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The exploration of topological phases remains a cutting-edge research frontier, driven by their promising potential
for next-generation electronic and quantum technologies. In this work, we employ first-principles calculations and tight-
binding modeling to systematically investigate the topological properties of freestanding two-dimensional (2D) honeycomb
Bi, HgTe, and Al,03(0001)-supported HgTe. Remarkably, all three systems exhibit coexistence of intrinsic first- and
higher-order topological insulator states, induced by spin—orbit coupling (SOC). These states manifest as topologically pro-
tected gapless edge states in one-dimensional (1D) nanoribbons and symmetry-related corner states in zero-dimensional
(OD) nanoflakes. Furthermore, fractional electron charges may accumulate at the corners of armchair-edged nanoflakes.
Among these materials, HgTe/Al,03(0001) is particularly promising due to its experimentally feasible atomic configura-
tion and low-energy corner states. Our findings highlight the importance of exploring higher-order topological phases in
quantum spin Hall insulators and pave the way for new possibilities in device applications.

Keywords: higher-order topological insulators, two-dimensional honeycomb lattice, quantum spin Hall insu-

lators
PACS: 73.20.At, 73.22.—f, 03.65.Vf

DOI: 10.1088/1674-1056/addcd?2

1. Introduction

Topological insulators (TIs), characterized by the quan-
tum spin Hall (QSH) effect, have received extraordinary atten-
tion over the past decade due to their unique electronic prop-
erties, which hold great promise for the development of next-
generation electronic and spintronic devices, as well as quan-
tum computing.!'"* Typically, a d-dimensional TI manifests
SOC induced gapless and dissipationless boundary states in its
(d — 1)-dimensional counterparts, giving rise to a nonzero inte-
ger topological invariant Z,. To date, numerous TIs have been
reported in both 2D and three-dimensional (3D) forms.>~7]
These TIs are now classified as Z, TIs or first-order TIs (FO-
TIs), a categorization refined by the recent theoretical pro-
posal of higher-order TIs (HOTIs).[8-111 Specifically, two-
dimensional Z, TIs are also known as QSH insulators. In
general, a d-dimensional n-th-order TI hosts topologically pro-
tected gapless boundary states in its (d — n)-dimensional form,
while remaining gapped in other dimensions. For instance,
2D HOTIs display topological corner state, whereas their
one-dimensional (1D) counterparts, such as nanoribbons and
nanowires, are lack of nontrivial gapless edge states, thereby
distinguishing them from conventional 2D Z, TIs.

Despite extensive theoretical proposals!®~!7l and experi-
mentally realizations in artificially synthesized acoustic and
photonic systems,!'®! the discovery of realistic crystalline ma-
terials that host HOTT states remains limited. Graphene, the
first predicted 2D Z, TI, was later predicted to be an HOTI,
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with topological corner states appearing in diverse geometric
configurations such as triangles, rhombuses, and hexagons. ']
Similarly, other carbon allotropes, including y-graphyne and
graphdiyne, that were regarded as normal insulators due to
their zero topological invariant number (i.e., Z, = 0), have
also been predicted to be HOTIs.[?24 Additionally, twisted
bilayer graphene at specific twisting angles has been sug-

25,261 Other systems

gested to host topological corner states.!
such as the Sierpifiski lattice and superconductor/topological-
insulator/superconductor junctions were revealed to exhibit

[27.28] Byrthermore, certain 3D ma-

topological corner states.
terials, such as bulk Bi and the magnetic axion insulator
Bi;_,Sm,Ses, have been identified as HOTTs, exhibiting hinge

(29301 Fractal nanostructures in

states in their 1D counterparts.
Bi thin films have also been observed to support robust corner
states. 3! Obviously, these findings underscore the importance
of further exploration of HOTTs for both fundamental research
and potential applications.

Given the abundance of conventional Z, TIs, a natural
question arises: can HOTT states intrinsically emerge within
them? In fact, bismuthene, an intrinsic QSH insulator, has
been predicted to host topological corner states when time-
reversal symmetry is broken via magnetic substrates or in-
plane magnetic fields.[3>33 In addition, in bilayer systems
formed by stacking two QSH insulators, interlayer coupling
can induce topological corner states.!**! In these cases, FOTI
states are intentionally suppressed to facilitate the emergence
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of HOTT states. However, FOTI and HOTI states may trans-
form into each other under specific circumstances. For ex-
ample, in a kagome lattice, the competition between the SOC
effect and asymmetric nearest-neighbor hopping can drive a
topological phase transition between Z, TIs and HOTIs. 33
Similarly, a moderate tensile strain may lead to a topologi-
cal transition from an HOTI to a QSH insulator in 2D hydro-
genated tetragonal stanene.®! Intuitively, the HOTI states in
these systems are not strictly intrinsic properties, as their emer-
gence depends on external conditions such as symmetry break-
ing, strain, or interlayer coupling. Nevertheless, these obser-
vations suggest the potential coexistence of FOTI and HOTI
states within Z; TIs, hinting at a subtle interplay between these
topological orders.

In this work, we investigate the topological properties
of freestanding 2D honeycomb Bi and HgTe, as well as
Al>,O03(0001)-supported 2D HgTe [HgTe/Al,03(0001)]. Our
results reveal that all three systems are intrinsic 2D Z; TIs,
with their OD nanoflakes exhibiting topological corner states,
a robust signature of coexisting first-order and higher-order
TI phases. In addition, the spatial distributions of these cor-
ner states are strongly influenced by the atomic configurations
at the nanoflake edges, which may lead to the emergence of
fractional electron charges accumulated at the nanoflake cor-
ners. Among the studied systems, HgTe/Al,03(0001) is the
most promising candidate, owing to its experimentally feasi-
ble geometry and the favorable energy alignment of its corner
states, making it a strong contender for applications in next-
generation electronic and quantum devices.

2. Methods

The first-principles calculations were carried out in
the framework of density-functional theory implemented
in the Vienna ab initio simulation package (VASP).[37-38]
The interaction between valence electrons and ionic cores
was described using the projector augmented wave (PAW)
method.3%#% The spin-polarized local density approximate
(LDA)“! was adopted for the exchange—correlation poten-
tial and the SOC was invoked self-consistently. The 2D Bril-
louin zone was sampled by a 36 x 36 k-grid mesh. The
atomic structures were fully relaxed until any component of
the forces on a single atom is smaller than 0.01 eV/A. The
Bloch wavefunctions were transformed into maximally local-
ized Wannier functions by using the WANNIER90 code. [4?43]

(441 and PythTBI[4] packages were used to

The Wanniertools
construct tight-binding models of materials considered in this

work.

3. Results and discussion

Since the 2D honeycomb lattice has been widely explored
for hosting HOTI states, we focus on this type of materials.

Bismuth monolayer (ML) is a prototypical 2D honeycomb lat-
tice material with strong SOC. To explicitly elucidate the ef-
fect of SOC, we first calculated the band structure of 2D hon-
eycomb Bi without including SOC, as shown in Fig. 1(a). It
can be seen that the non-relativistic calculation predicts a di-
rect band gap of 421 meV at the I" point. When the SOC
is included, the band structure undergoes significant splitting,
as seen in Fig. 1(b), highlighting the strong SOC effect in
Bi. Moreover, the band gap transitions from direct to indirect.
This is attributed to the substantial Rashba splitting of the top-
most valence band near the I" point, which significantly raises
the energy levels around the I point, while the energy level at
the I point remains relatively unchanged. Consequently, the
indirect band gap reduces to 237 meV. To investigate the topo-
logical nature of 2D honeycomb Bi, we need to calculate the
Z, topological invariant. Since 2D honeycomb Bi possesses
inversion symmetry, the Z, topological invariant can be ob-
tained by investigating the parities of the occupied eigenvalues
at the time-reversal invariant momenta in the Brillouin zone, as
proposed by Fu and Kane.[*®! Note that the time-reversal in-
variant momenta consists of the I" point and three M points,
with the parities of all energy levels at the I" point and one M
point marked in Fig. 1(b). The parities of the energy levels
at the other two M points are the same as those in Fig. 1(b).
Consequently, we obtained Z, = 1, confirming that 2D honey-
comb Bi is topologically nontrivial, consistent with previous
report. 474
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Fig. 1. Band structures of 2D honeycomb Bi (a) without and (b) with spin—
orbit coupling. The red dashed curves in panel (b) are the energy bands
from tight-binding model with the fitted basis set of relativistic Wannier func-
tions. The “+/—"" sign indicates the “even/odd” parity of the energy levels at
the time-reversal-invariant momenta (the M and I" points). The Fermi level
(dashed horizontal line) is set as the zero energy.

The bands in Fig. 1 primarily originate from the Bi-
6p orbitals, while the bands from the Bi-6s orbitals lie far
below Fermi level (Ep). Accordingly, we selected the Bi-
6p orbitals as the basis set to construct relativistic Wan-
nier functions (i.e., with the SOC effect included) for tight-
binding simulations.*’! Clearly, the tight-binding band struc-
ture closely aligns with the DFT bands, as presented in
Fig. 1(b).
nanoribbons using the tight-binding method.

We then calculated the band structures of Bi
Similar to
graphene, Bi nanoribbons can have either zigzag or arm-
Additionally, the widths of the nanoribbons
must be sufficiently large to avoid coupling between edge

chair edges.
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states. Figure 2 displays the band structures of Bi nanorib-
bons with zigzag and armchair edges. Notably, several edge
bands appear within the bulk TI gap, manifesting the non-
trivial topological characteristics, in agreement with previous
literature. *”! Furthermore, the edge bands of zigzag and arm-
chair nanoribbons exhibit distinct features due to the different
arrangement of edge atoms in the two configurations.

1.0

0.5

Energy (eV)
=

—0.5 —0.5

-1.0 —1L05= %
—7/a 0 w/a  —m/a w/a

Fig. 2. Band structures of 1D Bi nanoribbons with (a) zigzag and (b) arm-
chair edges. The Fermi level (dashed horizontal line) is set as the zero energy.
The insets present the atomic structures of Bi nanoribbons with a width of 8
Bi chains. The blue dashed rectangles in panels (a) and (b) mark one zigzag
and armchair Bi chain, respectively. The actual width of the nanoribbons for
the band structures is 60 Bi chains.

In general, for a 2D system with inversion and time-
reversal symmetries, the higher-order band topology can be
characterized by the second Stiefel-Whitney number @,
which is also calculated from the parities of the occupied
eigenvalues at the time-reversal invariant momenta in the

(501 Interestingly, we obtained @, = 1 for 2D

Brillouin zone.
honeycomb Bi. Therefore, 2D honeycomb Bi is indeed an
HOTT and can host topological corner states. To clearly ob-
serve the topological corner states, we investigated 0D rhom-
bic nanoflakes, a typical geometry used to reveal HOTI cor-

[19.20] We constructed a series of 0D Bi rhombic

ner states.
nanoflakes with zigzag and armchair edges of varying sizes
and found that well-separated corner states emerge when the
edge lengths exceed approximately 50 A. Figure 3 illustrates
the energy levels of rhombic nanoflakes with zigzag and arm-
chair edges. In the zigzag nanoflake, the energy levels of the
corner states locate at around 0.23 eV above Ef of 2D honey-
comb Bi. We further analyzed the spatial distribution of the
probability densities of their wavefunctions (|@;|?). As pre-
sented in Fig. 3(a), the wavefunctions of the two corner states
are separately localized at the two acute-angle corners of the
nanoflake. In contrast, the armchair nanoflake exhibits distinct
corner states, as depicted in Fig. 3(b). Here, four nearly de-
generate energy levels are observed at approximately 0.304 eV
above Ef of 2D honeycomb Bi. The spatial distributions of the
probability densities of these wavefunctions are almost identi-
cal, with all states localized at both acute-angle corners of the
nanoflake. This behavior can be attributed to the high sym-
metry of the armchair nanoflake, where all edges and corners
contain both types of inequivalent Bi atoms. Notably, both the
FOTI edge states and HOTT corner states in 2D honeycomb

Bi derivatives originate from the intrinsic SOC effect of the
material. Therefore, we can conclude that 2D honeycomb Bi
inherently host both first- and higher-order topological phases,
which coexist without requiring external manipulations.
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Fig. 3. Energy levels of Bi rhombic nanoflakes with (a) zigzag and (b) arm-
chair edges with respect to the Fermi level. The insets display the spatial
distributions of the probability densities of the corner-state wavefunctions
(\(pi|2). The widths of the zigzag and armchair nanoflakes are 40 and 25 Bi
chains, respectively.
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Fig. 4. Band structures of 2D honeycomb HgTe (a) without and (b) with spin—
orbit coupling. The red dashed curves in panel (b) are the energy bands from
tight-binding model with the fitted basis set of relativistic Wannier functions.
The inset in panel (b) zooms in the energy bands near the I" point. The inset
in panel (b) presents the atomic structure of 2D honeycomb HgTe, where the
grey and brown spheres stand for Hg and Te atoms, respectively. The inset
in panel (b) is the n-field configuration in the Brillouin zone sampled by a
12 x 12 k-grid mesh. The nonzero points are denoted by red (n = 1) and blue
(n = —1) dots, respectively.

It is important to note that the corner states in Bi
nanoflakes are positioned relatively far above Ex, which poses
challenges for practical applications. Therefore, it is worth-
while to explore other 2D honeycomb materials that host
HOTT states near Er. Except for elemental materials such as
graphene and Bi, several binary compounds, including BN and
HgTe, also crystallize into 2D honeycomb lattice.’!! Since
2D honeycomb BN is a wide-band-gap semiconductor, we
selected 2D honeycomb HgTe as a representative 2D honey-
comb compound to investigate its topological properties. As
shown in Fig. 4(a), the band structures of 2D honeycomb HgTe
[see its atomic structure in Fig. 4(b)] without SOC exhibits
graphene-like Dirac states, with bands dispersing linearly near
Er. Nevertheless, the Dirac states appear at the I point rather
than the K point in graphene, featuring a small band gap of
17 meV. Analysis of their wavefunctions indicates that these
Dirac states originate from hybridization between the s orbitals
of Hg and Te, in contrast to graphene, where Dirac states arise
from the p, orbitals of C. The parabolic band just below Ef
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primarily derives from the in-plane p, and p, orbitals of Hg
and Te. Upon including SOC, the bands undergo remarkable
splitting due to the strong hybridization between the s and p,/,
orbitals mediated by the SOC Hamiltonian. In addition, a band
gap of 183 meV is induced by the SOC effect and band inver-
sion occurs at the band gap. To investigate the topological na-
ture of 2D honeycomb HgTe, we employed the so-called “n-
field” method to compute the Z; topological invariant, since

n.52-541 As shown in the inset of

inversion symmetry is broke
Fig. 4(b), the summation over the half Brillouin zone (shadow
area) yields Z; = 1, demonstrating that 2D honeycomb HgTe
is a topologically nontrivial material.

Figure 5 presents the band structures of HgTe nanorib-
bons with zigzag and armchair edges, calculated using the
tight-binding method with the corresponding relativistic Wan-
nier functions. Apparently, both nanoribbons exhibit edge
states within the band gap of 2D honeycomb HgTe, but their
characteristics differ. In the zigzag nanoribbon, four bands
cross the bulk band gap, with two intersecting points at Ep
near the I point. For the armchair nanoribbon, however, there
are only two edge bands with a single intersecting point lo-
cated precisely at the I point. These edge states are obviously
distinct from those in Bi nanoribbons, which can be attributed
to their different atomic structures. As illustrated in the inset
of Fig. 5(a), the two edges of the zigzag nanoribbon are indi-
vidually terminated by Hg and Te atoms, making them struc-
turally inequivalent. On the contrary, both edges of the arm-
chair nanoribbon are terminated by Hg—Te dimers, as shown
in the inset of Fig. 5(b), resulting in equivalent edges.

.of (b)

Width

Energy (eV)

“—m/a 0 m/a
Fig. 5. Band structures of 1D HgTe nanoribbons with (a) zigzag and (b) arm-
chair edges. The insets present the atomic structures of HgTe nanoribbons
with a width of 12 Hg—Te chains. The purple dashed rectangles in panels (a)
and (b) mark one zigzag and armchair Hg—Te chain, respectively. The actual
width of the nanoribbons for the band structures is 60 Hg—Te chains.
Although the second Stiefel-Whitney number @, is
widely used to characterize HOTIs in literature, it val-
idates only for systems with inversion and time-reversal
symmetries.’%! So far, method to calculate higher-order topo-
logical invariant number is not available for systems with in-
version symmetry. Therefore, we directly investigated the
electronic properties of 0D HgTe rhombic nanoflakes with
zigzag and armchair edges to figure out possible corner states.
As shown in Fig. 6, all energy levels within the energy range
are doubly degenerate due to the reduced structural symmetry

compared to Bi nanoflakes. Interestingly, each structure hosts
two corner states, demonstrating the coexistence of intrinsic
FOTI and HOTT states similar to the case of 2D honeycomb
Bi. The energy levels of the corner states are positioned just
above Ef, as highlighted by the red dots in Fig. 6. They are
the energy levels of the lowest unoccupied molecular orbitals
(LUMO:s), separated from the highest occupied molecular or-
bitals (HOMOs) by 41 meV and 114 meV, respectively for the
zigzag and armchair nanoflakes. Obviously, these energy lev-
els are much lower than those in Bi nanoflakes, so that they
are much easier to be manipulated for applications. The spa-
tial distributions of the two corner states in each structure are
identical. In the zigzag nanoflake, both corner states are lo-
calized at the acute-angle corner which is terminated by a Te
atom, as seen in the set of Fig. 6(a).
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Fig. 6. Energy levels of HgTe rhombic nanoflakes with (a) zigzag and (b)
armchair edges, with respect to the Fermi level. The insets display the spa-
tial distributions of the probability densities of the corner-state wavefunc-
tions (|(pi|2) projected on Hg and Te atoms. The widths of the zigzag and
armchair nanoflakes are 40 and 25 Hg—Te chains, respectively.

Moreover, it can be seen that the Hg atoms at the cor-
ner region contribute most of the corner-state wavefunctions,
while only the edge Te atoms near the corner exhibit notable
contributions. In contrast, the corner states in the armchair
nanoflake primarily originate from the edge Te atoms near the
two blunt-angle corners. Accordingly, it is reasonable to pre-
sume that these corner states as HOTTI states, as generalized
from the results for 2D honeycomb Bi. It is worth noting
that the spatial distribution of the corner states in the arm-
chair nanoflake appears less localized than those in the zigzag
nanoflake. This is likely due to the limited nanoflake size in
our calculations, as computational demands increase rapidly
with system size. Nevertheless, the primary localization char-
acteristics of the corner states are clearly demonstrated.

Given that freestanding 2D TIs including HgTe are chal-
lenging to obtain, it is crucial to identify suitable supporting
substrates for potential applications in realistic electronic de-
vices. It has been revealed that Al;O3(0001) is an ideal sub-
strate for stabilizing 2D honeycomb HgTe.’! Since the sur-
face layer of Al,O3(0001) consists of both Al and O atoms,
there are several sites for both Hg and Te atoms to be ad-
sorbed. We have considered a series of structural configura-
tions and compared their energies to uncover the most stable
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atomic structure. We found that HgTe/Al,O3(0001) prefers a
configuration, with each Hg bonded to three neighboring oxy-
gen atoms and each Te atom bonded to one aluminum atom,
and the Hg atoms are close to Al;03(0001) than the Te atoms,
as illustrated in Fig. 7(a). The short bond lengths of Hg—O and
Te—Albonds, i.e.,d; =2.70 A and d» =2.74 A, indicate strong
interaction between HgTe layer and Al,O3(0001) substrate.
Consequently, the system should no longer be treated as sepa-
rate entities but rather as an integrated whole. Interestingly, the
key feature of the band structure near the I" point remain in-
tact, as shown in Figs. 7(b) and 7(c), because Al,03(0001) has
a wide band gap with its valence band maximum at approxi-
mately —0.8 eV below Ef and its conduction band minimum
at about 4.2 eV above Ef. In this system, the SOC-induced
band gap is 239 meV, and its topological characteristic is pre-
served with Z, = 1 calculated from the “n-field” method. Ac-
cordingly, it is appropriate to select the orbitals of HgTe for
further investigating the electronic properties of Al,O3(0001)-
supported HgTe nanoribbons and nanoflakes. The bands ob-
tained from relativistic Wannier function fitting accurately re-
produce the corresponding DFT bands, as plotted in Fig. 7(c),
confirming that the chosen basis set is indeed sufficient.
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Fig. 7. Structural and electronic properties of 2D honeycomb HgTe on
Al,03(0001) substrate. (a) Top and side views of the atomic structure. The
grey, brown, purple, and red spheres stand for Hg, Te, Al, and O atoms, re-
spectively. The rhombuses indicate the unit cells. Panels (b) and (c) are band
structures without and with spin—orbit coupling, respectively. The red dashed
curves in panel (c) are the energy bands from tight-binding model with the
fitted basis set of Wannier functions.

The band structures of Al,O3(0001)-supported HgTe
nanoribbons with zigzag and armchair edges are depicted in
Fig. 8. Although they differ from those of freestanding HgTe
nanoribbons, the main characteristics of the edge bands are
preserved, manifesting that HgTe/Al,03(0001) indeed retains
its TI properties. As displayed in Fig. 9, the 0D rhombic
nanoflakes also exhibit double-degenerate energy levels, sim-
ilar to their freestanding counterparts. However, the cor-
ner states in both cases are predominantly contributed by Te
atoms, while Hg atoms have ignorable contribution. Specif-
ically, the corner states in the zigzag nanoflake arise from
Te atoms located near one of the two acute-angle corners,
whereas those in armchair nanoflake originate from Te atoms

positioned along the edges surrounding the two blunt-angle
corners symmetrically. Similar to the free-standing honey-
comb HgTe, the spatial distribution of the corner states in the
HgTe/Al,03(0001) armchair nanoflake seems extended along
the edges, most likely due to the limited nanoflake size in our
calculations. In addition, the corner-state energy levels are
19 meV and 47 meV above Ef, respectively for the zigzag
and armchair nanoflakes, further reduced compared to those
in freestanding HgTe nanoflakes. Such energy levels facilitate
low excitation energies for transport in potential device appli-

cations.
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Fig. 8. Band structures of 1D HgTe nanoribbons on Al,03(0001) substrate
with (a) zigzag and (b) armchair edges. The widths of the nanoribbons is 60
Hg-Te chains, the same as those in freestanding nanoribbons in Fig. 5.

0.15 @ ] 0
Hg . Hg (b) .
0.10 3
= « 0.10} ‘ .
2 0.0 h Te .. ’x , Te
) . 3
o0 e .o  hiasassidaeld ..
- .o
g 0 .o
& 0
—0.05
~0.10 —o.10L

Level index Level index

Fig. 9. Energy levels of HgTe rhombic nanoflakes on Al,O03(0001) substrate
with (a) zigzag and (b) armchair edges, with respect to the Fermi level. The
insets display the spatial distributions of the probability densities of the corner-
state wavefunctions (|¢;|?) projected on Hg and Te atoms. The widths of the
zigzag and armchair nanoflakes are 40 and 25 Hg—Te chains, respectively.

It is known that integrating the probability density of a
wavefunction yields the number of electrons associated with
that wavefunction, which should be exactly equal to 1 accord-
ing to quantum mechanics. In the case of armchair nanoflakes
of the materials considered in this work, the probability den-
sity of an individual corner-state wavefunction is distributed
across two opposite corners. However, the two parts are com-
pletely separated by the gapped interior region, as shown in
Figs. 3(b), 6(b), and 9(c). Consequently, each related corner
carries half electron charge, i.e., the fractional electron charge
of %e might be observed in armchair nanoflakes. In fact, simi-
lar fractional electron charges have been reported in graphene
nanoflakes, where electron charges of %e and %e emerge de-
pending on the specific geometries of nanoflakes.!'?) It is im-
portant to emphasize that, despite the spatial separation, the
wavefunction of a single corner state remains an indivisible
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quantum entity, with the two fractional electron charges in-
trinsically entangled. Nevertheless, for certain applications
requiring localized charge manipulation, it may be desirable
to concentrate the entire electron charge at a single corner.
This can be achieved through the application of local per-
turbations, such as site-specific magnetization or electric po-
tential, to break the symmetry connected by the two corners,

5.2l These findings underscore

as proposed in recent studie
the interplay between geometric confinement, quantum entan-
glement, and external tunability in the design of functional

higher-order topological systems.

4. Conclusions

In summary, we have systematically investigated the
topological properties of 2D honeycomb Bi, HgTe, and
HgTe/Al,03(0001), based on first-principles calculations and
tight-binding simulations. All three systems are intrinsic 2D
Zy TIs, manifested by the SOC-induced edge states in 1D
nanoribbons. Additionally, they exhibit corner states in 0D
rhombic nanoflakes, implying the coexistence of first- and
higher-order TI states. Notably, the corner states in zigzag
nanoflakes are localized at a single corner, whereas those in
armchair nanoflakes are distributed across two counter cor-
ners. This spatial separation in armchair configurations en-
ables the observation of fractional electron charge of %e, a
phenomenon supported by the bipartite nature of the wave-
functions. However, freestanding 2D honeycomb Bi and HgTe
present significant limitations: the corner states in Bi are en-
ergetically distant from Ef, and the synthesis of freestand-
ing HgTe remains experimentally challenging. In contrast,
the HgTe/Al,03(0001) system offers a promising alternative,
as its atomic configuration is experimentally feasible, and its
corner states are energetically aligned close to Er. These at-
tributes make HgTe/Al,03(0001) a promising candidate for
next-generation electronic and quantum devices.
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