con-
trolled dissipation for stabilizing non-equilibrium quantum

13-15] and tunable long-range interactions mediated by

[16-20

states, |
optical cavities. | These developments enable the realiza-
tion of novel phases, such as the supersolids (SS) and the
charge density waves (CDW).[21-23]

Recent breakthroughs in dissipative cold-atom platforms
have enabled the creation of synthetic gain-loss landscapes
exhibiting parity—time (P7) symmetry.?6-3!] In the context
of non-Hermitian quantum mechanics and open quantum sys-
tems, two particular symmetries are of relevance: parity (P)
symmetry, or spatial inversion, and time-reversal (7)) symme-
try. If the action of the combined P7 operators on the Hamil-
tonian satisfies the relation P7TH(PT)~! = H, the Hamilto-
nian is P7 -symmetric.3>=* In these systems, balanced non-

Hermitian potentials preserve real energy spectra until sponta-
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neous P7T -symmetry breaking occurs, triggering a transition
to complex eigenvalues, which is a hallmark of non-Hermitian

y.32351 State-of-the-art studies employing comple-

criticalit
mentary theoretical approaches, including mean-field approx-
imations, analytically exact methods, and nonlinear spin-wave
theory, have systematically identified distinct phenomena in
one-dimensional (1D) PT-symmetric quantum systems: the
collapse of quantum—classical correspondence,*®! topologi-
cal boundary-induced spectral reconstruction,*”) and emer-
gent dynamical instability mechanisms.*8] At the same time,
coupling atoms to high-finesse optical cavities enables photon-

16171 \where atoms coher-

mediated long-range interactions!
ently exchange photons over extended lattice distances. This
kind of experimental setup was successfully established in
Ref. [23], which achieved independent control over three
energy scales by combining an optical lattice with cavity-
mediated interactions and observed the presence of SS and
CDW phases.

Emerging theoretical and experimental advances have
unveiled a variety of P7T-symmetry breaking phenomena
and unconventional collective phases in non-Hermitian quan-
tum systems with long-range interactions.3*~*3 Notable ex-
perimental breakthroughs in optically coupled nanoparticle
arrays'® and trapped-ion platforms!?! have successfully re-
alized non-Hermitian dynamics with precisely controlled ex-
ceptional points. From a theoretical perspective, the syn-
ergy between dissipative processes and long-range coupling

has been shown to induce novel quantum phases and funda-
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mentally modify entanglement scaling laws in extended spin
systems.[*1=43] These findings collectively underscore the crit-
ical importance of investigating the intertwined effects of non-
Hermiticity and long-range interactions in quantum many-
body physics. Since non-Hermitian dissipation and long-
range interactions inherently disrupt the spatial symmetry re-
quired for P77 -symmetry, whereas coherent hopping tends to
preserve it,?%3] elucidating the competition between these
mechanisms is essential for understanding quantum phase
transitions in non-equilibrium systems. 44431

In this work, we focus on the effects of cavity-mediated
interactions on bosons in a 1D bipartite optical lattice with
alternating gain and loss. The system maintains P7 sym-
metry when coherent hopping and long-range interactions are
balanced, while symmetry breaking emerges at critical hop-
ping strengths. We demonstrate that for hard-core bosons
(i.e., strong on-site repulsion that allows only single-particle
occupancy) in one dimension, the phase diagram of the ef-
fective ground state characterized by the lowest real part of
the eigenspectrum!*®! is influenced by all of hopping, dis-
sipation, and interactions. These effects combine in a non-
trivial manner, resulting in a complex phase diagram that ex-
tends beyond the traditional MI to SF transition. We show
that the interplay between P7 -preserving quantum fluctua-
tions (dominated by hopping) and P7T -breaking mechanisms,
cavity-mediated long-range interactions as well as dissipation,
leads to a dynamic competition. This redefinition of quan-
tum criticality in open systems provides new insights into
phase transitions in non-local interaction and non-Hermitian
systems. [47-48]

The rest of the paper is organized as follows. Section 2
introduces the non-Hermitian model and derives its effective
Hamiltonian via boson-spin mapping, establishing the foun-
dation for P7 -symmetry analysis. Then, in Section 3, we
systematically develop the self-consistency equation using the
biorthogonal basis formulation, which enables Section 4 to
construct the phase diagram and analyze the factors that dom-
inate the phase transition. Finally, we summarize the main

results in Section 5.

2. Model

Bosons in an optical lattice with cavity-mediated long-
range interactions are described by an extended Bose—
Hubbard (EBH) model.[1049-52] We consider an ensemble of
bosonic gas trapped in a 1D optical lattice located inside
an optical cavity, and its dynamics can be described by the
Hamiltonian [}

H=-1) (E;BjJrl +H.c.) —n)
J J

2
+?mepu+%<2m—2m>,(n
J jEe JE€O
where l;j (13 ;) is the bosonic creation (annihilation) operator
at the j-th site, 2; = lAJj-ZAa ; is the number operator, N is the
number of sites, 7 is the tunneling amplitude, Uj is the on-site
repulsion, u is the chemical potential, and U is the strength of
the infinite-range interactions mediated by the cavity. The first
line in Eq. (1) represents the single-particle part of the atomic
gases, while the second line describes both local and global-
range interactions in the system. The cavity-mediated long-
range interactions are represented as the square of the density-
wave order parameter £,

ﬁ:Z@fZﬁ, )

Jjee JEO

where ¥ ;. (¥co) represents the sum over even (odd) lattice
sites.[+]

In the hard-core boson limit (Uy — o), onsite multiple
occupancy is strictly prohibited, thereby mapping the sys-
tem to spin-1/2 excitations with single-particle per site con-
straints. The mapping is given by 13; — 5‘; = 5‘“; + 133 and
IA)IIAJ i — §§ + 1/2,153 which allows us to obtain an effective
1D-spin-chain model for the system, as shown in Fig. 1,

; o o .1
]@m=—426$%H+H&)—uZ($+2)
J J

2
+%<Z$—Z$>. 3)
jee j€o

The density-wave order parameter corresponds to the lattice’s
total staggered magnetization, which quantifies antiferromag-

netic long-range order. We can define it as
M=Y$-Y 5 )

Jjee JEO

In the hard-core limit, the cavity-mediated long-range in-
teraction is equivalent to the long-range interaction among the
spin-z component. On the other hand, the hopping term in
Eq. (1) translates into a ferromagnetic (FM) short-range inter-
action in the spin-XY plane. Therefore, CDW or SF order in
the bosonic system is equivalent to AFM-z or FM-xy order in

the spin system.[>!

Fig. 1. Schematic diagram of the 1D spin chain model.

Previous analysis has predominantly focused on the Her-
mitian sector of the system, with intentional omission of non-
Hermitian processes. To extend this model into the non-
Hermitian domain, a P7-symmetric configuration is engi-

neered by imposing staggered dissipation: even (odd) lattice

110305-2



Chin. Phys. B 34, 110305 (2025)

sites experience particle gain (loss) at rate ¥, encoded in the

Ty(-

nating sign factor (—1)/ explicitly correlates with the spa-

Hamiltonian A.p = Hgpin — )Jﬁ ;- Here, the alter-
tial dissipation pattern, preserving the system’s P77 -symmetry
through balanced gain and loss. In our analysis, we focus on
the system dynamics within a timescale that is short compared
to the inverse loss rate 1/y. In this case, the eigenstate as-
sociated with the lowest real part of the eigenspectrum can
be identified as the effective ground state, while the imagi-
nary components of the eigenenergies characterize the decay
rates corresponding to each eigenstate.[*®! The effective non-
Hermitian Hamiltonian can be expressed as

3 o+ o— A 1
Heip = —tz (Sj“Sj+1 +H.c.) —uZ <S§+ 2)
j
iy
_ 7 (_1 ]SZ_'_i ZSz ZSZ
2 J jee jeo
N 1
_ +o
— —tz (Sj Si +H.c.> —uz <S§.+ 2>
J J
i U NN
o9 SIEREC) W 5)
J Jjik
where Jj = (—1)7%,

The non-Hermitian Hamiltonian can be studied through
a mean-field decoupling scheme. Central to this approach is
the order parameter m = <M > /N. Applying the linearization
procedure,

M~ 2 (MY M — (W) 6)

the original quartic interaction is reduced to a linear opera-
tor form. Applying the linear approximation to the effective
Hamiltonian (5) eliminates explicit operator products, yield-

ing the mean-field form[?4

N PN |
Hvyr = 712 (STS]JFI +H.C.> 7[.1,2 (Sj+2)
J J

- LZV (1) + 2UimM — UGN, )
J

The self-consistency equation for the imbalance order param-
= (i) /.

The spin operators can be mapped to fermionic opera-

eter m can be derived from m
tors through the Jordan—Wigner transformation. This pro-
cedure converts the original interacting spin system into a
quadratic fermionic model, which can be exactly solved in one

dimension 240!

NP S
Sh=¢lelmheif $=¢lo;— (8)

Consequently, the mean-field Hamiltonian in Eq. (7) reduces
to a quadratic form in terms of fermionic operators,

e = 1Y (€lejn+He.) - yZa'aJ
7

w1
(C;C12>
= fzz(@jaﬁl +He.)
J
_Z{u—i— ( y+2U1m>} jcj 9)

Note that the constant terms are neglected since they do not
change the system’s dynamic properties.

3. Self-consistency equation

Following the formulation of the fermionic mean-field
Hamiltonian, we can drive the self-consistency equation. Due
to the staggered potential terms (—1)/ of the system, the lattice
can be divided into even (j =2m) and odd (j = 2m+ 1) sub-
lattices. This bipartition is formally implemented by defining
sublattice operators,

i km

A A 1
&) Comtl = —7—=

" F Yean b /N2 )}
In momentum space, the Hamiltonian can be written as

Bvr =) (a; b}) (_Hik; o _fj ek> (Z’;) (11

k

e . (10)

in which
k .
12°/+2U1m &= —2tcos(2>e1k/2. (12)

Diagonalization of the Hamiltonian matrix yields the eigenen-
ergy spectrum E,

k
Ef=-p+ \/4t20052 (2> +€7. (13)

By employing the sublattice decomposition defined in

Eq. (10), the self-consistency equation can be expressed in mo-
mentum space as

m=yE-
- fz<<azak> ) s

In the thermodynamic limit (N — oo), the sum can be con-
verted into an integral

ne [ 2 (o)) s

The derivation of the exact self-consistency equation re-
quires computing the particle density difference between sub-

lattices <&T€1 ]> and <lA)}LlA) j>. In our model at effective zero
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temperature, [“°) when the chemical potential is set to g = 0,
the negative energy eigenstates E,  are completely occupied,
while the positive energy eigenstates E ,:r remain unoccupied.

The Bogoliubov transformation provides a systematic
framework for calculating quantum expectation values.>’! In
non-Hermitian systems, the Bogoliubov transformation re-
quires extension to a biorthogonal basis to preserve canonical
relations. 8! Defining right (|%&)) and left (|¥1)) eigenstates
with (¥ |[¥k) = 1, the dual transformations are

. . S T }/'I' T
k\ _ k _ k
=M, , = My, (16)
(bk) § (nk) (bZ) (nl > -
R R
where the biorthogonal matrices Mg = < lﬁ 1’;) and M|, =
Wk Zk

ul VR

]fz lk{ satisfy MRMp, = I.
Wi %

The conventional definition of the order parameter be-

comes inadequate in non-Hermitian systems due to the non-
orthogonality of the eigenstates. To maintain thermodynamic
consistency, the order parameter must be redefined in the
biorthogonal basis as

M
o IR -
N{(¥H|¥R)
The fermionic operators expand in terms of quasiparticles
as
afap = (g +HwEn) W v+ vEm), (18)
bibi = (%, +2n) W n+ 2 me). (19)

Calculating the biorthogonal transformation coefficients, we

() (53)
_ &l — [ex+ A _

= TP leral SR 20
‘5k\2+|ek+Ak|2 (—Re(E)), (20)

get

where A, = \/4t2 cos? (k/2) + €. Through this relation, we

can obtain the self-consistency equation,

—— . AR
m:—/ M'@<_RG<E;))¥' 1)
— [ &|” +[ex + Ak T

In this equation, the Heaviside step function O (-) restricts
the integration domain to the negative-energy states, ensur-
ing that only these states exclusively contribute to the order
parameter. Since the origin of dissipation can introduce a non-
Hermitian term in the energy spectrum, the real part of E,  is
used to avoid complex-valued outputs in step functions, en-
suring physically meaningful results. Having derived the gen-
eral form of the self-consistency equation, we now turn to a
systematic analysis of its mathematical structure and physical
implications.

Prior to mathematical analysis, qualitative insights
emerge. We first examine the non-interacting case with U =0,
where the solution to the self-consistency equation reduces
to the trivial configuration my = 0. Through rigorous analy-
sis of the energy spectrum given in Eq. (13), the critical pa-
rameter for P77 -symmetry breaking is explicitly determined
as 1o = y/4. This critical threshold marks the emergence of
complex eigenvalues in the spectrum, characterizing the phase
transition to a fully P7-symmetry broken phase with order
parameter |m| = 1.

When U # 0, long-range interactions modify both the en-
ergy spectrum Eq. (13) and the self-consistency equation (21),
thereby precluding analytical solutions. We numerically solve
this equation through iterative computation of the order param-
eter m, systematically mapping how Uj-controlled interactions
select distinct quantum phases.

For positive interaction strength, U} > 0, the system stabi-
lizes a paramagnetic phase with strict sublattice spin balance
m = 0, where long-range interaction energies vanish identi-
cally. Under these conditions, the energy contribution from
the long-range interaction term vanishes identically. Con-
versely, negative interaction strength, U; < 0, drives sponta-
neous symmetry breaking m # 0, inducing a sublattice-ordered
phase with antiferromagnetic-type alignment. This ordering
features magnetization contrast between parity-opposite sub-
lattices, resulting in long-range spin correlations.

At t = 0, spin dynamics become confined to the XY-
plane with suppressed hopping. In this frozen limit, the sys-
tem exhibits sharp solutions: m = 0 for U; > 0 and m = 1 for
U; < 0. The hopping amplitude ¢ activates quantum fluctua-
tions through the kinetic term, which progressively suppresses
long-range order and drives a quantum phase transition to a
gapless spin liquid state when ¢ surpasses the critical value
1,11 with the ordered phase persisting only when ¢ < f.

4. Phase diagram

In this section, we perform numerical simulations across
the parameter space to validate the solutions from the self-
consistency equation. Figure 2(a) demonstrates the phase di-
agram of Eq. (5) obtained through exact diagonalization (ED)
implemented within the biorthogonal basis framework. The
criticality at U; = O manifests as a phase transition where the
order parameter m vanishes for U; > 0 while attains finite val-
ues under attraction U; < 0 at small ¢, indicating spontaneous
‘PT-symmetry breaking. Notably, singularities emerge at the
parameter boundaries Y = 0, which merit explicit physical in-
terpretation. As shown in Fig. 2(b), solutions to the self-
consistency equation (Eq. (21)) maintain quantitative agree-
ment with ED across the parameter space, despite localized
discrepancies near the ¥ = 0 boundary. The amplified P7T -
symmetry breaking observed in ED data, characterized by en-
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hanced m values compared to predictions, will be analyzed in
the following content.

Numerical result Theoretical result

Fig. 2. (a) Biorthogonal exact diagonalization of Eq. (5) for a 12-site system,
(b) two-dimensional (2D) parametric sweep of solutions to self-consistency
equation (21). The color bar represents the absolute value of m.

At y =0, the order parameter m vanishes across the entire
parameter space, which is a manifestation of finite-size effects
inherent to ED methods.!®) The ground state manifests as a
quantum superposition of two degenerate Néel configurations:
¥6s) = (1/V2) (1141 ) +[4141 --+)), which symmetrizes
the staggered magnetization and enforces m = (M)/N = 0.
The hidden order parameter is quantified via the staggered
magnetization variance(©!-6%]

(22) — (ap2)
N

with thermodynamic extrapolation implemented through the

V(N) = (N=4,6,...,16), (22)

scaling relation,

V(N) ZV(N)-FN"‘W,

as detailed in Fig. 3(a). The non-zero extrapolated order pa-

(23)

rameter v(eo) definitively establishes long-range ordering in
the thermodynamic limit, even though m vanishes in finite-size
ED calculations.

The system exhibits a clear phase transition between the
spin-liquid and antiferromagnetic phases when U; < 0, as per
our expectations. This critical behavior demonstrates quan-
titative agreement with the numerical solutions of the self-
consistency equation shown in Fig. 3(b), confirming the con-
sistency of our analytical framework.

Numerical result at v=0
1.0 (b)4

Theoretical result at v = 01 0

(a)

0.8 0.8

0.6

4
3
2
1 0.6
0

M| 0.4

0.2

1 0

Fig. 3. (a) Thermodynamic-limit behavior of the staggered magnetization
variance v.. in the absence of dissipation. Finite v values at U; > 0 arise from
the numerical extrapolation method. (b) The solution of the self-consistency
equation at vanishing dissipation strength y = 0. The white dashed line marks
the m = 0.1 contour, and the color bar represents the absolute value of m.

To systematically map the phase diagram, we show the
dependence of the order parameter m on U/t at fixed y/t,

as well as its dependence on Y/t at fixed Uj/r. As seen in
Fig. 4, |m| remains zero for U; > 0, while for U; < 0, |m]| ex-
hibits a discontinuous jump to a value between 0 and 1, which
increases with larger y/t. Overall, there is good agreement
between the theoretical predictions and the numerical results,
although discrepancies between theory and exact diagonaliza-
tion (ED) data are also evident. The nonzero values of |m| for
U; > 0 in the ED results are likely attributable to finite-size
effects, since |m| is expected to vanish in the thermodynamic
limit. Similarly, the vanishing of |m| at small y/t for U; < 0
may also arise from finite-size limitations. Furthermore, we
perform cross-sectional scans through the (7,7,U;) parame-
ter space, as shown in Fig. 5. The critical hopping strength
fo = y/4 at y = 2.5 is marked by white dashed lines, serving as
a reference for a symmetry-breaking threshold. An analysis of
the PT-symmetry properties’ dependence on Uj reveals that
for U < 0, increasing |Uj| correlates with higher 7., indicat-
ing a stronger tendency for spontaneous P7 -symmetry break-
ing. The m = 0.5 contour (black dashed lines) is overlaid to
highlight discrepancies between the ED results and theoreti-
cal predictions. Note that this contour does not correspond to
the critical boundary between the P77 -symmetry and broken

phases.
Numerical result Theoretical result
(a) LO—— (b) 1.0 ==
0.81 0.8+
—q/t =01 .
— 0.6¢ v/t =102 = 0.6
£ v/t =105 £
0.4+ v/t =10 0.4
v/t =3.0
0.2+ 9/t =40 0.2
v/t =45 \,
0 o | 0 ‘
-4 -3 -2-10 1 2 -4 -3 -2 -1 0 1 2
Ul/t Ul/t
(c) 1.0 (d)1.0
I —
0.8 0.8/
__ 06 0.6
£ B
T 04 —U/t=-20 | " @
0 U/t=~-1.0 04 Ut = —2.0
Ui/t=0 — byt=-2.
0.2 —b/t=1.0 0.2 7%%;61‘0
U)/t=2.0 —UiZ10
U/t=2.0
% 1 2 3 4 5 % 1 2 3 4 5
v/t v/t

Fig. 4. Comparisons of the ED results (left column) and theoretical results
(right column) for the order parameter |m| as a function of varying parameters.
Left panels (a) and (c) display numerical results, while right panels (b) and (d)
show the corresponding theoretical predictions. Panels (a) and (b) correspond
to fixed y/t, whereas panels (c) and (d) correspond to fixed U, /t. Different
colors indicate different parameter values, with the specific mappings shown
in the inset.

A notable feature in both Figs. 4 and 5 is the pronounced
enhancement of P7-symmetry breaking, as revealed by the
ED results. This enhancement originates from two key fac-
tors in our non-Hermitian ED implementation. (i) The open-
boundary condition induces wavefunction localization via the
non-Hermitian skin effect, amplifying boundary-state contri-
butions to m. (ii) Finite-size effects produce quasi-degenerate
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energy levels that prevent complete gap closure near the phase
transition, enabling preemptive order parameter growth. Par-
ticularly, our approach, which assumes spatially uniform or-
der parameters and inherently smooths finite-size fluctua-
tions through thermodynamic-limit derivation, underestimates
boundary localization contributions to m.

Numerical result a vy=2.5

Theoretical result at v = 2.5

(a) 1.0 (b)

4
” os RS 03
PT-sy try
MR 0.6 1 PT-symmetry [l
S0
= (0.4 _ | . 0.4

02 T2 roker 0.2

Theoretical result at t =2

(d) 4 1.0

Theoretical result at U=

Numerical result at U=

(e) 4 ()4 =
=H04 iH(M

Fig. 5. Comparlsons between the results of ED (left column) and solutions
to self-consistency equation (right column) at y = 2.5, t =2, and U} = —2.
Left panels (a), (c), (e) show numerical results, while right panels (b), (d), ()
correspond to theoretical predictions, respectively. In panels (a) and (b), the
white dashed lines indicate the critical parameter #. = y/4, while the black
dashed lines correspond to the m = 0.5 contour. Similarly, the color bar de-
notes the absolute value of m.

The global trend reveals competing mechanisms: Param-
eters 'y and U drive bosons toward odd—even symmetry break-
ing (spatially modulated distribution), thereby enhancing m
and promoting P7T-symmetry breaking. In contrast, hop-
ping strength ¢ amplifies quantum fluctuations that homog-
enize boson distribution and preserve P7 symmetry. This
is the same as what we obtained from our qualitative anal-
ysis from an energy perspective. Furthermore, the quanti-
tative consistency between theoretical predictions from the
self-consistency equation and numerical simulations across all
parameter regimes (y,7,U}) within mean-field error margins
demonstrates the validity of the theoretical framework of the

biorthogonal basis.

5. Conclusions

Our analysis reveals that the P77 -symmetry breaking in
a 1D bosonic lattice arises exclusively from the interplay be-
tween dissipation (staggered gain-loss) and long-range inter-

actions, while the hopping terms preserve P7T -symmetry. The
‘PT-broken phase emerges only in the attractive interaction
regime, where cavity-induced long-range correlations amplify
density imbalances. Dissipation extends the parameter regime
of PT-symmetry breaking to higher hopping amplitudes, and
the non-Hermitian gain-loss modulation amplifies the symme-
try breaking. The synergy between P7T -symmetric dissipation
and cavity-mediated engineering may host emergent topolog-
ical edge modes and non-Hermitian skin effects and construct
a tunable platform for controlling dissipative phases, probing
exotic quantum transport phenomena, and developing fault-
tolerant quantum sensors. In addition, we observe noticeable
discrepancies between the ED results and theoretical predic-
tions. To resolve these differences and to enable more accu-
rate comparisons, further calculations using methods such as
DMRG, which can handle larger system sizes, are warranted.
These findings not only highlight the crucial roles of long-
range interactions and dissipation in P7 -symmetry breaking,
but also open up new avenues for exploration in related fields.
For example, the insights gained from this work may inspire

further research into P7-symmetric engineering in acous-

[63]

tic metamaterials,'®! quantum magnetism in multicomponent

Bose gases in optical lattices, %! and nonequilibrium phenom-

ena in high-band Bose—Einstein condensates. 6!
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