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A double-parabola monocapillary (DPM) was designed for laboratory x-ray sources, and its performance was evalu-
ated through numerical simulations and experimental validation. A surface shape error model was developed to characterize
the DPM surface profile, and ray-tracing methods were used to simulate key properties such as focal spot size, divergence,
and transmission efficiency. The simulation results closely matched experimental measurements, validating the proposed
model. This surface shape error simulation provides an efficient method for evaluating the impact of slope errors on DPM
performance, offering insights for optimal design and precision manufacturing.
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1. Introduction
Capillary x-ray optics is an important reflection-type x-

ray optical device based on total external reflection of x-
rays, including polycapillary x-ray optics and monocapillary
x-ray optics. Polycapillary x-ray optics, with the gain of up
to 1000 in power density and focal spot size of tens of mi-
crons, is widely used in some applications, such as micro x-
ray fluorescence,[1] micro x-ray diffraction,[2] micro extended
x-ray absorption fine structure.[3] Compared with polycapil-
lary x-ray optics, the monocapillary x-ray optics can provide
a micro-x-ray beam with smaller focal spot size (hundreds of
micrometers to tens of nanometers) and divergence angle, and
it has been used in full-field transmission x-ray microscopy,[4]

energy-dispersive small-angle x-ray scattering,[5] and total re-
flection x-ray fluorescence technologies.[6,7]

Monocapillaries can be divided into multi-bounce capil-
laries (MBC) and single-bounce capillaries (SBC), as shown
in Fig. 1. The inner surface of MBC is usually fabricated as
a tapered surface to reflect x-rays multiple times from a larger
entrance to a smaller exit, and the reflection angle increases
with the number of reflections, as shown in Fig. 1(a). The focal
spot size of MBC depends on the exit aperture and is generally
slightly smaller than the exit aperture.[8–10] This type of mono-
capillary has the disadvantages of short working distance,
uncontrollable divergence, low transmission efficiency and
small receiving solid angle, which restrict its application field.

SBCs can be divided into single-bounce ellipsoidal capillaries
(SBEC) and single-bounce paraboloidal capillaries (SBPC),
which have the advantages of larger working distance, control-
lable divergence and high transmission efficiency.[11] SBEC is
used to collect x-ray radiation and focus it into a focal spot and
is the most commonly used type of SBC. Figure 1(b) shows
the SBEC-1 type with an input focal distance f1 smaller than
the major semi-axis. The length of the SBEC-1 type is gen-
erally larger, and its inner diameter first increases and then
decreases along the y axis, which makes this SBEC-1 dif-
ficult to manufacture. Figure 1(c) shows the SBEC-2 type
with a shorter length, which is easier to manufacture than
the SBEC-1 type. The input focal distance f1 of SBEC-2
type is usually greater than the major semi-axis, which re-
sults in a smaller receiving solid angle. Therefore, SBECs
were usually used in some applications based on synchrotron
radiation x-ray sources, such as full-field transmission x-ray
microscopy,[4] micro small-angle x-ray scattering,[12] micro
x-ray fluorescence,[13] micro x-ray diffraction,[14] micro ex-
tended x-ray absorption fine structure,[15] and confocal three-
dimensional micro x-ray microscopy.[16]

The double paraboloidal monocapillary (DPM) is an as-
sembled x-ray optics with two shorter SBPCs that are easier to
fabricate than the SBEC-1 type, as shown in Fig. 1(d). The x-
ray beam can be bounced twice to the focal spot of DPM, and
DPM also has a fixed input focal distance f1 and output focal
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distance f2 like SBEC. Therefore, compared with MBC, DPM
can also have the advantages of larger working distance, con-
trollable divergence and high transmission efficiency. Further-
more, the input focal distance f1 of the DPM can be designed
to be smaller than that of the SBEC-2 type, so the receiving
solid angle of the DPM can be larger than that of the SBEC-2
type, which increases the brightness of the x-ray beam at the
focal spot. In particular, DPM has a great application prospect
for full-field transmission x-ray microscopy based on labora-
tory x-ray sources. Compared with the SBEC, it can provide a
higher-brightness x-ray illumination beam that can match the
zone plate.

(a) MBC

X ray source

X ray source

(d) DPM

Beam stop

f2

Beam stop

Beam stop

X ray source

X ray source

Focal spot

Focal spot

Focal spot

Focal spot

(b) SBEC 1

(c) SBEC 2
f2

f2f1

f1

f1

Fig. 1. Sketches of monoapillary x-ray optics reflecting x-rays. The
x-ray beam is reflected twice on the inner surface of DPM.

In 2001 and 2006, Huang et al. used a geometric optics-
based numerical method to simulate the focal spot size and
gain of an SBEC, discussing the slope error, characterization,
and theoretical limits of the SBEC.[11,17] In 2010, Lin et al.
developed a simulation program for the SBEC using MAT-
LAB, providing effective guidance for the manufacturing of
the SBEC.[18] However, these simulations did not incorpo-
rate actual surface shape errors into the model, nor did they
consider factors like roughness and air absorption attenuation,
which affect SBEC performance.

In 1988, the group of Fiedorowicz from Poland success-
fully used the replica technology based on galvanoplastics to
manufacture a double paraboloidal optics with an aperture of
the order of centimeters for soft x-ray microscopy in nuclear
fusion experiments.[19] The drawing tower method is a rel-
atively simple way to manufacture glass monocapillary with
apertures of a few microns to a few millimeters.[20] We manu-
factured a glass DPM with millimeter-scale aperture for labo-
ratory hard x-ray sources by drawing tower method. In this pa-
per, we present a slope error model and use ray-tracing meth-

ods to simulate key properties of DPM. The simulation incor-
porates the actual surface shape, considering factors such as
surface roughness and air absorption attenuation. We compare
the experimentally measured values of the focal spot size, di-
vergence angle, and transmission efficiency of the DPM with
the corresponding simulation results.

2. Model and simulation
The x-ray beam with a grazing incidence angle θ less than

the critical angle θc of external total reflection can be totally
reflected on the inner surface of the monocapillary. For DPM,
incident x-ray beam from a laboratory x-ray source is first redi-
rected into a quasi-parallel x-ray beam by an SBPC, which is
then focused to a focal point by another SBPC, as shown in
Fig. 1(c). Since DPM consists of two monocapillaries, it is
only necessary to construct the model of SBPC.

2.1. Surface shape error model

We assume that the ideal centerline of monoapillary is the
z-axis and ideal model of the SBPC can be built by

x2 + y2 = 2pz, (1)

where p is semi-latus rectum of paraboloid.

Inner surface of SBPC

Centerline

zs

y

Fig. 2. Schematic diagram of an SBPC with surface shape error.

The surface shape error of inner surface of monoapillary
is mainly the error of the straight line (centerline of monoapil-
lary) and the error of the cross-sectional circle,[4] as shown in
Fig. 2. In practice, monoapillary has a good average round-
ness of crosssection (generally greater than 0.95). Round-
ness is 1 for a perfect circular section of the monoapillary
and goes down as far as 0 for a highly non-circular shape,
the detailed explanation of roundness is given in Ref. [21].
The cross-sections of a large number of monocapillaries were
measured with an optical microscope, it was found that the
cross-sections of monocapillaries were basically elliptical and
could generally be fitted by ellipse. Therefore, we assume that
the cross-section of SBPC is an ellipse, the ideal centerline of
monoapillary is the z-axis, and the centerline errors along the
x-axis and y-axis are dx(z) and dy(z), respectively. The inner
surface of SBPC model with the surface shape error can be
built by

(x−dx(z))2

(
√

2pz+δa(z))2 +
(y−dy(z))2

(
√

2pz+δc(z))2 = 1, (2)
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where the major semi-axis of the elliptical cross-section is√
2pz+δa(z), the minor semi-axis is

√
2pz+δb(z).

To obtain the centerline errors dx(z), dy(z), and semi-axis
errors of the elliptical cross-section δa(z), δb(z) for the simula-
tion, a digital micrometer device was used to measure the outer
diameter data of the SBPC. A set of data was measured by
moving a digital micrometer device along the z-axis, as shown
in Fig. 3. After completing one set of data measurement, the
SBPC was rotated by 10◦ to measure the next set of data un-
til 36 sets of data were obtained. According to the constant
ratio of inner and outer diameters of SBPC, the inner surface
profile of SBPC could be calculated from the outer wall data.
And, the centerline errors and semi-axis errors of the elliptical
cross-section could be calculated from inner surface profile of
SBPC. Details were given in Ref. [21]. Since it is difficult to
find suitable function to fit such complex centerline errors and
semi-axis errors. A spline interpolation method was used to
obtain the centerline and semi-axis errors for the simulation.

Digital micrometer device
Moving direction of digital
micrometer device

SBPC

y

z

Fig. 3. Schematic diagram of digital micrometer device.

2.2. Simulation

To simulate the properties of a DPM, this research used
ray-tracing method. As shown in Fig. 4, an x-ray beam from
the x-ray laboratory source intersects the inner surface of the
monocapillary at point A. The glancing incident angle can be
expressed as

θ = sin−1(𝑛 · 𝑢), (3)

where 𝑛 is the outer normal unit vector for the inner surface
of monocapillary, and 𝑢 is the unit vector in the directions of
the incident beam.

u r

n

A

θ
θ

Fig. 4. Schematic diagram of the ray-tracing.

If the glancing incident angle θ is less than the critical
angle θc of total reflection, the reflectivity R0 can be described
as[22]

R0 =
h− (θ/θc

√
2(h−1))

h+(θ/θc
√

2(h−1))
, (4)

where

h =

(
θ

θc

)2

+


[(

θ

θc

)2

−1

]2

+

(
β

δ

)2


1/2

, (5)

where δ and β are the real and imaginary parts of the refractive
index of glass, respectively.

The reflectivity R for a surface with an RMS height of the
roughness σ (in unit nm) can be described as[23,24]

R = R0 · exp
(
− (4πσ sinθ)2

λ 2

)
. (6)

The unit vector 𝑟 in the directions of the reflected beam can be
expressed as

𝑟 = 𝑢−2𝑛sin(θ). (7)

The unit vector 𝑟 can be used as the incident vector for the
next iteration calculation. This process is iterated until the
x-ray beam exits the monocapillary or the glancing incident
angle θ is greater than the critical angle θc of total reflection.

When DPM is used for hard x-ray focusing, it typically
operates in air, where x-ray absorption by air becomes signif-
icant. For example, the x-ray intensity at 6 keV decreases by
28% after traveling 100 mm through air. Therefore, air ab-
sorption must be considered in DPM simulations. The inten-
sity I of x-rays transmitted through a distance t of air can be
expressed as

I = I0 e−µt , (8)

where I0 is the initial intensity, µ is the linear attenuation
coefficient of the air, which can be obtained from the NIST
website.[25]

3. Experimental and method
There are generally two methods for characterizing DPM

parameters based on the x-ray source. One method involves
using a monochromatic synchrotron radiation source for more
accurate measurements. The other is to use a polychro-
matic laboratory x-ray source for rapid measurements. Since
synchrotron radiation facilities require advance scheduling
and have limited operating times, making them inconvenient
for timely feedback during DPM development. The syn-
chrotron radiation-based characterization method is described
in Ref. [26]. Therefore, this study uses a laboratory x-ray
source, coupled with an energy-resolved silicon drift detector
(SDD) and a CCD, to characterize the DPM.

Figure 5 shows the schematic diagram of the experimen-
tal setup. The x-ray source (Hamamatsu Photonics L9631) is
a W (tungsten) x-ray generator with spot-size of 50 µm. In
the experiment, the W target x-ray generator was operated at

124101-3
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30 kV and 600 µA. A pinhole and a beam stop, both 0.5 mm
in diameter, were used to adjust the β2 x-ray beam incident
on DPM. The distances from the pinhole and beam stop to
the source were 83 mm and 102 mm, respectively. Thus,
the minimum incidence angle β1, maximum incidence angle,
and receiving solid angle Ω are 2.45 mrad, 3.00 mrad, and
1.04× 10−5 sr, respectively. DPM can be adjusted by motor-

ized x–y–z–θ1–θ2 stages. A SDD (AXAS-M, Amptek, Ger-
many) with an energy resolution of < 139 eV at 5.9 keV was
used to obtain the x-ray energy spectrum, and its sensitive area
was 80 mm2. A CCD detector (Hamamatsu C11440-22CU)
with a 6.5-µm pixel size was used to obtain the images of the
focal spot and far-field for DPM. Its optical magnification ratio
is 0.5 with the actual resolution is 13 µm/pixel.

Beam stop

Pinhole

Laboratory x ray source
CCD or SDD

f1 L2L1

PaPa

f2

d2

α2

θ1

θ2

α1

d1

x↩y↩z↩θ1↩θ2 stage x↩y↩z↩θ1↩θ2 stage

Ιbt

Ιi1
Ιt

z

x

y

β2β1

Fig. 5. Schematic diagram of the experimental setup.

To evaluate the quality of the DPM, we focus on such
properties of the DPM, such as focal spot size, divergence an-
gle, and transmission efficiency. As shown in Fig. 5, when the
CCD was moved to a distance f2 from the exit of DPM, the fo-
cal spot size of DPM can be measured by the CCD. Likewise,
the divergence angle can be obtained by images from the CCD
at different positions from the exit of DPM.

The transmission efficiency of a DPM can be expressed in
two ways. One η1 is defined as the ratio of the x-ray beam flux
It transmitted through DPM to the x-ray beam flux Ii1 entering
DPM with beam stop and pinhole, and the other η2 is the ratio
of the x-ray beam flux It to the x-ray beam flux Ii2 = Ii1 + Ibt

entering the DPM without a beam stop (Fig. 5).
For transmission efficiency measurement, firstly, the x-

ray reflection spectrum of DPM can be measured by SDD,
as shown in Fig. 5. Then DPM was removed, and the pri-
mary spectrum can be measured by SDD. The transmission
efficiency of DPM for x-rays with energy E can be expressed
as

η1 =
It

Ii1
=

I2 e−µd1

I1 e−µd2
, (9)

η2 =
It

Ii1 + Ibt
=

η1

1+Ωbt/Ω
, (10)

where I1 is the collected count corresponding to a certain en-
ergy E in the primary spectrum without DPM, I2 is the col-
lected count corresponding to a certain energy E in the reflec-
tion spectrum with DPM. d1 and d2 are the distances from the
entrance and exit of DPM to the SDD, respectively. Ωbt is the
solid angle of the beam stop, which is 1.89×10−5 sr.

4. Results and discussion
Table 1 shows the parameters of SBPCs. The total slope

error of a DPM was calculated by surface profile data, and the
details were in Ref. [21]. The total slope error υtotal of DPM
is including the centerline error δ1 and the error of the cross-
sectional circle δ2. It can be expressed as

υtotal =
√

δ 2
1 +δ 2

2 . (11)

Table 1. Parameters of SBPCs.

Parameters Pa1 Pa2

Length L (mm) 100 100
Input diameter din (mm) 1.20 1.20
Output diameter dout (mm) 1.47 1.48
Input focal distance f1 (mm) 200 –
Output focal distance f2 (mm) – 200
Total slope error υtotal (µrad·rms) 30.5 31.3

Figure 6 presents a visualization of the simulated x-ray
transmission in DPM, illustrating the transmission paths and
intensity variations of the x-rays in the x–z coordinate plane.
To characterize the DPM, a virtual CCD was employed to cap-
ture x-ray intensity data at various z-positions, including pho-
ton positions and their corresponding counts.

DPM
-1.5

1.5

-0.5

0

0.5

-1.0

1.0

0 200 300 400 500 600 700100

1.0

0.8

0.6

0.4

0.2

0

z (mm)

x
 (

m
m

)

Fig. 6. Visualization of x-ray simulated transmission in DPM.
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Figure 7(a) shows simulated intensity distribution of the
focal spot of DPM, which is approximately a two-dimensional
Gaussian distribution. Figure 7(b) is horizontal normalized in-
tensity distribution marked by the red line in Fig. 7(a). The
simulated focal spot size is the full width at half maximum
(FHWM) of the Gaussian fitting function (Fig. 7(b)). The sim-
ulation program was run 5 times repeatedly. And, the average
simulated focal spot size was 104.0 µm with a standard devi-
ation of 0.42. The uncertainty in the simulated focal spot size
is mainly caused by the statistical errors in the repeated sim-
ulations. Figure 7(c) is experimental image of the focal spot
of DPM, and as shown in Fig. 7(d), its normalized intensity
distribution is well approximated by a Gaussian function, and
the focal spot size is 115.9 µm. The actual compression ra-
tio Raa of the DPM for x-ray source is about 0.43. Since the
aperture of DPM is too small, it is impossible to directly use
atomic force microscopy (AFM) or optical interferometer to
accurately measure the inner surface profile of DPM. There-
fore, this paper uses the inner-to-outer diameter ratio method
to indirectly derive the inner surface profile of DPM. However,
this method cannot fully obtain the actual surface slope error,
especially the high-frequency components (such as nanoscale
roughness or local defects), which leads to deviations between
the surface model used in the simulation and the actual DPM.
In addition, the preform tube used to draw DPM may have in-
ternal inherent defects (such as microcracks and uneven den-
sity), and these structural defects cannot be accurately char-
acterized by the inner-to-outer diameter ratio method. These
errors, which are not directly measurable, are not included in
the simulation model. This results in a slight discrepancy be-
tween the experimentally measured focal spot size (115.9 µm)
and the simulation result (104.0 µm).
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Fig. 7. (a) and (c) Simulated and experimental focal spot images of DPM.
(b) and (d) The normalized intensity distributions in the horizontal direction
correspond to the red lines in panels (a) and (d), respectively.

The divergence angle of the focusing ring can be obtained
by measuring the inner and outer diameters of the focusing
ring at different positions. Figure 8 shows the simulated and
experimental focusing ring images of DPM. The divergence
angle of the focusing ring can be obtained by measuring the
inner and outer diameters of the focusing ring at different posi-
tions, as shown in Fig. 9. In this study, the simulated maximum
and minimum divergence angles are 3.2 mrad and 2.2 mrad,
respectively, which closely align with the experimental values
of a maximum divergence angle of 3.3 mrad and a minimum
of 2.1 mrad. The small deviation between the simulated and
experimental divergence angles can be attributed to the same
factors as the focal spot size discrepancy. The surface shape
error cannot be precisely quantified due to the limited aperture
size of the DPM and its complex surface morphology.
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Fig. 8. Simulated and experimental focusing ring images of DPM: (a) sim-
ulation, (b) experiment. The inner and outer boundaries of the focusing ring
are irregular, which is caused by the shape error of DPM.
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Fig. 9. Divergence angle of the focusing ring. The minimum and maxi-
mum divergence angles of the focusing ring are 2.1 mrad and 3.3 mrad,
respectively.

Figure 10 shows the comparison of the experimental and
simulated transmission efficiencies of DPM, and the simulated
transmission efficiency agrees with the experiment. Due to the
strong absorption of low-energy x-ray transmission, the trans-
mission efficiency of energy below 10-keV decreases. As the
energy of the incident x-ray is greater than 19 keV, the grazing
incidence angle θ is gradually larger than the critical angle θc

of total x-ray reflection, so the transmission efficiency of DPM
decreases rapidly. Since θc is on the order of milliradians, and
the total slope error is on the order of tens of microradians (less
than 5% of θc), the deviation between the simulated and ex-
perimental slope errors is minimal, leading to good agreement
in transmission efficiencies.
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Fig. 10. Comparison of simulated and experimental transmission ef-
ficiencies of DPM. The red and black curves are the energy depen-
dence of the simulated and experimental transmission efficiencies, re-
spectively.

5. Conclusion

In this paper, a raytracing method with the mathematical
model of the surface shape error was used to simulate the prop-
erties of the a DPM (focal spot size, divergence and transmis-
sion efficiency). The properties of DPM were characterized,
and the experimental results were compared with the simu-
lated ones. The simulated results show good agreement with
the experimental data.

We used two approximately identical SBPCs combined
into a DPM with a theoretical compression ratio Rat = f1/ f2 =

1. In order to obtain a smaller focal spot size, we will focus on
the study of DPM (Rat > 1) composed of different SBPCs in
the future.
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