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Preparing quantum superposition states is a crucial step in realizing quantum algorithms, which demands substantial
resources. In this paper, we propose a new method for preparing quantum uniform superposition states via quantum
measurement, and design the bitwise implementation circuit, which only contains Hadamard, CNOT, and π/8 phase gates.
Compared to the Shukla–Vedula method, the number of quantum gates required by both methods scales the same, while,
the new method offers stronger fault tolerance, and the ancillary qubits employed during the implementation process can
be reused, making it more suitable for implementation on real quantum computers. As an application, we provide the
circuit for Shor’s discrete logarithm quantum algorithm, based on the new method, demonstrating its technical advantage
for implementation of quantum algorithms.
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1. Introduction

Since the concept of quantum computing was proposed,
researchers have been persistently exploring methods to har-
ness its exceptional power. In 1985, Deutsch proposed
a quantum computing algorithm to assess the balance of
Boolean functions,[1] which demonstrated the advantages of
quantum computing for the first time. Subsequently, Shor’s
algorithm,[2] and Grover’s algorithm[3,4] were successively
proposed. Shor’s algorithm is capable of solving large inte-
ger factorization and discrete logarithm problems in polyno-
mial time, thus posing a severe threat to the security of RSA
and ECC. Grover’s algorithm is a quantum search algorithm,
which offers a quadratic speedup compared to classical search.
The emergence of these two algorithms significantly acceler-
ated the development of quantum computing and the imple-
mentation of quantum algorithms.[5–9] To realize large-scale
quantum computing algorithms, researchers strive to enhance
quantum computers’ qubit capacity and reduce the required
qubits of algorithms. Especially, in recent years, the devel-
opment of quantum computers has been particularly rapid,
for example, superconducting, ion trap, linear optical, and
cold atom quantum computers. In 2023, Tsinghua University
achieved a two-dimensional array of about 500 ion; the Uni-
versity of Science and Technology of China built the Jiuzhang
3.0 quantum computer with 255 photons; the American atomic
computing company “Atom Computing” released a cold atom

quantum computer with 1000 qubits; Harvard University and
the Massachusetts Institute of Technology jointly developed a
cold atom quantum computing prototype that can construct 48
logical qubits based on 280 physical qubits. In 2024, Google
released its newest quantum computer Sycamore 3 with im-
proved stability and performance; and IBM unveiled Heron
quantum computer with 156 qubits. Although the number of
qubits in quantum computers has exceeded several hundred,
it still falls short of the requirements for implementing large-
scale quantum computing algorithms. Therefore, while de-
veloping quantum computers, researchers are also focused on
reducing the number of qubits required to implement quantum
computing algorithms.

In fact, quantum computing algorithms are composed of
a series of quantum transformations. As long as these trans-
formations are realized, the implementation of quantum com-
puting algorithms becomes feasible. Preparing quantum su-
perposition states is a crucial step in realizing quantum algo-
rithms, which demands substantial resources. The depth of
the realization circuit can reach an exponential level O(2n/n)
without the condition of auxiliary qubits.[10] When the cir-
cuit depth reaches O(n), the scale of auxiliary qubits re-
quired is O(2n).[11] Thus, the preparation of quantum super-
position states directly determines whether the algorithm can
be effectively implemented, such as the HHL algorithm and
Hamiltonian evolution. While, preparing quantum superpo-
sition states with certain properties requires fewer quantum
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resources.[11–22] For example, preparing a k-sparse quantum
superposition state with only k non-zero probability ampli-
tudes, requires a circuit depth of log(nk) and O(nk logk) aux-
iliary qubits.[11] In 2019, the difficulty of preparing quantum
state is given.[23] And the low-depth quantum state prepara-
tion is presented, which needs exponential scale of auxiliary
qubits.[24] However, the quantum uniform superposition state

1√
N

N−1
∑

x=0
|x〉 can be easily realized based on the quantum Fourier

transform (QFT) over ZN .[8,12]

The QFT, a widely used quantum transformation, has
been employed both to prepare quantum uniform superposi-
tion state, and to enhance the probability of the target quan-
tum state after measurement. The implementation methods of
QFT have consistently attracted significant attention from re-
searchers. When N = 2n, QFT is relatively straightforward to
implement. It can be employed for preparing uniform superpo-

sition states 1√
N

N−1
∑

x=0
|x〉 using n qubits and n one-qubit gates in

the full quantum manner,[12] and only 1 qubit and 1 one-qubit
gate in the semi-classical manner.[25] How to implement the
QFT on quantum computing physical system is the research
hotspot.[26–29] But when N is not a power of 2, the implemen-
tation of QFT becomes different and difficult. Before 2014,
the methods for implementing QFT were either not universal
or approximated.[30–33] In 2014, the authors in Ref. [34] pre-
sented a method for precisely implementing QFT, whose cir-
cuit requires 2n+ 1 qubits, 2n two-qubit gates, and n2 three-
qubit gates. In 2024, the Shukla–Vedula method for preparing
any quantum uniform superposition state was presented.[35]

This method only requires n qubits and O(n) basic quantum
gates, mainly including the quantum NOT gate, Hadamard

gate and rotation around the Y -axis gate

RY (θ) =

[
cos θ

2 −sin θ

2

sin θ

2 cos θ

2

]
.

However, the fault tolerance of current quantum computers is
limited. According to the Solovay–Kitaev theorem, the circuit
can be designed into an efficient fault-tolerant form using only
Hadamard, controlled-NOT (CNOT), and π/8 gates.[36] Thus,
to enhance the precision of preparing quantum uniform super-
position states, further research on circuits with higher fault-
tolerance is needed, which will also provide technical support
for the implementation of quantum algorithms such as Shor’s
discrete logarithm algorithm and the Proos–Zalka algorithm.

2. Quantum Fourier transform
Definition 1 (Quantum Fourier transform, QFT):[12]

QFT on a standard orthonormal basis |0〉 , |1〉 , . . . , |N−1〉 is
defined to be a linear operator with the following action on the
basis states,

F : | j〉 7→ 1√
N

N−1

∑
k=0

ω
jk

N |k〉, (1)

where “7→” indicates that the transformation is reversible and
ωN = e2π i/N . And it is also called quantum Fourier transform
over ZN . And the action on an arbitrary state can be written

F :
N−1

∑
j=0

x j | j〉 7→
1√
N

N−1

∑
k=0

N−1

∑
j=0

x jω
jk

N |k〉. (2)

If N = 2n, the action of QFT on | j〉 can be expressed as fol-
lowing product representation:

| j〉= | j1, . . . , jn〉 7→
(|0〉+ e2π i0. jn |1〉)(|0〉+ e2π i0. jn−1 jn |1〉) · · ·(|0〉+ e2π i0. j1J2,..., jn |1〉)

2n/2 , (3)

where ( j1, . . . , jn) is the binary representation of j, j = j12n−1+ · · ·+ jn20 and 0. jl jl+1 . . . jm = jl/2+ jl+1/4+ · · ·+ jm/2m−l+1.
Based on the above product representation, the QFT over Z2n can be easily implemented using the circuit shown in Fig. 1.[12]

In Fig. 1, H is the Hadamard gate and Rk =

[
1 0
0 e2π i/2k

]
. And for simplicity, quantum swap gates at the end of the circuit

and the normalization factor 1/
√

2 in the output are not shown. Therefore, this circuit for QFT over Z2n requires n qubits, n
one-qubit gates, and n(n−1)/2 two-qubit gates, achieving a depth of 2n−1 without ancillary qubits. The depth of QFT over Z2n

is 4 when n = 2, and (n2−n+4)/2 when n > 2.

H R2 Rn↩ Rn

H Rn↩ Rn↩

H R

H

>⇁eπi0.j...jn>

>⇁eπi0.j...jn>

>⇁eπi0.jn↩jn>

>⇁eπi0.jn>

j>

j>

jn↩>

jn>

...

...

...

...

..
.

..
.

Fig. 1. The circuit for the QFT over Z2n .
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3. Method for preparing quantum uniform su-
perposition state

When N = 2n, 1√
N

N−1
∑

x=0
|x〉 can be obtained by applying

H⊗n on |0〉⊗n. While, for arbitrary N (not the power of 2),
preparing such a state becomes challenging. The Shukla–
Vedula method for preparing any quantum uniform superpo-
sition state mainly contains the Y -axis rotation gate RY (θ).
And RY (θ) can be compiled into an efficient fault-tolerant cir-
cuit with arbitrary precision ε , which requires O(log3.97(1/ε))

elementary quantum gates.[36] And the elementary quantum
gate contains Hadamard, CNOT, and π/8 phase gates. If
the Shukla–Vedula method is compiled into an efficient fault-
tolerant circuit, it will require more than O(n) quantum gates.
Thus, designing an efficient fault-tolerant circuit for prepar-
ing quantum uniform superposition states with fewer quantum
resources needs further study. A new method for preparing
quantum uniform superposition states is designed as follows.
Assume 2n−1 < N < 2n, and let n = dlog2 Ne.

3.1. New method for preparing quantum uniform super-
position states via quantum measurment

Step 1 Initialize two quantum registers |0〉⊗n |0〉.
Step 2 Apply the Hadamard transform H⊗n on the first

quantum register, yielding the initial quantum state

1√
2n

2n−1

∑
x=0
|x〉 |0〉= (sinθ |α〉+ cosθ |β 〉) |0〉 , (4)

where |α〉 = 1√
N

N−1
∑

x=0
|x〉⊗n, |β 〉 = 1√

2n−N

2n−1
∑

x=N
|x〉⊗n, and θ =

arcsin
√

N/2n.
Step 3 Apply the quantum Oracle function f (x,N) ={

1, 0≤ x < N,
0, N ≤ x < 2n,

and store the corresponding function eval-

uation in the second register, yielding the state to become

sinθ |α〉 |1〉+ cosθ |β 〉 |0〉 .

Step 4 Measure the second register. If the outcome is
1, then the first register collapses to the desired superposition

|α〉= 1√
N

N−1
∑

x=0
|x〉⊗n, otherwise the algorithm terminates unsuc-

cessfully.

3.2. Quantum circuit for new method

The H⊗n in Step 2 is easily implemented, and the quan-
tum measurement in Step 4 is also straightforward. However,
implementing the quantum Oracle function f (x,N) in Step 3
poses a significant challenge. Thus, the key to implement the
entire algorithm lies in successfully implementing this Oracle
function f (x,N).

Theorem 1 Let (x1,x2, . . . ,xn) and (k1,k2, . . . ,kn) are the
binary representation of x and k, and ei = E(xi,ki) = xi⊕ ki,

si = S(xi,ki) = xiki for i = 1,2, . . . ,n, then

f (x,k) = s1⊕ e1s2⊕ e1e2s3⊕·· ·⊕ e1 · · ·en−1sn

=

{
1, 0≤ x < k,
0, k ≤ x < 2n,

(5)

where and ⊕ represent NOT and modulo 2 addition opera-
tions, respectively.

Proof When x = k, xi = ki, then ei = 1 and si = 0. Thus

s1⊕ e1s2⊕ e1e2s3⊕·· ·⊕ e1 · · ·en−1sn = 0 = f (x,k).

When x < k, there are two scenarios:
(i) If x1 < k1, i.e., x1 = 0 and k1 = 1, then s1 = 1 and

e1 = 0. Thus,

s1⊕ e1s2⊕ e1e2s3⊕·· ·⊕ e1 · · ·en−1sn = 1 = f (x,k).

(ii) If x1 = k1, then there must exist j such that x1 =

k1, . . . ,x j = k j and x j+1 < k j+1, where 1 ≤ j ≤ n− 1. Fur-
thermore, we can derive e1 = · · · = e j = 1, s1 = · · · = s j = 0,
e j+1 = 0, and s j+1 = 1. Thus,

s1⊕ e1s2⊕ e1e2s3⊕·· ·⊕ e1 · · ·en−1sn = 1 = f (x,k).

When x > k, there are also two scenarios:
i) If x1 > k1, i.e., x1 = 1 and k1 = 0, then s1 = 0 and e1 = 0.

Thus,

s1⊕ e1s2⊕ e1e2s3⊕·· ·⊕ e1 · · ·en−1sn = 0 = f (x,k).

ii) If x1 = k1, then there must exist j such that x1 =

k1, . . . ,x j = k j and x j+1 > k j+1, where1≤ j ≤ n−1. Further-
more, we can derive e1 = · · ·= e j = 1, s1 = · · ·= s j = s j+1 = 0,
ande j+1 = 0. Thus,

s1⊕ e1s2⊕ e1e2s3⊕·· ·⊕ e1 · · ·en−1sn = 0 = f (x,k).

This completes the proof of Theorem 1.
In fact, Theorem 1 allows the Oracle function f to be

implemented bit-by-bit, which is conducive to the design of
its quantum circuit. Specifically, in s1⊕ e1s2⊕ e1e2s3⊕·· ·⊕
e1 · · ·en−1sn, we should focus on the quantum circuit for ei and
si, namely E(y, l) = y⊕ l and S(y, l) = yl, which are shown in
Figs. 2 and 3, respectively.

E

ll

y> / y>X X E↼y↪l↽> E↼y↪l↽>

Fig. 2. The quantum circuit for E(y, l) = y⊕ l.

y> XX

>

y>

S↼y↪l↽>

l

/

y>

>

y>

S↼y↪l↽>
l

S

Fig. 3. The quantum circuit for S(y, l) = yl.
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The descriptions of Figs. 2 and 3 are as follows.

(i) Single line ( ) represents the quantum signal, and dou-

ble line (=) represents the classical signal.

(ii) X denotes the quantum NOT gate and de-

notes the quantum CNOT gate.

(iii)
l

Xy> is the quantum NOT gate controlled by one

classical bit l. If l = 0, the quantum NOT gate is ineffective

and outputs |y〉, otherwise, the gate is effective and outputs |ȳ〉.
Note that, this gate is one-qubit quantum gate with classical

control.

(iv)

y>

>

l

is quantum CNOT gate controlled by one
classical bit l. If l = 0, the quantum gate is ineffective and
outputs |y〉 |h〉, otherwise, is effective and outputs |y〉 |y⊕h〉.
Note that, this gate is two-qubit quantum gate with classical
control.

(v) The implementation circuit for E(y, l) = y⊕ l requires
2 one-qubit gates, and the circuit for S(y, l) = yl requires 2
one-qubit gate and 1 two-qubit gate.

Based on the circuits for E(y, l) = y⊕ l and S(y, l) = yl,
the circuit for the quantum Oracle function f can be designed
as shown in Fig. 4.

S

E

S S S

E

S S

E

S S

E

S S

E

S S

x>

x>

x>

x>

S

E

S S

E
k4

k4 k4
S

E

S

k3

k3 k3
S

E

S

k2

k2 k2
S

E

SS

k1

k1 k1

U U U U Un Vn V4 V3 V2 V1

/

Uf

k

xn↩>

xn>

>
>
>
>

>
>
y>

x>

x>

x>

x>

xn↩>

xn>

>
>
>
>

>
>
y⊕f↼x↪k↽>

kn↩kn↩

kn↩kn↩

kn↩kn↩kkkkkkkk

k

k

k
k

knkn

x>

y>

x>

y⊕f↼x↪k↽>

..
.

..
.

... ...

... ...

..
.

..
.

Fig. 4. Quantum circuit for the Oracle function f (x,k).

The description of Fig. 4 is as follows.
(I) (x1,x2, . . . ,xn) and (k1,k2, . . . ,kn) are the binary repre-

sentation of x and k, respectively.
(II) When n = 1, the implementation circuit for f (x,k) re-

quires 3 qubits (including 1 ancillary qubit), 2 one-qubit gates,
2 two-qubit gates, and the circuit depth is 3.

(III) When n > 1, the circuit requires 2n qubits (including
n− 1 ancillary qubits), 12n− 8 one-qubit gates, 4n− 1 two-
qubit gates, 3n− 5 three-qubit Toffoli gates, and the circuit
depth is 19n−18.

Note: When n and k are known, the circuit for Oracle
function f can be directly drawn using the Python Qiskit li-
brary. The specific program code is shown in the Appendix.

The detailed depth analysis is shown as follow.
The depth of E and S are respectively 2 and 3. Thus, the

depth of U1 and U2 are respectively 4 and 7. The depth of
U3, . . . ,Un are all 10. And the depth of Vi is one less than Ui

(i = 1,2, . . . ,n). Thus, the depth of Quantum circuit for f is
19n−18.

Then, based on the circuit for the Oracle function f , the
circuit for the new method presented in this Section to pre-

pare quantum uniform superposition states can be designed as
shown in Fig. 5.

Uf

N

>

> c>

|ψ>H⊗n

Fig. 5. The circuit for preparing quantum uniform superposition states
via quantum measurement.

The description of Fig. 5 is as follows.
(i) The measurement result of c is either 0 or 1. H is

Hadamard gate.

(ii) |ψ〉= c√
N

N−1
∑

x=0
|x〉+ 1−c√

2n−N

2n−1
∑

x=N
|x〉.

3.3. Algorithm analysis and comparison

In Step 3, after the Oracle transformation, the resulting
quantum superposition state is

sinθ |α〉⊗n |0⊕ f (x)〉⊗1 + cosθ |β 〉⊗n |0⊕ f (x)〉⊗1

120303-4
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= sinθ |α〉⊗n |1〉⊗1 + cosθ |β 〉⊗n |0〉⊗1 .

Thus, in Step 4, the measurement result is 1 with a probability
|sinθ |2. At this time, the first quantum register collapses into
the quantum superposition state |α〉. Since 2n−1 < N < 2n, we
have |sinθ |2 > 1/2, therefore this new method can prepare the

quantum uniform superposition state 1√
N

N−1
∑

x=0
|x〉 with a proba-

bility greater than 1/2.
Compared to Fig. 4, the number of additional ancillary

qubits remains unchanged, only n Hadamard gates are re-
quired in Fig. 5. Thus, when n = 1, the implementation circuit
for the entire algorithm requires 3 qubits (including 1 ancillary
qubit), 3 one-qubit gates, 2 two-qubit gates, and the circuit
depth is 4. When n > 1, the circuit requires 2n qubits (in-
cluding n−1 ancillary qubits), 13n−8 one-qubit gates, 4n−1
two-qubit gates, 3n− 5 three-qubit Toffoli gates, and the cir-
cuit depth is 9n− 9. In conclusion, the total computational
complexity of the new method is O(n).

Figure 5 includes only quantum NOT, Hadamard, CNOT,
and Toffoli gates, in which the circuit for Toffoli gate only
requires 2 Hadamard gates, 9 π/8 phase gates, and 6 CNOT
gates.[12] Thus, in Fig. 5, the number of one-qubit gates and
two-qubit gates both scale as O(n). Additionally, an NOT
gate can be implemented using a CNOT gate. Thus, according
to the Solovay–Kitaev theorem, figure 5 is an efficient fault-
tolerant circuit.

Compared to the Shukla–Vedula method, the number
of quantum gates required by both methods scales as O(n).
While, the new method requires n additional qubits. But it
has stronger fault tolerance and is more suitable for imple-
mentation on the real quantum computers. In fact, the Y -
axis rotation gate RY (θ) is not an efficient fault-tolerant gate.
When the Shukla–Vedula method is compiled into an effi-
cient fault-tolerant circuit with arbitrary precision ε , it requires
O(n log3.97(1/ε)) additional elementary quantum gates. If the
required ε is very low, then the Shukla–Vedula method re-
quires more quantum gates than the new method.

Furthermore, the n ancillary qubits in Fig. 5 can be
reused. For example, in Shor’s discrete logarithm quantum
algorithm, the ancillary qubits used to prepare the uniform su-
perposition state can also be employed for modular exponen-
tiation. This means that the number of qubits required for im-
plementing Shor’s algorithm does not increase, and it remains
the same as the number of qubits needed when implementing
Shor’s algorithm based on the Shukla–Vedula method.

To make it clear, preparing 1√
3

2
∑

x=0
|x〉 based on the new

method is shown as follows:
Step 1 Initialize two quantum registers |0〉 |0〉.
Step 2 Apply the Hadamard transform H⊗2 on the first

quantum register, yielding the initial quantum state

1
2
(|0〉+ |1〉+ |2〉+ |3〉) |0〉=

(√
3

2
|α〉+ 1

2
|β 〉
)
|0〉 ,

where |α〉= 1√
3

2
∑

x=0
|x〉, |β 〉= |3〉.

Step 3 Apply the quantum Oracle function f (x,3) ={
1, 0≤ x < 3,
0, x = 3, and store the corresponding function evalu-

ation in the second register, yielding the state to become
√

3
2
|α〉 |1〉+ 1

2
|β 〉 |0〉 .

Step 4 Measure the second register. If the outcome is
1, then the first register collapses to the desired superposition

|α〉 = 1√
3

2
∑

x=0
|x〉, otherwise the algorithm terminates unsuc-

cessfully.

4. Implementing Shor’s discrete logarithm
quantum algorithm
Given a prime number p, the multiplicative group

(Z/pZ)∗ is a cyclic group, and there exists a generator g. For
a given element x, the problem of finding an integer t such that
x = gt mod p is known as the discrete logarithm problem.

In 1994, Shor introduced a quantum algorithm for solving
the discrete logarithm problem with polynomial computation
complexity.[2] The specific steps of the algorithm are as fol-
lows:

Step 1 Initializing the three quantum registers
|0〉⊗n |0〉⊗n |0〉⊗n, where p < 2n < 2p.

Step 2 Preparing the quantum uniform superposition
states in the first two registers, which yields

1
p−1

p−2

∑
a=0

p−2

∑
b=0
|a〉⊗n |b〉⊗n |0〉⊗n. (6)

Step 3 Applying the Oracle function gax−b(mod p), and
store the results in the third quantum register, and obtain

1
p−1

p−2

∑
a=0

p−2

∑
b=0
|a〉⊗n |b〉⊗n

∣∣∣gax−b(mod p)
〉⊗n

. (7)

Step 4 Applying the QFT over Z2n on the first two quan-
tum registers, respectively, and the state becomes

1
2n(p−1)

p−2

∑
a,b=0

2n−1

∑
χ,δ=0

e2π i(aχ+bδ )/2n |χ〉⊗n |δ 〉⊗n

×|gax−b(mod p)〉⊗n. (8)

Step 5 Measuring the third register, and the state of reg-
isters collapses to |χ,δ ,y〉.

In fact, Step 2 of Shor’s discrete logarithm quantum algo-
rithm can be implemented using the circuit of Fig. 5, and the
specific circuit is depicted in Fig. 6.
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>⊗n

>⊗

δ>⊗n

y>⊗n

χ>⊗n

>⊗n

>⊗n

>⊗

c>⊗

c>⊗

Uf

p↩

Uf

p↩

F

F

H⊗n

H⊗n

Ugax↩bmodp

Fig. 6. The circuit for Shor’s discrete logarithm quantum algorithm.

The description of Fig. 6 is as follows.
(i) Ugax−b mod p is the circuit for gax−b(mod p), which

can be vided in Refs. [37,38].
(ii) F represents the circuit for QFT over Z2n .
(iii) If c1 = c2 = 1, then the measurement results of χ,δ ,y

can be used to solve the discrete logarithm problem; otherwise,
the circuit needs to be rerun. And the probability of c1 = c2 = 1
is greater than 1/4.

There are mainly two methods for implementing modu-
lar exponentiation gax−b(mod p): one is based on basic quan-
tum gates,[37] and the other utilizes Draper’s adders with the
QFT.[38] The former requires 7n+ 1 qubits and has a circuit
depth of 400n3−400n2 +75n, while the latter requires 9n+2
qubits and has a circuit depth of 2000n2. Each method has
its own advantages and disadvantages. If sufficient qubits are
available, it is preferable to use Draper’s adder based on the
QFT; otherwise, the method based on basic quantum gates
should be used. Thus, the quantum resources required for
Shor’s discrete logarithm quantum algorithm are as follows:

(I) Based on basic quantum gates
When n = 2, the circuit requires 7n + 1 qubits with a

circuit depth of 400n3 − 400n2 + 94n− 13. When n > 2,
the circuit requires 7n + 1 qubits with a circuit depth of
400n3−399.5n2 +93n−13.

(II) Based on the QFT Draper’s adders
When n = 2, the circuit requires 9n+2 qubits with a cir-

cuit depth of 2000n2 + 19n− 17. When n > 2, the circuit re-
quires 9n+2 qubits with a circuit depth of 2000.5n2 +18n−
17.

Note: The ancillary qubits for preparing quantum uni-
form superposition states can be reused for implementing the
modular exponentiation gax−b(mod p).

5. Conclusions
In this paper, a new method for preparing quantum uni-

form superposition states via quantum measurement is pre-
sented, and the bitwise implementation circuit is designed.

Compared to the Shukla–Vedula method, the new method has
stronger fault tolerance, while the number of quantum gates
required by both methods scales the same as O(n). More-
over, the ancillary qubits employed during the implementa-
tion process can be reused. Finally, as an application, the cir-
cuit for Shor’s discrete logarithm quantum algorithm, based
on the new method, is provided. Further research could be ex-
panded to develop an efficient fault-tolerant circuit for prepar-
ing a quantum uniform superposition state on some arbitrary
selected bitstrings, and modular exponentiation which is a cru-
cial component of Shor’s algorithm.

Appendix A: Program code for drawing imple-
mentation circuit of Oracle function based on
Python Qiskit library

From qiskit import QuantumRegister, ClassicalRegister,
QuantumCircuit, execute, Aer

from qiskit.circuit.library.standard gates.x import CCX-
Gate, CXGate,XGate

from qiskit.visualization import circuit drawer
def Efun(xi,k,qc):

if k==1:
qc.x(xi)

qc.x(xi)
def Sfun(xi,zeroi,k,qc):

qc.x(xi)
if k == 1:

qc.append(CXGate(),[xi,zeroi])
qc.x(xi)

# define Ui i>=4,j=i-1
def Ufun(xi,zeroi,ki,kj,qc):

Sfun(xi-1,zeroi,kj,qc)
Efun(xi-1,kj,qc)

qc.append(CCXGate(),[xi-1,zeroi+xi-2,zeroi+xi-1])
Sfun(xi,zeroi,ki,qc)
qc.append(CCXGate(),[zeroi,zeroi+xi-1,2*zeroi-1])

def Vfun(xi,zeroi,ki,kj,qc):
Sfun(xi,zeroi,ki,qc)

qc.append(CCXGate(),[xi-1,zeroi+xi-2,zeroi+xi-1])
Efun(xi-1,kj,qc)
Sfun(xi-1,zeroi,kj,qc)

# Specify the number of qubits, lenn, and generate the
corresponding circuit

num = 4
k = 5
binary k = bin(k)[2:]
lenn = max(num, len(binary k))
# binary x = binary x.zfill(lenn)
binary k = binary k.zfill(lenn)
# x list = [int(bit) for bit in binary x]
k list = [int(bit) for bit in binary k]
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# if lenn>1:
# n = 2*lenn
# ini str = binary x+”0”*lenn
# else:
# n = 3
# ini str = binary x+”0”*2
sim = Aer.get backend(’aer simulator’)
qc = QuantumCircuit(n)
# qc.initialize(ini str[::-1])
if lenn>0:

Sfun(0,lenn,k list[0],qc)
qc.append(CXGate(),[lenn,n-1])
qc.barrier()
f lenn>1:

Sfun(0,lenn,k list[0],qc)
Efun(0,k list[0],qc)
Sfun(1,lenn,k list[1],qc)
qc.append(CCXGate(),[0,lenn,n-1])
qc.barrier()
if lenn>2:

Sfun(1,lenn,k list[1],qc)
Efun(1,k list[1],qc)
qc.append(CCXGate(),[0,1,lenn+1])
Sfun(2,lenn,k list[2],qc)
qc.append(CCXGate(),[lenn,lenn+1,n-1])
qc.barrier()
if lenn>3:

for i in range(3,lenn):
Ufun(i,lenn,k list[i],k list[i-1],qc)
qc.barrier()

for i in range(lenn-1,2,-1):
Vfun(i,lenn,k list[i],k list[i-1],qc)
qc.barrier()

Sfun(2,lenn,k list[2],qc)
qc.append(CCXGate(),[0,1,lenn+1])
Efun(1,k list[1],qc)
Sfun(1,lenn,k list[1],qc)
qc.barrier()

Sfun(1,lenn,k list[1],qc)
Efun(0,k list[0],qc)
Sfun(0,lenn,k list[0],qc)
qc.barrier()

Sfun(0,lenn,k list[0],qc)
print(qc)

Acknowledgements
Project supported by National Key Research and De-

velopment Program of China (Grant No. 2020YFA0309702),
the National Natural Science Foundation of China (Grant

No. 61502526), NSAF (Grant No. U2130205), and the Nat-
ural Science Foundation of Henan Province, China (Grant
Nos. 202300410532 and 252300421818).

References
[1] Deutsch D 1985 Proc. R. Soc. Lond. A 400 97
[2] Shor P W 1997 SIAM J. Comput. 26 1484
[3] Grover L K 1996 Proceedings of the 28th ACM Symposium on Theory

of Computation, May 22–24, 1996, Philadelphia Pennsylvania, USA,
pp. 212–219

[4] Li T, Zhang S, Fu X Q, Wang X, Wang Y, Lin J and Bao W S 2019
Chin. Phys. B 28 120301

[5] Bhattacharya N, van Linden van den Heuvell H B and Spreeuw R J C
2002 Phys. Rev. Lett. 88 137901

[6] Zhang H Y, Wang S X, Liu X J, Shen Y T and Wang Y K 2024 Chin.
Phys. B 33 020310

[7] Pan S J, Wan L C, Liu H L, Wu Y S, Qin S J, Wen Q Y and Gao F 2022
Chin. Phys. B 31 060304

[8] Liu W W, Li H C and Yang R C 2009 Chin. Phys. B 18 23
[9] Pokharel B and Lidar D A 2024 NPJ Quantum Inf. 10 23

[10] Sun X M, Tian G J, Yang S, Yuan P and Zhang S Y 2023 IEEE Trans-
actions on Computer-Aided Design of Integrated Circuits and Systems
42 3301

[11] Zhang X M, Li T Y and Yuan X 2022 Phys. Rev. Lett. 129 230504
[12] Nielsen M A and Chuang I L 2010 Quantum Computation and Quan-

tum Information, 2nd edn. (Cambridge: Cambridge University Press)
pp. 217–219

[13] Zylberman J and Debbasch F 2024 Phys. Rev. A 109 042401
[14] Iaconis J, Johri S and Zhu E Y 2024 NPJ Quantum Inf. 10 15
[15] Lemieux J, Lostaglio M, Pallister S, Pol W, Seetharam K, Sim S and
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