CHinese PuysicaL Sociery | IOP Publishing

CPB

Chinese Physics B

http://cpb.iphy.ac.cn https://iopscience.iop.org/journal/1674-1056

Observation of topology of non-Hermitian systems without chiral symmetry

Shuo Wang(E1iil), Zhengjie Kang(F¢ IEZS), Hao Li(Z%¥1%), Jiaojiao Li(ZEIK ) Yuanjie Zhang(5K 76 7%), and
Zhihuang Luo(F & 4&)

Citation:Chin. Phys. B, 2025, 34 (11): 110304. DOI: 10.1088/1674-1056/addcc1

http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Bayesian phase difference estimation based on single-photon projective measurement

Xu-Hao Yu(£X/H5£), Ying Wei(F5#1), Ran Yang(#9R), Wen-Hui Song( 3 £%), Yingning Miao(ZZ ¥ T*), Wei
Zhou(JEME), Xinhui Li(Z=#72£), Xiaoqgin Gao(=1/)MK), Yan-Xiao Gong(3%Z %), and Shi-Ning Zhu(#t 1 T%)
Chin. Phys. B, 2025, 34 (7): 070305.  DOI: 10.1088/1674-1056/adde33

Micron-resolved quantum precision measurement of magnetic field at the Tesla level

Si-Han An(Z JELi#), Shi-Yu Ge(& 11 5%), Wen-Tao Lu(} 3##), Guo-Bin Chen ([ [E #), Sheng-Kai Xia(E £ 7F),
Ai-Qing Chen([%:%% JK), Cheng-Kun Wang(F J#%3#), Lin-Yan Yu(E Ak %E), Zhi-Qiang Zhang(5K #5%), Yang Wang(7/E
VE), Gui-Jin Tang(JF 5t3#), Hua-Fu Cheng(f£ /£ &), and Guan-Xiang Du(ft 5 ¥)

Chin. Phys. B, 2024, 33 (12): 120305.  DOI: 10.1088/1674-1056/ad7e9b

New approach to measuring topological phase transitions utilizing Floquet technology

Xue-Ying Yang(#% 55 ¥%), Wei Wu(%115), and Ping-Xing Chen([%4:"F- 1)
Chin. Phys. B, 2024, 33 (9): 090305.  DOI: 10.1088/1674-1056/ad5d94

Approximate constructions of counterdiabatic driving with NMR quantum systems

Hui Zhou(J&#), Xiaoli Dai(fXBEi), Jianpei Geng(Bk %), Yunlan Ji(Z = 2£), and Xinhua Peng(i#271E)
Chin. Phys. B, 2024, 33 (9): 090301. DOI: 10.1088/1674-1056/ad58b2

Nuclear magnetic resonance for quantum computing: Techniques and recent

achievements

Tao Xin(3%7%), Bi-Xue Wang(E2237), Ke-Ren Li(Z=A] 1), Xiang-Yu Kong(fLF£5%), Shi-Jie Wei(Z{ tH:7), Tao
Wang(F#), Dong Ruan(Ft %), Gui-Lu Long(JE 1)
Chin. Phys. B, 2018, 27 (2): 020308. DOI: 10.1088/1674-1056/27/2/020308


https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/addcc1
https://doi.org/10.1088/1674-1056/addcc1
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/adde33
https://doi.org/10.1088/1674-1056/adde33
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad7e9b
https://doi.org/10.1088/1674-1056/ad7e9b
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad5d94
https://doi.org/10.1088/1674-1056/ad5d94
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad58b2
https://doi.org/10.1088/1674-1056/ad58b2
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/27/2/020308
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/27/2/020308
https://doi.org/10.1088/1674-1056/27/2/020308

Chin. Phys. B 34, 110304 (2025)

Observation of topology of non-Hermitian systems
without chiral symmetry

Shuo Wang(EAi), Zhengjie Kang(FEIEZA), Hao Li(ZE#), Jiaojiao Li(ZEIREL),
Yuanjie Zhang(5K JG/), and Zhihuang Luo(% £ &)"

Guangdong Provincial Key Laboratory of Quantum Metrology and Sensing, School of Physics and Astronomy,
Sun Yat-Sen University (Zhuhai Campus), Zhuhai 519082, China

(Received 4 April 2025; revised manuscript received 12 May 2025; accepted manuscript online 23 May 2025)

Topological invariants are crucial for characterizing topological systems. However, experimentally measuring them
presents a significant challenge, especially in non-Hermitian systems where the biorthogonal eigenvectors are often neces-
sary. We propose a general approach for measuring the topological invariants of one-dimensional non-Hermitian systems,
which can be derived from the spin textures of right eigenstates. By utilizing a dilation method, we realize a non-Hermitian
system without chiral symmetry on a two-qubit nuclear magnetic resonance system and measure the winding number as-
sociated with the eigenstates. In addition to examining the topology of the eigenstates, our experiment also reveals the
topological structure of the energy band, which differs from that in chiral systems. Our work paves the way for further
exploration of complex topological properties in non-Hermitian systems without chiral symmetry.

Keywords: nuclear magnetic resonance, quantum simulation, non-Hermitian system, topological phases
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1. Introduction

Topological phases of matter play a central role
in condensed matter physics and fault-tolerant quantum
computing.!-3] Recent studies on topological phases have ex-
tended to non-Hermitian systems and attracted a great inter-

6381 and experimental domains. 396!

est in both theoreticall
Different from the Hermitian systems, non-Hermitian systems
exhibit unique properties such as complex eigenvalues,>’!
biorthonornal eigenvectors, 38! exceptional points,1011:45-47]
and non-Hermitian skin effects.[!3-183°1 These novel phe-
nomena provide valuable insights into non-Hermitian sys-
tems. Due to the global nature, topological invariants such as
Chern number and winding number can be employed to char-

5.15:60-641 However, non-

acterize different topological phase
Hermiticity presents challenges for the realization of non-
Hermitian systems and the measurement of topological invari-
ants based on biorthogonal eigenvectors, when the definitions
of topological invariants in Hermitian systems generalize to
non-Hermitian systems.[?>?*! The method for measuring the
topological invariants in non-Hermitian systems is urgent and
may be a prerequisite for exploring non-Hermitian topological
phenomena in experiments.

In the non-Hermitian context, measurements of topologi-
cal invariants are often associated with the right and left eigen-
states, governed by H and H', respectively. Recent theoreti-
cal works proposed that the winding number can be measured
through the spin textures in non-Hermitian systems. 333 In

TCorresponding author. E-mail: luozhih5 @mail.sysu.edu.cn

CSTR: 32038.14.CPB.addccl

these methods, both the right and left eigenstates are required,
which can impose a burden on experiments, because we must
separately implement H and H' to obtain the evolutions of
the right and left eigenstates. On the other hand, it is well
established that symmetry is crucial in the study of topolog-
ical properties.[”! For non-Hermitian systems, the topolog-
ical characteristics differ significantly depending on whether

[23.24]1 However, recent ex-

or not chiral symmetry is present.
perimental studies have primarily focused on measuring the
topological invariants of non-Hermitian systems with chiral

39401 while experimental research on non-chiral

symmetry,[
systems is still lacking.

In this paper, we report an experimental measurement
of the topological invariants in one-dimensional (1D) non-
Hermitian systems without chiral symmetry. We employ a
dilation method to realize the evolution of a general non-
Hermitian system on a two-qubit nuclear magnetic resonance
(NMR) system.

Hermitian Hamiltonian, the dilated system evolves under the

Starting with a right state of the non-

Hermitian Hamiltonian. We observe the time evolutions of
right-state spin textures for a non-Hermitian system through
the projection measurement onto the dilated system. We pro-
pose a method to measure the winding number of a non-
Hermitian system using the right-eigenstate spin textures. The
right-eigenstate spin textures and related complex eigenval-
ues can be extracted by fitting the observed time evolutions
of right-state spin textures. Using this approach, the experi-
ment only requires the evolution under H, without the simu-
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lation of HT. Furthermore, we demonstrate that when the chi-
ral symmetry of a non-Hermitian Hamiltonian is broken, the
topological invariants of its eigenstates and eigenvalues ex-
hibit different phase transition boundaries.!?*! This contrasts
with systems possessing chiral symmetry, where the bound-

aries of both coincide. 24

2. Theory

The Hamiltonian of a 1D two-band non-Hermitian system
can generally be expressed as

H(k) = h(k) o, (1)

where h(k) = (he(k),hy(k),h.(k)) is a complex vector field
that depends on the quasimomentum k, and o = (0, Gy, O;)
Noting that if h, = 0, the
Hamiltonian (1) exhibits chiral symmetry, i.e., o H(k)o, =
—H (k). when h; # 0,
breaks chiral symmetry. Due to the non-Hermiticity of the
system, H(k) # H'(k), the distinct right and left eigen-
states are defined by H(k)|(pﬁ(k)> = Eu(k)|(pﬁ(k)) and
HY (k)|(pb(k)> =E} (k)|(p2;(k)> respectively. Here Ej (k) =
/.L\/ h2(k) 4 h3 (k) +h2(k) are the complex eigenvalues, with
U = =+ indexing the two bands. In constract to Hermitian sys-

denotes the Pauli matrices.

However, the Hamiltonian (1)

tems, neither \(p}f(k)) nor |(p};(k)> form an orthogonal basis.

Instead, they combine to create a pair of biorthogonal vectors

that satisfy: (@y (k)| @y (k)) = 8upr and Ty, [ @yt () (@j; (k)| =

1 by the normalization.’® The explicit forms of the right and

left biorthogonal eigenstates of the Hamiltonian (1) are given
by

PR = — (i

g 2B (Ey—h)

1

2E,(Ey —h)

If the system starts at an initial right state |[yR(k,0)) =
Yucul@R(k)) or its related left state (y"“(k,0)| =
Yu i (@ (k)], their time evolutions governed by H(k) and
H' (k) are described by

|WR (k,1)) Zc
kt|—2c

To characterize the properties of non-Hermitian systems,

- ihyy Eu - hz)T7

CRGIE (h+ihy, Ey—h).  (2)

iE”“)’I(Pﬁ(k)%

RCAGIE 3)

it is essential to consider the topological invariants, such as the
winding number. One can readily generalize the definition of
winding number that is related to the Berry phase in Hermi-

tian systems to non-Hermitian systems, which can be written
524.30]

= — § aklgk ) liaklof (), 4

where = + indicates the band labels. For Hermitian sys-

tems, we have |@;(k)) = |@; (k)), whereas in non-Hermitian
systems, |@y;(k)) # |@f (k)), making it challenging to detect
wy in experiments.

By substituting the explicit forms of |(pﬁ(k)> and ((p{;(k)|

into Eq. (4), we represent wy, as follows:

1
= — ¢ dk
Wu 27rjé

For the case of chiral symmetry (i.e., i, = 0), it can be found

hyOchy — hyOihy

_ 5
Ey(Ey—hy) ©)

that the wy, for each band takes the same value, i.e., wy =w_.
But for the general case without chiral symmetry, wy, is not a
quantized number and w,. # w_, showing that wy, is no longer

topological-invariant. Nevertheless, their sum
1
w=wi+w_ = p ﬁ&kq)yxdk 6)

has been demonstrated to be a topological invariant,?*! where
¢yx = arctan(hy /h,) is a complex angle.

We can use w; to distinguish topological phases in sys-
tems without chiral symmetry. Since Im(¢y,) is a real continu-
ous periodic function of k, we have ¢, dIm(¢,,)dk = 0, which
means that only Re(¢y,) contributes to the integral of Eq. (6).

To measure the winding number w;, recent theoretical

work33! demonstrated that the real part of ¢yx can be decom-

posed as
1
Relgu(k)] = 5 [OKR(K) + O (0] +n 5, (D
where 7 is an integer, and
B B
688 — arctan <<w (k,1)|oy [ <k,r>>> )
(WP (k,1) |02 WP (k1))

with B =R, and L, and the long-time average of spin texture
is defined as

(WP (k)| 0| WP (k,1))
_ / (WP (k,1)|0a| WP (k,1))
N T*}DOT (Wb (k,t)|wh (k,t))
(@ =x,y,2). )

dt,

Since the spin textures are observable, equation (7) im-
plies that the winding number w; of a non-Hermitian system
can be experimentally detected from gbyR and ¢) ', which are
related to the dynamics of the right and left states governed
by H(k) and H' (k), respectively. Consequently, it is insuffi-
cient to extract w; from the time evolution of either H (k) or
H' (k) alone. Furthermore, the realization of H' (k) presents a
practical obstacle in the experiment.

Similarly, Re(¢y,) can be rewritten in another way (see
the proof in Appendix A )

Re[@y (k)] = % (057 (k) + b (k)] +n§, (10)

110304-2
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where

(1)

1) — arctan <<<p5<k>|cy|<p,‘f<k>>>
x -

(o (k) ol @it (K))

with u = +. Figure 1 shows different results of Eqgs. (7)-
(11), where we take an example with h, = Jy + Jj cos(k) +
Jocos(2k), hy = Jysin(k) +Josin(2k) — id, and h, = 0.5. The
parameters are set to Jo = 3,J15 =1, 6 = 0.3 for Figs. 1(a),
1(c), and 1(e) with w, =0, and Jo1» =1, 6 = 0.3 for
Figs. 1(b), 1(d), and 1(f) with w; = 2. Though ¢,/ and ¢~
in Fig. 1(d) are different from gX% and ¢} in Fig. 1(b), the
averages of them are the same with the theoretical value of
Re[¢y.], as shown in Fig. 1(f). Based on the above results,
Re[¢y (k)] can be obtained solely from the right-right spin tex-
tures (@R (k)|oe| @R (k)) (o = x,y), whose dynamics are deter-
mined by only H (k). This simplifies the process of measuring
the winding number w; of a general non-Hermitian Hamilto-
nian (1) in experiments, as there is no longer a need to imple-
ment the H (k). Both (@R (k)|oq|@R (k)) for o = x or y can be
obtained simultaneously by fitting the time evolution of spin
textures (YR (k,t)|oq|wR(k,1)), if c. # O (see Section 4 for
more details).

/2

¢WL(44)
=)
g |
5

—m/27 0

n/2 W =0 (e)
— Re[arctan (h,/h.)]

o (S +dyr)/2
* (D +y)/2

Re(¢,:)

71‘(/271

~m/27 0

k/m k/m
Fig. 1. (a)-(b) (])y]_iR and ¢y§L as a function of &, calculated from the long time
average of right-right and left-left spin textures. (c)—(d) ¢;,+ and ¢, " asa
function of k, computed from the spin textures of the two right eigenstates.
(e)-(f) Re(¢y«), defined by ¢y, = actan(hy/hy), is equal to ( yliR + ¢VI;L)/2 and
(¢, + ¢y, 7)/2. Here parameters are set to Jo = 3,J12 = 1, 8 = 0.3 with
wy = 0 (left panel) and Jy = 1,J1 2 = 1, 6 = 0.3 with w;, = 2 (right panel).

3. Experiment

The experiment is performed on a Bruker AVANCE
300 MHz spectrometer with a 2-qubit sample '3C-labeled

chloroform dissolved in acetone-d6, whose molecular struc-
ture and Hamiltonian parameters are illustrated in Fig. 2(a).
Its NMR Hamiltonian in a rotating frame is

2
HNMRz—Zn(vi—v}‘F)cng%Jo;o} (12)
l
Here v; and viRF (i = 1,2) represent the chemical shifts and
the reference frequencies of radio-frequency (RF) fields, and
the J is the coupling strength between '*C and 'H. Each nu-
clear spin can be individually controlled by RF pulses. The
corresponding control Hamiltonian reads

2
H. =Y 1B;(cos ;0 + sin D;a;),
i=1

13)

where B; and &; are amplitudes and phases of the RF fields.
By tuning the control parameters B; and &; of RF fields, we
can simulate the dynamical evolution of a general two-qubit
system.

We consider a non-Hermitian Hamiltonian (1) with a
complex vector field

hy = Jo+Jycos(k), hy=Jysin(k)—i8, h,=05. (14)

It is a nonchiral system because of h, # 0. The phase dia-
gram exhibits two different topological phases with w; = 1 for
J() = 1, ]1 = 1, 6= 0.3, and Wy = 2 when ]() 20.3, ]1 = l,
0 = 0.3. To implement the non-Hermitian Hamiltonian in
the experiment, we exploit a dilation method.*”%> The di-
lated Hermitian Hamiltonian obtained from the non-Hermitian
Hamiltonian (1) can be expressed as

Ho,(t)=A(t)I+T (1) ® 0,

where A(t) = Y2 _oAa(t)0q and ['(t) = Y3, _o Ya(t)0q, and
0y denotes the identity operator I. The coefficients of A, and

5)

Yo can be found in Appendix B. By introducing an ancillary
qubit, the dilated state evolves as

[P (k,1))sa = [WR (K,1))s| =)o+ ()W (K, 1))s|+)a, (16)

under the H,(t), where |yR(k,1))s is the right state of the
non-Hermitian system (see Eq. (3)), |£), are eigenstates of
oy of the ancillary qubit and 7n(¢) is an appropriate linear
operator. [47:651

Figure 2(a) shows the quantum circuit for realizing the
dynamical evolution of the non-Hermitian Hamiltonian using
the dilation method. Starting with the initial state: |0)s]0),,
the system is prepared to the dilated state: |¥(k,0))sqa =
YR (K,0))5] —)a + 11 (0)| WR (K,0))5]-+)a by two single-qubit ro-
tations Ry(o) (a0 = 2arctant)o) along the y direction and
R,(m/2) along the x direction acting the ancillary qubit, and
evolves under the dilated Hermitian Hamiltonian H; ,, which
can be implemented by pulse sequence of Fig. 2(c). After an
Ry (—m/2), the final state of the dilated system is

[F(k,1))sa = W (k1)) [0)a + 1 ()W (k1))s | Dae - (17)

110304-3



Chin. Phys. B 34, 110304 (2025)

(a H
B¢ 1y Ty (s) Ta2(s)

B —23485 18.8 0.35

/ s 1H 215 2391 109 33

Evolution Measurement

(b) State preparation
[0)s

' '
1 1
1 1
I I
1 1
1 1
1 1
1 1
1 1
1 Hs,a |
1 1
1 1
1 1
1 1
1 1
| |

Measurement

———
~—

Us(T1) U (72) Us(3)

Fig. 2. (a) Molecular structure of '3C-labeled chloroform consisting of '3C
and 'H nuclear spins, and its Hamiltonian parameters. The diagonal and off-
diagonal elements represent the chemical shifts and J-coupling constants (in
unit Hz). The 77 and 7, are spin—lattice relaxation times and spin—spin relax-
ation times (in unit seconds). (b) Quantum circuit for realizing the dynam-
ical evolution of a general non-Hermitian system using the dilation method.
The '3C and 'H are used as the system qubit and ancillary qubit, respec-
tively. Ry(cr) denotes the single-qubit rotation ¢ along the y direction, with
o = 2arctan1). (c) Pulse sequence for realizing the dilated Hamiltonian H ,.
B and @' (i = 1,2,3) given by Appendix B represent the amphtudes and
phases of the control Hamiltonian (13), Uy(t;) = exp[-i% 6} 621)] is the
free evolution of the NMR Hamiltonian (12), where we set vlRF = V; in our
experiment, and 7; = 2¥;(fm)7/7J.

Thus, we can obtain the time evolution of the right state
|wR(#)) by projecting onto the [0),(0| subspace. In ex-
periments, we employ the gradient ascent pulse engineer-
ing (GRAPE) technique!®! to optimize the quantum circuit
in Fig. 2(b) with high precision. The observable operators
O ®|0),(0| with o¢ = x,y are chosen for the measurements of
(WR(k,0)]0al YR (k1)) = £ s ciicwe! E5 50 (R o |gR ).
We model the time evolution of the spin texture

A~

(WX (k, 1) oalW" (k.1))

= lex[* (YR (k) oal Y& (k )>621‘“<E”
+ le- P (W (k) oa |y (K)) >
e (YR (k)| oa| YR (K)) e 2ReE
ey (YR (k) ou yf (K)) 2R

as a fitting function. This expression includes two decaying
terms and two oscillatory terms. The decay is controlled by the
imaginary parts of the eigenvalues, while the oscillations are
governed by their real parts. The amplitudes reflect the eigen-
state spin textures. If the initial state |y® (k,0)) = ¥y cu|@p)
is prepared to satisfy that ¢y # 0, we can extract both the
eigenstate spin texture components and the real and imaginary
parts of the complex eigenvalues by fitting this function. Here,
we emphasize that the values of the eigenstate spin textures are
obtained in the form of |cy|?| (W |0a|Wy) (Where it = +). But

this does not affect the measurement of Re[¢y(k)]), since

ol (ROl vE ) _ s WlalvE®)

leu|” (WR(K) o wR(K)) (Wi () ox| i (k)

when we use the same initial state.

4. Results

Figures 3(a) and 3(b) show the time evolutions of spin
R(k,t)|oa|wR(k,t)) for @ = x,y and k = —0.4487.
Here, the non-Hermitian Hamiltonian parameters were taken

textures (y

asJo=1,J; =1, 6§ =0.3, corresponding to the winding num-
ber w; = 1. The experimental results are in agreement with
the theoretical predictions, confirming that the dilated method
for simulating the dynamical evolution of the non-Hermitian
Hamiltonian (1) is feasible in the experiment. From the fit-
ting results of Figs. 3(a) and 3(b), the eigenstate spin textures
(04)+ = (PR (k)|0x|@R (k) for a = x,y were extracted, as pre-
sented in Fig. 3(c). We now get a measured data point of
Re[¢y. (k)] for k = —0.4487, according to Eqgs. (10) and (11).
Also, we obtained the real and imaginary parts of the eigen-
values depicted in Fig. 3(d), from the fitting results.

Using the same method above, we measured Re[¢y(k)]
for k € [—
integral of a piecewise-defined function

7). The winding number w, is computed as the

ki k2
= 2 ([ arelonoians [ areloolat

n /k 2 8kRe[¢yx(k)]dk>, (19)

where k| and k;, denote the points of discontinuity. The results
of two distinct topological phases with w; = 1 and w; = 2 are
shown in Figs. 3(e) and 3(f), respectively. From these results,
it is evident that we successfully measured the topological in-
variants w;, of a non-Hermitian Hamiltonian that breaks chiral
symmetry, without the need of the left states whose dynamical
evolutions are governed by H'.

In addition to the nontrivial topology of the eigenstates,
the topological structures of the energy bands were also ob-
served. The eigenvalues of a non-Hermitian Hamiltonian are
generally complex, and its band structures also exhibit topo-
logical properties, which can be described by another winding

number vE,m’B]

Vg = Z / —&k argEy (k), (20)

where argFE, (k) is the argument of the complex en-
ergy E; (k) = [.L\/l +J2 — 82+ h2 +2Jycosk — 28 sink. Fig-
ures 3(g) and 3(h) show the band structures of our model with

both vg = 0, as the projections of the energy bands on the
complex energy plane form two separate circles that do not

110304-4
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wind around the origin. It is worth noting that there are no
band-touching points, implying the absence of a phase transi-
tion, which is different from the results with nonzero winding
numbers w;s corresponding to two distinct topological phases.

In contrast to chiral systems, the phase boundaries char-
acterized by w; and Vg coincide.!?>! However, in the absence
of the chiral symmetry, the phase boundaries of vg correspond

(/i) 3 (C%O B Exp.
= : 3 Theo.
£

=

=

B

o

=

=

=

=

(0u) 4 {o2)— <‘71/>+ <Uz/>*

()1 (?)5 B Exp.
= . 3 Theo.
£
P
= 1.0
-
=
X 0.5
24
=

-3 0 ..|_|

0 0.5 1.0 1.5 2.0
¢ (ms) Re(E) Im(E)

to the band-touching points of the non-chiral system, but no
band touching occurs at the phase boundaries of w;. This is
quite different from the chiral non-Hermitian Hamiltonian; see
Appendix E for more details. Our experiments exhibit the un-
usual phenomenon of a non-chiral system by measuring both
eigenstate topological invariant w, and eigenvalue topological
invariant vg. The error analysis can be found in Appendix D.

(e) 7/2 (£) /2

S owe=2 i/

Ty

Re (¢)yr)

Fig. 3. (a)~(b) Time evolutions of spin textures (WR (k,t)|oo|wR (k,1)) for a = x,y, and k = —0.4487, corresponding to the points labeled by orange stars in
panels (e) and (g). (c) Eigenstate spin textures (G )+ = (@R (k)|0q|@X (k) for a = x and y, obtained by fitting the curves of panels (a) and (b), respectively.
(d) Real and imaginary parts of the complex eigenvalue E, resulted from the same fitting procedure. (e)—(f) Re(¢),, as a function of k with w, = 1 and w; = 2.
(2)-(h) Re(E) and Im(E) as a function of k with vg = 0. Parameters are chosen as Jo = 1,J; = 1,8 = 0.3 for panels (e) and (g), and Jo =0.3,J; = 1,6 =0.3

for panels (f) and (h), respectively.

5. Conclusion

We presented a general scheme for measuring the wind-
ing numbers of 1D non-Hermitian systems. Unlike previous
works, 333 our approach does not rely on left eigenstates
governed by H', offering an experimental advantage. By em-

d,140:65] we realized a non-Hermitian

ploying the dilated metho
system without chiral symmetry on a two-qubit NMR sys-
tem and measured the winding numbers using our scheme,
where the right-eigenstate spin textures of two bands were si-
multaneously extracted by fitting the observed time evolutions
of spin textures. Meanwhile, we also obtained the complex
eigenvalues for two distinct topological phases from the same
fitting procedure. Our experimental results demonstrated a
discrepancy between the phase boundaries of phase diagrams
characterized by the two independent topological invariants
wy and Vg, due to the breaking of chiral symmetry. In fu-
ture work, extending our scheme to explore the topology of
higher-dimensional non-Hermitian models, such as measuring
Chern numbers in two-dimensional systems, would be partic-
ularly interesting but also experimentally challenging, because
of the extensive spin textures to be measured in high dimen-

sional systems.

Appendix A: Relations between azimuthal angle
and eigenstate spin textures

According to Eq. (2), the right eigenstates of Hamilto-
nian (1) can also be rewritten as

g B BT
(p5>:<e ¢>~cos§,sm§ )

T
|pR) = (ei@*sing—cosg) ) (AD)
where
cosf = ke . el = Sty (A2)
h2 + h2 + h? \/ %+ h?

Here ¢y, = arctan(h,/h,) is the azimuthal angle discussed in
the main text. We first define the quantity ¢y‘fr’“‘ (u = %) that
satisfy

R R
tan({)““ = <(P“|Gy‘(P”>

yx

" (o lodef)
By substituting Egs. (A1) and (A2) into Eq. (A3), we can ob-
tain

(A3)

e itegt  oitis
e iS4 el S’

tang " =i
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e TS elfngH
i— -
ST NI

tang,,~ = (A4)

with § = sin(f8/2) cos(B*/2). Therefore, we have

tan ¢\ " +tan ¢y~
1 — tan ¢y tan @y~
. e_iz‘pyx — ei2¢;&

tan(¢, " + 0., 7) =

l—
e*lz(])yx +e ‘2¢;&

= tan[2Re(¢y,)], (A5)

and it is easy to derive the relationship of Eq. (11) in the main
text, i.e.,

+l’l7T
R

Note that only the right eigenstates have been used in the above

1
Re(@) = 5 (90" + ) (A6)

derivation.
For the left eigenstates,

o B B
(yk| = (e ‘p“cosz,smz ,
(yr| = (ei‘z’-vxsing,—cos[;),

we arrive at the same result as above by following a similar

(A7)

procedure, where

L L
gt — (01108

i — TR T (A8)
’ (ofloxlof)

On the other hand, ¢y, can be directly obtained by simultane-
ously using both the left and right eigenstates,
(9o 94)

tan @, = <

TRTYRT (A9)
ok|oc|oR)

Here, ¢, = arctan(h,/h,) is a complex-valued angle, and
((pb |oxy| (pﬁ) are not directly accessible through measurement.

Appendix B: The dilated method for realizing a
non-Hermitian system

To implement a non-Hermitian Hamiltonian in the exper-
iment, we exploit the dilation method.*”>1 The Hermitian
Hamiltonian dilated by an ancillary qubit can be expressed as

Ho,(t) =A(t)@I+T(t)®0; (B1)

Here Hs(t) is the Hamitonian of non-Hermitian sys-
tem, M([) = ’Te*if(gHsI(t)dtM(())’i“eif(;Hs(l)d” and 1‘,(;) =

/M(t)—1I, where T is time-ordering operator (7 is set to 1
for simplicity), M(0) = (n3 + 1)I, 1o needs to be set appro-
priately to keep M(t) — I positive for all ¢, and I is identity
operator. Considering a general 1D two-band non-Hermitian
Hamiltonian (1), the dilated Hamiltonian can be expanded in
terms of Pauli operators:

4 4
H; o (k1) = Z Ao (k,t)op, T+ Z Ya(k,t)05 @02, (B3)
a=1 a=1

where Ay (k,t) and yu(k,t) (@ = 1,2,3,4) are real time-
dependent control parameters. For the case of k = —0.448,
the Aq(k,t) and Yy (k,7) for a@ = 1,2,3,4 are illustrated in
Fig. B1.

2 02—
(a) (b)

T
| Y2
N N
g o Z o
< AL A3 &

Ay g
-2 —0.2
0 1 2 0 1 2
t (ms) t (ms)

Fig. B1. Time-dependent control parameters Aq (k) (a) and Yy (k,z) (b)
of the dilated Hermitian Hamiltonian (B3), where a = 1,2,3.4, and k =
—0.4487.

We now employ the Trotter approximation formula to re-
alize Hs »(k,t). The total evolution time 7 is divided into M
time slices with a duration of T = T /M. The evolution for

tm = m7T can be approximated to
—iTHs a(tm)

e *i7[12(tm)6)§+l3(fm)q5] e*iTM4(tm)0'zs+yl (tm)c?]

~e
e—iryz(tm)qidf e—ir%(tm)c}?af e—i1y4(tm)6§c§‘.
(B4)
By adjusting the amplitudes and phases of the RF fields (see
Eq. (13), i.e.,

Bg = %\/ Aaz(tm) +7L32(tm)7

@! = arccos |:)Lz(lm)/ A (tm) + A3 (tm)} , (B3)

we can realize the evolution e 1 71#2(fm)0i+43(tm)0y] Similarly,
we set

BI = M4(tm) /7, D =m/2,

B =7 (tm)/7, ®>=m/2, (B6)

to realize the evolutions
e~ iTh(m)o; _ R}scefichf(cos¢36§+sin¢30§)1R;7

efiryl (tm)od _ R;efiﬂ:Bg(cos<1>S36ﬁ+sin¢52q3)rR;’

(B7)

where R, /¢ denotes the 7r/2 or — 7 /2 rotation along the x direc-
tion. Under the free evolution of the NMR Hamiltonian (12),
where VRF = v; (i = 1,2), we have

i

s S a 3 nJ
e iTh(m)oyor _ R exp <—125;6571>R;’
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wJ
e*”’?’%(’m) —Rs " exp (_12()'5()';’[2)1{;,

nJ
e~ iTh(m)ozo; —exp (—izofc;’rg), (B8)
with the evolution times 7; = 2¥41(tm)T/7J (i = 1,2,3). So
far, we have achieved the realization of Hj,, as shown in the

pulse sequence of Fig. 2(c).

Appendix C: Experiment spectra and data
At room temperature, the thermal equilibrium state of the
NMR sample is

1—¢

1
Peq ~ 41+e<41+yCo;+mo§), (Ch)

where € ~ 1077 is the polarization, ¢ and 4 are the gyromag-
netic ratio of 13C and 'H nuclei. We first initialize the system
to the pseudo-pure state (PPS),

PO ~ Tl+e|00><00| (C2)
In the experiment, the pPPS was prepared from the thermal
state Peq using the line-selective method.[%7-%8] The experi-

PPS

mental '3C spectra of Peq and p;> are shown in Fig. Cl(a).

1.0 (a) - Equilibrium

- PPS

75.785

Signal

S 78.285
80.785 Frequency (ppm)

Fig. C1. (a) The experimental '3C spectra of thermal equilibrium state Peq
(blue) and pseudo-pure state Py, PPS (red). (b)— (c) Experimental spectra for
observing the time evolutions of spin textures (YR (k,#)| o |yR (k,)), where
a = x,y, respectively. Here k = —0.4487, and parameters are chosen as
Jo=1,Jy=1and 6 =0.3.

To observe the time evolutions of spin textures
(yR(k,1)|og|wR(k,1)) (a = x,y), we performed the mea-
surements of o, ® |0),(0| on the dilated states (17). In

the case of k = —0.4487, the corresponding spectra of

(yR(k,t)|oq|wR(k,t)) for different r and o = x,y are
ploted in Figs. Cl(b) and Cl(c), respectively. By fit-
ting (yR(k,t)|oq|wR(k,t)), we simultaneously obtained the
(R |oa|@R) for o = x or y, and also the ¢p' (k) =
arctan[((pﬁ|cy|(pﬂ)/((pﬂ lo:]@f)] (u = +). Figures C2(a) and
C2(b) show the results of ¢! (k) for two different topologi-
cal phases with w, = 1 and w; = 2, respectively. Thus, we got
Re[¢y.(k)], as shown in Figs. 3(e) and 3(f).

/2 (a - /2
72N
g 1
T, Of 7, 0
13 \ 15
oS \ <
3
Exp. o ¢5F o ¢y
—n/2 § —n/2
™/ -1 0 1 r/ -
k/m k/m

Fig. C2. The resulted ¢, (k) and ¢y, (k) for two distinct topological
phases with w; = 1 and w; = 2, by fitting the time evolutions of spin tex-
tures (YR (k,t)|0q|WR (k,1)), where & = x,y. The solid lines and dots

are the theoretical and experimental values.

Appendix D: Error analysis

We calculated the root-mean-square GEXP/SIm

\/ IV (06) ™ _ (5,)T)2 /N between the measured or
simulated spin textures and the theoretical values,

where
a = x,y. The final state given by the simulation is pSIm =
UEVOGZUpPspeqUPPSG UEVO, where G, is a gradient magnetic
field that can eliminate the off-diagonal elements of the den-
sity matrix. The spin textures come from the simulation are
(Oq) = tr[pf“im(ca ®1+ 04 ®0;)]/2 (a0 =x,y). When consid-
ering the influence of a specific step, we simulate the 1% noise
of pulses, while the rest is implemented through theoretical
unitary operations. The results are listed in Table D1, where
O'ST‘?; represents the root-mean-square error of all pulses, and
ORead = OExp — GSTi(;; evaluates the readout error which came
from spectral integrals. From Table D1, we find that the main
errors mainly come from the preparation of the initial state,
dynamical evolution, and readout.

Table D1. Results of the RMSE.

Tot PPS Evol

OExp 6Slm 651m GS]m ORead
(oy) 0.0391 0.0202 0.0194 0.0197 0.0189
(oy) 0.0571 0.0219 0.0079 0.0147  0.0352

Appendix E: Topological phases with and with-
out chiral symmetry

When /4, = 0, the Hamilonian (1) exhibits chiral symme-
try, satisfying 0,H o, = —H. The winding number w, (U = %)
can be express as

1
=— ¢ dk
Yu 2n]£

hy O
(Eu)?

hxakh— ?{ak(])}xdk (ED)
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where ¢y, = arctan(h,/hc). As an example, we consider a
model with i, = Jy+J; cos(k), hy = J; sin(k) —i8 and h; = 0.
Setting J; = 1, we obtain the topological phase diagram char-
acterized by wy, by varying 6 and Jy, as shown in Fig. El(a).
The values wy, = 1, 1/2, and 0 can be obtained by integrating
the gradients of Re[¢,, (k)] over the corresponding quasimo-
mentum k ranges. Re[@y, (k)] for different phases are shown
in Figs. El(c)-El(e), corresponding to the three points in
Fig. El1(a). In Fig. E1(b), we present the phase diagram char-
acterized by eigenvalue winding number Vg = 0 and 1, as de-
fined in Eq. (20). Figures E1(f)-E1(h) show the energy band
structures for different values of Jy, with § = 0.3. These are
associated with the three marked points in Fig. E1(a). Due to
the chiral symmetry of the model, the boundaries of the phase

obtain the topological phase diagrams characterized by w;, and
Vg by varying & and Jy, as shown in Figs. E2(a) and E2(b), re-
spectively. Figures E2(c)-E2(e) show the angle Re[¢,. (k)] for
different values of Jy and &, as indicated in Fig. E2(a), corre-
sponding to w; =2, 1, and 0, respectively. Figures E2(f)-E2(h)
show the energy band structures corresponding to the three
points in Fig. E2(b), with the associated values of vg = 0, 0,
and 1, respectively. We can observe that the phase diagram in
Fig. E2(a) is identical to that in Fig. E1(a), since w; is indepen-
dent of ,. However, the phase boundaries characterized by vg
correspond to the band-touching points and therefore change
with h;, as shown in Fig. E2(b). This means that when the
Hamiltonian (1) breaks chiral symmetry, the phase diagram
determined by w; is no longer consistent with that character-

diagrams characterized by wy, and Vg coincide and correspond  ized by Vg.
to the band-touching points (£, = 0). (a)2 (b)2

(a)2 (b)2 ° 0

o 0
S 1 ° 1 <1
<1 ° 1/2 <1
o 2 0 3 0
0 o 0 0 1 2 1 2
s 5

Fig. E1. (a) Phase diagram of the Hamiltonian with chiral symmetry (i, = 0).
The color shading from light to dark indicates wy = 0, 1/2, and 1, as labeled.
(b) Phase diagram characterized by the winding number of energy Vg. (c)-
(e) Re[¢y (k)] plotted as a function of k for § = 0.3 and Jo = 0.3, 1, and 1.7,
respectively. (f)—(h) Energy band structures for 6 = 0.3 and Jo = 0.3, 1, and
1.7, corresponding to vg = 0, 1, and 0, respectively.

When h, # 0, the Hamiltonian (1) breaks the chiral sym-
metry. In this case, wy for each band is not a quantized num-
ber, showing that wy, is no longer a topological invariant. How-

ever, their sum
1
Wy =Wy +w_ = ; %gak(Pyxdk (EZ)

has been demonstrated to be a topological invariant.[>*! We
now consider the Hamiltonian (1) with &, = Jy + J; cos(k),
hy = Jysin(k) — 168 and h, = 0.5, which represents a non-chiral
version of the previously discussed model. Fixing J; =1, we

Fig. E2. (a) Phase diagram of the Hamiltonian without chiral symmetry
(h; =0.5). The color shading from light to dark indicates w; =0, 1, and 2, as
labeled. (b) Phase diagram characterized by the winding number of energy
VE. (c)—(e) Re[¢,. (k)] plotted as a function of k for 6 = 0.3 and Jo = 0.3, 1,
and 1.7, respectively. (f)—(h) Energy band structures for different parameter
values (8,Jp) = (0.3,0.3), (0.3, 1), and (0.6, 1), as marked in panels (b).
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