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A Hamiltonian mean-field model with long-range four-body interactions is proposed. The model describes a long-
range mean-field system in which N unit-mass particles move on a unit circle. Each particle 6; interacts with any three other
particles through an infinite-range cosine potential with an attractive interaction (¢ > 0). By applying a method that remaps
the average phase of global particle pairs onto a new unit circle, and using the saddle-point technique, the partition function
is solved analytically after introducing four-body interactions, yielding expressions for the free energy f and the energy per
particle U. These results were further validated through numerical simulations. The results show that the system undergoes
a second-order phase transition at the critical energy U.. Specifically, the critical energy corresponds to U, = 0.32 when the
coupling constant € = 5, and U, = 0.63 when & = 10. Finally, we calculated the system’s largest Lyapunov exponent A and
kinetic energy fluctuations X through numerical simulations. It is found that the peak of the largest Lyapunov exponent A
occurs slightly below the critical energy U., which is consistent with the point of maximum kinetic energy fluctuations X.
And there is a scaling law of £ /N'/2 o A between them.

Keywords: long-range interactions, equilibrium statistical mechanics, Hamiltonian meanfield, Lyapunov ex-

ponents
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1. Introduction

Long-range interactions are a pervasive challenge in
physics. They commonly arise in gravitational systems,!!]

(231 and more recently, in the manipulation

plasma systems,
and observation of atomic, molecular, and optical (AMO)
systems.[#! These interactions, which occur within the micro-
scopic components of such systems, present significant theo-
retical and computational challenges. Despite their complex-
ity, the fundamental role of long-range interactions in various
physical phenomena makes their study indispensable.>~10]
Traditionally, a many-body system is classified as having long-
range interactions if its interaction potential V(r) decays with
distance r following a power law (V(r) o< r~%), where « is
a small positive constant. Such systems are notoriously dif-
ficult to analyze, both analytically and numerically. To sim-
plify the study of long-range interactions while preserving key
characteristics, a widely-used approach involves considering
simplified models, such as the Hamiltonian mean field (HMF)

1.01=-16] The HMF model represents a system of inter-

mode
acting particles confined to a circular geometry. It exhibits a
second-order phase transition: in the ordered phase, particles
cluster together, whereas in the high-temperature phase, they
are uniformly distributed along the circle. By focusing solely
on the long-range nature of the interaction and ignoring their
decay with distance, the HMF model enables a detailed explo-

ration of the statistical and dynamical properties intrinsic to
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such systems. Notably, some results derived from the HMF
model can be generalized to systems where the two-body po-
tential decays at large distances with a power smaller than the
spatial dimension. 171!

On the other hand, research on long-range interactions
has predominantly focused on two-body interactions, which
have been the primary and most extensively studied aspect. In
contrast, many-body interactions have received relatively lit-
tle attention. The existence of many-body interactions was
first confirmed among nucleons in atomic nuclei.?”) More re-
cently, their presence has been widely acknowledged in stud-
ies of complex networks and neural networks. Many-body in-
teractions, or higher-order interactions, involve three or more
particles interacting simultaneously. Using phase reduction
techniques, it has been shown that higher-order many-body in-
teractions naturally arise in general oscillatory systems.[?!-2?]
These interactions have a significant impact on the statistical
dynamics of such systems, revealing phenomena that extend
beyond the scope of conventional pairwise interaction, >3-24]

In this paper, we introduce four-body interactions into the
classical long-range HMF model and investigate its dynam-
ics and statistical mechanics. Using a method that remaps the
global particle-pair phase average onto a new unit circle, we
derive expressions for the new system’s partition function and
free energy in the canonical ensemble. Numerical simulations
are conducted using a fourth-order symplectic algorithm, pro-
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viding graphical representations of the relationships between
the physical quantities of interest.

The arrangement of this paper is organized as follows.
Section 2 introduces four-body interactions in the classical
long-range HMF model. In Section 3, we carry out the the-
oretical analysis and derive the solution of energy per parti-
cle U. Numerical simulation will be performed by using a
fourth-order symplectic algorithm in Section 4. In Section 5,
we calculate the largest Lyapunov exponent A and kinetic en-
ergy fluctuations X of the system to study the characteristics of
long-range four-body interacting system. Finally, some con-
clusions are given in Section 6.

2. The long-range four-body interacting HMF
model

The Hamiltonian we consider is

H=) =+ 1
i=1 2 24N3 i=1j=lk=1Il=1
—COS(6i+9j—6k—91)]. (D)

The first term in the equation represents the kinetic en-
ergy, while the second term corresponds to the potential en-
Here, 6; €
[—7, 7] denotes the position (phase) of the i-th particle with

ergy arising from the four-body interactions.

unit mass on the unit circle, and p; is the conjugate momen-
tum. Each particle 6; interacts with the other three particles.
This system can be thought of as particles moving on the unit
circle, interacting via a cosine potential with infinite-range at-
traction (€ > 0), or equivalently as a classical XY spin model
with infinite-range ferromagnetic (¢ > 0) coupling. The renor-
malization factor N3 ensures that, in the thermodynamic limit,
the energy and temperature of each particle are well-defined.
We then define the order parameter of the HMF model as fol-
lows:

) 1 N
M:Me”pzﬁzmi. (2)
i=1

In this context, m; = (cos 6;,sin6;) where M and ¢ represent
the magnitude and phase of the order parameter, respectively.
In the unit circle particle motion model, the order parameter
M characterizes the degree of particle clustering. In the clas-
sical XY spin model, M represents the magnetization. In the
following section, we will conduct a theoretical analysis of the
model within the canonical ensemble and present the results of
the corresponding numerical simulations.

3. Theoretical analysis

First, we reformulate the Hamiltonian of the model us-
ing a method that remaps the average phase of global parti-
cle pairs onto a new unit circle. Let &,, denote the average

phase of 6; and 6;, which represents the midpoint between
any two position coordinates 6; and 8;. As illustrated in Fig. 1,
o, =(6,+06 j)/2. Using this approach, the HMF model on the
original unit circle, which features a four-body interactions po-
tential, can be reformulated as an HMF model on a new unit
circle with a two-body interactions potential. The transformed
Hamiltonian is expressed as follows:

S 2 e S8
Hy=Y) 7m+ﬁs Y Y 1—cos(2®, —2®,)].  (3)

m=1 m=1n=1

-

Fig. 1. The schematic diagram of the average phase of global particle
pairs.

Specifically, in Eq. (3), the number of potential energy
terms changes from N* to S (where S = N?). Additionally,
the spatial position (phase) of the particles is replaced by 2®,,
instead of 6. Before and after the transformation, the potential
energy term of the system remains unchanged. As a result, the
potential energy per particle also remains unchanged before
and after the transformation. In the kinetic energy term, the
number of terms changes from N to S. To ensure that the aver-
age kinetic energy per particle remains consistent before and
after the transformation, we multiply the kinetic energy term
of each particle in the original Hamiltonian by a factor of N,
thereby guaranteeing that the average kinetic energy per parti-
cle of the system remains conserved. Using this approach, we
map the HMF model with N particles and four-body interac-
tions on the unit circle to an HMF model with S(N?) particles
and two-body interactions on the unit circle. Next, we solve
the partition function using the method described in Ref. [25].
The partition function of the system is given by

zZ= / d5pd’d,,exp (—BHs), “

where § = 1/(kgT), with kg the Boltzmann constant and T
the temperature. Here, we set kg = 1. S is the number of parti-
cles after the transformation, where S = N2. Since the average
kinetic energy of the system remains unchanged before and
after the transformation (3), B also remains unchanged. Next,
we define the second-order order parameter as follows:

0i2®n (5)
1

M-

o
MS :Mselz(p = E

m

The relationship between this order parameter and the original
order parameter (2) is given by

i2p _ 1 SRy R i(6,+6;)
MS :Mse zgmgle m:ﬁi_lz_le UL
= = "/_
= M2ei(®t®) — pp2 (6)
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Substituting the Hamiltonian (3) into the partition function for-
mula (4) and performing the integration over the momentum
terms, we get

52
() e

T 2
Be (&
R:/dsd—’)mexp 545 Y el ) (®)
“r m=1

By using the Gaussian integral formulal?!

1 2

y
=—— [ dyexp| ——+Xy |, 9
ﬁ/ y p( ] y) ©)

we can rewrite Eq. (8) as

nﬁs//dy‘”‘l’{ (Z—ln@ﬂla( )))], (10)

where I, is the modified Bessel function of order n. Finally, in

exp (aX?)

the mean-field limit (i.e., as N — oo) the saddle point method
can be used to calculate the integral (10). In this limit, the
Helmbholtz free energy f of each particle is given by

InZ 1 Be
= —lim —=——1 Lk
bf=-fim=g=-3 n< B ) MY
6 2
~ max (y—ln(ZnIO (y))). 11
y \ Be
The maximum condition leads to the consistency equation
I 12 RS
L) Be L)

where I (y) is the modified Bessel function of order 1, which
is also the derivative of Iy(y). The graphical solution is made
easier by the fact that, for real y > 0, the function I/ is posi-
tive and monotonically increasing. We consider only the case
where € > 0. Figure 2 presents the diagrams for two differ-
ent B& values. For Be < 24 the solution is given by y* = 0,
for B& > 24 the solution monotonically increases with 3, and
the solution y* = 0 is unstable. At B& = 24, a discontinuity in
the second derivative of the free energy is present, indicating
a second order phase transition.

1O 1.0 :

08| | @) | o8 : (b)

0.6 | 0.6

0.4 0.4

0.2} 0.2t/

% 3 4 ¢ s 10 % 2 4 6 8 10
x x

Fig. 2. The diagram of Eq. (12) for two B¢ values, one above the critical
value and one below the critical value: (a) f& = 20, (b) B& = 40.

By taking the derivative of the free energy with respect to
B, and use the relationship formula (6), we obtain the energy
per particle

_dBf) 1
U= 5 ﬁ+—(1 M*).

This equation is the new analytical result obtained after in-

13)

troducing four-body interactions into the HMF model. In the
next subsection, we will validate Eq. (13) through numerical
simulations.

4. Numerical simulation

In the numerical computations, we employed a fourth-
order symplectic algorithm[?%?7! with a time step of 0.2, which
is a high-precision numerical integration method. We per-
formed a large number of iterations, on the order of 10° steps
or more, until the system reached a steady state. We analyzed
the system’s temperature T, order parameter M, largest Lya-
punov exponent, and kinetic energy fluctuations after the sys-
tem reached a steady state under various energy per particle U.
The simulations were performed with particle counts N = 100,
200, and 500, respectively. Figure 3 depicts the relationships
between the energy per particle U and both the temperature T
and the order parameter M for € = 5. According to Eq. (13), a
second-order phase transition occurs at 8 = 4.8, correspond-
ing to a critical energy U, = 0.32. Figure 4 presents similar

1.4 <
r Theory ¢
1.2Fr o Experiment (a)
1.0f
0.8 &
& &
0.6
E o
0.4r ’
L ° C&
0.2k
ok’ L L L L
0 0.2 0.4 0.6 0.8
U
e Theory b
1.0 LN (b)
r % o N=200
0.8F x N=500
0.6
= L
0.4} +
I o
0.2
L &
Ok L L | X0 p ey X @
0 0.2 0.4 0.6 0.8 1.0
U

Fig. 3. For € =5, (a) the functional relationship between energy per particle U
and temperature T, (b) the functional relationship between energy per particle
U and the order parameter M. At § = 4.8, corresponding to a critical energy
U. = 0.32. The red line represents the theoretical prediction. The particle
numbers are set to N = 100, N = 200, and N = 500, respectively.
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relationships for € = 10. As predicted by Eq. (13), a second-
order phase transition takes place at f = 2.4, with a critical
energy of U, = 0.63.

The results shown in Figs. 3 and 4 are agreement with the
predictions of Eq. (13). In the following section, we will fur-
ther analyze the largest Lyapunov exponent and kinetic energy

fluctuations.
1.4
Theory ol
1.2r o Experiment 4
1.0t S (a)
0.8} o
&
0.6 o
A4+ -
0 0..-0099 0 4
0.2f "
ol . . . . .
0 0.2 0.4 0.6 0.8 1.0
U
1.0ps Theory (b)
® o + N=100
I =, o N=200
0.8 % x N=500
E 0.6 N
2
0.4
(o)
0.2r q
ok \ . %M:MM_

0.2 04 06 08 1.0 1.2
U

Fig. 4. For € = 10, (a) the functional relationship between energy per
particle U and temperature 7', (b) the functional relationship between
energy per particle U and the order parameter M. At 3 = 2.4, corre-
sponding to a critical energy U, = 0.63. The red line represents the the-
oretical prediction. The particle numbers are set to N = 100, N = 200,
and N = 500, respectively.

5. Largest Lyapunov exponent and Kkinetic en-
ergy fluctuations

In this section, we will discuss the chaotic characteris-
tics of the microscopic dynamics in the four-body interactions
HMF model. First, we numerically compute the largest Lya-
punov exponent A using the method described in Ref. [28].
Specifically, we calculate A by evaluating the limit

1o d(t)
where
al 2 2
d(t)z\/Z(aq,-) +(8pi) (15)
i=1

is the metric distance calculated from the infinitesimal dis-
placement at time ¢. The LLE was determined using the stan-
dard method by Benettin ef al.**) We analyzed the numeri-
cal results for system sizes N = 100, N = 200, and N = 500.

Figure 5 illustrates the functional relationship between the en-
ergy per particle U and the largest Lyapunov exponent A when
€ = 10. As anticipated, the largest Lyapunov exponent A ap-
proaches zero at both very high and very low energy per parti-
cle U, indicating quasi-integrable behavior in these regimes.
However, for U > 0.2, A exhibits a sharp, transient peak,
marking a strongly chaotic region. Consistent with the find-
ings in Ref. [28], this peak occurs at an energy U slightly be-
low the critical energy U, and shows minimal dependence on
the system size N.

0.010} ¢ N=100
;3 a4 N=200
0.008} )] = N=500
M
o 0.006f »
—

= 0.004F s °

0.002f

O.
0 0.4 0.8 1.2 1.6

Fig. 5. For € = 10, the functional relationship between energy per par-
ticle U and largest Lyapunov exponent A. The particle numbers are set
to N =100, N = 200, and N = 500, respectively.

0.0081 . +« N=100
0.007+ :A 4 N=200
¢ = N =500
0.006 on2
0.005F a®=
[;Q L]
0.004f o ®
A
0.003F "
0.002f
0.001f -
0

0.2 04 06 0.8 1.0 1.2 14 1.6 1.8
U
Fig. 6. For € = 10, the functional relationship between energy per par-
ticle U and kinetic energy fluctuations X. The particle numbers are set
to N =100, N = 200, and N = 500, respectively.
On the other hand, we calculated the kinetic energy fluc-
tuations X by using the following formula:

~ =1/(AK?) — (AK)*, AK =K —(K), (16)

where K represents the kinetic energy per particle. (-) indi-
cates the time average. Figure 6 illustrates the functional re-
lationship between energy per particle U and kinetic energy
fluctuations £ when € = 10. We can observe that the behavior
of X is highly similar to that of A, with both exhibiting com-
parable peaks in the same energy region. Additionally, the
results in Fig. 7 indicate that £ /N'/2 o< A. This conclusion is
also supported by Ref. [30].
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0.010

0.0081

0.006

0.004

0.002

X/NV2 (10-4)

Fig. 7. For € = 10 and N = 100, the functional relationship between the
largest Lyapunov exponent A and £ /N 172,

6. Conclusions

In summary, this paper investigates a Hamiltonian mean-
field model with four-body interactions. This model explores
a long-range mean-field system in which N unit-mass parti-
cles move on a unit circle. Each particle 6; interacts with any
three other particles through an infinite-range cosine potential
with an attractive interactions (€ > 0). By employing a method
that remaps the average phase of global particle pairs onto a
new unit circle, the original four-body interactions Hamilto-
nian mean-field model is reformulated as a two-body interac-
tions Hamiltonian mean-field model on the new unit circle.
Using the saddle-point method, after introducing four-body
interactions, the new partition function is solved analytically,
yielding expressions for the free energy f and the energy per
particle U. A graphical solution reveals that a second-order
phase transition occurs at f& = 24. Specifically, the critical
energy is U. = 0.32 when € =5, and U, = 0.63 when € = 10.

Alternatively, we utilized a fourth-order symplectic algo-
rithm to numerically simulate the system. The simulations
were performed with a time step of 0.2, running for over 10°
iterations to ensure the system reached a steady state. System
sizes were set to N = 100, 200, and 500. We analyzed the func-
tional relationships between the energy per particle U, tem-
perature 7, and order parameter M. The results show that for
€ =5, the second-order phase transition occurs at U, = 0.32,
while for € = 10, the transition occurs at U, = 0.63. These
observations align well with the theoretical predictions.

Finally, we analyzed the microscopic dynamics of the
model and performed numerical simulations to calculate the
system’s largest Lyapunov exponent and kinetic energy fluctu-
ations X. We observed that the largest Lyapunov exponent 4
peaks slightly below the transition energy U, which coincides
with the point of maximum kinetic energy fluctuations. Away
from the critical energy, both A and X approach zero, with the
relationship X /N'/2 o< A, holding between them. This indicates
that our analytical results are supported by previous work. 28]
In other words, the four-body interaction HMF model obtained

through the method introduced in this paper also exhibits the
same chaotic properties as the traditional HMF model.

There are still many aspects that we have not discussed
here, but it can be anticipated that the methods in this pa-
per can be extended to many-body Hamiltonian mean field
models with symmetric potentials. Further research may re-
veal more about the dynamics and statistical mechanics be-
haviors of long-range interactions models with many-body in-
teractions potentials, which will be the subject of our future
research.
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