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With the increasing accuracy requirements of satellite magnetic detection missions, reducing low-frequency noise
has become a key focus of satellite magnetic cleanliness technology. Traditional satellite magnetic simulation methods
have matured in static magnetic dipole simulations, but there is still significant room for optimization in the simulation
and computation of low-frequency magnetic dipole models. This study employs the Gauss–Newton method and Fourier
transform techniques for modeling and simulating low-frequency magnetic dipoles. Compared to the traditional particle
swarm optimization (PSO) algorithm, this method achieves significant improvements, with errors reaching the order of
10−13% under noise-free conditions and maintaining an error level of less than 0.5% under 10% noise. Additionally, the
use of Fourier transform and the Gauss–Newton method enables high-precision magnetic field frequency identification
and rapid computation of the dipole position and magnetic moment, greatly enhancing the computational efficiency and
accuracy of the model.
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1. Introduction
The magnetic design of satellites is a fundamental aspect

of space engineering, essential for mitigating magnetic inter-
ference and ensuring optimal satellite performance.[1,2] Mag-
netic interference primarily arises from internal electromag-
netic components and external sources, including Earth’s ge-
omagnetic field and solar activity.[3,4] Accurate modeling and
optimization of the magnetic field are crucial not only for im-
proving attitude control precision but also for enhancing the
stability and accuracy of onboard instrumentation.[5,6]

Among various modeling approaches, the magnetic
dipole model has gained prominence due to its theoretical sim-
plicity and computational efficiency.[7] By decomposing com-
plex magnetic fields into multiple dipole components, it effec-
tively represents both internal interference sources and exter-
nal environmental fields. To refine magnetic interference lo-
calization, shielding optimization, and compensation design,
various optimization algorithms have been integrated into
dipole modeling.[8,9] One such a technique, particle swarm op-
timization (PSO), is widely employed due to its flexibility and
effectiveness in solving nonlinear optimization problems with
minimal reliance on gradient information.[9,10] However, PSO
has notable drawbacks, including limited convergence accu-
racy and high sensitivity to initial parameter selection, which
can lead to suboptimal solutions.[11–13]

In contrast, the Gauss–Newton (GN) method, a gradient-

based optimization technique, employs a second-order ap-
proximation of the objective function to achieve rapid and pre-
cise iterative convergence. This method demonstrates superior
accuracy and efficiency, particularly when reasonable initial
values are provided and the problem exhibits locally linear
behavior.[14,15] Unlike PSO, the GN method is highly effec-
tive in scenarios where gradient information is readily avail-
able, making it particularly suitable for high-precision mag-
netic field modeling and parameter inversion.[16]

Given the relatively small number of parameters in satel-
lite magnetic design, the GN method often achieves higher ac-
curacy than global optimization methods. In the context of
low-frequency magnetic dipole models (3 Hz–3000 Hz), it ac-
curately reconstructs dipole magnetic moments while main-
taining robustness against measurement noise and interfer-
ence. Even under varying levels of error, the GN method
consistently recovers the dipole parameters with high relia-
bility. Despite advances in magnetic dipole modeling, exist-
ing approaches remain inadequate for low-frequency simula-
tions, and the multi-solution nature of the dipole model fre-
quently leads to ambiguities when using PSO in practical ap-
plications. To address these challenges, this study employs the
GN method combined with gradient descent techniques to op-
timize the inversion of magnetic dipole models. To improve
the classical GN method and make it more suitable for low-
frequency magnetic dipole inversion, this study introduces
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several novel strategies. First, a Fourier-based preprocessing
step is employed to isolate the dominant frequency compo-
nents of the magnetic field signal, which reduces the inver-
sion parameter space from a three-dimensional (position, mo-
ment, frequency) to a two-dimensional (position and moment)
problem. This significantly enhances the inversion speed and
robustness. Second, realistic spatial constraints based on the
physical structure of the spacecraft are integrated into the op-
timization framework to improve convergence reliability and
solution uniqueness. Third, L2 regularization is introduced
into the cost function to penalize large parameter estimates
and avoid overfitting, especially under noisy conditions. Fi-
nally, to address sensitivity to initial values, the GN method
is initialized using multiple heuristically chosen magnetic mo-
ments based on typical system scales. These improvements
collectively strengthen the GN method’s stability and perfor-
mance in low-frequency magnetic field inversion.

2. Theoretical model
2.1. Magnetic dipole model

The modeling process begins with forward modeling to
simulate the magnetic field distribution generated by magnetic
dipoles. Assuming each magnetic dipole has a fixed magnetic
moment and position , the magnetic field at a specific point is
given by

Bt(𝑅) =
µ0

4π

[
3(𝑅−𝑅t)(𝑅−𝑅t)𝑀 t

|𝑅−𝑅t|
5 − 𝑀t

|𝑅−𝑅t|
3

]
, (1)

where 𝑀t is the magnetic moment, 𝑅t is the position of the
dipole, and 𝑅 is the position of the test point.

In Fig. 1(a), 12 test points were distributed on two circu-
lar planes to improve spatial diversity and reduce geometric
bias. Specifically, one circle was placed at z = 0.1 m with a
radius of 1.4 m, and the other at z = −0.1 m with a radius of
2.4 m.[17] Each circle contained six test points arranged coun-
terclockwise at 60◦ intervals starting from the positive x-axis
direction. This dual-plane configuration ensures better verti-
cal coverage and enhances inversion accuracy compared to a
single-ring layout.

To mitigate the dependency on initial parameters, espe-
cially in the GN method, two strategies are adopted in our
model. First, spatial constraints are imposed on the dipole po-
sition parameters based on actual experimental setup, where
dipole positions can be measured with millimeter-level pre-
cision. This restricts the initial position estimates to a nar-
row and physically valid region. Second, we apply a Fourier
transform to the measured magnetic field data, enabling clear

identification of dominant frequency components. The inver-
sion algorithm is then guided by frequency-domain priors, reg-
ularized using L2 norms to prevent overfitting and stabilize
convergence. Since position and frequency are relatively con-
strained, the primary inversion uncertainty lies in estimating
magnetic moments. Therefore, we adopt an ensemble initial-
ization strategy using multiple sets of magnetic moments with
gradually increasing magnitudes and uniformly sampled di-
rections, effectively enhancing the robustness and success rate
of the inversion.

The magnetic field at each test point is denoted as 𝐵t.
To simulate real-world measurement conditions, 5% random
noise 𝑛 is added to the magnetic field data:

𝐵′t =𝐵t +𝑛𝐵t, (2)

where 𝑛 is the random noise with an amplitude equal to 5% of
the magnetic field strength. The noisy magnetic field data 𝐵′t
serves as input for the inversion process, reflecting the impact
of measurement uncertainties on the model’s accuracy. [18,19]

2.2. Gauss–Newton method

To enhance the effectiveness of the GN method in low-
frequency magnetic dipole inversion, several targeted im-
provements were incorporated in this study. We introduced
a Fourier transform-based preprocessing step to extract the
dominant frequency components from the measured magnetic
field. This reduced the inversion parameter space from three
dimensions (magnetic moment, position, and frequency) to
two (magnetic moment and position), significantly enhanc-
ing both convergence speed and inversion precision. Physi-
cal spatial constraints were added to the inversion process. In
practical satellite systems, the positions of magnetic dipoles
(e.g., components or cables) are physically fixed and measur-
able to millimeter-level accuracy. By constraining the dipole
locations within realistic boundaries, the solution space is nar-
rowed, mitigating issues caused by overlapping fields and en-
hancing uniqueness. Then we adopted an L2 regularization
strategy to improve stability under noise. The loss function
was redefined to incorporate a weighted sum of the squared
relative residuals and a penalty term for the parameter norm:

min
p

(
n

∑
i=1

[
yi− f (xi, p)

yi

]2

+λ ‖p‖2

)
, (3)

where yi is the noisy observed field, f (xi, p) is the predicted
field, and λ is the regularization coefficient. This formulation
allows the algorithm to penalize large deviations while avoid-
ing overfitting to noisy data.

The residual vector 𝑟(p) is defined as follows:

𝑟 (p) = [y1− f (x1, p) ,y2− f (x2, p) , . . . ,yn− f (xn, p)]T. (4)
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The Jacobian matrix 𝐽 represents the partial derivatives of the
model output with respect to the parameters

Ji j =
∂ f (xi, p)

∂ p j
. (5)

The parameter updates are performed iteratively using the fol-
lowing formula:

pk+1 = pk +
(
𝐽T𝐽

)−1
𝐽T𝑟(pk). (6)

This study also compares the GN method with the PSO al-
gorithm. While PSO is a classical global search algorithm,
it exhibits an error margin of approximately 5%. In contrast,
the GN method demonstrates superior accuracy, particularly
for low-dimensional parameter matrices. For magnetic dipole
models with only two unknown variables (magnetic moment
and position), the GN method can achieve nearly perfect in-
version of the simulated magnetic field.

To address the GN method’s sensitivity to initial parame-
ter values, we design a heuristic initialization strategy. A range
of linearly spaced initial magnetic moments is generated, and
multiple inversion attempts are executed in parallel. This sig-
nificantly increases the likelihood of converging to the global
optimum, especially in complex or noisy scenarios with mul-
tiple local minima.

Together, these improvements make the GN method
highly effective for practical low-frequency magnetic dipole
modeling tasks. Compared to classical global optimization
methods like PSO in Figs. 1(b)–1(e), the enhanced GN ap-
proach offers faster convergence, requires fewer measurement
points, and achieves superior inversion accuracy. Its strong
resistance to noise and efficient use of gradient information
make it a promising tool for applications such as magnetic
field imaging, geophysical surveys, and complex magnetic
source reconstruction.
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Fig. 1. (a) Schematic diagram of magnetic dipole test points. (b)–(d) Com-
parisons of inversion results between the PSO method and the GN method
for Bx, By, and Bz components. (e) Inversion error results of the PSO and GN
methods.

3. Experimental simulation verification
This section provides a comprehensive analysis of the re-

sults obtained from the magnetic dipole inversion study based
on the Gauss–Newton (GN) method, with a focus on inversion
performance under static conditions, low-frequency scenarios,
and multi-dipole systems.[10,14,21]

3.1. Single magnetic dipole model

The analysis begins with the evaluation of the GN
method’s effectiveness in reconstructing magnetic field distri-
butions for both single and double magnetic dipole models. In
the case of a single dipole, as shown in Fig. 2(a), the simu-
lated magnetic field (𝐵t) and the inverted magnetic field (𝐵d)
exhibit a high degree of agreement, demonstrating the accu-
racy of the GN method in solving inversion problems. Fur-
thermore, the residual error analysis in Fig. 2(a) shows mini-
mal discrepancies, highlighting the algorithm’s robustness in
static conditions. The calculation error e of the single dipole
model remains within 5%, which is lower than the predefined
error threshold used when generating the simulated magnetic
field data.
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Fig. 2. (a) Comparisons of the x, y, and z components of the forward mag-
netic field 𝐵t and the inverted magnetic field 𝐵d for a single magnetic dipole,
along with the error e diagram. (b) Comparisons of the x, y, and z components
of the forward magnetic field 𝐵t and the inverted magnetic field 𝐵d for two
magnetic dipoles, along with the error e diagram.

For two static magnetic dipoles, the GN method contin-
ues to exhibit strong inversion capabilities. Magnetic dipole
inversion is inherently an ill-posed problem, as a given ob-
served magnetic field distribution may correspond to multiple
sets of dipole parameters. This non-uniqueness arises from
the nonlinear superposition of magnetic fields and the com-
plex interactions between dipoles. For example, when two or
more dipoles are positioned closely together or their magnetic
fields significantly overlap, multiple parameter solutions may
emerge, leading to ambiguous inversion outcomes.
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To address this issue, spatial constraints on dipole place-
ment are introduced during the optimization process, ensur-
ing solution uniqueness and mitigating the effects of overlap-
ping magnetic fields. As shown in Fig. 2(b), the residual error
distribution indicates that, compared to the single-dipole case,
the double-dipole scenario exhibits slightly higher errors, with
some values reaching approximately 4%. This increase is at-
tributed to the added complexity of dipole interactions. How-
ever, the overall errors remain below 5%, confirming the reli-
ability of the GN method in handling static multi-dipole sys-
tems.

3.2. Low-frequency magnetic dipole model

To further analyze the inversion process, a Fourier trans-
form is applied to the dual magnetic dipole model. The re-
sulting frequency domain distributions, presented in Figs. 3(a)
and 3(b), reveal two distinct peaks corresponding to the super-
position of magnetic fields generated by the two dipoles. The
Fourier transform effectively decomposes these superimposed
signals, isolating the frequency components of each dipole,
which significantly enhances both the accuracy and stability
of the inversion solution.

In the case of the multi-dipole model, as shown in
Fig. 3(c), the frequency domain distribution exhibits multiple
distinct peaks, highlighting the complex superposition charac-
teristics of multi-dipole signals. Despite the increased signal
complexity, the peaks remain well-defined, demonstrating the
Fourier transform’s capability to accurately decompose com-
plex multi-source magnetic field signals. This ability is par-
ticularly valuable in distinguishing individual dipole contribu-
tions in environments where multiple sources coexist.

The Fourier transform provides several key advantages in
the inversion of low-frequency magnetic dipole signals. First,
it efficiently extracts the primary frequency components of the
magnetic field, allowing for a clearer representation of the sig-
nal structure. Second, by transforming the problem into the
frequency domain, it reduces the dimensionality of the param-
eter space, which in turn decreases computational complexity
during the inversion process. This not only improves compu-
tational efficiency but also enhances the overall accuracy and
stability of the inversion results.

By leveraging the Fourier transform in conjunction with
the GN method, this study establishes a robust framework for
low-frequency magnetic dipole inversion. The ability to iso-
late and analyze frequency components independently ensures
that the inversion process remains resilient against noise and
external interference. These advantages provide a solid the-
oretical foundation and technical assurance for the practical
application of low-frequency magnetic dipole inversion in var-
ious fields, including geophysical exploration, magnetic field
imaging, and complex parameter estimation.
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Fig. 3. (a) Schematic diagram illustrating the magnetic field variation
over time at the point (0, 0, 2.4 m) for the 3-Hz and 30-Hz dipole
models, along with their frequency–domain representation after Fourier
transform. (b) Schematic diagram showing the magnetic field variation
over time at the point (0, 0, 2.4 m) for the 3-Hz and 3000-Hz dipole
models, accompanied by their frequency–domain representation after
Fourier transform. (c) Schematic diagram presenting the magnetic field
variation over time at the point (0, 0, 2.4 m) for the 3-Hz, 15-Hz, and 30-
Hz dipole models, together with their frequency–domain representation
after Fourier transform.

Under low-frequency conditions (3 Hz and 30 Hz), exper-
imental results further validate the accuracy and robustness of
the GN method in reconstructing magnetic fields. As shown
in Fig. 4(a), the inverted magnetic field 𝐵d closely matches
the simulated magnetic field 𝐵t, indicating that the method
effectively processes low-frequency signals. The error plots
further confirm the method’s reliability, with minimal devia-
tions observed between 𝐵d and 𝐵t, reinforcing its accuracy in
low-frequency inversion tasks.

This capability has significant implications for practical
applications, such as geophysical exploration and biomedical
magnetic field modeling, where low-frequency magnetic sig-
nals play a crucial role. The GN method’s consistent perfor-
mance across these frequencies demonstrates its stability and
adaptability in low-frequency scenarios. Unlike conventional
global optimization methods, which often require extensive
computational resources and struggle with local minima, the
GN method leverages gradient-based optimization to refine so-
lutions with high precision, ensuring reliable results even un-
der varying conditions.

To assess the applicability of the GN method across a
broader frequency spectrum, inversion results were also an-
alyzed for higher frequencies, including up to 3000 Hz. As
illustrated in Fig. 4(b), the simulated magnetic field 𝐵t and
the inverted magnetic field 𝐵d remain in good agreement even
at high frequencies, though a slight increase in residual er-
rors is observed compared to low-frequency conditions. This
increase can be attributed to the higher sensitivity of high-
frequency signals to initial parameter settings, as well as the
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accumulation of nonlinear effects during numerical compu-
tations. Nevertheless, the GN method maintains sufficient
adaptability for high-frequency scenarios, making it a valu-
able tool for applications requiring detailed high-frequency
magnetic field modeling, such as electromagnetic compatibil-
ity testing and high-resolution magnetic imaging.

To further enhance inversion accuracy at high frequen-

cies, improving initial parameter estimation and introducing

stricter constraint conditions could help mitigate sensitivity-

related errors. Incorporating adaptive filtering techniques or

hybrid optimization approaches may also improve the stabil-

ity of high-frequency magnetic field inversions, ensuring more

robust results in practical applications.
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Fig. 4. (a) Comparisons of x, y, and z components of the forward magnetic field 𝐵t and the inverted magnetic field 𝐵d at 3 Hz and 30 Hz for the
magnetic dipole, along with the error e diagram. (b) Comparisons of x, y, and z components of the forward magnetic field 𝐵t and the inverted
magnetic field 𝐵d at 3 Hz and 3000 Hz for the magnetic dipole, along with the error e diagram. (c) Comparisons of x, y, and z components of the
forward magnetic field 𝐵t and the inverted magnetic field 𝐵d at 3 Hz, 15 Hz, and 30 Hz for the magnetic dipole, along with the error e diagram.

3.3. Model noise resistance test

Beyond single and dual dipole systems, the study ex-
tends to multi-dipole configurations under low-frequency con-
ditions. The inversion results for three magnetic dipoles at
3 Hz, 15 Hz, and 30 Hz further demonstrate the GN method’s
ability to handle complex inversion scenarios. As shown in
Fig. 4(c), the inverted magnetic field 𝐵d exhibits high fidelity
to the simulated magnetic field 𝐵t , confirming the method’s
accuracy in resolving multiple dipole sources at different fre-
quency ranges.

Error analysis reveals a stable error distribution across the
multi-dipole system, with primary deviations influenced by the
added noise in the simulated field 𝐵t. This finding highlights
the GN method’s robustness in addressing multi-source inver-
sion problems, a crucial requirement for applications such as
subsurface resource exploration and complex electromagnetic
environment simulations.

Despite the increased computational complexity asso-
ciated with multi-dipole systems, advancements in parallel
computing and algorithmic optimization can effectively mit-
igate computational overhead. By leveraging modern high-
performance computing techniques, the GN method remains
an efficient and scalable approach for large-scale multi-dipole

inversion, ensuring practical feasibility in real-world applica-
tions.

To evaluate the robustness of the GN method under noisy
conditions, varying levels of noise were introduced into the
inverted magnetic field 𝐵d . Even under low signal-to-noise
ratio (SNR) conditions, the inversion results exhibit minimal
deviations, successfully capturing the key characteristics of
the original field distribution. The reconstructed magnetic mo-
ment closely aligns with the simulated magnetic moment, fur-
ther validating the reliability of the inversion method.

In Figs. 5(a)–5(c), when different levels of noise (n= 0%,
5%, 10%) were added to 𝐵t, the algorithm effectively filtered
out interference while preserving the primary signal structure.
This resilience can be attributed to the GN optimization pro-
cess, which iteratively minimizes residual errors between ob-
served and reconstructed magnetic fields, ensuring stability
against noise-induced perturbations.

Statistical analysis of the GN model inversion results indi-
cates that even when the noise ratio reaches 10%, the variance
and bias of the reconstructed magnetic moments remain within
1%. This confirms the method’s robustness in handling prac-
tical scenarios, where noise is often unavoidable due to sen-
sor limitations, environmental disturbances, or measurement

100701-5



Chin. Phys. B 34, 100701 (2025)

errors. Consequently, the GN-based magnetic dipole model
proves to be a reliable tool for applications requiring high-
accuracy magnetic field reconstruction and magnetic moment
estimation, even under challenging conditions with substantial
noise interference.

The GN method’s performance is further benchmarked
against the PSO algorithm to assess its relative efficiency
in solving magnetic dipole inversion problems. Compared
to PSO, which relies on global search mechanisms, the GN
optimization algorithm demonstrates significant advantages,
particularly in cases where the number of inversion param-
eters is small. While global search algorithms typically re-
quire larger search spaces and greater computational resources
to achieve global optimization, the GN method leverages its
gradient-based fast convergence properties to precisely fit low-
dimensional parameter matrices.

Experimental results show that the GN method requires
fewer test points and less restrictive conditions while achiev-
ing high-precision inversion of magnetic moments and posi-
tions. In cases where the unknown variables include only
the magnetic moments and positions of the dipoles, the GN

method achieves inversion errors significantly lower than the
approximately 5% error margin of the PSO algorithm, demon-
strating exceptional accuracy and efficiency.

In addition to its optimization efficiency, the Fourier
transform plays a crucial role in enhancing inversion perfor-
mance by effectively decomposing complex magnetic field
signals. The Fourier transform enables the clear separation of
superimposed signals in the frequency domain, significantly
improving inversion accuracy and stability. In multi-source
magnetic dipole scenarios, frequency domain analysis reveals
multiple distinct peaks corresponding to different dipoles, fur-
ther validating the Fourier transform’s capability in handling
complex superimposed signals.

This characteristic proves advantageous in processing
multi-source magnetic field data, effectively reducing com-
putational complexity while substantially improving inversion
accuracy. By integrating Fourier transform techniques with
the GN method, this study establishes a highly efficient frame-
work for magnetic dipole inversion, paving the way for further
advancements in low-frequency and high-precision magnetic
modeling applications.

0 4 8 12
0

5

-1

0

1

-1

0

1

-1

0

1

Magnetometer

(a) n=0%

0 4 8 12

7.4

7.5

7.6

-1

0

1

-1

0

1

-1

0

1

Magnetometer

(b) n=5%

0 4 8 12
3.16

3.17

3.18

-1

0

1

-1

0

1

-1

0

1

Magnetometer

(c) n=10%
 Bt

 Bd

 Bt

 Bd

 Bt

 Bd

B
x
 (

n
T

)
B

y
 (

n
T

)
B

z
 (

n
T

)

B
x
 (

n
T

)
B

y
 (

n
T

)
B

z
 (

n
T

)
e
 (



-

3
 %

)

e
 (



-

2
 %

)

B
x
 (

n
T

)
B

y
 (

n
T

)
B

z
 (

n
T

)
e
 (



-

1
 %

)

Fig. 5. Panels (a), (b), and (c) respectively show the comparison results between the inverted magnetic field 𝐵d and the error-free simulated
magnetic field 𝐵t under the conditions of error-free 𝐵t, 𝐵t with 5% noise (n = 5%), and 𝐵t with 10% noise (n = 10%).

4. Conclusion and perspectives
The inversion approach combining the GN method and

Fourier transform provides a reliable and efficient solution for
low-frequency magnetic dipole modeling. This framework of-
fers a theoretical foundation and technical support for parame-
ter estimation and stable inversion of low-frequency magnetic
field signals in practical applications. Even in the presence
of noise and complex conditions, it ensures the accuracy and
stability of results.[6,17,21] Particularly when the number of in-

version parameters is small, the GN method exhibits signif-
icantly greater efficiency and advantages over global search
algorithms, providing a valuable reference for future inversion
modeling of low-dimensional complex magnetic fields.

Acknowledgement

Project supported by the National Key Research and De-
velopment Program of China (Grant No. 2023YFC2206003).

100701-6



Chin. Phys. B 34, 100701 (2025)

References
[1] Langel R A and Hinze W J 1998 The Magnetic Field of the Earth’s

Lithosphere: The Satellite Perspective (Cambridge: Cambridge Uni-
versity Press) pp. 1–393
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