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Instability of nanofluid film flow under external electric field:
Linear and weakly nonlinear analysis
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Quansheng Liu(刘全生), and Zhaodong Ding(丁兆东)†
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This study investigates the instability of nanofluid thin films flowing down an inclined plane under the influence
of a normal electric field. Based on the long-wave approximation and a systematic asymptotic expansion, a nonlinear
evolution equation is derived to capture the coupled effects of the electric field and nanoparticle properties. Linear stability
analysis reveals that the electric field enhances interfacial disturbances and promotes instability, whereas the presence of
nanoparticles suppresses this effect by attenuating disturbance amplitudes. A weakly nonlinear analysis further clarifies
the interplay among electric field strength, nanoparticle volume fraction, and density difference, enabling a classification
of nonlinear stability regimes. Numerical simulations support the analytical predictions, showing that in unstable regimes,
perturbations grow over time and eventually destabilize the film. These findings offer theoretical insights into the control
of nanofluid film stability via electric field regulation and nanoparticle tuning.
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1. Introduction
Liquid film flow refers to the phenomenon where a liq-

uid forms a thin layer and flows along a substrate surface.[1–4]

Its stability is influenced by a variety of factors, including
gravity, surface tension, electric fields, and thermal capil-
lary forces.[5–13] In most cases, liquid film flow is gravity-
driven, with the liquid flowing along inclined or vertical
surfaces under the influence of gravity, forming a stable
film.[1,6,14] However, by applying a temperature or concen-
tration gradient,[5,8,15] an interfacial tension gradient can be
generated, significantly altering the stability of the liquid film
and leading to instability.[9,12] Additionally, the external force
fields applied, such as electric or magnetic fields, can also con-
tribute to film instability.[6,10] Liquid film flow has important
applications in various areas.[4,16,17] In chemical engineering,
liquid films are used for gas separation and seawater desali-
nation; in heat exchange, liquid films improve heat transfer
efficiency; in coating manufacturing, liquid film technology
is employed for the production of high-quality films; and in
biomedical and food industries, liquid films are used for food
preservation, among other applications.[8,18–22] A deeper un-
derstanding of the stability mechanisms of liquid film flow
helps ensure its efficiency, energy-saving potential, and envi-
ronmental sustainability in practical applications, making it an
important technological support for modern industries and sci-
entific research.

The interfacial stability of liquid films is a fundamental
topic in fluid mechanics, with significant contributions from
Benjamin[1] and Yih.[2,2] Their pioneering studies identified
the critical Reynolds number, below which film flow transi-
tions from stable to unstable due to gravitational forces. Build-
ing on this foundation, Benney[23] introduced finite amplitude
stability analysis, deriving the now-famous Benney equation
using a perturbation expansion with long-wave approxima-
tions. This equation provided a framework for analyzing the
nonlinear dynamics of film flow. Further advancements[24–27]

employed weakly nonlinear analysis to deepen the understand-
ing of film stability. More later works, such as those by
Kondic,[28] Banerjee et al.,[29] and Bauer and Kerczek,[30]

have extended these insights, exploring the complex stabil-
ity characteristics of thin films on inclined and vertical sur-
faces. Together, these studies form the foundation for modern
research into the intricate behavior of liquid film flows under
varying conditions. Recently, the stability of liquid films has
still received widespread attention. Zhang and Ding[31] inves-
tigated the effects of surfactants on the surface capillary waves
of liquid films at the nanoscale. They explored how surfactants
alter the time dependence of surface tension and elasticity and
revealed the influence of surface viscosity on thermal capil-
lary waves. Hu[13] investigated the nonlinear waves in a shear
liquid film in a horizontal plane by theoretical analysis and nu-
merical simulation. They explored the effects of surface ten-
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sion and gravity on the stability of the film, and revealed the
evolution characteristics of solitary and periodic waves in the
liquid film. Their work highlighted the role of surface tension
and gravity in film stability and provided insights into the evo-
lution of solitary and periodic waves in liquid films.

In practical applications, the study of nanofluid flows has
gained significant attention, particularly for their enhanced
heat transfer properties. Nanofluids, which are two-phase mix-
tures of a liquid base fluid and ultrafine nanoscale particles,
are widely utilized for applications requiring efficient ther-
mal management. For example, a low concentration of parti-
cles can enhance heat transfer.[32–34] Nanofluids are two-phase
mixtures typically comprising a liquid as the basic fluid and
ultrafine nanoscale particles. Research by Nayak et al.[35] has
demonstrated that the flow stability of nanofluids is enhanced,
with the degree of suppression varying depending on the con-
centration of nanoparticles.[36] Lin et al.[37] investigated the
linear instability of nanofluid flow in channels. They applied
instability theory to derive control equations featuring average
particle mass load, average Stokes number, Reynolds number,
and Knudsen number, and obtained numerical solutions for
these equations. The results suggested that nanoparticles sup-
press instability, though they do not entirely eliminate it. The
instability can be altered by increasing the particle mass load.
Dero et al.[38] explored the flow of micropolar nanofluids over
permeable stretching and shrinking surfaces, identifying dual
solutions for certain parameters and determining their stabil-
ity. Lin and Yang[39] briefly reviewed the achievements in re-
search on nanofluid flow instability, including hydrodynamic
and thermal instability. Studying the stability of nanofluid
films is crucial for exploring their applications in engineering.

Moreover, film flow and its interactions with electric
fields have broad applications across various engineering
fields. The introduction of an electric field generates addi-
tional interfacial stress, thereby influencing the stability of the
flow.[40,41] Gonzalez and Castellanos[42] studied the stability
of thin film flow down an inclined plane under the influence
of an electric field and derived a nonlinear evolution equation.
Tseluiko et al.[43] used a long-wave approximation to study
the effects of a normal electric field on a falling film, finding
that electric fields can destabilize the flow. Samanta[44] inves-
tigated the linear stability of viscous film flow over an oscil-
lating plane, revealing that the presence of an electric field ex-
pands the unstable wave number region. Uma and Usha[45] ex-
amined the temporal evolution of thin conductive liquid films
flowing down a porous inclined substrate when the electric
field is perpendicular to the substrate. They analyzed the re-
sulting nonlinear evolution equation from both linear stabil-
ity and weakly nonlinear stability perspectives, demonstrating

that electric fields promote instability in liquid film flow.
Although significant advances have been made in study-

ing the effects of electric fields on conventional liquid films,
research on nanofluid films remains limited, particularly re-
garding the role of nanoparticle properties such as volume
fraction and density difference. Moreover, previous stud-
ies rarely derived nonlinear evolution equations that couple
nanoparticle effects with electric fields. This work addresses
these gaps by examining the instability of nanofluid thin
films descending an inclined plane under an external electric
field. The main contributions are: (i) introducing the effect
of nanoparticle density contrast on flow stability; (ii) deriv-
ing a nonlinear evolution equation coupling electric field and
nanoparticle influences; and (iii) proposing a multi-parameter
classification of nonlinear stability regimes based on electric
field intensity, nanoparticle volume fraction, and density dif-
ference. These findings offer new insights into the interplay
between electric fields and nanoparticles in film flow stability.

2. Mathematical model
We investigate the flow of an incompressible, viscous

nanofluid film down an inclined surface under the influence
of gravity g and an electric field E in a two-dimensional
(2D) space. Examples of such nanofluid thin films include
nanoparticle-laden coatings used in heat-dissipating layers for
microelectronic cooling systems, nanofluid films in lab-on-a-
chip devices where electric fields are used for flow control,
and electrically responsive functional films designed for appli-
cations in microgravity environments such as spacecraft ther-
mal management. In these systems, electric fields are often
employed to manipulate film behavior, while the addition of
nanoparticles is known to enhance thermal conductivity, mod-
ify interfacial properties, and affect flow stability.[46] How-
ever, in the present study, the thermal conductivity enhance-
ment is not considered, as the focus is placed on interfacial
dynamics and hydrodynamic stability. The model schematic
is shown in Fig. 1. The Cartesian coordinate system (x,y)
forms an angle β with the horizontal plane. The free surface
is given by y = h(x, t), where h0 represents the unperturbed
film thickness. Two rigid, parallel electrodes, separated by
distance d, bound the film: the lower plate at y = 0 is held
at constant potential ϕ1 = ϕc, and the upper plate at y = d is
grounded (ϕ2 = 0). To make the problem tractable, we invoke
the following approximations: (i) Longwave (lubrication) ap-
proximation, the average liquid film thickness and wavelength
satisfy α = h0/λ � 1, allowing an asymptotic expansion in
α . (ii) Region 1 (nanofluid) is an incompressible, Newtonian
conductor with uniformly dispersed, neutrally wetted nanopar-
ticles; region 2 is an ideal, chargefree dielectric with permit-

124701-2



Chin. Phys. B 34, 124701 (2025)

tivity ε0. (iii) Quasielectrostatic limit, magnetic effects, and
displacement currents are neglected, so that 𝐸 = −∇ϕ , with
ϕ satisfying Laplace’ equation in each region. (iv) Ideal con-
ductor approximation, the nanofluid bulk potential is uniform,
confining electric-field gradients to the dielectric layer; any
field effect within the fluid region itself is neglected.

y

g

x



E

d
h0

ϕ1=ϕc

ϕ2=0

β

Region 2
Free surfaceRegion 1 (nanofluid)

Fig. 1. The schematic diagram of the physical model.

In region 1 (the nanofluid domain), the flow is governed
by the continuity and momentum equations under the incom-
pressible Newtonian fluid assumption. The velocity field in the
inclined Cartesian coordinate system is denoted by 𝑢= (u,v),
where u and v represent the velocity components along the x-
and y-directions, respectively. The continuity equation, ensur-
ing mass conservation, is given by

∂u
∂x

+
∂v
∂y

= 0. (1)

The momentum equations along the x- and y-directions respec-
tively describe the balance between inertial, pressure, gravita-
tional, and viscous forces in the film

ρf

(
∂u
∂ t

+u
∂u
∂x

+ v
∂u
∂y

)
= −∂ p

∂x
+ρngsinβ +µn

(
∂ 2u
∂x2 +

∂ 2u
∂y2

)
, (2)

ρf

(
∂v
∂ t

+u
∂v
∂x

+ v
∂v
∂y

)
= −∂ p

∂y
−ρngcosβ +µn

(
∂ 2v
∂x2 +

∂ 2v
∂y2

)
. (3)

Here, ρf is the density of the base fluid, ρn is the density
of the nanofluid, and µn is the viscosity coefficient of the
nanofluid.[47] The inclusion of ρn instead of ρf in the grav-
ity terms accounts for the effect of nanoparticle loading on the
effective fluid density. To describe the transport of nanopar-
ticles, we assume the particles are uniformly dispersed and
follow the flow without phase separation. Their distribution is
governed by a convection equation for the local volume frac-
tion φ :

∂φ

∂ t
+u

∂φ

∂x
+ v

∂φ

∂y
= 0. (4)

In region 2 (above the film), which is treated as a quiescent,
charge-free dielectric medium with permittivity ε0, the elec-
tric field is purely electrostatic and defined by the potential
gradient

𝐸2 =−∇ϕ2, (5)

where ϕ2 satisfies Laplace’s equation due to the absence of
free charges

∂ 2ϕ2

∂x2 +
∂ 2ϕ2

∂y2 = 0. (6)

At the bottom plate y = 0, the boundary conditions for
fluid no-slip and no-penetration are

u = v = 0. (7)

Since the nanoparticles cannot penetrate the wall, the diffusion
flux on the wall should be zero, and it can be expressed as

∂φ

∂y
= 0. (8)

At the free surface y = h(x, t), the behavior of the inter-
face is governed by a combination of kinematic, dynamic (nor-
mal and tangential stress), and electrostatic boundary condi-
tions. These conditions ensure the consistency of fluid motion,
force balance, and electric potential across the deformable in-
terface. First, the tangential stress condition at the interface
ensures the balance of viscous shear stresses along the inclined
surface. It can be written as[

1−
(

∂h
∂x

)2
](

∂u
∂y

+
∂v
∂x

)
−4

∂h
∂x

∂u
∂x

= 0. (9)

The normal stress condition expresses the balance between hy-
drodynamic pressure, viscous normal stress, capillary pressure
due to surface tension, and electric normal stresses. It is ex-
pressed as follows:

pa− p+
µn

1+
(

∂h
∂x

)2

{
2

∂v
∂y

[
1−
(

∂h
∂x

)2
]

−2
∂h
∂x

(
∂u
∂y

+
∂v
∂x

)}

=
σ0

∂ 2h
∂x2[

1+
(

∂h
∂x

)2 ]3/2
+

ε0

1+
(

∂h
∂x

)2

(
∂h
∂x

∂ϕ2

∂x
− ∂ϕ2

∂y

)2

− ε0

2

[(
∂ϕ2

∂x

)2

+

(
∂ϕ2

∂y

)2
]
. (10)

On the left-hand side, the pressure inside the fluid is modi-
fied by viscous effects; on the right-hand side, the first term
accounts for surface tension (capillary pressure), while the re-
maining terms represent Maxwell stresses from the electric
field in the dielectric layer above the film. The kinematic
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boundary condition ensures that the free surface moves with
the fluid

∂h
∂ t

+u
∂h
∂x
− v = 0. (11)

Regarding the electrostatic boundary conditions, continuity of
electric potential is imposed at the free surface. Since the
nanofluid is modeled as an ideal conductor, the potential re-
mains constant throughout the fluid and at the interface

ϕ2 |y=h= ϕ1 |y=h= ϕc. (12)

At the upper electrode (y = d), which is grounded, the electric
potential is zero

ϕ2 |y=d= 0. (13)

These conditions define a uniform potential drop across the di-
electric region, leading to a vertical electric field in the undis-
turbed state.

Based on the modeling assumptions, we proceed to sim-
plify the governing equations using lubrication theory, which
is valid in the long-wave limit. Specifically, we assume that the
characteristic wavelength of interface deformation λ is much
larger than the undisturbed film thickness h0, such that the
film parameter α = h0/λ � 1. This allows for an asymptotic
expansion in terms of α , significantly reducing the complex-
ity of the governing equations. To further nondimensionalize
the system, we introduce the following characteristic scales
and define the corresponding dimensionless variables (denoted
with a superscript asterisk)

x∗ =
αx
h0

, h∗ =
h
h0

, y∗ =
y
h0

,

t∗ =
αU0t

h0
, d∗ =

d
h0

, u∗ =
u

U0
,

v∗ =
v

αU0
, p∗ =

p
µfU0/h0

,

ϕ
∗ =

ϕ

ϕc
, φ

∗ =
φ

φave
, (14)

where U0 = ρfgh2
0 sinβ/3µf is the base velocity, µf is the vis-

cosity coefficient of the base fluid, and φave is the average vol-
ume fraction of nanoparticles over a certain period.

These scalings transform the governing equations and
boundary conditions into a dimensionless form, enabling the
relative importance of inertia, gravity, viscosity, and electric
forces to be captured through key dimensionless groups such
as the Reynolds number, capillary number, and electric field
strength. By substituting the non-dimensional variables into
the equations and omitting the asterisks for clarity, the result-
ing dimensionless equations in region 1 are given by

∂u
∂x

+
∂v
∂y

= 0, (15)

αRe
(

∂u
∂ t

+u
∂u
∂x

+ v
∂u
∂y

)
= −α

∂ p
∂x

+3Fρ +Fµ

(
α

2 ∂ 2u
∂x2 +

∂ 2u
∂y2

)
, (16)

α
2Re

(
∂v
∂ t

+u
∂v
∂x

+ v
∂v
∂y

)
= −∂ p

∂y
−3Fρ cotβ +Fµ

(
α

3 ∂ 2v
∂x2 +α

∂ 2v
∂y2

)
, (17)

∂φ

∂ t
+u

∂φ

∂x
+ v

∂φ

∂y
= 0. (18)

In region 2, the dimensionless electric potential satisfies
Laplace’s equation

α
2 ∂ 2ϕ2

∂x2 +
∂ 2ϕ2

∂y2 = 0. (19)

At the inclined bottom plate y = 0, no-slip and impermeability
conditions

u = v = 0, (20)
∂φ

∂y
= 0. (21)

At the inclined top plate y = d, the electric potential is
grounded

ϕ2 = 0. (22)

At the free surface y = h(x, t), the boundary conditions include[
1−α

2
(

∂h
∂x

)2
](

∂u
∂y

+α
2 ∂v

∂x

)
−4α

2 ∂h
∂x

∂u
∂x

= 0, (23)

pa− p+
Fµ

1+α2
(

∂h
∂x

)2

{
2α

∂v
∂y

[
1−α

2
(

∂h
∂x

)2 ]

−2α
∂h
∂x

(
∂u
∂y

+α
2 ∂v

∂x

)}
=

∂ 2h
∂x2

Ca′
[
1+α2

(
∂h
∂x

)2 ]3/2 −E

[
α

2
(

∂ϕ2

∂x

)2

+

(
∂ϕ2

∂y

)2
]

+
2E

1+α2
(

∂h
∂x

)2

(
α

2 ∂h
∂x

∂ϕ2

∂x
− ∂ϕ2

∂y

)2

, (24)

∂h
∂ t

+u
∂h
∂x
− v = 0, (25)

ϕ2 = 1, (26)

where pa = pa/ρfU0
2, the relative density and viscosity of

the nanofluid are Fρ = ρn/ρf and Fµ = µn/µf. The non-
dimensional parameters are the Reynolds number Re, the cap-
illary nunmber Ca′ and the electrical parameter E. They are
expressed as

Re =
ρfU0h0

µf
, Ca′ =

Ca
α2 =

µfU0

α2σ0
, E =

ε0ϕ2
c

2µfU0h0
.
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3. Approximate solution of the equations
The physical quantities u, v, p, and ϕ2 are expanded as

power series of the small parameter α

u = u0 +αu1 + · · · ,

v = v0 +αv1 + · · · ,

p = p0 +α p1 + · · · ,

ϕ2 = ϕ20 +αϕ21 + · · · . (27)

By substituting Eq. (27) into the dimensionless Eqs. (15)–(26),
we obtain the zeroth-order governing equations and boundary
conditions

∂u0

∂x
+

∂v0

∂y
= 0, (28)

Fµ

∂ 2u0

∂y2 +3Fρ = 0, (29)

Re
∂ p0

∂y
+3Fρ cotβ = 0, (30)

∂φ0

∂ t
+u0

∂φ0

∂x
+ v0

∂φ0

∂y
= 0, (31)

∂ 2ϕ20

∂y2 = 0. (32)

At the inclined bottom plate y = 0,

u0 = v0 = 0, (33)
∂φ0

∂y
= 0. (34)

At the inclined top plate y = d,

ϕ20 = 0. (35)

At the free surface y = h(x, t),

∂u0

∂y
= 0, (36)

pa− p0 =
1

Ca′
∂ 2h
∂x2 +

E

(h−d)2 , (37)

∂h
∂ t

+u0
∂h
∂x
− v0 = 0, (38)

ϕ20 = 1. (39)

Solving the system of equations yields the solution to the
zeroth-order equation

u0 = 3
Fρ

Fµ

(
hy− 1

2
y2
)
, (40)

v0 =−
3
2

Fρ

Fµ

∂h
∂x

y2, (41)

p0 = 3Fρ cotβ (h− y)+ pa−
1

Ca′
∂ 2h
∂x2 −

E

(h−d)2 , (42)

ϕ20 =
y−d
h−d

. (43)

Similarly, we can obtain the first-order governing equa-
tions and boundary conditions

∂u1

∂x
+

∂v1

∂y
= 0, (44)

Re
(

∂u0

∂ t
+u0

∂u0

∂x
+ v0

∂u0

∂y

)
=−∂ p0

∂x
+Fµ

∂ 2u1

∂y2 , (45)

−∂ p1

∂y
+Fµ

∂ 2v0

∂y2 = 0, (46)

∂φ1

∂ t
+u1

∂φ1

∂x
+ v1

∂φ1

∂y
= 0. (47)

At the inclined bottom plate y = 0,

u1 = v1 = 0, (48)
∂φ1

∂y
= 0. (49)

At the free surface y = h(x, t),

∂u1

∂y
= 0, (50)

−p1 +2Fµ

(
∂v0

∂y
− ∂u0

∂y
∂h
∂x

)
= 0, (51)

∂h
∂ t

+u1
∂h
∂x
− v1 = 0. (52)

Solving the system of equations yields the solution to the first-
order equation

u1 = Re
Fρ

Fµ
2

[
1
2
(
y3−3h2y

) ∂h
∂ t

+
Fρ

Fµ

3
8
(
hy4−4h4y

) ∂h
∂x

]
+

Fρ

Fµ

3
2
(
y2−2hy

)
cotβ

∂h
∂x

+
1

Fµ

1
Ca′

(
hy− 1

2
y2
)

∂ 3h
∂x3

+
1

Fµ

E

(h−d)3

(
y2−2hy

) ∂h
∂x

. (53)

From the continuity equation, we have

∂h
∂ t

=−3
Fρ

Fµ

h2 ∂h
∂x

. (54)

Substituting Eq. (54) into Eq. (53), we obtain

u1 = Re
F2

ρ

F3
µ

3
8

(
hy4−4h2y3 +8h4y

)
∂h
∂x

+
Fρ

Fµ

3
2

(
y2−2hy

)
cotβ

∂h
∂x

+
1

Fµ

1
Ca′

(
hy− 1

2
y2
)

∂ 3h
∂x3

+
1

Fµ

E

(h−d)3

(
y2−2hy

)
∂h
∂x

. (55)

The local flow rate q(x, t) is defined as

q(x, t) =
∫ h

0
u(x,y, t)dy, (56)
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where u(x,y, t) = u0(x,y, t)+αu1(x,y, t)+O(α2). By solving
the integral on the right side, we get

q(x, t) =
Fρ

Fµ

h3 +α

[
Re

F2
ρ

F3
µ

6
5

h6 ∂h
∂x
−

Fρ

Fµ

cotβh3 ∂h
∂x

+
1

Fµ

1
3Ca′

h3 ∂ 3h
∂x3 −

1
Fµ

E

(h−d)3
2
3

h3 ∂h
∂x

]
. (57)

By employing an alternative form of the kinematic boundary
condition

∂h
∂ t

+
∂q
∂x

+O
(
α

2)= 0. (58)

We obtain a nonlinear evolution equation for the thickness of
the film

ht +A(h)hx +α(B(h)hx +C(h)hxxx)x = 0, (59)

where,

A(h) =
Fρ

Fµ

3h2, (60)

B(h) = Re
F2

ρ

F3
µ

6
5

h6−
Fρ

Fµ

cotβh3− 1
Fµ

E

(h−d)3
2
3

h3, (61)

C(h) =
1

Fµ

1
3Ca′

h3. (62)

The physical property parameters of the nanofluid are
given by the following formulas:[47,48]

Fµ =
µn

µf
= (1−φaveφ)−2.5 , Fρ =

ρn

ρf
= 1+ζ φaveφ , (63)

where the coefficient ζ = ρn/ρf−1 represents the normal den-
sity difference between the nanoparticles and the base fluid.
Given that most types of nanoparticles are heavier than com-
mon base fluids, we consider the value of ζ in this article to be
within the range of [0, 5].

4. Linear stability analysis
To study the stability of film flow, a small perturbation at

the free surface is assumed. The film thickness h under the
perturbed state can be written as

h = 1+η(x, t), (64)

where η � 1 represents the dimensionless thickness of the
film in the absence of perturbation.

To eliminate the α in Eq. (59), we set the conversion

x = α x̃, t = α t̃. (65)

By substituting Eqs. (64) and (65) into Eq. (59), retaining up
to O(η3), after dropping the cap sign, we obtain

ηt +A1ηx +B1ηxx +C1ηxxxx +A′1ηηx

+B′1
(
ηηxx +η

2
x
)
+C′1

(
ηηxxxx +ηxηxxx

)
+

1
2

A′′1η
2
ηx +B′′1

(
1
2

η
2
ηxx +ηη

2
x

)
+C′′1

(
1
2

η
2
ηxxxx +ηηxηxxx

)
+O(η4) = 0, (66)

where A1, B1, C1, and their corresponding derivatives (denoted
by primes) are the values corresponding to h = 1. To study the
linear response of the film, we assume the form of perturbation
to be a sinusoidal disturbance, that is

η(x, t) = Γ exp[i(kx−ωt)]+ c.c., (67)

where Γ is the amplitude of the disturbance, c.c. is the com-
plex conjugate, k is the wave number. And ω = ωr + iωi is
the complex frequency, ωr and ωi are the linear growth rates
of oscillation frequency and amplitude, respectively. By sub-
stituting Eq. (67) into Eq. (66) and considering the linear part,
the dispersion relation can be obtained as

Disp(ω,k) =−iω + iA1k−B1k2 +C1k4 = 0. (68)

In Eq. (68), the real and the imaginary parts of ω are expressed
as

ωr = A1k, (69)

ωi = B1k2−C1k4. (70)

If the linear growth rate of the amplitude ωi = 0, the
flow is said to be neutrally stable. At this point, the critical
Reynolds number is obtained as

Rec =
F2

µ

Fρ

5
6

cotβ +

(
Fµ

Fρ

)2 5
9

E

(h−d)3 . (71)

When we consider the relative density and relative vis-
cosity of the nanofluid to be 1, and the electric field to be
0, that is, Fρ = Fµ = 1 and E = 0, we obtain the critical
Reynolds number Rec = 5cotβ/6, which is consistent with
existing results.[1,2]

5. Weakly nonlinear analysis
To characterize the nonlinear properties of the thin film

flow, we utilize a multiscale approach by expanding the inter-
facial perturbation η in the form[49,50]

η(x,x1, . . . , t, t1, t2, . . .) = εη1 + ε
2
η2 + ε

3
η3 + · · · , (72)

where

x1 = εx, t1 = εt, t2 = ε
2t, . . . , (73)

here x and t denote the rapidly varying scales, while x1, t1, and
so on represent the slowly varying scales. Assuming these
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variables are independent of each other, the derivatives with
respect to time and space transform as illustrated below:

∂t → ∂t + ε∂t1 + ε
2
∂t2 , (74)

∂x→ ∂x + ε∂x1 . (75)

Inserting Eqs. (72)–(75) into Eq. (66), the equation can be ob-
tained as

(L0 + εL1 + ε
2L2 + · · ·)(εη1 + ε

2
η2 + ε

3
η3 + · · ·)

= −ε
2N2− ε

3N3−·· · , (76)

where the operators L0,L1,L2, and the nonlinear terms N2,N3

in Eq. (76) are expressed as follows:

L0 =
∂

∂ t
+A1

∂

∂x
+B1

∂ 2

∂x2 +C1
∂ 4

∂x4 ,

L1 =
∂

∂ t1
+A1

∂

∂x1
+2B1

∂ 2

∂x∂x1
+4C1

∂ 4

∂x3∂x1
,

L2 =
∂

∂ t2
+B1

∂ 2

∂x2
1
+6C1

∂ 4

∂x2∂x2
1
, (77)

N2 = A′η1
∂η1

∂x
+B′1

[
η1

∂ 2η1

∂x2 +

(
∂η1

∂x

)2 ]
+C′1

[
η1

∂ 4η1

∂x4 +
∂η1

∂x
∂ 3η1

∂x3

]
,

N3 = A′1

[
η1

(
∂η2

∂x
+

∂η1

∂x1

)
+η2

∂η1

∂x

]
+B′1

[
η1

(
∂ 2η2

∂x2 +2
∂ 2η1

∂x∂x1

)
+η2

∂ 2η1

∂x2

+2
∂η1

∂x

(
∂η2

∂x
+

∂η1

∂x1

)]
+C′1

[
η1

(
∂ 4η2

∂x4 +4
∂ 4η1

∂x3∂x1

)
+η2

∂ 4η1

∂x4 +
∂η1

∂x

×
(

∂ 3η2

∂x3 +3
∂ 3η1

∂x2∂x1

)
+

∂ 3η1

∂x3

(
∂η1

∂x1
+

∂η2

∂x

)]
+

1
2

A′′1η
2
1

∂η1

∂x
+B′′1

[
1
2

η
2
1

∂ 2η1

∂x2 +η1

(
∂η1

∂x

)2 ]
+C′′1

[
1
2

η
2
1

∂ 4η1

∂x4 +η1
∂η1

∂x
∂ 3η1

∂x3

]
. (78)

For the first-order problem O(ε), we find

L0η1 = 0, (79)

it is assumed that the solution has the form

η1 = Γ (x1, t1, t2)[exp i(kx−ωrt)]+ c.c., (80)

where Γ (x1, t1, t2) is the complex amplitude and c.c. is the
complex conjugates. It is important to note that the solution
presented in Eq. (80), obtained from linear stability analysis,
differs only in that ω is replaced by ωr. This modification is

due to ωi being of the order O(ε2) near the neutral curve, mak-
ing the function exp(ωit) slowly varying. Consequently, it can
be incorporated into Γ (x1, t1, t2).[51]

For the second-order problem O(ε2) we obtain as

L0η2 =−L1η1−N2. (81)

Substituting Eq. (80) into Eq. (81), we get

L0η2 = −i
[

∂Disp(ωr,k)
∂ωr

∂Γ

∂ t1

− ∂Disp(ωr,k)
∂k

∂Γ

∂x1

]
e i(kx−ωrt)

−Q1Γ
2 e2i(kx−ωrt)+ c.c., (82)

Disp(ω,k) = −iω + iA1k−B1k2 +C1k4 = 0,

Q1 = iA′1k−2B′1k2 +2C′1k4. (83)

We eliminate the secular term produced by the first term
on the right-hand side of Eq. (82), the solution of Eq. (82) can
ultimately be expressed as

η2 =−
Q1Γ 2 e2i(kx−ωrt)

Disp(2ωr,2k)
+ c.c. (84)

By introducing the coordinate transformation δ =
(
x1− cgt1

)
,

where cg = (−Dispk/Dispωr
), and using the solvability condi-

tion of the third-order equation, we obtain

∂Γ

∂ t2
+ J1

∂ 2Γ

∂δ 2 − ε
−2

ωiΓ +
(
J2 + iJ3

)
|Γ |2Γ = 0, (85)

where

J1 = B1−6C1k2, (86)

J2 =
1
2
(
C′′1 k4−B′′1k2)

+
(A′1)

2 k2 +2
(
7C′1k4−B′1k2

)(
B′1k2−C′1k4

)
16C1k4−4B1k2 , (87)

J3 =
1
2

A′′1k+
A′1k
(

B′1k2−7C′1k4
)
+2A′1k

(
B′1k2−C′1k4

)
16C1k4−4B1k2 . (88)

Ignoring the diffusion effect of the second term in Eq. (85), we
get

∂Γ

∂ t2
− ε
−2

ωiΓ +
(
J2 + iJ3

)
|Γ |2Γ = 0. (89)

It is assumed that the solution of Eq. (89) can be written as

Γ = aexp[−ib(t2)t2]. (90)

Substituting Eq. (90) into Eq. (89), we get

∂a
∂ t2

=
(
ε
−2

ωi− J2a2)a, (91)

∂ [b(t2)t2]
∂ t2

= J3a2. (92)

The second term on the right-hand side of Eq. (91) repre-
sents a nonlinear term that controls the exponential variation
of the linear perturbation, contingent upon the sign of ωi and
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J2. When the right side of Eq. (91) equals 0, the equilibrium
amplitude can be given by

εa =

√
ωi

J2
. (93)

When J2 > 0, the amplitude reaches a saturation point,
indicating stability. Conversely, when J2 < 0, the amplitude
fails to develop, signifying that J2 < 0 leads to the system’s
instability. Based on the indicators ωi and J2, four nonlinear
regions are delineated: the supercritical stable region I (ωi >

0,J2 > 0), the subcritical unstable region II (ωi < 0,J2 < 0),
the unconditional stable region III (ωi < 0,J2 > 0), and the
explosive state region IV (ωi > 0,J2 < 0).

6. Numerical simulations

To comprehend the development of disturbances with fi-
nite amplitude, we solve the nonlinear evolution Eq. (59)
within a periodic domain. This is accomplished by applying
the Fourier transform to convert the spatial variables into a se-
ries of wave numbers, thereby transforming the problem into
a set of ordinary differential equations. The fast Fourier trans-
form algorithm then computes these wave numbers, thereby
providing the numerical solution to the nonlinear evolution
Eq. (59).[52]

To perform a Fourier transform of the nonlinear evolution
equation within the domain x

∂ ĥ
∂ t

= −ik ·F
{

Fρ

Fµ

F−1[ĥ]3 +
F2

ρ

F3
µ

Re
6
5

F−1[ĥ]6F−1[ikĥ]

−
Fρ

Fµ

cotβF−1[ĥ]3F−1[ikĥ]

− 1
Fµ

E(
F−1[ĥ]−d

)3
2
3

F−1[ĥ]3F−1[ikĥ]

+
1

Fµ

1
3Ca′

F−1[ĥ]3F−1[(ik)3ĥ]
}
. (94)

We use perturbations at the most unstable wave number km as
the initial condition and it is given as

h(x,0) = 1+0.05coskmx. (95)

This methodology is adopted because the most unstable wave
number is the one that, under specific conditions, accelerates
the growth of disturbances on the surface of the liquid film.
The most unstable wave number km is determined by solving
dωi/dk = 0. Consequently, using the perturbation at the least
stable wave number km as the initial condition more accurately
represents the system’s dynamic behavior, thereby enhancing
both the accuracy and stability of the numerical solution.

7. Results and discussion
In the previous section, we derived the nonlinear evolu-

tion equations of the interface based on the long-wave assump-
tion and asymptotic expansion. We then solved the dispersion
relation via linear stability analysis and carried out a weakly
nonlinear analysis using the multiscale method to elucidate
various instability mechanisms. In practical engineering con-
texts, the physical parameters are set as follows. The nanopar-
ticle volume fraction is within the range 0.01≤ φ ≤ 0.05; the
liquid density is ρf≈ 1000 kg/m3; the dynamic viscosity of the
base liquid is µf ≈ 10−3 Pa · s; and the viscosity of nanopar-
ticles is approximately µn ≈ (1–10)× 10−3 Pa · s depending
on particle type and concentration. The surface tension is set
as σ0 ≈ 0.072 N/m; the applied electric potential is assumed
to be ϕc ≈ 10−1 V–102 V, corresponding to an estimated lo-
cal electric field strength of Ec ≈ 104 V/m–106 V/m based
on the characteristic length scale; the initial film thickness is
taken as h0 ≈ 10−4 m–10−3 m; and the characteristic velocity
is U0 ≈ 0.01 m/s–0.1 m/s.[53–56]

Using these parameters, we estimate the key dimension-
less groups as follows: the Reynolds number is Re = ρfU0h0

µf
≈

1–100; the modified capillary number is defined as Ca′ =
µfU0/α2σ0, where α is the long-wave expansion parameter
(typically α ≈ 0.01–0.1), leading to an estimated range of
Ca′ ≈ 10−3–10−1; and the dimensionless electric field param-
eter is expressed as E = ε0ϕ2

c /2µfU0h0, where ε0 = 8.854×
10−12 F/m, giving E ≈ 10−2–102. In the following section, we
adopt representative values of these parameters according to
actual operating conditions in engineering systems to further
interpret the results and provide a theoretical basis for applica-
tion. Furthermore, the Fourier spectral method is employed to
visualize the evolution of the interface.

7.1. Linear stability analysis

Figure 2 illustrates the temporal growth rate curves for
various values of the electric parameter E, based on the linear
dispersion relation ωi = B1k2−C1k4. As shown, the growth
rate ωi initially increases with the wavenumber k and then de-
creases, forming a peak that indicates the most unstable mode.
It is evident that the peak value of ωi rises with increasing E,
indicating that a stronger electric field enhances the instability
of the flow. This destabilizing effect stems primarily from the
normal Maxwell stress induced at the liquid–air interface. The
presence of an electric field generates an electrostatic pres-
sure jump across the interface due to dielectric contrast, which
modifies the interfacial normal stress balance. When surface
perturbations occur, this normal stress varies along the inter-
face and reinforces the perturbation, thereby promoting insta-
bility. In such thin film systems, where surface forces dom-
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inate, the destabilizing contribution of the electric field be-
comes particularly significant.[44]
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Fig. 2. Temporal growth rate curve derived from ωi = B1k2−C1k4 for
different values of electric parameter when Re = 2, β = π/3, d = 2,
φ = 0.05, ζ = 2.

Figure 3 illustrates the temporal growth rate curves for
various values of nanoparticle volume fraction φ , based on the
linear dispersion relation ωi = B1k2−C1k4. It is evident that
as φ increases, the peak value of ωi decreases, indicating a sta-
bilizing effect of nanoparticles on the flow. This stabilization
can be attributed to the viscosity-enhancing nature of nanopar-
ticles. The inclusion of nanoparticles increases the effective
viscosity of the nanofluid, thereby damping out velocity gra-
dients and suppressing the growth of interfacial disturbances.
As viscous dissipation becomes more dominant, energy input
from perturbations is more effectively absorbed, resulting in a
reduced instability growth rate.
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↼


-
3
↽

 . . . . . . .
k

↩




















φ/
φ/.
φ/.
φ/.

Fig. 3. Temporal growth rate curve derived from ωi = B1k2−C1k4 for
different values of nanoparticle volume fraction when Re = 2, β = π/3,
d = 2, E = 0, ζ = 2.

Figure 4 presents the temporal growth rate curves for var-
ious values of the normal density difference ζ between the
nanoparticles and the base fluid. The results show that increas-
ing ζ enhances the growth rate ωi, signifying a destabilizing
effect. This destabilization arises due to the density stratifica-
tion introduced by ζ , which amplifies gravitational body force
differences in the fluid layer. When the denser nanoparticles
tend to settle more strongly under gravity, they enhance the
buoyancy-driven imbalance in the perturbed regions, which in
turn increases the growth of disturbances. This mechanism is

further supported by the observation that the critical Reynolds
number Rec decreases with increasing ζ (see Fig. 5), indicat-
ing a lowered threshold for the onset of instability.
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Fig. 4. Temporal growth rate curve derived from ωi = B1k2−C1k4 for
different values of normal density difference when Re = 2, β = π/3,
d = 2, E = 0, φ = 0.2.
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Fig. 5. Critical Reynolds number changes with the normal density dif-
ference when β = π/3, d = 2, E = 0, φ = 0.2.

7.2. Weakly nonlinear stability analysis

Figure 6 presents the stability diagram with wave number
k plotted against Reynolds number Re for various values of the
electric field parameter E. It is observed that as E increases,
the subcritical instability region II and the unconditionally sta-
ble region III gradually contract, while the supercritical stable
region I and the explosive region IV expand. Moreover, the
critical Reynolds number Rec decreases with increasing E, in-
dicating that the flow becomes unstable at lower flow rates.
This destabilization arises from the normal Maxwell stress
generated by the electric field at the liquid–air interface, which
enhances interfacial deformation and promotes instability of
the liquid film.
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Fig. 6. Stability curves, (a) E = 0, (b) E = 3, for different electrical parameters
when β = π/3, d = 2, φ = 0.2, ζ = 2.
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Figure 7 illustrates the correlation between the wave num-

ber k and Reynolds number Re for varying volume fractions of

nanoparticles φ . The study reveals that under the same condi-

tions, both subcritical instability region II and unconditionally

stable region III expand with an increase in φ . Conversely, the

supercritical stable region I and the explosive state region IV

diminish. Additionally, the critical Reynolds number Rec es-

calates as the volume fraction of nanoparticles φ rises. Conse-

quently, the presence of nanoparticles suppresses the instabil-

ity of the liquid film flow.
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Fig. 7. Stability curves, (a) φ = 0, (b) φ = 0.3, for different volume fractions
of nanoparticles when β = π/3, d = 2, E = 0, ζ = 2.

In Fig. 8, we depict the stability curves of wave number

k as they vary with Reynolds number Re for different standard

density differences ζ . It is evident that the critical Reynolds

number Rec diminishes as the normal density difference ζ es-

calates. For instance, in Fig. 8(a), Rec = 0.49, whereas in

Fig. 8(b), Rec = 0.59. Additionally, the subcritical instabil-

ity region II and the unconditionally stable region III shrink,

while the supercritical stable region I and the explosive state

region IV expand. Hence, the standard density difference be-

tween nanoparticles and the base fluid enhances the instability

of the flow.
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Fig. 8. Stability curves, (a) ζ = 5, (b) ζ = 0, for different normal density
differences when β = π/3, d = 2, E = 0, φ = 0.2.

7.3. Numerical simulations

Figures 9 and 10 illustrate the short-term evolution of the

free surface within the supercritical region for various values

of the electrical parameter E and the normal density differ-

ence ζ , respectively. Within the timeframe of t = 0.1 to t = 1,

the disturbance amplitudes increase progressively, indicating

the onset and amplification of liquid film instability. The am-

plitude peaks are more pronounced at higher values of E and

ζ , which is consistent with the destabilizing effects identified

in the linear and weakly nonlinear stability analyses. Specif-

ically, the electric field induces a normal Maxwell stress at

the liquid–air interface, amplifying surface deformations and

promoting instability. Similarly, a larger density difference ζ

enhances gravitational forces acting on the interface, acceler-

ating disturbance growth and destabilizing the film.

(a) (b)

       

x

       

x

.

.

.

.

.

.

.

h

t
/

.
↩


.

.

.

.

.

.

.

h t
/

.
↩


Fig. 9. Film thickness at different times, (a) E = 0, (b) E = 5, when
Re = 20,β = π/3,d = 2,φ = 0.05,ζ = 2.
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Fig. 10. Stability curves, (a) ζ = 0, (b) ζ = 4, when Re = 20, β = π/3, d = 2,
E = 0, φ = 0.1.

Figure 11 depicts the short-term evolution of the free sur-

face under varying nanoparticle volume fractions φ within the

same supercritical regime. The results show that while distur-

bances still grow over time, the peak amplitudes decrease as

φ increases. This reflects a stabilizing effect exerted by the

nanoparticles. The enhanced viscosity of the nanofluid due to

a higher volume fraction φ increases internal dissipation, sup-

pressing the growth of surface perturbations and thus delaying

the onset of instability.
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Fig. 11. Stability curves, (a) φ = 0, (b) φ = 0.2, when Re = 20,β = π/3,d =
2,E = 0,ζ = 2.

8. Conclusion

This study investigates the instability of nanofluid film

flow along an inclined surface under the influence of an elec-

tric field. By deriving a nonlinear evolution equation and con-

ducting both linear and weakly nonlinear stability analyses,
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supplemented by numerical simulations, we reveal the phys-

ical mechanisms underlying the instability behavior. The re-

sults show that the electric field exerts a destabilizing effect on

the liquid film. This arises from the electrostatic pressure gra-

dient formed at the fluid interface, which generates Maxwell

stresses that amplify initial perturbations. In thin-film systems,

such interfacial electric forces are especially prominent, result-

ing in enhanced instability. In contrast, the volume fraction of

the nanoparticles exhibits a stabilizing effect. A higher volume

fraction increases the effective viscosity of the nanofluid, lead-

ing to a stronger viscous dissipation that suppresses pertur-

bation growth. Moreover, interparticle interactions may pro-

duce microstructural effects that further stabilize the interface.

However, the density difference between nanoparticles and the

base fluid enhances instability, as it induces a vertical density

gradient under gravity, promoting Rayleigh–Taylor-like insta-

bilities.

In examining weakly nonlinear stability, we classify the

system into four regions according to the signs of the imag-

inary part of the growth rate, ωi, and the Landau coefficient,

J2. It is observed that increasing the electric field strength E

and the normal density difference ζ leads to a shrinkage of the

subcritical instability region (region II) and the uncondition-

ally stable region (region III), while the supercritical stable re-

gion (region I) and the explosive instability region (region IV)

expand. This indicates that both E and ζ promote nonlinear

instability and reduce the parameter space in which the system

remains stable. In contrast, increasing the nanoparticle vol-

ume fraction φ has the opposite effect, suppressing instability

and expanding the stable regions, which is consistent with its

viscous damping role.

Finally, to further understand the nonlinear evolution of

the interface, we numerically solved the nonlinear evolution

equation by using the fast Fourier transform method. The sim-

ulation results are in good agreement with the predictions from

the linear stability analysis. In the unstable regime, the pertur-

bation amplitude grows continuously over time, leading to sig-

nificant interface deformation. This confirms that the electric

field and the density difference play dominant roles in destabi-

lizing the nanofluid film, while the nanoparticle volume frac-

tion acts to mitigate such the instability through enhanced vis-

cous effects.

Appendix A: Matlab code for solving Eq. (94)
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